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Number of trees in a random graph

N. V. Alexeev

ITMO University, St. Petersburg, Russia

E-mail: nikita.v.alexeev@gmail.com

Consider a random graph G(n, k) on n vertices with k edges, that is

1
TN
()
where N = (Z) and g is any fixed graph on n vertices with k edges.
Let T,,(G) denote the number of isolated trees on m vertices in G.
We discuss the following theorem:

P(G(n, k) = g) =

Theorem 1. For fized m,{ and k — oo as n — oo such that there exists a
finite nonzero limit x = lim,, o 2n—k, the following equations hold:

n xm—lmm—Q
lim E (W) = () = exp(—ma) ()

COV(Tm(G(nv k)a Tg(G(Tl, k))

nlggo n = 5m,€¢m (I)f
b (1) b0 () <m£x + w +2m+ 20— 3m€> , (2)

where 0., ¢ s the Kronecker delta.

While the result (1) is classical, the equation (2) seems to be new.

We also consider a random graph process, where each vertex ¢ has its
own propensity to make bonds p;. The numbers p; are randomly chosen
from the uniform distribution on a standard simplex {(p1,p2,...,0n) : Pi >
0, pi = 1} (so-called flat Dirichlet distribution). The process starts at a
graph with n vertices and 0 edges, and on each step it adds one edge to
a graph, choosing nodes i and j as the endpoints with probability 2p;p;.

© Alexeev N. V., 2019
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We call the result of this process after k steps Gp;.(n,k). We prove the
following theorem:

Theorem 2. For fired m,t and k — oo as n — oo such that there exists a
2k

n’

: me(G ir(na k)) _ (3m — 3)' Im—l
lim IE( 1731 )  (m—1D)!2m —1)! (x4 1)3m=2"

finite nonzero limit x = lim,, the following equations hold:

(3)

n—oo

We note that the sequence % (1,1,3,12,55,...) is well-
known as Fuss—Catalan numbers and appears in the On-Line Encyclopedia
of Integer Sequences (OEIS) as the sequence A001764. This sequence ap-
pears in combinatorics and probability theory in many different contexts,

but such an interpretation is new (to the best of our knowledge).
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New bounds on Armstrong codes

P. Boyvalenkov!, A. Sali?

I Institute of Mathematics and Informatics, Bulgarian Academy of
Sciences, Sofia, Bulgaria
2 Rényi Alfréd Institute of Mathematics, Hungarian Academy of Sciences,
Budapest, Hungary

E-mail: sali.attila@renyi.mta.hu

An Armstrong(q, k,n) code is a g-ary code of length n of minimum
distance n — k 4+ 1 such that for every k — 1-subset of coordinates there
exists a pair of codewords that agree exactly there. f(g,k) denotes the
largest n such that an Armstrong(q, k,n) code exists. Upper bounds were
given on f(q, k) earlier in general, and in the case when k > kq(g). In the
present paper we give upper bound where k is fixed and ¢ is large, that is
for ¢ > qo(k) that improve on the general bounds.

Keywords: Armstrong code, linear programming method, Krawtchouk
polynomials

(© Boyvalenkov P., Sali A., 2019
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On maximum vertex degree in the
configuration model

I. A. Cheplyukova

Institute of Applied Mathematical Research KRC RAS,
Petrozavodsk, Russia

E-mail: chia@krc.karelia.ru

The configuration graph where vertex degrees are independent identi-
cally distributed random variables is often used for modeling complex net-
works such as mobile connections, social networks, the Internet and oth-
ers [1]. We consider a configuration graph with N vertices. The random
variables £1,...,&y are equal to the degrees of the vertices with the num-
bers 1,..., N. The degrees of the vertices are drawn independently from an
arbitrary given distribution. Let us know only the limit behaviour of this
distribution as k — oo :

d
P{& =k}~ %9 (In k‘)h’
where i =1,...,N, d > 0,9 > 1,h > 0. These graphs were first studied
in [2].

We consider a subset of this graphs under the condition that the sum
of vertex degrees was bounded from above by n. Denote by n1,...,nn5
the random variables equal to the degrees of vertices in such a conditional
random graph. It is evident that these random variables are dependent, and
for natural kq,...,kxN such that k1 +... +ky <n

P{m =ki,....nxn=kn}=P{&i =ki,....E&v = byl + ... + v <nj
(1)
The equation (1) means that for the random variables &i,...,&y and
M1, ...,nn the analogue of the generalized allocation scheme is valid (see [3])
and we can apply the known properties of this scheme to study conditional
random graphs.

© Cheplyukova I. A., 2019
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We obtained the limit distributions of the maximum vertex degree in
these conditional configuration graphs for different relations between the
parameters N and n tending to infinity.

Let

(N(g—1D)h/In" N)Y/o=D 1< g<3;
By — VNIn'™" N, g=3,h<1;
VNInln N, g=3,h=1;
oV N, g>3 or g=3h>1,

m = E¢;, 0% = DE;.
The following theorem holds.

Theorem. Let n, N — oo,r = (Nd(g — 1)/(yIn" N)/@=D(1 4 0(1)),0 <
v,e < 00 and one of the following conditions is satisfied:

1. 1<g<2,n/By — o

2. 9=2h<1,(n—dN(1+¢)In' " N)/By > —C > oo;

3. 9=2,h>1,(n—(m+(d+e&) """ N)N)/By > —C > —oc;
4. g>2,(n—mN)/By > —C > —o0,

where C' is a positive constant. Then

P{nm <r}=e7(1+0(1)).

References

[1] Hofstad R. Random graphs and complex networks. Cambridge Univer-
sity Press, 2017, 337 p.

[2] Pavlov Yu. L. Conditional configuration graphs with random parameter
of the power-law degree distribution // Sbornik: Mathematics. 2018.
209(2). P. 258-275.

[3] Chuprunov A. N., Fazecas I. An analogue of the generalised allocation
scheme: limit theorems for the number of cells containing a given num-
ber of particles // Discrete Mathematics and Applications. 2012. 22(1).
P. 101-122.
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Inducibility of paths in hypergraph
colorings

D. D. Cherkashin

Moscow Institute of Physics and Technology, Dolgoprudny, Russia

E-mail: matelk@mail.ru

Let m(n,r) denote the minimal number of edges in an n-uniform hyper-
graph which is not r-colorable. It is known that for a fixed n one has

™ < m(n,r) < Cpr™.

A sequence of edges a1, ...,a, is an r-chain if |a; Na;| =11if [i —j| =1
and a; Na; = () otherwise. It turns out that the best current lower bounds
on m(n,r) are based on the evaluation of the number of r-chains. We
note that r-chains are paths in the corresponding graphs; so one can apply
Pippenger—Golumbic-type bounds to improve the lower bound in e times.

(© Cherkashin D. D., 2019
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Limit theorems in non-homogenous
generalized allocation scheme

D. E. Chickrin, A. N. Chuprunov, P. A. Kokunin

Kazan Federal University, Kazan, Russia

E-mail: dmitry.kfu@gmail.com, achuprunov@mail.ru,
pkokunin@mail.ru

We say that the random variables 71, ...,ny fit to the generalized allo-
cation scheme of n particles by N cells if

P{nni =Fki,...onn = kn} ZP{le =ki,...EnN = kN

N
ZfNi:n}a

i=1

(1)

where En1, &2, - - - Enn are independent integer valued nonnegative random

variables. The aim of this paper is to study the convergence in distribution
of the random variables

K

pr(n, K, N) = " Tpimryr = 0,1, gewy = ‘max 7y, 0 < K <N.
=1 - -

We use the following analog of Kolchin formula [1]

P{ l{vii‘:n—kjr}
P{(n =n}

P{Mr(n7K7N):k}: Z

AC{1,2,...K},|A|=k

X (H P{¢yi = 7}) H P{lni #r} |, (2)

icA i€{1,2,...K}\A
where

N N
CJ{VT,}}; = > Vit > fni v= 6w
=1

i€{1,2,...K}\A i=K+1

© Chickrin D. E., Chuprunov A. N., Kokunin P. A., 2019
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and 5}{\;’1}7 . ,51{\;[];, Ent, .-, Enn are independent random variables and for
allr=0,1,2,...

P{E}{\;i}:j}:P{fNi:j|£Ni7é7“}, j=0,1,2....

We shell consider 1y, . . . nyn defined by (2.1) in which En1,&n2, - - EnN
are independent random variable with the distributions

b (z )"

P{{ni=k} = # BN

L k=0,1,2,...,0 < 2ni < R,

there B(z) = "5 2z is a sum of the series with the radius of convergence
R > 0 and bg,b; >0, b; >0, 7> 2. We will denote

K
% * *
TKN = E TNiy, TN =ITNN, TN = 123&)%35Ni7 INN = TN,
i=1 ==

N K .

_N'E N = br(zni)"

myN = E ENis AN = E T

T:00

i=1 =1

Using (2) we obtain
Theorem 1. Supposer > 2,0 < A < oo are a fivzed numbers, N, K,n — oo
such that

TKNTS n—my
SENTEN 50 Ay — A and In = mx|

N N

for some C > 0. Then we have

N =00, xzy — 0, <C

k

P{u,(n,K,N) =k} = e*A% +o(1), k=0,1,2....

Theorem 2. Suppose C1,C > 0, r > 2 are fized numbers, N, K,n — oo
such that

TKN

NS

Let z = k’\z\%\’. Then we have

|n —my|

< C.
VZN

TN — 00, ApN — OO, —0, xy — 0 and

1
vV 271’)\”\7

19
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uniformly for 0 < k < K.
We use the following analog of Kolchin formula [1]

_ K | {<{<'r} n}
Pl <r} = [[Plevi <} | prie— r20. @

where

= ZS}V?”}+ Z Eni

i=K+1

}{\%T}v . ,f}{VSKT}, éENt, .-, Enn are independent random variables and

P =it =Pleni=J [ &mi <7} j=0,1,2

Using (3) we obtain
Theorem 3. Suppose C >0, r € {0,1...}, 0 < X < oo are fized numbers,

n—m
N,K,n — oo such that xny — o0, z3 — 0 and M

Let one of the following conditions be valid:
(1) Let r > 2. Let b, > 0,

TEN
(2) Let r € {0,1}. Let

— 0 >\(r+1)N — )\

TKN

JoN

— 0, )‘(r+1)N — A

Then we have

P{nwny =r}=e*+o0(1), P{ygn =r+1}=1-e*+o0(1).

As corollaries we obtain limit theorems for a non-homogenous allocation
scheme of n distingushing particles by N different cells.

References

[1] Kolchin V. F. Random Graphs. Cambridge University Press, 1999.
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Property Bi-problem for uniform
simple hypergraphs

Y. A. Demidovich

Moscow Institute of Physics and Technology (State University),
Moscow, Russia

E-mail: yuradem9595@mail.ru

A hypergraph is a pair H = (V, E) , where V is a finite set whose elements
are called vertices and F is a family of subsets of V, called the edges. A
hypergraph is said to be n-uniform if each of its edges contains exactly n
vertices.

One of the classical extremal problems of a hypergraph theory is the
property B-problem. We say that a hypergraph has property B if there is
a two-coloring of V' such that no edge is monochromatic. The problem is to
find the quantity m(n) which is the minimum possible number of edges of
an n-uniform hypergraph that does not have property B.

Let k be a natural number. The property Bg-problem is to find the value
of mg(n) equal to the minimal number of edges in an n-uniform hypergraph
not admitting 2-colorings of the vertex set such that every edge of the
hypergraph contains at least k vertices of each color.

We say a hypergraph is simple if any two edges of it have no more than
one vertex in the intersection.

Define a quantity mj (n) which is equal to minimum possible number of
edges in a simple n-uniform hypergraph that does not have property Bj.

We obtain new lower and upper bounds for mj (n).

Theorem 1. Let k > 2 and suppose that
k<) —.
Inn

. 25 22(n—1)

mi(n) 2 15053 k(n—1) -1 ()"

Then for all n > 30,

(© Demidovich Y. A., 2019
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Theorem 2. Let k = k(n) be such a natural function that k = o(n/Inn).

Then for large n
n2e?n?2 . 22n+4

(i)

mi(n

Theorem 3. Let k = k(n) be such a natural function that k = o (n). Then

for large n
n2"tleln 2—‘ 2

S ()

milo) <’ |
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A multiclass retrial system with
coupled orbits and class-dependent
service interruptions

I. Dimitriou!, E. V. Morozov?3, T. E. Morozova?

I University of Patras, Department of Mathematics, Patras, Greece
2 Institute of Applied Mathematical Research KRC RAS,
Petrozavodsk, Russia
3 Petrozavodsk State University, Petrozavodsk, Russia

E-mail: idimit@math.upatras. gr; emorozov@karelia.ru;
tiamorozova@mail.ru

In this work, we consider a multiclass retrial system with coupled orbit
queues, and service interruptions. A single-server system accepts N classes
of customers, which arrive according to independent Poisson streams. We
assume independent and arbitrary distributed class-dependent service times.

An arriving class-i, i = 1,..., N customer finding the server unavailable
joins the orbit queue i. We also adopt a class-dependent, queue-aware
constant retrial policy. More precisely, we assume that the head blocked
customer in an orbit queue attempts to connect with the server after an
exponentially distributed service time, which depends both on the class of
orbiting customer and on the state of the other orbit queues (i.e., whether
they are idle or busy).

A distinctive feature of the model is as follows: while a customer is
being served, an interruption may occur according to a Poisson process
with the rate depending on the class of the interrupted customer. After
such an event, a setup time follows, and its duration has general class-
dependent distribution. We consider both preemptive-repeat identical, and
preemptive-resume interruptions.

Such models have potential applications in the modelling of relay-
assisted cooperative wireless networks.

Unlike previous works [1,2], we now consider combined interruptions:
the switching between the interruption modes depend on the class of the
interrupted customer. This setting is motivated, for instance, by Windows

(© Dimitriou 1., Morozov E. V., Morozova T. E., 2019
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and Unix-like operations system, because both of these modes are supported
for multitasking, and the interruption type depends on which task has been
sent to the server.

A critical point in our approach is the calculation of the Laplace-Stieltjes
transform (LST) of the density of the so-called generalized service time,
which is defined as the time elapsed from the epoch a customer succeeds to
connect with the server until the epoch the server is ready to serve the next
customer. To illustrate theoretical results, we simulate three-class system.

The study of EM was carried out under state order to the Karelian
Research Centre of the Russian Academy of Sciences (Institute of Applied
Mathematical Research KRC RAS) and supported by Russian Foundation
for Basic Research, projects 18-07-00147, 18-07-00156, 19-07-00303. The re-
search of TM is partly supported by Russian Foundation for Basic Research,
projects 18-07-00147, 19-07-00303.
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Let G = (V, E) be a simple graph. D C V is a dominating set if if either
v € D holds for every v € V or there is an edge {v, z} € E satisfying « € D.
The domination number v(G) of the graph G is the size of the smallest
dominating set.

Consider all k-element subsets and ¢-element subsets (k > ¢) of an n-
element set as vertices of a bipartite graph. Two vertices are adjacent if the
corresponding f-element set is a subset of the corresponding k-element set.
Let G, ¢ denote this graph. Its domination number is studied in the paper.

Theorem 1. v(Gy1) =n—k+ 1.

This statement has a trivial proof. The problem becomes considerably
harder when ¢ = 2. In this case we only have an asymptotic result.

Theorem 2. 7(Gi2) = mnz +o(n?) (k>3).

The upper estimate is proved by a random construction. We also suggest
a way to find a deterministic construction, but it is completed only for k = 3
and 4. The lower estimate uses the graph remowval lemma, a consequence of
Szemerédi’s celebrated Regularity Lemma.

The problem for £ = 2 is closely related to Turdn’s theorem. Since
the corresponding problem of Turan for 3-graphs is unsolved, our present
problem seems to be difficult for £ > 3.

Joint work with Leila Badakhshian and Zsolt Tuza.
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We study a model of multi-class single-server retrial system with classical
discipline. If a customer finds the server busy, it joins to the corresponding
(virtual) infinite capacity orbit and then independently retry to attack server
after random retrial time. We define renewal input process and assume, that
new arrival belongs to class-i with a positive probability p;. We consider
general distribution of retrial time and explore the dynamics of mean orbit
sizes for different configurations of considered system.

Our goal is to verify by simulation the stability of considered system and
match the obtained conclusions with explicit analytical results for related
system with exponential retrials. Note, that the only source of instability of
presented system is infinite growth of orbit size. As the behavior of any orbit
affects to other orbits, stability also means that all orbits are bounded and
instability implies that all orbits go to infinity. This property significantly
differs considered system from a system with constant retrial rate, presented
in [1].

Necessary and sufficient stability condition for related model with classi-
cal discipline and exponential retrial times was presented in recent work [2].
Basing on simulation, we show, that stability requirement, that load coeffi-
cient is less than 1 (number of servers) provides stable orbits of considered
system with general retrials. In particular, we present simulation results for
the models with Weibull, Pareto and Uniform distributions of retrial times.

Thus, one can expect, that obtained stability criteria from [2] could be
extrapolated to the general case of non-exponential retrial times.

(© Nekrasova R. S., 2019

26



The study was carried out under state order to the Karelian Research
Centre of the Russian Academy of Sciences (Institute of Applied Mathe-
matical Research KRC RAS). The research is partly supported by Russian
Foundation for Basic Research, projects 18-07-00156, 19-07-00303.
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We consider configuration graph [1] G = G(V, E), where V is a set of N
vertices and F is a set of edges. Let i,j,t € V be three different vertices.
The clustering coefficient [2] C¢ in G is defined as

where
Ag = 6X1<icj<e<nI{(24), (j1), (j) € E},
I{A} is the indicator of the event A,

We=2 Y I{(i),(jt) € E}.

1<i<j<t<N

Let vertex degrees &1, . . ., &n are independent identically distributed ran-
dom variables with unknown probability distribution. We assume only that

pr=P{& =k} >0, k=1,2..,

m=E& < oo
and
_ 4
PE™ o k)h
as k —oo0,d>0,9>1,h>0.
Denote

= max .
g(N) 1<SEN fs

We proved the following result.
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Theorem 1. Let N — co. Then the next asertions are hold a.a.s.

1. If Var(&) < oo, then Co = O () .

2. Ifg=3,h=1, theanw%.

N\ 2
5. Ifg=3,h <1, then Ca ~ (1% (=)"™") 2y

4. If 1 < g < 3, then there exist a constant B > 0 such that Ng%l/B <
vy < BN#T and if &y = uNﬁ,O < u < oo, then

c dud=9\ > g—1 2h N
T \3-y In N m3

The study was carried out under state order to the Karelian Research
Centre of the Russian Academy of Sciences (Institute of Applied Mathe-
matical Research KarRC RAS).
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The famous Sylvester-Gallai Theorem was posed as a problem by
J. J. Sylvester in 1893. In 1930th it was proved by T. Gallai and others.
It claims that if a finite point set P in the real plane is such that for any
two distinct points a,b € P there is a point ¢ € P lying on the line passing
through a and b, then all points of P lie on a line.

It is known that that analogues statement is not true for the complex
plane. For example, the inflection points of a cubic curve in the complex
projective plane form such an example. This set of the inflection points is
known as the Hesse configuration and contains nine points.

We are going to discuss the following Sylvester-Gallai-type problem.

Given positive integers m and d, a finite set A C [0,1)? containing at
least m + 1 pairwise distinct vectors is called SG(d, m + 1)-set if for any m
distinct vectors ay, ..., a,, € A there is a,,+1 € A different from ay, ..., a;,
such that

ar+---+ay, +ant: VA

Problem. Describe all SG(d, m + 1)-sets.

We are going to discuss connections of Problem and the problem of
classification of Sylvester-Gallai-type configurations lying on a cubic curve
in the complex projective plane. Also, we show the solution of Problem in
case m = 2.

Joint work with F. Nilov.
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Asymptotic behavior of first-order properties probabilities of the Erdos—
Renyi random graph G(n,p) has been widely studied. S. Shelah and J.
Spencer showed that when « is an irrational number and p(n) = n~—**°()
then G(n,p) obeys the zero-one law (this means that for all first-order
properties their limiting probabilities belong to {0,1}). In works by M.E.
Zhukovskii the question when the random graph G(n,p) obeys zero-one law
for all first-order sentences of quantifier depth at most k& was examined.
In [1] the notion of spectra of first-order properties was introduced and
it was shown that there exists a first-order property with infinite spectra.
In [2] the notion of spectra for random graphs was studied in more detail.

In this work, we consider spectra of first-order properties in relation to
random uniform hypergraphs.

Let us define the random s-uniform hypergraph G*(n,p). Consider the
set Q, = {G = (V,,, E)} of all s-uniform hypergraphs (s-hypergraphs) with
the set of vertices V,, = {1,2,...,n}. The random hypergraph G*(n,p) is a
random element with probability distribution

Pr{G*(n,p) = G] = plPI(1 — p)(-) 121,

For any first order property L we define two notions of its spectra, S*(L)
and S%(L). The first considers behavior at p = n=®. S1(L) is the set of
a € (0,s — 1) (we take the interval (0,s — 1) because the structure of
G*(n,n~=%) for @« > s — 1 is considerably simpler than that for @ < s — 1
and the study of G*(n,p) with p(n) > n=**! is a subject of a separate
investigation) which do not satisfy the following property:

with p(n) =n~%, lim,_,c Pr[G*(n, p) = L] exists and is either 0 or 1.

(© Popova S. N., 2019
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The second considers behavior near p = n=%. S2?(L) is the set of a €
(0, s — 1) which do not satisfy the following property:

there exists € > 0 so that for any n=* ¢ < p(n) < n~**¢,
lim Pr[G*(n,p) E L] exists, is 0 or 1,
n—o0
and is independent of the choice of p(n).

Let £ denote the set of all first-order properties which can be expressed
by first-order formulae with quantifier depth at most k. Denote unions of
SY(L) and S%(L) over all L € L, by S} and S? respectively.

We study the spectra S{ and S? and try to answer the following ques-
tions:

o Is Si, where j € {1,2}, finite or infinite?
e What are the maximal and the minimal numbers in S,i and S,%?

e Suppose that S} and S? are infinite. What are the maximal and the
minimal limit points in S} and S37?

This work was supported by RSF 16-11-10014.
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1 Introduction

Mathematical models involving more than one objective seem more adher-
ent to real problems. Often players have more than one goal which are often
not comparable. These situations are typical for game-theoretic models in
economics and ecology. Models with random planning horizons in exploita-
tion processes are most appropriate for describing reality: external random
factors can cause a game breach and the participants know nothing about
them a priori.

First, we construct a multicriteria Nash equilibrium applying the bar-
gaining concept (via Nash products [3], [1]). Then, we obtain multicrite-
ria cooperative behavior as a solution of a Nash bargaining scheme with
the multicriteria Nash equilibrium payoffs playing the role of status quo
points [2].

To illustrate the presented approaches a multicriteria bioresource man-
agement problem with random planning horizons is investigated.

2 Dynamic Multicriteria Game with Random
Horizons
Consider a bicriteria dynamic game with two participants in discrete time.

The players exploit a common resource and both wish to optimize two
different criteria. The state dynamics is in the form

Tip1 = f(@e, ure, uae), xo =1, (1)

where x; > 0 is the resource size at time ¢ > 0, f(xy, u1, ugr) denotes the
natural growth function, and u;; > 0 gives the exploitation rate of player i
at time ¢, 1 =1,2.

© Rettieva A. N., 2019
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Denote u; = (u1, ugt). Each player has two goals to optimize. We ex-
plore a model in which the players possess heterogeneous planning horizons.
By assumption, the players stop joint exploitation at random time steps:
external stochastic processes can cause a game breach.

Suppose that players 1 and 2 harvest the fish stock during n; and nq
steps, respectively. Here n; represents a discrete random variable taking
values {1,...,n} with the corresponding probabilities {6;,...,6,}. Simi-
larly, no is a discrete random variable with the value set and the probabili-
ties {w1,...,wn}. We assume that the planning horizons are independent.
Therefore, during the time period [0,n1] or [0, ng] the players harvest the
same stock, and the problem consists in evaluating their optimal strategies.

The payoffs of the players are determined via the expectation operator:

ni
Ji = B{> 8 g1 () n, <nay +

t=1
(Z 8'qi (ur) + Z &' g1 (ufy )I{n1>n2}} =
t=ns+1
Z Hm[ Z W, Zétgl (ug)
ni=1 n2=mni
ni—1 ny
e e (S i+ Y fain)] -1 (2)
na=1 t=1 t=ns+1
. 2 .
Ty = B{Y 0" gh(u) Iy <y +
t=1
ni n2
+(Z 8" g5 (ur) + Z 6t92(u2t)>1{n2>n1}} =
t=1 t=n1+1
= Z wnz{ Z On, Zétg2 ut)
no=1 ni=nso
ng—1
+ Zanl(Z(;gQ ut Z 5tg2 u2t ):|77::1327 (3)
ni=1 t=ni1+1

where, for j = 1,2, uf, specifies the strategy of player j when its partner
leaves the game, ¢ € (0,1) denotes the discount.

First, we construct a multicriteria Nash equilibrium Viﬂv(r,z)7 i,] =
1,2, applying the bargaining concept ( [3], [1]).
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To construct multicriteria payoff functions, we adopt the Nash products.
The role of the status quo points belongs to the guaranteed payoffs of the
players:

VlN(Ta .’b) = (VllN(Tv .’t) - G%)(VEN(’D :L’) - G%) s
Vs (r,a) = (Vo N (1,2) = Gy) (V3 (r,2) — G3),

where Vij N(T, x) are the noncooperative payoffs as step T occurs (i, j = 1, 2).
A strategy profile uY = (uf},ud}) is called a multicriteria Nash equilib-
rium [1] of the problem (1)—(3) if it maximizes V;¥ (1,z), i = 1, 2.
Then, we obtain multicriteria cooperative behavior as a solution of a
Nash bargaining scheme with the multicriteria Nash equilibrium payoffs
playing the role of status quo points [2]. So, to construct the cooperative

strategies it is required to solve the problem

(Vllc(Lx) + ‘/216(15 17) - VllN(Lx) - ‘/21N(1’z)) ’
(VIQC(l’m) + V22C(1a J)) - V12N(17x) - V22N(17 :L‘)) — max , (4)

c c
ult,um

where VZ-jC(T, x) are the cooperative payoffs as step 7 occurs (i,7 = 1,2).
To illustrate the presented approaches a multicriteria bioresource man-
agement problem with random planning horizons is investigated.
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Cognitive Radio (CR) is a well-known technology used to increase spec-
trum utilization in wireless transmission systems and networks. The spec-
trum is unevenly shared between Primary and Secondary users (PU and
SU, respectively), and PU has absolute priority over SU. While time shar-
ing (interleaving of PU and SU in time) is a technically simple solution,
a higher utilization may be provided by underleaving paradigm. In such
a case, SU are allowed to transmit simultaneously with PU, possibly at a
reduced signal strength to avoid interference.

We present a model of a single node of CR network receiving PU and
SU transmissions. The PU presence in the system is itself an alternating
telegraph-type process with two states: PU present (having exponentially
distributed duration with rate 11,,) and PU absent (exponentially distributed
with rate A\,). The PU presence infers the transmission rate of SU as fol-
lows: transmission of SU is exponentially distributed during PU presence
(absence) with rate 8 (us). SU are served in the order of arrival driven by
Poisson process with rate A,;, and have unlimited waiting space. Finally,
at each PU presence starting epoch, the SU being served (if any) returns
at the first position in the queue with probability (w.p.) a, and balks w.p.
1—a.

The system state is a two-dimensional Markov process {X (¢), J(t) }+>o0,
where J(t) € {0,1} is PU presence telegraph-type process, and X (t) is the
number of SU in the system at time ¢ > 0. Such a process is the so-called
Quasi-Birth-Death process with two states at each level. Recently [1] it was
shown that such a process allows to obtain the steady-state distribution

(© Rumyantsev A. S., Garimella Rama Murthy, 2019
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mi,; = P{X =1, J = j} explicitly. In this paper we demonstrate an alterna-
tive approach based on the so-called Complete Level Crossing Information
property of a QBD process.

Consider a state 7,j of the state space of a QBD process, such that
the outward transitions from some states (i +1,-) and (i —1,-) are possible.
Each such a state is replaced with a couple (4,0, j) and (¢, 2, j), where (7,0, )
receives outward transitions from states (i — 1,-) only, and (i, 2, j) receives
transitions from (i41,-). The inward transitions from state (7, j) are copied
to the two new states, and one of the two possible destination for inter-level
outward transitions from states (4,-) is chosen arbitrary. For completeness
of the notation, a state (ig,jo) receiving transitions from states (i — 1,-)
only, is replaced with (g, 0, 7o), a state (iz,j2) receiving transitions from
states (i 4+ 1,-) only, is replaced with (i2,0, j2), and all other states (i1, j1)
are replaced with (41,1, j1).

After such a partition, the new state space allows each state (i, k,j) to
receive transitions either from levels ¢/ > ¢ or from ¢/ < ¢ only. Thus, the
infinitesimal generator Q of the new process {X (t), D(t), J(t)}¢>0 has the
following bidiagonal form known as LCI-complete canonical form [2]:

By Bi 0 0
0 C B 0

Q=1 v o ¢ B : (1)
0 0

where all matrices, except By and By, are square matrices of order m (where
m is the number of states at non-boundary levels). By is an (mg + m) X
(mo +m — my) matrix, where myq is the number of states at boundary level
and m; is the number of states at non-boundary level that do not allow
downward transitions to the boundary level, while B; is (mg + m) x m.
Hereafter we define these matrices explicitly:

s (L—a)X, —c1 aXp 0 0 X O

_ 0 B Hp —C2 _ 0 0 0 X
¢= ps (I—a)\, 0  aX, |’ b= —c1 0 Xg O ’

0 ﬂ fhp 0 d0 —C2 0 Ag

(=pFAs) Ap As 0 (0 [ Bopo
BO,O - < Mp _(,U/p + )\s) O )\s 7B1 - B 7BO - C )

where ¢; = Ay + As + 1 and ca = Ag + ps + 5. After some algebra, Cc-1
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can be obtained explicitly

A 2\,
—C s ot —p - uk
CcC = cy c1
1 1 J
E R
0 - 0 o
where c3 = % This allows, in particular, to obtain the steady-state
solution ## = [@; 1 ;], where #; . ; = P{X =4,D = k,J = j}, in matrix-

geometric form
Tpa1 = W, n>=2,

where W = —BC~! can be found explicitly as

As _As
C1 O C1 0
0 As 0 s
W = \2 2
- As aApcl c1 As c3 05/\\1:)01
28 o 2L G4, 2s L3 el
C1 HsC2 Hs Cc1 Hp HsC2
PpC2 As _ Hpc2 C2 _ As
Bea c2 Bea B c2

Finally, the following boundary value problem has to be solved in order to
obtain the steady-state solution explicitly:

[fo o] ( %0 % ) =0, (2)

where 7y is a mg + mi—component vector, and my corresponds to states
(2,+,-). Uniqueness of the solution is conditioned by #1 = 1. However,
the system (2) is defective, and requires mo — 1 additional equations to
deliver the solution. These equations are obtained by removing the right
eigenvectors r of matrix W corresponding to eigenvalues on or outside the
unit disk, by equations of the type wor = 0.
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We will study the solutions to the equation f(n)—g(n) = ¢, where f and
g are multiplicative functions and c is a constant. More precisely, we prove
that the number of solutions does not exceed c'~¢ when f, g and solutions
n satisfy some certain constraints, such as f(n) > g(n) for n > 1.
In particular, we will prove the following estimate: the number of solutions
of the equation n — p(n) = ¢ (here G(k) is the number of ways to represent
k as a sum of two primes) is:

Glc+1) + O(cito)y

To obtain this we use so-called multiplicative graphs.

(© Semchankau A. S., 2019
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For an integer j, a j-independent set in a hypergraph H = (V,E) is a
subset W C V such that for every edge e € E : [enNW| < j. A j-proper
coloring of H = (V,E) is a partition of the vertex set V of H into dis-
joint union of j-independent sets, so called colors. The j-chromatic number
x;j(H) of H is the minimal number of colors needed for a j-proper coloring
of H. When j is greater than 1 the corresponding chromatic number usually
called weak.

This talk is devoted to weak colorings of k-uniform random hypergraph
H(n,k,p). We are interested in asymptotic properties of H(n, k,p) to have
its j-chromatic number equal to some fixed number r. By asymptotic prop-
erties of H(n,k,p) we consider n as tending to infinity, while & and r are
kept constant.

It can be showed that the previously mentioned property of random
hypergraph has a sharp threshold. For the case of (k—1)-chromatic number
upper and lower bounds for that threshold are found. It should be also
mentioned that the gap between this bounds is some function O(1).

In our previous works we found very tight bounds for the case of k—j =
o(vk) and r = 2. With this work we continue our generalization to the case
when j is less than k& — 1, but r is greater than 2. Main result is showed in
a theorem below.

Theorem. Let H(n,k,p) be a random k-uniform hypergraph with p =
en/(}). For any r > 2 there exists ko € N, such that if k > ko(r) and

r*llnr Inr
- L 2—k

> Thy1 2 PO

then w.h.p. as n tends to infinity, xx—2 (H(n,k,p)) > r. Otherwise, if

< rF=1llnr lnir
“Skr—kt+1 2

(© Semenov A. S., 2019
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then w.h.p. as n tends to infinity, xx—2 (H(n,k,p)) < r.

This is joint work with Dmitrii Shabanov. The reported study was
funded by RFBR according to the research project no. 18-31-00348 and by
the Russian Science Foundation under grant no. 16-11-10014.
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E-mail: dmitry.shabanov@phystech.edu

The talk deals with the problems concerning colorings of random graphs
and hypergraphs. Let H(n,k,p) denote the classical binomial model of
a random k-uniform hypergraph: every edge of a complete k-uniform
hypergraph on n vertices is included into H(n,k,p) independently with
probability p € (0,1). Recall also the definition of the random graph
G(n,p) = H(n,2,p). It is well-known that every decreasing monotone
property @ = (Qn,n € N) of hypergraphs has a probability threshold in
the binomial model, i.e. there exists a function p = p(n) such that

1, if p=p(n) = o(p)

Oa lfp:p(’fl) D

lim P(H(n,k,p) has Q) = { w(p).

n—oo

In the talk we concentrate on coloring properties of hypergraphs. Recall
that for given r > 2, a hypergraph H is said to be r-colorable if there
exists a coloring of the vertices of H with r colors such that every edge
is not monochromatic under this coloring. The property of r-colorability is
decreasing, but moreover, its probability threshold is sharp in the H(n, k, p)
model: if (r, k) # (2,2) then there exists a function P, = P, x(n) such that
for any € € (0, 1),

L, ifp=pn) <1 —-e)pri;

<
lim P(H(n,k,p) is r-colorable) = . - .
(. kp) ) {o, it p = p(n) > (1+)pos.

n—00

The main problem is to find or estimate the sharp probability function py .

We will survey the recent advances concerning estimating the probabil-
ity thresholds for coloring properties of random graphs and hypergraphs
including:

(© Shabanov D. A., 2019
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e panchromatic colorings (every edge should contain the vertices of all
the colors);

e strong colorings (every two vertices of the same color cannot share a
common edge).

We also give new results concerning the concentration in few values of the
chromatic number of a random graph G(n,p) in the non-sparse case (np —
+00 slowly enough).

The work is supported by the Russian Science Foundation under grant
N 16-11-10014.
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Stability methods in extremal graph
theory

M. Simonovits

Rényi Alfréd Institute of Mathematics, Hungarian Academy of Sciences,
Budapest, Hungary

E-mail: miki@renyi.hu

My two lectures, the first one at MIPT, the second one in Petrozavodsk,
are strongly related to each other, yet, they describe different features of
the same area, namely, of extremal graph theory. They are self-contained.

Extremal graph theory is one of the fastest developing areas of Graph
Theory. Recently Endre Szemerédi and I have published a long survey (in
the volume of the conference Building Bridges II, on the occasion of the 70th
birthday of L. Lovdsz) on results and methods in extremal graph theory,
and on embedding small or large subgraphs into large graphs. Here “large”
means very large: we do not care of the small cases. We arrive at such
problems typically when for small values of n the situation is chaotic but
for large values the extremal structures are simple. (Another case where we
get such results is when we apply the Szemerédi Regularity Lemma, or its
variants.)

Extremal graph theory investigates problems in various settings, where
a universe of objects (graphs, multigraph, digraphs, hypergraphs, random
graphs) is fixed and also a family £ of excluded graphs (from this universe)
and we try to determine the maximum number of edges such a graph (say
on n vertices) can have without containing forbidden subgraphs.

The extremal objects are the ones not containing forbidden substructures
and having the maximum number of edges (for a fixed number of vertices).

One reason why extremal problems are important is that they led to
extremely important new methods. They are strongly connected to Ramsey-
Turan problems, Anti-Ramsey problems, to Dual Anti-Ramsey problems,
Supersaturated graphs,. ..

(© Simonovits M., 2019
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I shall discuss an important subcase of these problems: the application
of stability methods. Stability methods are applicable mostly when we
conjecture that the extremal structures are fairly simple and also the nearly
extremal objects have this simple structure. Then the stability method
provides exact extremal structures in many cases, for n sufficiently large.

I shall discuss old and new extremal results and open problems in this
and related areas. I shall speak of three particular stability methods: (a)
Progressive Induction, (b) Separating the almost extremal cases from the
fuzzy cases, (c) application of the Removal Lemma.
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Invariants of graph drawings in the
plane

A. B. Skopenkov

Moscow Institute of Physics and Technology, Independent University of
Moscow, Moscow, Russia

E-mail: skopenko@mccme.ru
http://www.mccme .ru/~ skopenko.

We present a simplified exposition of some classical and modern results
on graph drawings in the plane. These results are chosen so that they il-
lustrate some spectacular recent higher-dimensional results on the border
of geometry, combinatorics and topology [2]. We define a mod2-valued
self-intersection invariant (i.e. the van Kampen number) and its general-
izations. We present elementary formulations and arguments, so we do not
require any knowledge of algebraic topology. This talk will be accessible
to mathematicians not specialized in any of the areas discussed. It may
serve as an introduction into algebraic topology motivated by algorithmic,
combinatorial and geometric problems. See [2].

Supported in part by the Simons-IUM fellowship and Russian Founda-
tion for Basic Research Grant No. 19-01-00169.
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Angles of random polytopes

D. N. Zaporozhets

St. Petersburg Department of Steklov Institute, St. Petersburg, Russia

E-mail: zap19790gmail.com

We will consider some problems on calculating the average angles of
random polytopes. Some of them are open.

(© Zaporozhets D. N., 2019
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Large deviations in single-server
retrial queues

K. A. Zhukova

Institute of Applied Mathematical Research KRC RAS,
Petrozavodsk, Russia

E-mail: kalininaksenia90@gmail.com

We consider a single-server retrial system with a renewal input of cus-
tomers arriving at instants ¢,, n > 1, with independent identically dis-
tributed (iid) interarrival times 7,, := t41 — tn, n = 1, t; = 0, and with
the iid service times S,, n > 1. We denote a renewal input with rate A :=
1/E7 € (0,00), and the service rate of the system is p := 1/ES € (0, c0).

In a retrial system, if a new customer finds the server busy he joins
an infinite-capacity virtual orbit and attempts to occupy server after an
exponentially distributed time with rate v. We consider a constant retrial
rate system. It means that retrial intensity of attempts equals v and stays
constant regardless of the orbit size. In this case, for convenience, we treat
the orbit as a FIFO queue in which only the top (oldest) orbital customer
makes attempts to enter server [1].

Denote Ky the index of the first costumer which meets an empty system
upon arrival, and Ky — the index of the first costumer which reaches the
level N within busy cycle. We consider an overflow probability P(Ky < Kj)
that the number of customers in the system reaches a (high) level N > 1
during busy cycle.

There are two basic assumptions required for the large deviation analysis:
the system is in stationary regime and the possibility of an arbitrary (large)
value of the queue. The sufficient stability condition for retrial system is [1]

pi=Ap<l, (1)

and coincides with the stability criterion of classic buffered system GI/G/1.
Also we assume that
P(r < S) >0, (2)

so the arbitrary large value of the queue is possible.

(© Zhukova K. A., 2019
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For a random variable X, we introduce the log moment generating func-
tion,

Ax(0) := log E[e?X]. (3)

We assume that Ag(6) exists for some 6 > 0. Denote

0 = max(f > 0: Ee?S < c0). (4)
Define
0, = sup(f € (0, 0) : A, (—0) + Ag(0) < 0) (5)
and
9*=wM96mﬂmdaw%AA—®+Ad®+k%7_9SO) (6)
Theorem 1. Assume that conditions
< 2 (")

v+

and (2) hold. Then the decay rate of the overflow probability in single-server
constant rate retrial system satisfies

A-(—6,) < limsup % InP(Ky < Ko) < A (—07), (8)

N —oc0

where 0, and 0* are defined in (5) and (6), respectively. The similar state-
ment holds with all limsups replaced by liminf.

To prove the statement presented in Theorem 1 we transform original
retrial system to a classic buffered system with special type of dependence
between service times

§=S+1 exp(y), (9)

where exp(7) is a random variable (r.v.) exponentially distributed with
parameter 7, and I is an indicator function

1, if server is busy upon an arrival;
0, otherwise.

Service time S (9) the retrial time. Such classic system is equivalent to
original retiral system from the point of view stability. To obtain a lower
asymptotic bound, we construct a minorant classic buffered system GI/G/1
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with the minimal service times S = S and use a monotonicity of the queue-
size process. To obtain an upper bound, we also construct a dominating
classic buffered system with the service time S=5 +exp(y). This approach
allows to obtain exponential decay rate of the overflow probability as N —
oo, with different exponents in the asymptotic lower and upper bounds (5)
and (6), respectively.

To simplify the analysis of a retrial system it can be useful to compare
it to a classic system. In the retrial system customer goes to orbit if server
is busy upon the arrival of this customer. Occupation of server can be
expressed by means of load coefficient p = A/u. Hence, retrial system can
be approximated by classic buffered system with service times

Se=8+1- eXp(’y), (10)

where
] 1, with probability p = A/u;
) 0, with probability 1 — p.

Simulation results shows that the estimated probabilities both in the
retrial and classic systems are indeed located between the bounds. Moreover
they are quite close to each other. It means that more simple classic buffered
system can be analysed instead of the origin retrial system.

References

[1] Awvrachenkov K., Morozov E., Nekrasova R., Steyaert B. Stability anal-
ysis and simulation of N-class retrial system with constant retrial rates

and Poisson inputs // Asia-Pacific Journal of Operational Research.
2014. 31(2).

[2] Buijsrogge A., De Boer P.-T., Rosen K., Scheinhardt W. Large devi-
ations for the total queue size in non-Markovian tandem queues. //
Queueing Systems. 2017. 85. P. 305-312.

[3] Kim J., Kim B. Tail asymptotics for the queue size distribution in the
MAP/G/1 retrial queue // Queueing Systems. 2010. 66. P.79-94.

[4] Kim J., Kim B., Ko S.-S. Tail asymptotics for the queue size distribu-
tion in an M/G/1 retrial queue
J. Appl. Probab. 2007. 44. P. 1111-1118.

[5] Sadowsky J. S. Large deviations theory and efficient simulation of ex-
cessive backlogs in a GI/GI/m queue // IEEE Trans. Autom. Control.
1991. 36(12). P. 1383-1394.

50
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nmapaJijeJbHOIl TPUOPUTETHOI odepeabio

E. A. Axcénora, A. B. Cokoon
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Bo MHOruX mpusioyKeHUsIX, HAPAMED, B OMEPAIMOHHBIX CHCTEMAX W Ce-
TsX, TpeOyercsi CTPYKTypa [ITaHHBIX, B KOTOPOH OCHOBHBIMW OTIEPAIHSIMU
SIBJIAFOTCS OTEPAIM BCTABKYM HOBOTO 3JIEMEHTA W YIAJEHUST DJIEMEHTa C
HAMOO/IBIIUM 3HAaYeHneM Kiaoda (mpuopurera). Takyo CTpYKTYpPY JAHHBIX
HA3BIBAIOT TPUOPUTETHON OYepebio. OCHOBHBIMU METOIAMY DPEATU3AINN
TAKUX CTPYKTYP JAHHBIX SBJISIOTCS YHOPSJIOYEHHBIE U HEYOPSIOYCHHBIE
CITMCKU N MAaCCUBBI, TUPDAMU/IbI, PA3JINYHBIE BaPUAHTHI 6VIHa,pHBIX J€PEBHER
MMOWCKA ¥ JAPYTHE METOAbI. BCe 3T METOIBI MMEIOT PA3HBIE OIEHKN CJIOXKHO-
cru no Bpemenn u mamsATH [1]. B s1oit pabore ananmsupyercs cnocob npes-
CTABJIEHUST TPUOPUTETHON OYEPEIN B BUE HECKOJIBKUX TOCIEI0BATETHHBIX
nukianyeckux FIFO-ouepeneit. Takoil meTos npeacTaBieHus: UCIOJIb3yeTCs
B CETEBBIX MPUJIOKEHUX [2].

B [3 5] mbr ananusuposanu mogenu paborer ¢ FIFO-ouepenamu u npu-
OPUTETHBIMHU OYEPEJISIMU B CJIYYae MOCIEI0BATEIBHOTO BHITIOTHEHUs OTepa-
it ¢ ouepessavu. B Hacrosiee BpeMs MHOTOsIIEPHBIE TIPOIECCOPHI U MAPaJi-
JIEJIbHBIE BHIYMUCJIEHN A BCE TINMHUPE MCTTOJIL3YIOTCA B PA3JIMYHBIX IMTPUJIO?KEHUAX,
B TOM YHCJI€ U B CETEBBIX.

B [6] upensioxkensl u aHAIM3UPYIOTCsS MOZEaH PAabOThI € MapaJliesibHbl-
mu FIFO-ouepensivu, a B [7-9] — mouesnu paborbt ¢ work-stealing nekavu.
DTH CTPYKTYPhI JTAHHBIX UCIOJB3YIOTCs Ny peann3anun work-stealing 6a-
JIAHCWPOBIIWKOB TTapaJuIebHbIX Bhraucsenuii [10]. Ormernm, uro «pacciab-
JIEHHBIE> MOIUQUKAIIAN TPUOPUTETHONR OYEPETN TOXKE MOTYT MPUMEHATHCS
B MOAMMDUIIMPOBAHHBIX peanu3aiusax work-stealing 6asancupoBIUKOB, U HA
psiJie TECTOB, HAPUMEp, HA AJTOPUTME HAXOXKIEHWS KpPATJIANIIero myTu
Hefikcrpel, Takue peajn3anuu 110Ka3bIBAIOT JIydiinve pesyibrarst [11], yem
MPU PEATTU3AINN C TEKAMU.

(© Akcénosa E. A., Cokonos A. B., 2019
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B sToit pabore MBI mpemaraeM MOAEIb PAOOTHI C ABYXIPHUOPUTETHO
0Yepeibio, B KOTOPOH JOMyCKAIOTCS TapaJiiebHbIE OTIEPAIINH.

Paccvorpum  odepenh, WMEOIIYIO IBa TPUOPUTETA, PACTIOJIOKEHHYIO
B orpanudeHHoi namsru. Quepennr upejgcrasjieda B uge japyx FIFO-
odepesieil TeEPBOTO W BTOPOTO MPUOPUTETA.

Pabota ¢ ouepensmMu mpoMCXOOMUT B AUCKPETHOM BpemeHu. Ha kaxkaom
Iare MOTYT MPOU3OUTH C 33JAHHBIMU BEPOATHOCTSIMU MAPATLIETbHBIE OITe-
pamuu ¢ ouepenamu. VIckiodenne u3 MPUOPUTETHON OYEpe r MTPOUCKXOIUAT
[0 HAWBBICIIIEMY TPHOPUTETY. DTO 3HAYUT, YTO MOKA BTOPAsi OYEpe/b He
TycTasi NCKJII0YeHne MponcxoanT n3 Hee. Kak TOIHRKO OHA cTaHeT myCTOit,
UCKJTIOYEHUs OYIyT MPOUCXOIUTH W3 TIEPBOI OYepeIn.

B pabore mpengoxkena MareMaTudeckasi MOJEIb MPOIECCA B BUAE CIIy-
JafHOrO OJIY»KIAHUS MO IEIhIM TOYKAM HA MIOCKOCTH W PEIAeTCs 3374
HAXOXK/IEHUS ONTUMANBHBIX PA3MEPOB OUYepesieil, KOrjaa B Ka4ecTBe KpPUTe-
pHsi ONTUMAJIBHOCTH PACCMOTPEHO MAKCHUMAJILHOE CPEIHee BpeMsi 10 mepe-
OJTHeHns TaMsTh. i1t perieHus noCcTaBIeHHON 3a7a49u pa3paborana nmu-
TAIMOHHAST MOJIeNIh. B ok/taze OyayT mpeacTaBIeHbl PE3YIhTAThI 9UCIeH-
HBIX 9KCTIEPUMEHTOB C Pa3pabOTAHHON MOIENBIO.

Pabora Bemonnena npu dunancoBoit nogaepkke PODU, rpant 18-01-
00125-a.
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AmnocTepuopHasi OIleHKa MOTPENTHOCTHU
ANCKpeTn3annm Ha aHcaM0Jie pelrneHmii
1 3(pPeKT KoOHIeHTpanuu Mephbl
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MockoBckwuii bu3nKo-TexXHuIeCKuit nHCcTuTyT, Jlosronpynusiii, Poccus

E-mail: aleksey.k.alekseev@gmail.com

N3BectHO, uTO 3hheKT KOHIEHTpaIK Mephl [1-3] nMeeT cymiecTBeHHOE
3HAYEHUE B CTATHCTUYECKOW TEPMOIMHAMWKE, KAK CUCTEME OYE€Hb MHOTHX
nepeMeHHbIX. CeTouHble (DYHKIINHT, HCTIOTH3YEMbIe TPU TUCKPETU3AIINN MHO-
POMEPHBIX YPABHEHUI B YACTHBIX IIPOM3BOAHBIX (HAIPUMED, ypaBHEHUT Dii-
JIepa, ONMCHIBAIIMX HEBSI3KOE TEUEHNE Ta3a U PACCMOTPEHHBIX B JOKJIAJIE),
TaKyKe TIPUHAIEYKAT MPOCTPAHCTRY Gombmoil pasmeprocti (ot N ~ 10° u
Boiie). COOTBETCTBEHHO, HHTEPECHO, CKa3bIBaeTCs i (1 Kak) 3bdeKT KoH-
[EHTPAIIUU MepbI B 33a9aX TAKOTO THIA, B YACTHOCTH, IIPU ATOCTEPUOPHOI
OIIEHKE TIOTPEITHOCTH JTUCKPETU3AIUH.

Bausune sadpdexra KOHIEHTPAIINE 3aBUCAT KaK OT TEOMETPHU MHOXKe-
CTBa, 3aHUMAEMOIO DelleHueM (HJIM €ro MOIPENIHOCTHIO) B MHOIOMEPHOM
MPOCTPAHCTRE, TAK W OT AJITOPUTMA BHIOOPA BEKTOPOB HA ITOM MHOMKECTBE
(cTerneHn MPOM3BOILHOCTH (HE3ABUCUMOCTH) BBIOOPA). UnCyIeHHbBIe perreHnst
YPABHEHUH A3DPOrazoqMHAMUKU, TONYUYEHHBIE PAZHBIMU METOJAMU, HEJb3si
paccMaTpuUBaTh KaK HE3aBUCHMBbIE BEKTOPA, TAK KAK OHU OMUCHIBAIOT €J[MH-
CTBEHHOE PEIIeHNE U, TOITOMY, JOJKHbI IPOSBIATH BHICOKYIO CTENeHb KO-
peadanun. B TO K€ BpeMsd JIETKO TOKa3aTh, YTO JIOKAJIbHAsA TIOTPENTHOCTH
anmpoKcuMaIuu (OMuOKa, yCedeHrsi) B CIyYae aJrOPpUTMOB PA3HOTO MOPSIJI-
Ka TOYHOCTH SIBJISI€TCST IMHEITHO He3aBucnMoii. CTenenb He3aBUCHMOCTH TT0-
IPENTHOCTH TUCKPETU3AINH 7T PEMIeHNH, IOy YeHHBIX PA3HBIMU AJITOPUT-
MaMU OTPEIENAETCsS, KaK OMUOKON ycedeHus TaK U UCKYCCTBEHHBIME MOHO-
TOHU3AaTOPpAaMU, IPUMEHAEMBIMU B COBPEMEHHBIX aJITOPUTMaX, G NPUOPU HE
sicHa u obcyx)aaercs Huxke. Cucremy ypaBHeHuit obo3Hauum kak At = f,
YUCJIEHHOE PelieHne, TIOIyYeHHoe k-M aJTOPUTMOM OIpeIesisieTcsi ANCKPeT-
meiM onepaTopoM Apu®) = f,. Ommtka yeewenns du®) monyuaercs uz pas-
noxenns B pan Teitnopa uncaennoro pemenns (cerounoit dbymkmmn) uF)
U MOJICTAHOBKHU PE3yJIbTAaTa B OCHOBHYIO CHCTeMYy ypaBHeHuil. JlarpaH:kesa
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dbopma omubku yeewenns 6u*) (ay,) = Ch™ 0™ u(x, +ay,)/dx™ ! (n no-
Mep y3J1a CETKM) COAEPIKNT HEM3BECTHBIN napamerp o, € [0, 1] [4]. B cs3n
¢ atnm n tem, uro Aulf) = (u® —a) = A, su®), ommbka mmckpermsa-
UK OOBIMHO BOCTIPHHUMAETCS KaK JIeTepMUHUpOBaHHAs BenuamHa. Ompa-
KO, CYIIECTBYET PsiJi YUCJEHHBIX paboT (Hanpumep, [5]), KOTOpble OCHOBaHbI
HA TOM, 9TO KOMIOHEHTBHI OIMUOKH JUCKPETH3AIAN Augk) SABJISAIOTCS CITy-
JaifHOM HOPMAaJhHO PACTPENEIEHHON BemnanHo. [Ipyrre anciennbie KC-
nepuMeHThl [4] yKa3biBaIOT HA HAJIMYKME JHOCTATOYHO YHUBEPCAILHON (POpMBbI
TJIOTHOCTH PACTIpe/ieieHnst JarpaHxkesa napamerpa P(ay,) 1t ypaBHeHHUs
TEILTONMPOBOAHOCTH. [IaHHBIE PACYETOB, MPEJACTABNCHHBIE B JAHHOM TOKJIA-
JIe, YKA3bIBAIOT HA TO, YTO JJIs AHCAMOJS YMCIEHHBIX PENICHWH, MOy YeH-
HBIX HE3ABUCHMBIME METOJAMH, MAKCUMYM PACCTOSTHHUS MEXK/LY PEIICHHSIME
| dtmax || MOPKET CTyKMTH BEpXHET ONEHKOI TOrPENTHOCTH ANCKPETH3AINNA C

dUmax .
uHIEKCOM 3 PeKTUBHOCTH ””“Aiu”” ~ 0.6 =+ 3.

TakuM 06pa30M, IMEETCsT TIPOTHBOPEYHNE MEXKLy CJydaiHbiM (HabIoma-
€MbIM) ¥ JIeTePMUHUPOBAHHBIM (TEOPETUIECKU O0OCHOBAHHBIM ) TOIXOJIAMU
K OIIEHKE TIOT'PENTHOCTH IUCKPEeTU3annu. BO3MOXKHO, 3TOT Tapa oKC MOKHO
PA3pEIuTh C MOMOIIBI0 TEOPUH KOHIIEHTPAIIUU MEPHI, CBSA3BIBAIOIIEH BEpO-
SITHOCTh W TEOMETPHUI0 MHOTOMEDHBIX POCTPAHCTB. JTOM HAEKIE CIIOCO0-
CTBYET TO, YTO, KaK IMOTPENTHOCTh yCeYEeHUA dul® e RY, rak n norpemrocTh
auckpermsanmn Au® = 4 —§ € RN, npunagiexar mpocTpancTBy OUeHb
BBICOKOIl pPa3MepHOCTH.

Il KOHEYHO-PA3HOCTHBIX CXEM HECOBIIAJAIOIIEro TOPSIKA AIMMPOKCH-
Mamuu k TOrperTHoCcTh du®) mmeiino HEe3aBWCUMA, TaK KakK COHAEP>KUT TPO-
W3BOJHBIE PA3HOTO MOPsiiKa. UTO Kacaercst morpeniHocTeil IuCKpeTu3anun
Au®) | 10 1715 TAKMX CXEM He CYIIECTBYET aIrOpuTMa, TPaHChOPMIPYIOLIIe-
IO UX IPYT B IPYTa, TIO9TOMY €CTECTBEHHBIM BBITVISIUT MPEIMOTI0KEHNE, ITO
OHU SIBJIAIOTCS aJOPUTMHUYECKH He3aBucuMbiMu (cirydaiinbivu 1o Komvo-
roposy). Paccmorpum ancambib u3 M YuciIeHHBIX DelleHuil, M0Jy YeHHbIX
HA OJHON CETKEe C MOMONIHIO HE3ABMCUMBIX PA3HOCTHBIX CxeM (B mpocTeii-
MeM CIy4ae CXeM Pa3HOro TMOpsAnKa). Ecau mpemnosokuTh, 9To aJropuT-
MEYECKAs He3aBHCHMOCTh morpermaoctn anckperm3ammn Auf) | oGecnedn-
BAaET TPOM3BOJIBLHOCTH BBIOOPA, TO MPHUHAIEKHOCTH TOTPEIIHOCTH K MPO-
CTPAHCTBAM O4Y€Hb OOJIBINON PA3MEPHOCTH J1aeT HECTAHIAPTHBIE BO3MOXKHO-
CTHU JJId OTnipeaeJIeHusA HOPMbI TTIOTPETNITHOCTU U TTOJIOY)KEHU A UCTUHHOT'O Perre-
Husi. VI3BECTHO, 9TO B NPOCTPAHCTBAX JIOCTATOYHO DOJIBIIONH PA3MEPHOCTH
N paccrosgane dj o MeXKIy IABYMs TIPOM3BOJIBHO BHIODAHHBIMW BEKTOPAMMN
v e RN u v® e RN “c pepositHOCTBIO 17 GOMBINE UTHHBI 9THX BEKTO-
poB HUU)H < dy,2. D10 BBI3BAHO TeM OOCTOATEILCTBOM, YTO XOPJa B STHX
HPOCTPAHCTBAX “NOYTH Beeria 6ouiblie pajuyca” [3], a 1Ba n1pOM3BOJIBHO Bbi-

55



OpPAHHBIX €JMHUYHBIX BEKTOPA € OOJIBIION BEPOSTHOCTHIO OPTOrOHAbHDI [1],
a mverno P{(v(V),v®)) > §} < \/7/2e=5N/2,

[IpuMeHUTEeNbHO K HAIIeMYy CIydai0, y4TeM, YTO PAa3HOCTh MEXKIY 9HC-
JIGHHBIMU PEIIeHMsIME PaBHA PA3HOCTH MEK/Yy IOIPEIIHOCTSIMHU JUCKPETHU-
sarmm arux pemennii uP) — w2 = M — G — @ 4 7 = AuD — Au@).
Cuauraem Tak»Ke, 9TO HOpMa MOrPENTHOCTEN OrpaHuYeHa, HAu(i) H < R (oum
NpUHAJIEXRAT HEKOTOpOil rumepcdepe paauyca R ¢ IeHTpoMm B Hyse). B
TAKOM CJIydae, €CJad IMOIPEMIHOCTH JUCKPETH3AMHA BhIOPAHDBI IPOA3BOILHO,
paccrosiaue di o = Hu(l) —u® || = ||Au(1) — Au® || MEZKJLy IBYMS YHCJICH-
upivi pernennsvn u() € RY u w® € RN “c eposirnocrsio 17 Gosbiie
PACCTOSTHHSI OT TOYHOTO perenust 10 wncaennoro d(ul, i) = Hﬂ - u(i)H <
d172 = ||Au(1) — Au(2) || .

B umoze, 0as 08YTr HUCAEHHBLL PEweHUlt, TOAYUEHHBLT He3a-
BUCUMDBIMU MEMOIAMU, PACCTNOAHUE MEHCIY HUMU “‘C 8eposMHO-
cmoviro 17 onpedeasiem 6eprHIO0 2paHb HOPMbBL No2peuwHocmu duc-
Kpemusayuu (pacuema).

Takum o6pazoM, 0OOCHOBAHHEM AaIlOCTEPHUOPHON OIMEHKH MOTPEITHOCTH
JUCKPETU3AINNA Ha, aHcamMOJe PermeHwuil MOXKEeT CIYKATh ‘OJarocIoBeHme
pasMepHOCTH”, BCIEACTERUE KOTOPOTO MIBA MPOU3BOJIHHO BHIOPAHHBIX BEKTO-
pa B MPOCTPAHCTBE OOJIBINIONH PAa3MEPHOCTH “ITOYTH BCEraa’ OPTOTOHAILHBI.
Bmskuii pe3ynbraT moaydaeTcs U3 JIPYruX TeOMETPUIECKUX COODparKeHni,
a MUMEHHO, C IIOMOIIbI0 HEPABEHCTBA TPEyroJibHuKa [6].
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O HUM W3 METOJOB JIJisi OIIEHUBAHUS XaPAKTEPUCTUK COBPEMEHHbBIX WH-
BOKOMMYHUKAIMOHHBIX CeTEH W COIMMAIBHBIX CETEH SIBJASETCS CTAaHIAPTHOE
caydaitnoe Omyx)mganue B rpade O0bInoi pazmepHoctu. st cereit 60/1b-
oro 00beMa XapaKTEePHO, YTO BCSA CETh MEJUKOM HEIOCTYITHA I WCCIIe-
JIOBaHUsA, THOO BpeMs Ha OOXO BCEl CTPYKTYPBI CJAUIIKOM BETHKO s 3¢-
GEKTUBHOTO OIEHUBAHUS XaPAKTEPUCTUK CETH.

B nmanmoit pabore mipemaraeTcsi WCMOA30BATH TEXHWKY PACIIENIeHnst
JIJIsT yCKOPEHUsT TIPOIELYPhI CAydaiHOro OyKaanust. B gacTHOCTH, TaKO
moaxod, OyaeT MpUMEHEH IS TOCTPOEHHUsI OIEHKU BEPOSITHOCTHU JOCTUIKE-
HUs HEKOTOPOro y3ia ceru (Wim o6JacTd CeTH) J0 MOMEHTA BO3BDAIIEHHUS
B CTAPTOBBIA y3eJ (UM MHOXKECTBO).

Paccmorpum monenb cetu B BUje HeopueHTHpoBaHHOrO rpada G =
(V,E), co craproseiM MHOXKecTBOM y3nos I, C V, |I,| = n, B koropoe
BXOJISAT y3JIbI U3 BCEX KOMMOHEHT cBsi3HOCTH Tpada G. st HeKOTOporo y3-
ma b € V HeoGXOmMMO TIOCTPOUTD OMEHKY st BEPOATHOCTH Pegse(q—sb), ITO
CTapTysa W3 y37a a caydaiiHoe OMyXKIaHWe JOCTUTHET y3ha b 10 MOMeHTa
BO3BpAIIEHUS B y3€J a:

Pesc(a—b) = P{XJ = ba Xi 7é a, 0<i<j< OO|X0 = a’}'

ITocTpoenue OIEHOK AJis TAKOTO THIA XAPAKTEPUCTUK AKTYAJIbHO IS 3a-
nag Bbrancyienns 3M@MEKTUBHOTO COMTPOTHURIEHUST B IJEKTPUIECKUX TIETISAX

(© Aspauenkos K. E., Boponuna A. B., Hewemmapenko H. A.; 2019
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(escape probability [3]), a Takxke B 3a/a4ax, CBA3aHHBIX C PEAKUMU COObI-
rust (first entrance probability [4]). B Be6-rpadax 6obioit pazmepHocTu ra-
Kasl BEPOSITHOCTb HE BCETJA SBJISETCA JOCTATOYHO MaJIoil (Kpome cuTyarmit
C NPUTATUBAIOIIMMY Y3JIAMH), 9TOOBI UCIOIH30BATH TEXHUKY YCKOPEHHOIO
MozenupoBanus. TeMm He MeHee, BpeMsi OIIEHUBAHUS Ta¥Ke TAKUX BEPOSTHO-
creit (nopsgaka 0,1 - 0,5) ¢ HOMOIIBIO CJIydaHOro OJyXKIAAHUS JOCTATOYHO
BEJIMKO. YCKOPEHHOE MOCTPOEHUE IUKJIOB CJLyYaifHOrO OJLy 7K IaHUST TO3BOJIAT
CTPOUTH OLEHKY C OOJBINEH TOYHOCTHIO.

OcHOBHBIM TPEOOBAHUEM 17151 CTIOIH30BAHNST METO/IA CJLY YaifHOTO BTy 7K-
JaHNs SABJIAETCA CBA3HOCTH Tpada. s mocrpoenus cea3Horo rpada G =
(V/,El), 9KBUBAJIEHTHOTO HCXOJHOMY C TOYKHU 3DEHUS CJIyYalHOrO OJIy¥K-
JIaHWsT UCMOJIB3YeTCsl METOJ, BBeJIeHus 'cynepysna, MpeIIoKEeHHOTO B pa-
6orax [1,2], a Tak:ke METOM YACTHYHOrO CIIy9aliHOro OJIy K JaHusl, KOTOPBIi
TIO3BOJIAET CTPOUTH HECMEIIEHHBIE N COCTOATEJILHBIEC OIIEHKN XapPaKTEPUCTUK
y3JI0B Ha OcHOBe u3BecTHOro noarpada rpada G. dajee, cunraem rpad G
CBSI3HBIM C y9€TOM HEOOXOIUMBIX MTPEOOPA3OBAHUIA.

IMycrs X = {X;, t > 0} - uens MapkoBa, cooTBecTByIOmAast Caydvafi-
Homy Omyx)mauusi B rpade G CO CUYETHBIM TMPOCTPAHCTBOM COCTOSTHUN X .
Omnpenenum k-yio TPAaeKTOPHUIO KaK MOCIEIOBATENBHOCT Y3JI0B, MOCEIEeH-
HBIX CIyYaiHbIM OJIyXKIaHUEM CO CTAPTOM B y37€ @ JO MOMEHTa BO3BpaTa
obpaTHo

XML xP k>, (1)

r7e AUCKPETHBIE MOMEHTHI & SBJISIOTCS MOMEHTAMH TEPBOrO MEPEXoaa B
a. IocnenoBarensHOCTh {&) }>1 ONpeenseT MpoIecC BOCCTAHOBIEHHUS, &
HE3ABUCHMbIE TPACKTOPUY MOXKHO PACCMATPUBATH KAK IUKJIBI PEreHEPAIINH.
Vcnorue cea3rocTn Tpada rapaHTUPYeT KOHETHOCTH IIAKJIA PETeHePaIini.

Jlanee pereneparuBHas MOCTAHOBKA JTA€T BO3MOXKHOCTH MPUMEHUTDH Me-
TOZ, pacCILEerJIeHust, rae B KadecTtBe GpyHkuuu 3uadumoctu S : x — R wmc-
TOJIL3YETCsT KpaTdaiiimee paccTossaue mo ajaroputmy JlefikcTpbr oT Tekymeit
BepIIUHBI T 70 IeseBoii Bepruubl b. Takum oOpa3oM, HA KaXKJIOM Iare
ciaydaiiHoro GyKIanus BepiiwHa b cTaHOBUTCS OO Omke, audO 1amhb-
me. Pacmiernienre TpaekTopuu Ciay9aiiHOro OJIyKIAHWUST TPOUCXOIUT TIPH
NpubINKEHUH K BepIinmHe b.

Coruacuo dbyskiuu S(x) onpeesoTcs ypOBHYU, Ha KOTOPBIX IIPOUCXO-
JIUT PACIIEIJIEHUE U [OCJIEI0BATEHHOCTD BIIOXKEHHBIX COOBITHM

l=1lg>1 > >y =0, l:=S(a); Ep C Epj—q C -+ C Ej,

roe T, = inf{t >0: S(Xf) < lk}, E, = {Tk < TA}, TA = inf{t >0: X1 ¢
A& Xy € A}, A= {z € x:S(x) =1}. MuOKecTBO A MOXKET COCTOATH KaK
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n3 OAHOIO y3Jj1a , TaK U U3 HECKOJIbKHUX. Tor;[a

Pesc(a—b) = Hpk = ]P)[EM]’ (2)

rae pp = P[Eg|FEr—1], k =1,..., M. — BepOATHOCTH TIepexojia Ha YPOBEHb
k Tpm yCIOBMM TOCTHKEHWS peabLaymmnx k — 1 ypoBHei.

Torna omnenka anst TpebyeMmoil BEPOATHOCTH METOIOM DPACHIEILICHUS
ompeaensiercss (hopmyIIoit:

Ny,

M
esc P = ks = a7
Pescl ]‘;‘[ Tk—1Nk—1 ®)

IZie 7', — YUCJIO PACHIEILIeHHI Ha YPOBHE ), Ny — 9HCJIO JOCTUKEHUN YPOBHS
k, a rp_1Ni_1 —obImee 9uCaI0 TPAEKTOPHii, CTAPTYIOMHUX ¢ ypoBHs k — 1.

YucjieHHbIE 3KCHEPUMEHTHI [M0KA3aJIU TPEUMYIIECTBO IPEIJIaraeMoro
MeToa 10 CPABHEHWIO CO CTaHIApPTHBIM MeTomoM Monte-Kapao n gucien-
HBIM PEIIeHNEM CHUCTEMBbI JTUHEHHBIX yPABHEHMI, TIOCTPOEHHON 10 MATPHUIIE
Jlanmaca.

Hcenedosarnue svinoarero no 2oczaxasy 6 Kapeavckom nayuHom yenmpe
PAH (Hncmumym npuriadnux mamemamuyueckur uccaedosarnuti KapHI]
PAH) u npu noddepoicke Poccuiickozo donda dyndamenmanrvioix uccaedo-
sanul, npoexmo, 18-07-00187, 18-07-00147.
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I'pacd HazbBaeTcss peanuzyeMbiM HA MOBEPXHOCTH, €CTH €r0 MOXKHO Ha
Hell PaCcIoJIOKUTh (HAPUCOBATH) 0OE3 caMolepecedeHuii.

IIpobsema peanu3yemocTu rpadoB Ha MIOCKOCTH, TOPe, aucte Médumyca
U JIPYTUX TOBEPXHOCTSX XOPOIA U3BECTHA U ABJISETCS OJHON M3 OCHOBHBIX
B TOIOJIOrMYECKOi Teopuu rpados [4,7].

Peanuzyemocts rpadoB Ha MOBEPXHOCTH SIBJISIETCS MPODJIEMO HE TOJIB-
KO TEOPETUYECKON, HO ¥ MPAKTUYECKOH. BO MHOTMX COBPEMEHHBIX HWHKEHED-
HBIX 3aj1a4aX (HANpUMeEp, IPOEKTUPOBAHUE NEYATHBIX IJIAT CBEPXOOIBIITIX
UHTErPAJIBHBIX CXEM, IPOEKTHPOBAHUE TPAHCIOPTHBIX PA3BA30K) BasKHO Bbl-
SICHUTH, BO3MOXKHO JIM HAPWCOBATH Tpad HA TOBEPXHOCTH TaK, ITOOBI €T0
n300paskeHue yI0BIETBOPSLIO OMPEIEIEHHBIM TPEOOBAHUSIM. DTHU 33a9HU De-
MIAKOTCS TTyTeM MTPUMEHEHNsT KOMITBIOTEPHBIX aJropuT™MoB [1].

Xoporiio u3BecTen Kpurepuii peaausyemoctu rpada Ha MJI0CKOCTH — Te€0-
pema IlouTpsruna — KypatoBckoro: epag naanapen mozda u moavko mozda,
Ko2da on ne codeporcum nodepados, zomeomopPros Ks uau Ks 3 [6].

TTonyuenne kpurepuen peanndyemocTrn TpadoB HA IBYMEPHOM TOPE MO-
KeT 6bITb IIOJIE3HBIM C aHFOpI/ITMI/ILIeCKOﬁ TOYKHW 3PEHUA U 1PEJCTABJIACT
CaMOCTOATEJIBHBIN TEOPETUYECKUN WHTEPEC.

st pacno3naBanmst peanndyemMoctn rpadoB OyIeM TOIh30BATHCS T0-
NOJIHUTENLHON KOHCTPYKIMeil rpada ¢ BpameHusaMu (qpyrue narepnpe-
TAIUU: OPUEHTUPOBAHHOE yTOJIIEHNE, JeHTOUHbIH rpad, R-rpad).

I'pacdom ¢ Bpamennsivu HazbIBaeTcss rpad BMECTe C yKa3aHWUeM st er0
BEPHIVMH OPUEHTUPOBAHHOI'O HUKJINYECKOI'O MOPAJJIKA BbIXOAAIINX U3 HEE 110-
Jypebep uin KOHIIOB TETeb.

Bynem paccmarpuBath MynasTurpadbl C TIETISIMA ¥ KPATHBIMY pedOpamMu.

JloroBopuMCst COKPAIATh «MyJIbTUrpad» 10 «Tpad».

© Bepesun T. B., 2019
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Ilycrs G — rpad ¢ 0HO BepIIMHON U KOHEYHBIM YUCIOM 7 HETEJIb.

Neporsindom naseiBaercs rpad G ¢ ykazaHuem jijisi €ro eJIuHCTBEeHHON
BEPIIUHBI OPUEHTUPOBAHHOTO MHUKJIAYECKOTO MOPSIIKA BBIXOAAIINX U3 HEe
KOHIIOB TIETETb.

Ob6ozuaunm nerun G 6ykBamu andaBuUTa B TOPSIKE TEPEIUCTIEHUS BbI-
XOJAIIUX U3 BEPITUHBI KOHIIOB METETh MPU 00X0e BOKPYT BEPIIUHBI TIO Ya-
coBoit crpesnke. B Takom ciydae meporiaud 3ammiieTcsi Kak CJIOBO-CTPOKA
IIUHBL 2n w3 1 OyKB, B KOTOPOM Kaykjas OyKBa BCTPEYAETCST ABAYKIIBI, C
TOYHOCTHIO JI0 TIEPENMEHOBAHUSI OYKB W IUKJINYECKOTO CIBUTA. Bymem co-
KpaIllaTh «HePOrJIn(d, COOTBETCTBYIOMIUN CJIOBY T» 10 «UEPOTIUD T».

I'padom merenn mepornmda Ha3bBaeTcss rpad, BepUIHHAME KOTOPOTO
ABIAIOTCA TeTn ueporanda. JIBe BepmmHb rpada merenb CoeTuHEHbI ped-
POM, €cjii COOTBETCTBYIOILIME JBe neriau obpasyior ueporiud (abab) (r.e.
[epeceKaroTcs).

Penykinus wepornuda — KOMOO3UIMST HEKOTOPOTO YHCIA CJELYIONIX
peodpa3oBaHMIA:

(D) Ynasenwne HeKOTOPO¥ M30JMPOBAHHON TETIIHN, T.e. TAKON MeTJIN, KO-
TOpasi B IUKJIMIECKOM MOPSIIKE 33JAETCS ABYMS MOAPSIT UAYIIUMEA OyKBAMU
(aa...);

(R) Bamena iByx 'mapasuiesibHbIX’ HeTelb a U @', T.e. IeTejb, COOTBET-
CTBYIOIIE KOTOPBIM 6yKBBI B IMUKJINYECKOM TIOPAJKE HAXOOATCA Ha COCEeI-
HWMX MecTax m He wepenyiorcs (aa'...a’a...) Ha omHy.

OCHOBHBIM pe3ysbTaToM PABOTHI SIBISETCS JOKA3ATEIHCTBO CJIEyFOIIErO
YTBEPKICHUS.

Teopema. Caedyrousue Ycarosua Ha UEPOZAUD IKGUCAACHITVHDL:

(A) Uepoeaud pearusyem na mope.

(B) Hepozaug me codeporcum wu o0dnozo u3 uepozaugos: (ababeded),
(abedabed), (abacdebd), (abeadbdc).

(C) I'pagp nemeav uepozaugda seanemca 00seduHeHUEM USOAUPOSAHHBLT
BEPUIUH U NOAHO20 08Y- UAU MPETIOALHOZ0 2PAPa.

(D) Hepozaud pedyyupyemes do odnozo us uepozaudgos: (), (abab),
(abcabc).

Kpurepuit (B) reopemsl nosyden u3 [3], rae va pucyHke 2 crpaHuibl 9
n300pazkeHbl nepornudbl HE peanusyeMble Ha Tope. JloKa3aTeancTBO 3TO-
rO pe3ynbTaTa MOYKET OBLIO W W3BECTHO, HO HUTIE PAHEE HE OMyOJHKOBAHO.
B [5] A. B. CkoneHkoBbIM, ONUpasiCh Ha pe3ysbrarhl [2], Obuin cdopmyiu-
poBaHbI 63 TOKA3aTeNbCTBA OCTANbHBIE KpuTepuu TeopeMbl. OHAKO st
kpurepusi (C) B neproHavasbHoOll GOPMYJIMPOBKe ObLI HANIEH KOHTPIPH-
Mep ¥ KpUTEPHUil yTOIHEH B paboTe.

61



Crmcok aurepaTypsbl

1]

2]

3]

[4]

[5]

(6]

(7]

Azeesa T. u dp. AnropuTMbl AaBTOTPACCUPOBKY MTPOBOJHUKOB Ha MOBEPX-
Hocru nedarnoit miarst // Tesaucsr kondepennun. Yuusepcurer U'TMO,
2018. https://openbooks.ifmo.ru/ru/file/7259/7259.pdf

Culler M. Using surfaces to solve equations in free groups // Topology.
1981. 20. P. 133 145.

Kaubzanos A., Ilepmaros /., Cronenxos A. Peanmuzyemocts rpacdos ¢
Bpamenusamu. https://www.turgor.ru/lktg/2005/3 /rotrus.ps

Mohar B., Thomassen C. Graphs on Surfaces. Baltimore, MD: Johns
Hopkins University Press, 2001.

Cronenxos A. B. Anrebpandeckasi TOMOJOIHUS C T€OMETPUYIECKONR TOY-
ku 3pennsi. M.: MITHMO, 2015. 272 c. // OGroBasiemasi sj1eKTpOHHAs
Bepcus. https://www.mecme.ru/circles/oim /obstruct.pdf

Thomassen C. Kuratowski’s theorem // J. Graph. Theory. 1981. 5,
P. 225-242.

3eonrxun A. K., JIando C. K. T'padbl Ha NMOBEPXHOCTAX U UX TPHUIIONKE-
uusi. M.: MITHMO, 2010. 480 c.

62



NccaenoBanme M M P P-nmoTtoka B
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3HaunTeNbHAS YACTh MCCIEIOBAHUI IO TEOPUU MACCOBOIO OOCITYKUBA-
HUA NPOBOAUTCA B IIPEAIOJ0KEHUH, YTO BXOAAIINI OTOK - IIyaCCOHOBCKUA.
OH gBasercs MOCTATOYHO MPOCTHIM JJIsi COOTBETCTBYIOIINX MATEMATHUE-
CKUX MOJeJeil, a TakyKe ATEeKBATHBIM JJIs IMUPOKOT0 KPYyTa MPUKJIATHBIX
3agad. HabmogaeMble TTOTOKH 9acTO SBIAIOTCS CyMMaMu OOJIBIIOTO 9UCTIA
HE3aBUCUMBIX TIOTOKOB, & OHHU, B JIOCTATOYHO OOIIMX MPEOJOKEHUIX XO-
POIIO ANMPOKCUMUPYIOTCS TTyaCCOHOBCKUM TiporeccoM. Ilpu onucanuu pe-
AJIBHBIX OOBEKTOB BO3HUKAIOT MOJEN, B KOTOPBIX MEPBOHAYAIBHBIN MOTOK,
MPOXOs P TTOCJIEIOBATEIHLHBIX CUCTEM, TEPSET YACTh CBOUX TPEOOBAHMUIA.
Takoii peneonmit MOTOK Tak¥ke OyJAeT TPUOTHUKATHCS K MYyACCOHOBCKOMY.
Bospocuit B mocennee BpeMsi HHTEPEC K 00JIee CI0XKHBIM BXOJAAIITUM TTOTO-
KaM, B 4aCTHOCTH, K MOJYJIMPOBAHHBIM I1yacCOHOBCKUM notokam (MM PP,
M AP), B nepByio o4epe/ib CBA3aH C CyIECTBOBAHNEM NPAKTUYECKH BAYKHBIX
3a/1a4, JJIsi KOTOPBIX TPEJNOJIOKEHNE O TOM, 9TO BXOISIINI MOTOK Myacco-
HOBCKUI, TPUBOAUT K WCKAYKEHUIO OMEPAIMOHHBIX XAPAKTEPUCTUK CHCTE-
MbI, HATIPUMED, 3aHUKEHUIO CPETHEr0 YUC/Ia HAXOISIINXCSA B Hell TpeboBa-
uuit [1,2]. Tlonyuenue gBHOrO BuZa XaPAKTEPUCTUK CUCTEM OOCIIYKUBAHUS
CO CAOXKHBIMM 1OTOKaMu (Takumu kak M AP) BO3MOXKHO JIUIIb JJisi Y3KO-
ro KJIacca MojeJieil, T03TOMY WCCJIEIOBAHNE, KAK TTPABWUIIO, BEIETCS B IBYX
HAMPABJIEHUSIX: MOCTPOEHUE OIEHOK /IJIsi ITUX XaPAKTEPUCTUK U W3yUEHUE
YCIIOBHI BBICOKO# 3arpy3KH, KOTJA B CHCTEME CKATLTUBACTCS OOJIBINOE YUCTIO
TpeboBaHuil, U MaJIoi, KOraa npubop 3HAYUTETBHYTO JI0JTI0 BpEMEHH TPOCTa-
uBaeT. Dr1a OOLIHOCTH HEJaeT JOCTATOYHO 3ATPYAHUTEILHBIM TPUMEHEHHUE
TOJIyHEHHBIX DE3yJ/IbTaTOB K KOHKPETHBIM MOJEJIsIM, TaK KaK ITPUXOANUTCA
MPOBEPATH OOJIBINTOE YHUCJIO YCAOBUIl W WHTEPIPETUPOBATH WX B TEPMUHAX,
YIOOHBIX I TPUTIOYKEHIA.

(© Bobkosa O. C., Mouceesa C. II., Hazapos A. A., 2019
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M AP-unorok (or Markovian Arrival Process), npemioxenuniit Hprorcom
n Jlykanrouu [3], mMUPOKO HPUMEHSIETCst [JIsi MOJEJIMPOBAHUST [IOTOKOB WH-
dopmanmm B CIyTHUKOBBIX, KOMITBIOTEPHBIX, 6ECTPOBOAHBIX U MOOUIHHBIX
CeTSX CBS3W M MPEJCTABISACT ONWH W3 BUIOB KOPPETNPOBAHHBIX TTOTOKOB CO-
Gerruii [1,2]. VI3BecTHBI JBa 9KBUBAIEHTHBIX crniocoba 3aganns M AP [5], B
JIaHHOM paboTe UCIOAb3YeTCs MOJIEJIb, ONUCAHHALA B [J].

ITycrs nens Mapkosa k(t) ¢ konednbiM uncsiom cocrosinuit k = 1,2, ..., K
3a/IaHa ManWHeﬁ HH(bV]HHTe3VIMaHBHBTX XapaKTEePUuCTuK Q C dJIEMEHTAMN
qui- Taxoke 3a7a0 HAOOP HEOTPUIIATENBHBIX 9HUCET A > 0, UMEIOIIIUM CMbICT
YCJIOBHOI MHTEHCUBHOCTH HACTYIIJICHUS COOBITUSA B TIOTOKE, KOJIa 11emb Map-
KOBa HaxoauTcs B k-M cocroguuu. M3sectHo [6], uro pacnpenenenue Bepo-
ATHOCTEH ducaa coObITHii B BbhicOKOmHTeHCHBHOM M M P P-ti0TOKE, HACTY-
NUBIIKX 334 BPEMs ¢, MOKHO allIPOKCHMUPOBATH HOpMaiabHbIM. O6G03HAYAM
n(t) — 4nca0 coOBITHI OIPEIEJISIEMOrO CJIyYaifHOro 110TOKA, HACTYTUBIINX
3a Bpem4 t.

PaCCMOTpI/IM OoBEAEHUE TMOTOKA HPU JAPYTUX ITPEAE/IbHbIX YCJIIOBUAX, a
UMEHHO B YCJIOBUU MPEIEIHHO YACTBIX W MPEIEIHHO PEIKUX U3MEHEHUSX
COCTOSTHUM YyIPaBIAIONIEH MOTOKOM 1enu Mapkosa.

Iox ycmosreM mpemenbHO 9acThIX W3MEHEHUH COCTOSTHUS MOTOKA OymemM
MOHUMATH TAKHE 3HAYEHUs MAPAMETPOB TOTOKA, TIPU KOTOPBIX BPEMS IMpe-
ObIBAHUS yIPaBaAomei nenu MapkoBa B KaxKJI0M COCTOSSHAH JOCTATOYHO
MaJIoe, TO €CTh CTPEMUTCS K HYJIIO.

Juaa wHTEpBasia BpeMeHH, Korma menb MapkoBa HaxomuTca B k-M
COCTOSIHMM, PACHPEIEICHA, 110 KCIOHEHIMAIBLHOMY 3aKOHY € MapaMeTpoM
—Qkk, TO €CTh Cpe/iHee BpeMsi mpebbiBanns papuo M{r} = 7;%. Takum 00-
PaszoM, yCIOBHE TPEJEThHO YACThIX W3MEHEHUH COCTOSHHUS MOTOKA MOXKHO
3aIUCATH KAK (ki — OO.

ITokazano, 9To Mpon3BoAsAmAas (PYHKIMA YNUCTA HACTYTUBIIAX COOBITHIA

B IIOTOKE MPHU ACUMITOTHYECKOM YCJIOBUU MPENEJbHO YaCTbIX W3MEHEHUN
COCTOSTHWH yTpaBsiomnei nenn MapkoBa nMeer B

f(z.t) = M{z"} = {(z = D)t}

roe rAe = k.

To ecto MM PP moToK 1pw yCJAOBUW TPEIETHHO TACTHIX M3MEHEHUSIX
yrmpaeJsromei menu MapKoBa SIBISETCS MyaCCOHOBCKUM C TAPAMETPOM K =
rAe.

ITox ycioBuem mpenesibHO PEIKUX W3MEHEHUH COCTOSHUS TOTOKA, Oyaem
NOHMMATH TAKHe 3HAYEHHUs IapaMeTpPOB MOTOKA, IIPH KOTOPBIX BpeMs Ipe-
ObIBaHUs yIpapjdiomei nenu MapKoBa B KaxK/IOM COCTOSIHAH JOCTATOYHO
JIOJI'OE, TO €CTh CTPEMUTCH K DECKOHEYHOCTH.
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Jlnuna wHTEpBaJia BpemMeHu, Korja menb MapkoBa nHaxomurcs B k-OoM
COCTOSTHWH, PACIPEIETIEHA M0 IKCIMOHEHITNATHLHOMY 3aKOHY C MapaMeTpoM
—Qkk, TO €CTh CpelHee BpeMsi TpeObiBanus paHo M{r} = 7;“. Taxkum
00pa3oM, yCI0BHUe PEAETbHO PEIKUX N3MEHEHUN COCTOSHUS MTOTOKA MOYKHO
3anucarh Kak qrr — 0. Torma mpomsBomsimas QyHKIMS YUCTa HACTYIUB-
X COOBITHI B TIOTOKE TIPU ACUMIITOTHIECKOM YCJIOBUH MPEAETHHO PETKUX
M3MEHEHWH COCTOsTHWI ympasJsitomeii mermm MapkoBa BuI CpegHeB3BeEINTeH-

HOT'O MyaCCOHOBCKOT'O TTOTOKA!

N
f(z8) = r(k)exp{(z — DA}

k=1

Taxkoit moToK Oy/meM Ha3bIBATH TUIEPIIYACCOHOBCKUM MTOTOK.

AHaﬂOT‘quIM O6p330M B YKA3HHBIX YCJIOBUAX TTPOBEAEHBI MCCJICIOBAHUA
CUCTEM MACCOBOTrO oOcayxkuBauus ¢ Bxomsimum MMPP nmorokom u neorpa-
HUYEHHBIM 9UCTIOM OOCTYKHUBAIOIINX TPHOOPOB.
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OO0 ucooJjgp30BaHuu dera- n
raMMa-pacnpegeJeHnii B YUCJIeHHBIX
PAHJIOMU3UPOBAHHBIX MOJJIEJIAX

T. E. Bynarakosa, A. B. Boiirumex

HoBocubupcknii rocymapcreennsiit yansepcurer, HoBocubnupcek, Poccus

E-mail: vav@osmf.sscc.ru

C pa3BuTuEM BBIYUCJINTEJIHBHON TEXHUKN BO3paCTaCT POJIH YUCJIEHHBIX
(peanu3yembIX Ha KOMIIBIOTEPE) METOJOB DEIeHUs NMPUKIAIHBIX 33134, B
YACTHOCTH, METOIOB YHCIEHHOIO CTATUCTUYECKOTO MOIENUpOBaHUsA (WU
meronos Monre-Kapiio); cm., nanpumep, [1].

IIpumenenne meromos MonTe-Kapio o0ycioBieHo HaTn4dneM B COOTBET-
CTBYIONIEH MATEMATHYECKOH MOJIEN CJIy9aiiHbIX napaMeTpoB n (namn) GyHk-
mwii. Beemenne (BGop) 3TUX mapaMeTpoB u (hYHKIUI HA3BIBAETCA PaHO0-
Musayuet Momenu. JIaHHBI JOKIa TOCBAIIEH TpobaeMaM BBIOOpA OIHO-
MEPHOTO CJIy9aifHOrO mapaMeTpa £ W COOTBETCTBYIOIIEH MIOTHOCTH PACTIPE-
nernenns fe(u) (3mecs u,§ € (a,b) C R) mpu paHmoMH3aNNH YHCTEHHDLIX
Moaese.

CymecrByer mocrarodHo ycroitumBoe (M B mesiom — ommbovYHOe) MHe-
HUE YYEHBIX, 3QHUMAIOIINXCS BOMPOCAMHU KOHCTPYUPOBAHUS TPUKJIIATIHBIX
BEPOATHOCTHBIX MOZENell (B TOM YKCjie KOMIOBIOTEPHBIX), O TOM, 4TO €C/IU
TpeOyeTcs BBECTH OJHOMEDHBIN CJIyYaiiHbIN mapaMerp &, pacripeIeeHHblii
6 Koneurom unmepesase (a,b); —oo < a < b < 400, 10 (¢ TOYHOCTHIO 110
JIMHEIHOTO MPeodpPa30BaHmst) CJIELYeT MCIOIh30BAThH CJAYYalHYI0 BEJINIUHY
&€ = 1Y) pmeromLyIo MIOTHOCTE bema-pacnpedeeHusn

u,u—l (1 _ u)u—l
B(p,v)

CO CIEIMAIBHO MOJAO0PAHHBIME ITIOJIOKUTEJIbHBIMU MapaMeTpaMu (i U V;
snecw B(p,v) = fol th=1 (1 —t)»~tdt Gera-byukimus.

Ecan xe Tpebyercs BBecTu ciydaiiublit mapamerp &, pacrupe/ie/IeHHbIi 6
noaybeckoneurom unmepsane (noayocu) (a,b) (3uech —oo < a < b = 400

fé"’u) (u) = , O<u<1 (1)

(© Bynrakosa T. E., Boiitumek A. B., 2019
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wi —o0 = g < b < 4+00), 10 (€ TOYHOCTHIO JI0 TUHEHHOTO NPEOOPA3OBAHNS)
paccmaTtpuBaercs (W TOXKe — He BIIOJIHE ONMPABIAHO) CJayvaiiHas BEJTMYUHA
¢ = vV mverommas mIIOTHOCTE 2aMMa-pacnpedenenu

Y uu—l e—>\u

(W) =

u>0 (2)
CO CITEIMAJIFHO TOMOOPAHHBIMY TIOJOXKNATEJHLHBIMU TIADAMETPaMu A n V;
snech ['(v) = O+Oo t'~le~tdt — ravma-dynkIms.

Haxkownerr, ecnin TpebyeTcst MCMOAR30BATEH CAyUYaiiHbIil mapamerp &, pac-
OpEJIETeHHbIH Ha 6cell wuc080U NpaAmot (—00, +00), TO Yalle BCEro UCIO/Ib-
3yercst (C TOYHOCTBIO JI0 JTMHEHHOro Ipeobpa3oBaHus) CiydaiiHas BeJIudnHa
&= 5(0’1), UMEIOLIAsl IUIOTHOCTD CMAHOGPMHOZ0 HOPMAABHORO (2aYCCOBCKO-
20) pacnpedesenus

u?

-
N Vor’

IITupokoe NpuMeHEeHHEe pacrupe/eneHns (3) BIOTHE OMPABIAHO MPU HC-
[OJIb30BAHUHA YCpednenHblr BeMuauH (CpeJHUX OmmbOK, CPeJHAX 3aTPaT pe-
CYPCOB M T.T1.) IO COOOPaKEHNIM, CBSI3aHHBIM C MPUMEHEHNEM TIEHTPATHHOT
IpeaeabHON TeOpEMBIL.

HeoGxonnMocTh ipiMeHeHust pacipeesennii (1) u (2) miis coorBeTcTBy-
IOIUX MHTEPBAJIOB PACIPE/eTeHNs BBOAUMOrO mapaMerpa & He CTONb Ode-

féo’l)(u) —00 < u < +00. (3)

sunna. Cuunraercs, uro Gera-pacupeesenue (1) HEIIOXO ONUCHIBAET MPO-
OEeCChI, 06ﬂaﬂa}0ﬂlﬂx E€CTECTBEHHBIMW HUKHUMW W BEPXHUMMU TIPpEIEIaMU, a
TAKKE PA3JIMIHbIE 10U (70159 MUHEPAJIOB, HAXOJSAIIMXCA B TOPHON NOPOJIE;
JTOJIST PATHAITAN, TIOTJIOIIEHHOW MATEPUAIOM; TPOIOJIKUTETLHOCTH PAGOT TI0
OpoeKTy u T.11.). B cBOI0 04epens, ramma-pacnpezenerue (2) UCnoab3yercs
B TEODHU HAJEKHOCTH (OIUCHIBAET CPOK CJIyXKObI M3/€susi, BPEMs JIOCTH-
JKEHUSI W3JIEAEM TPEJETbHOrO COCTOSHHS TP KOPPO3WH, BpeMs Hapabor-
KU 710 k-TO OTKa3a M T.1.), B MEJMIIMHCKAX CTATHCTUIECKNX MCCIEA0BAHUSAX
(omUCHIBAET MPOIOKATETHHOCTD KU3HKU OOJHLHOTO TPH XPOHUIECKUX 3200~
JIEBAHUAX, BpeMs JOCTUKEHUs Je4eOHOro 3B deKTa OT JIeKAPCTB U T.11.), B
9KOHOMUYECKUX MATEMATUYECKUX KOHCTPYKIUAX (OIMCAHUE CIPOCA U T.11.)
¥ B IPYIUX 00JACTAX.

Cuyuaiinbie Benmuannbl ¢ pacnpegenernsyvu (1) n (2) obnazator psagom
BaXKHBIX CBOWCTB. B wacrHocTu, ramma-pacnpesenenune (2) obaagaer ceot-
cmeom be32paruuHol 0eAuMOCmu, OCHOBAHHOM HA TOM, 9TO €CJIH CIydaii-
mpte pemmamabt YA 1 4 (A2) puveror ramma-pacnpenenenne (2) n Hesa-
prucuMbl, T0 Besmmamua YA 4 AA2) = 4y (Aritr2) poxe pveer ramma-
pacipejiesienue (2) ¢ napaMerpoM v = vy + Vo; PABEHCTBO O3HAYAET 3J€Ch
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COBIIAJIEHNE PACIIPEIEIEHUI COOTBETCTBYIOMUX CIyvaiiHbIX Bemuuut. Kpo-
Me TOro, JJisi CBsi3aHHBIX ¢ pacnpezaenenusimmn (1) u (2) Gera- m ramma-
dyHKIHI TMeeTCss MHOXKECTBO MOJIE3HBIX (hOPMYJI, KOTOPBIE TIO3BOJISIOT MO~
JYYUTh AHATUTUYECKHUE COOTHOIIEHUs (PEKypPEHTHbIE, NPEIeTbHbIE) s
MATEMATUIECKAX KOHCTPYKIWH, B KOTOPBIX MPUMEHSIOTCA PACIPEICTEHUs
(1) u (2). Becbma pacnpocTpaHeHHBIM CPEIU PUKJIAIHUKOB SBJISIETCS Te-
3uc (BechbMa CropHsIit) 0 Tom, 9To dhopmyist (1) u (2) zaoor BO3MOXKHOCTS (€
MOMOIIBIO BAPbUPOBAHUSI TIADAMETPOB L, V U \) TIOJYYATh BECbMa MIUPOKUii
crexTp GhopM rpaduKOB MIOTHOCTEH HA COOTBETCTBYIOIUX UHTEPBAJIAX.

OHaKo, ¢ TOYKH 3pEHAs YUCTCHHOTO MOJIETMPOBAHNS, BCE TIPABEICHHBIE
BbIIlIe [IOJIE3HbIE CcBOicTBa pacipenenenuii (1) u (2) HuBesupyorcs ciemry-
IOIIAM ODCTOSATEIHCTBOM.

SAMEYAHWUE. Ilpaxmuvecku 6ce ai20pummo, YUCAEHHO20 TONYYUE-
HUA 6IOOPOUHBLT 3HAMEHUT ﬁ(()”"/) u 'yé’\’”) cayuaiinos seaudun BHY) u
A AP umerowuz Gema- u 2amma-pacnpedesenue, cOOMBEMCMBEEHHO, ABAA-
romes HesPPhermuenvLmU (HEFIKOHOMUBHBLMA), TOIMOMY NO BOZMOHCHOCTNU
caedyem uzbezamnv ucnoavdosanua pacnpedeaenut (1) u (2) 6 pacuemax no

memody Mowme-Kapao.

OBOCHOBAHUIO TOr0 3aMevaHus MOCBAIIEHA IEPBasd 4acTh JOKIana. Bo
BTOPOH 9aCTH JIOKJIANA B KAIECTBE ATLTEPHATUBBI IPUMEHEHUs DACTIPEIEe-
aennit (1) n (2) mpemokeno mm6o BHIONpPaTh fe(u) W3 HEKOTOPOTO <«OGaH-
Ka> 3/1eMeHTapHBIX (3DMEKTUBHO MOJEIUPYEMbIX) BEPOSTHOCTHBIX TLIOT-
HOCTelt, TGO UCIOMB30BATL KYCOTHO-IIOCTOSHHBIE BEPCHH IIOTHOCTH f¢(u)
(rECTOrPaMMBI UIH TPUOIAKEHHST CJIOKHO MOJETUPYEMBIX TLIOTHOCTEHH ).

Criucok aurepaTypsl
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mmpoBanue. Meroast Monte-Kapio. M.: I3garenscrso «FOpaiits, 2018.
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lNccaenoBanme 30H MOJAJIHLHOCTH
pacnpenejienuda HeiliMmana Tuiios

A, BuC.

K. A. Bnacosa, B. B. Kopaukon
Camkrt-IlerepOyprekuit I'Y, Cankr-Ilerepbypr, Poccus
E-mail: kseniia.vlasova.9100gmail.com

Pacnpenenenne Heiimamna oTHOCHTCS K K/TACCy TAK HA3BIBAEMBIX KOHTA-
IMO3HBIX pacrpejesenuii. 9tor repmut BBeaéH Heiimanom B 1939 romxy [6]
B CTaThe, OMUCHIBAIOIIEH ITPOIECCHl KJIACTEPU3ANUU WA PACIPOCTPAHEHUS
nHEKINii.

Nznavansho pacnpesenenne Heifimana ommuchiBaIo GMOIOTMYECKYIO MO-
JleJTh pacrpe/esieHusi IMIrHOK [5]. B Hacrosiee Bpems pacnpeenenue Heit-
MaHa MOYKHO TMTPUMEHSTh U B APYTUX 0OJACTSAX, B TOM YHCJIE s PEIeHus
JIOTUCTUYECKUX 3a/1a4. [[Jisi 3TOro Hy»KHO OBITH YBEPEHHBIM B YHUMOIAJIb-
HOCTH PACTIPEJEIIEHNS.

Cawmo pacnpenenenne Helimana (tuna A) 3anaéres dpopmynamu:

N
T = Zfi, & € Poisson(¢), N € Poisson()\),
i=1

Ga(z) = exp(A(e”*™Y —1)).

Takke cymiectByior pacupeaenenus Helimana tunos B u C, 3a1aBaembie
TTPOU3BOAATIINMU (i)yHKHVTHMW BepOﬂTHOCTeﬁ:

Me?(==1) — 1) A(2eG=D — p(z —1) — 1)
Pplz—1)—1" (¢(z—1))* -1

Ienpro marnOil PabOTHI ABISAETCS IPOBEJEHUE HCCIEN0BAHUSA MOJATBHO-
cru pacnpegeenust Heifimana tuna A, cpaBHEHUE 110J1y YeHHBIX PE3YJILTATOB
C pe3yJbTaTaMu MPEIBIIYINUX UCCICI0BAHU MOIATLHOCTH PACTPEICTIEHUsT
Heiimana tuna A [2,3] u npoBeieHue aHATIOTHIHOIO UCCIEIOBAHUS JIJIS PAC-
npeaenennit Heiimana tumos B u C.

B crarbe «Neyman Type A Distribution Revisited» [3] 6bw10 npoBeneno
aHAJINTUYECKOE MCCIenoBanne MomankrocTn Helimana Tuma A w mosryvensr
TPU 30HBI MOTAJIHLHOCTH.

B crarbe «Anamn3 00OOIMIEHHONO KOHTArMO3HOTO pacrpeeienus Heii-
MaHa HA MHOTOBEPIIMHHOCTb» [2] 6bLIO MPOBEIEHO ATBTEPHATUBHOE UCCJIE-
nmoBanme MojanbHOcTH Helimana tTuna A m nomydensr 60siee MuPOKUe MHO-
x)ecrra (¢, \), B KOTOPBIX PACIPeJIeJIeHne YHUMOAAILHO.

Gp(z) = exp Ge(z) = exp

(© Bracosa K. A., Kopuukos B. B.; 2019
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Beuny cnoxuocru pacnpesenenuniit Helimana tunos B u C maxoxenue
30H MOTAJIBHOCTH AHAJUTUYECKUM CTOCODOM SABJISCTCSA 3aTPYSHUTEIHHBIM.
IMosTomy Oblna paspaborana mporpamma B cpeme matlab, mombuparomas
3HAYEHUS MAPAMETPOB PACTPEIETEHUsT G, A, TIPU KOTOPBIX OHO YHUMOIATh-
Ho. /I71g Beraucaenuit ObLTM UCTIOIB30BAHBI CIIEIYIOIINE PEKYPPEHTHBIE hOp-
MYJTBI:

Pacnpenenenne Helimana tuma A:
rz—1

Py =exp(\e™? —1)), P,=(\p/x)e™? ZO\]/J JPr—j—1.

j=0

Pacnipenenenne Heitmana tuna B:
J+1

rz—1
Py = exp(0/0(1 = 0 = ), Py = 2257+ 1) 1—e—¢2
=0

Pacnpenenenne Heiimana tuna C:

Py = 2 A (e 1 ’
o = exp( E(e - —7‘*‘(15)),
2\ p -1 i i J+1
Py xcz; Z =Y (f! G+2)(” =) %))Px,j,l.
=0 i=0

[To pesynbraTam paboThl MPOrPAMMBI OBLIN Oy Y€HBI MHOXKECTBA TP ¢, A,
B KOTOPBIX CMEHSIETCs] MOJATBHOCTh COOTBETCTBYIOIIErO PACIPEICTeHNsT, U
HaIEHbl TPU 30HBI MOJAJIBHOCTH /s pactupeienenus Hefimana Tuna A wa
unrepsaie A € [0,20] ¢ marom 0.1 u ¢ € [0,50] ¢ marom 0.1: B AByX 30HaxX
pacmpeienene YyHUMOIAIbHO, B OTHOM — MYIbTUMOAATRHO. OHI TIPeICTaB-
nenbl HuKe Ha Puc. 1.

S o 3 B & = @ 5 & O o 1 2 3 4 5 6 7 8 9 W N

Puc. 1: pacnp. Heiimana tuna A. Puc. 2: CpaBuenue.

Obsacth MO KpPACHOI JIMHHUEH COOTBETCTBYET 3HaueHusM (¢, \), npu
KOTOpBIX pacnpesnenenne Heifimana tuna A yaumomanbao. O61acTh MeEXK-
Jy KPACHON ¥ CHHEl JUHHUSIMH COOTBETCTBYET 3HAYEHUSIM, TPHU KOTOPBIX
pacipejesienue MyJbTUMOIAIbHO. [Ipu 3nauenusx (@, ), PaCIOIOKEHHBIX
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BBIIIE CUHEH JIMHUU, PACOPEIEEHnE CHOBA yHUMOnaabao. Ctout 06parnTh
BHUMaHUE Ha NOBejeHue pacupeeenuii Helimana tuna A npu A = 6.2. Ux
YHUMOJAJIBHOCTH CUJIBHO 3aBUCUT OT 3HAYCHUS ¢.

PesynbTaThl, MOMYyYeHABIE B CTaThe «AHATA3 00OOIIEHHOTO KOHTATHO3-
HOro pacupezesnenus Hefimana Ha MHOrOBEPIIUHHOCTD> [2], IOATBEPANINCE.
Omnu rakzke cornacyforcs ¢ BeiBogamu crarbu «Neyman Type A Distribution
Revisited» [3]: mosyuennoe muHoXKecTBO (¢, A), DU KOTOPBIX pACIipejiesieHne
Heiimama Tnma A yHUMOZAJIBHO, IITHPE, 9€M MHOMXKECTBO (¢, A), TIOIyIeHHOE

aHasmTHYeckn B crarhe (Puc. 2).
]

Puc. 3: pacmp. Heiimana Tuna C.

Meron, O6bL1 TPUMEHEH ISt OTIPEIesIeHNst 30H MOIAJILHOCTH Pacrepes-
aennit Heitvana tunos B n C. Toayveno muHOkectBO map (¢, A), B KOTO-
PBIX CMEHSIETCST MOJAJILHOCTH pacipeaesienuii. B ciaydae MHOrOMOZaIbHOCTH
rpadguku 000UX PACIpENeTeHI HMEIOT XapakKTepHyio (hopMy, U IMpH HATIO-
KEHUH JOTOJHUTETHHONO OTPAHNYEHNS HA HUKHIOI TPAHUILY BO3MOXKHBIX
3HAYEHUI MapamMerpa A, paclpeIeeHus MOKHO CIATATH YHUMOIATbHBIMHA.
I'paduk 300 mogansrOCTH Ans pacnpenenenus Heiimana Tuna C npeacran-
JieH BhImie Ha Puc. 3.
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JIByx-1maropas urpa 1eHooopa30oBaHUd
Ha rpade

B. B. I'ycen

NucruryT npukiaagabix Maremarndeckux ucciaenosannii KapHIT PAH,
IIerpozaBoack, Poccus

E-mail: gusev@krc.karelia.ru

IIycts G =< V, E > HeopuweHTHpPOBaHHbBIH rpad, V — MHOXKECTBO Bep-
mmH, £ muOXKecTBO pebep. Ha rpade G paccmorpum urpy 1eHooOpas3o-
Banuus. [Iycrs N MmHOXKecTBO urpokoB. Crparerneit Urpoka siBisieTcsi BLIOOP
TTOAMHO>KECTBA BEPIITUH V " yCTaHOBJIEHWE IEH B BBT6pa,HHBIX BEPIITUHAX.

Bgesiem 0603nauenust:

n? — 4YKUCJIO ToTpedbuTeseit B BepmmHe v, v € V;

¢}  3aTpaTbl UTPOKA %,7 € N Ha pealn3aluio eIUHUIBI TOBAPa B Bep-
muee v,v € V, ¢ > 0;

p; — TeHa, IO KOTOPO# MIPOK ¢ HIPOJaeT eJUHHUIy TOBapa B BepIIHHE
v,pj > ¢

ay — ko3 dunmenT KavecTBa TOBapa UTPOKa ¢ B BepIHHE v, a; > 0

nl-e~%Pi  goms norpebuTenei B BepIInHE v, KOTOPhIE TOTOBBI TPHOO-
PEeCTH TOBAp WIPOKA 4, IPX YCIOBUY, YTO UI'POK i €IUHCTBEHHBIN HA DPHIHKE.

IIycts v HeKOTOpas ¢pukcupoBanHas pepiuHa rpada G. K — MHOKe-
CTBO WT'POKOB, KOTOPHIE BBI6paJ'H/I BEPUINHY V. Hepeﬁymepyem UTPOKOB B

BepImHe v Kak 1, 2, ..., |K|. Paccmotpum nurpy
v = <K7 QU? {h;j(pv(K))}ieK%
rie Q¥ = [[;cx @ aexaproso mpomssenenne mMuokects QQf = [cf; +00).

QyYHKIUY BBIUTPHIMIEH OMPEIEISTIOTCA 0 GhopMmyIe 2.
B wurpe I'V mac 6yayT uHTEPECOBATH PABHOBECHBIE IEHDI.

v, v

hi(p*(K)) = (pi — ¢i)e” " fi(p* (K \ {i})),
Teopema 1. Hepa I'V sasasemces nopadkoeoti nomenyuasvhot uzpoti ¢ no-
MERYUUAALHOT GyHKyUe

P(p*(K)) = [ (v} — cf)e kv
keK

©Tyces B. B., 2019
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u moukot pasnosecus p¥(K) = (ﬁ{, ...,ﬁ'I"KI) , 2de
v v L.
p; =c¢ +— Vie K.
a;

ITycrs N = {1, 2,3}, BepumuHy v BHIOpain TOJIBKO UIPOokH 1 n 2. DyHK-
MK BRIUTPHIIIe# urpokos u ordinal potential B urpe I'V umeroT BuI:

v v 1 v U v U
B0 05) = 0 = e (e (1 - i)

v, U 1 v, U v, U
B(01.25) = (5 = ek (Ge o (1))

P(p},p8) = (p} — ¢§)(ph — ch)e“Pimazrs,
ITycrs bY = 5,0} = 0.1,a3 = 0.2. U3 (3) cnenyer 4ro ¢} = 50,cy = 25.

Ipadux dynkuuu P(pY,py) u touka pasnosecus p’(K) = p'({1,2}) =
(pY,pY) = (60, 30) uzobpazkenbl Ha pucyHke 1.

P(pi, k)

Py & 80
Puc. 1. T'padpuk
P(py,py) = (pY — 50)(py — 25)e~01P1 0205 pv € [50;80], py € [25;50].
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BeposgTHoCcTHBIIT MeTO OIeHKN
rapHIaHA HA IIPUMepe OJHOT0 KJIAcca
TEMJINIEBBIX MAaTPHI]

. B. Edpumos
Duzuko-maremarnyeckuit uacturyT Komu HIT YpO PAH, CeikrhiBKap,
Poccus

E-mail: dmefim@mail.ru

Iycts A = (a;;) — CMMMeTpPWYHAS MATPWIA YETHOTO TOPSIAKA N HAJ
KOMMYTATHBHBIM aCCOIMATUBHBIM KOJIBIOM. Ee radunan onpemensercsa Kak

Hi(A) = Y iy iy i,

(i192].-[in—1in)

rje CyMMHUDPOBAaHUE BEJETCs 0 BCeM pasbuenusm muoxkecrtsa {1,2,...,n}
Ha Hemnepecekamomecs napbl (i142), ..., (ip—1%,) € TOYHOCTHIO 1O HOPsiJI-
Ka Tap W TOpsiIKa 3JeMeHTOB B Kakiaoi mape. Tak, ecim n = 4, 1o

Hf(A) = aj2a34 + a13a24 + a14a23. TloHATHE TadhHMAHA BBEJ MTATIBIHCKUH
duzuk I.P. Kasgapenno kak y1o0HbI MaTEMATHIECKUHN anmaparT s Orca-
HUsl HEKOTOPBIX BEJIMYMH B KBAHTOBOI Teopuu mnous [1]. Taduuan obranaer
TaKyKe WHTEPECHBIM KOMOWHATOPHBIM CBOMCTBOM, CBSI3AHHBIM C PEIIEHUEM
BasKHOI 3azadu B Teopun rpador. A umeHHO, radHUAH MATPUIHI CMEXK-
HOCTHW HEOPUEHTHPOBAHHOTO rpada YeTHOrO TOPSI KA PABEH OOIIEMY YUCTTY
COBEPIIIEHHBIX TTAPOCOYETAHNN JAHHOTO Tpada.

C BBIYMCTUTENBHON TOYKH 3pEHUs HAXOXKIeHWe TadHUAHA SBISETCS
TpyIHOperaeMoii mpobaemoii. Tak, Hanboiee OBICTPBIH HA JaHHBI MOMEHT
AJITOPUTM IJIA TOYHOTO BHIYUCJIEHU A T‘a(i)HVTa,Ha N X1 KOMTIJIEKCHOM MaTPUIbI
paGoraer 3a spemst O(n32"/2) [2|. dasi npeogonenns npobaembl GOIBINOTH
BPEMEHHON CJIOYKHOCTH BBIYHMCJICHUsT TadHUAHA PACCMATPUBAIOTCS PA3JINU-
HBIE MOIXOJbI: HAXOMXKIEHUE OBICTPBIX TMOTUHOMHUATBHBIX AJNTOPUTMOB LISt
6oJee y3KUX KJIACCOB MATPHI], HAXOKIEHHE OBICTPOBBIYUCIUMBIX JIETEPMU-
HUPOBAHHBIX MPUOIUKEHHBIX OIEHOK, HAXOXKIEHNE ObICTPOBBIYUCTUMBIX Be-
POSATHOCTHBIX OIIEHOK.

© Edumos . B., 2019
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B paGore [3] A. BapBuHOK npemiokui Ciaeayoiyi0 BEPOATHOCTHYIO
omerKy TadHMAHA TPOM3BOIBHON cuMMeTpuaHOH MaTpumel A = (a,;) 1o-
psIKa N C HEOTPUIATETHLHLIMU d7eMenTaMu. IIycTh 1aHo MHOKeCTBO {u;j,
1 <i<j < n} HE3aBUCUMBIX BEMIECTBEHHBIX CIYYaWHBIX BEJIUYUH CO
CTAaHJAPTHLIM HOPMAJBHBIM PACIpeIeIeHneM. PaccMOTpIM KOCOCHMMETPH-
weckyto marpuiy B = (b;;) cienyromero suna:

Ui +/Cij ,yecmm 1 <1< 5 <n,
bij = ¢ —uij/a;; ,ecom 1 <j<i<n,
0 , €CIN 1 = .

Torna E(det B) = Hf(A). Tak kak onpejesuresb MATPULLL Pa3Mepa 1 X 1
MOKHO BhrancanTs 3a spemst O(n3), o det B sipistercst GhICTPOBBIMHCANMO
HECMEIIEHHOM OIIeHKOI radHuaHA.

Ilycth a,b  31€MEHTHI TPOUZBOIBLHOTO ACCOIMUATUBHOTO KOMMYTATHBHO-
IO KOJIbIIA ¢ efuHuIel. PaccMOTpuM IBynapaMeTpuydeckoe ceMeiicTBO CuM-
MeTPUYHBIX TEILIUIEBbIX MaTpull Ty, HopajiKa 2m ¢ HyJ1eBOi JuaroHabio,
y KOTODBIX 3JIeMeHThl ¢ nHaekcamu Bupa (i,7 + 2) u (i,i — 2) parHsl a, a
BCE OCTA/IbHBIE 3JIEMEHTHI PaBHBI b. B mamuoii pabore MbI mojgydaem ciie-
JIYIOIIYIO aHATIUTUYECKYI0 (hOPMYIY JJs TOYHOIO BBIUMCIEHWS TadHHaHA
JIAHHBIX MATPWII:

L 1
HE(To) = Z(a -b) b L9k Z Corvi Cmp—i
k=0 ' i=max (O,[m;?’k )

ITosmyuennblit TOUHBIN PE3YTHTAT MBI CDABHUBAEM C YTIOMSHYTO# BBLITIIE Be-
POATHOCTHOI OIIEHKOIA.
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ITpengenbublie TeOpeMbl, CBA3aHHBIE C
AJTOpPUTMaMHI BBIOOpA CJIydaillHBIX

3JIEMEHTOB T'PYIIII
A. M. 3Bybkos

Maremaruueckuii uacruryt um. B. A. Crekmora PAH, Mocksa, Poccus

E-mail: zubkov@mi.ras.ru

UccnenoBanus « TMOMYHBIX» CBOICTB 3716MEHTOB KOHEUHBIX rpynn G (Ha-
IpUMED, UX IIOPSIKOB) MOXKHO IIPOBOJMTD, AHAJIU3UPYS CBOMCTBA CI1y4aiiHO
BBIOMPAEMBIX 3JIEMEHTOB 3TUX TPyT. B 001mem ciiydae pa3padoTka ajiropuT-
MOB TIOCTPOEHWST HE3ABUCUMBIX PABHOBEPOSTHBIX 3JIEMEHTOB TPYIII ¢ OOJIb-
IIIUM 9HCJIOM 3JIEMEHTOB U CJIOKHOM CTPYKTYPOH SBISETCS HETPUBUATBHOM
3a/Ja4€ei.

B moknane mpuBoauTcss 0630p HEOOJBINOH YACTH PE3YIbTATOB, CBA3AH-
HBIX C WCCJIJOBAHUEM [PEJJIOKEHHOIO B [2]| MTEPALMOHHOrO aJropuTma
MYJIBTUTIIAKATABHBIX 3aMEH, TIO3BOJISIONIET0 CTPOUTD CIyYaiHbIE dIEMEH-
THI JIFO0OH HATIEPET 33JAHHON KOHEYHON TPYIIBI, UMEIOIIIX PACIPEIeICHHE,
CKOJIb YTOMHO Om3K0e K paBHOMepHOMY. Q030D pe3yabTaToB, CBA3AHHBIX C
AJITOPUTMOM MYJIbTUILIMKATUBHBIX 3aMEH, COJIEPKUTCs B crarhe [3]; B Heil
CTITHUCOK JUTepaTypwl comep:kut dosee 90 pabot, n3 koTopwrx Hosee 10 Hermo-
CPEJICTBEHHO CBSI3aHbI C 9TUM AJIFOPUTMOM.

ANropuTM MyJBTUTILIMKATUBHBIX 3aMEeH COCTOMT B caemytomem. IlycTnb
G — koneunas rpynna, Ng(G) — MHOKeCTBO Bcex noposcdarowurs k-
NEMEHMHBLT HaboPOos, T.e. Takux k-3nemenTHbix Habopos (g) = (g1,- .., gk)
3J1eMeHTOB Tpynbl G, 910 (g1, ...,95) = G. YTOOBI cIemaTh OJHOIIATOBOE
npeoOpasoBaHue JAHHOTO MOpOoXK aaromero Habopa (g) = (g1, . - -, gk ), HY?KHO
CJlydaifHO paBHOBEPOATHO BuIOpaTh mapy (i,7), 1 < i # j < k, u cayyaiino,
DPABHOBEPOSITHO, HE3ABUCUMO OT T1aphbI (4, j) IPUMEHUTH OAHY U3 4 oneparuii

+ +1
Ry (9153 Gisa0k) = (915,90 G5 -1 Gk),s
+ . +1
L o (g1 s Gise oo Gk) = (915305 Gis -5 Gk)-
DTy onepaunuy NEPEBOAAT NMOPOKIAAIOIMI k-371€MEHTHBIA HADOP B MOPOXK-
mJaronuit k-s;mevenTHbl HaOOp. [locie ¢ TakwxX HE3ABUCHMBIX CIyJalHBIX

MEPEXO/IOB MOXKHO BBIOPATH CIydafiHBIN 37EMEHT U3 3TOro Habopa B Kade-
CTBe CJIydYaifHOro 3jemenTa rpymnmbl G.

(© 3yb6ros A. M., 2019
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B [2] upeamnonaranock, 4ro IpynnoBbie Olepaluu yMHOXKEeHUst, obpaiie-
HUA U CpaBHEHUA C €AUVHUYIHBIM 3JIEMEHTOM € UMEIOT €IMHUYHYIO CJIO?KHOCTH
(unu peanusyioTcsa obpalleHrneM K Opakyjly) W 94TO B HAUYAJLHOM 3HAYCHUN
Habopa (g1, - . -, gk ) IEPBbIE | TEMEHTOB (1, . . . , §; NOpoXK AT rpynny G, a
Jit1 = ... = g = e. B [2] GbL10 n0Ka3aHO, YTO AJITOPUTM MYJIbTUILIUKATUAB-
HbIX 3aMeH paboraer, ecim k > 2log, |G|, a uucio urepauumii ¢ 40CTATOYHO
BEJINKO,; OJTHAKO TTPAKTUYECKU OH pa6OTaeT " TIPU MEHBITINX 3HAYECHUAX k

AJropuT™M MyJBTUMIMKATHBHBIX 3aMEH TIOPOYKIAeT CIydYalHble SJIeMeH-
ThI TPYIIIBI, PACTIPEIETIEHNE KOTOPHIX OJM3KO K PABHOMEDHOMY, HO MOYKET
U OTJIMYATHCS OT PABHOMEDHOTO.

ITycts G — Komeunad rpynma u (i, ()} — pacmpee/ieHns TE€PBOTO 1
CIIy9aitHO BHIOPAHHOTO 3JIEMEHTOB TIOPOKIAIOIIETO k-3/IEMEHTHOTO Habopa
g € Ni(G). U3 cummerpun caenyer, uro Qp = Q. B [1] nokazano, uro
€CJIM 0 — TIEPBBIA 3JIEMEHT PABHOBEPOSATHOTO CIYYANRHOTO Kk-3JI€MEHTHOTO
Habopa, mopokaaromero rpymmny A,,, To

1 1 1
Po() =1} =1 - &40 ().
B [1] npuBeseHbl IpuMepsbl, B KOTOPBIX HEPABHOBEPOATHOCTH 3JIEMEHTOB

PABHOBEPOSITHBIX MOPOXKIAIONINX k-HAOOPOB MOXKHO OOHAPYZKUBATH CTATHU-
CTUYECKHA.

Paccmorpum nipocToit ciydait, korga kKonegnast rpynma G abenesa. To-
IJ1a 37IeMEHTHI BOZHUKAIOIINX IPU UTEPAIUAX aJrOPUTMa MYJIbTUILTAKATUB-

) — (,@®) (t) _

HBIX 3aMeH HaOOPOR MOpOXK Jafonmx saementos (¢)' = (g, /,...,¢; ) Mox

HO TPEJICTABATH B BHJE MPOM3BEIEHNUIT CTENeHel 371eMEHTOB HCXOIHOTO TO-
0 0

poxnatomero natopa (g)©@ = (¢\”, .. 7g,(C Y = (g1,...,9). Ecmm k = 2

U Ha KaskJIOM IIare H3aBUCUMO OT IIPeJbICTOPUU C PABHLIMHM BEPOSTHOCTS-

MU MCIOJIB3YIOTCS TOJIBKO onepauun aByx BuuoB: (hi,hs) — (hi,hihg) u
S1(t Sa(t

(h1,ha) = (hiha, ha), 10 ()@ = (67", g3*), rae

P{(S1(t+1),82(t + 1)) = (S1(t), S1(t) + Sa2(t))} =
1

=P{(51(t +1),5(t +1)) = (5:(t) + 52(t), S2(t))} = 5 -
Takuwm obpasom, nocnenorarensrocrs (S1(t), Sa(t)) obpasyer asymephyio
nenb Mapkora ¢ HaganbHbIM cocrosianeM (1, 1).
DKBUBAJEHTHOW WHTEPTIPETAINEeil ITOM Menu ABISeTCs CASAYImas yp-
HOBas cxema. IlycTh B ypHE HAXOAATCS TAPhI OEIOT0 U 9€PHOTO IBETOB. 3a 1
1

1Iar ¢ BEPOATHOCTAMH, PABHBIMHI 3 , TA00 YMC/IO0 GEbIX IAPOB yBeTHIuBaeT-

Csl HA 9MCJIO YEPHBIX IIAPOB, JIMOO0 9HUCIIO YEPHBIX MIAPOB YBEJININBAETCH HA
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4ucsio Gesibix mwapos. B [4] nosnydenst hopmysibl [Jis HEPBBIX ABYX MOMEHTOB
o0111ero 4ncJia Mmapos B yPHE U I0KA3aHO, 9TO 1peiest pyHKInn pacipeeie-
HUSI TOJIA YUCsIa OesIbIX MapoB B YPHE COBMAIAET C TEOPETHKO-UNCIOBOMH MO-
HOTOHHO BO3pacTaomei GpyHKIHeii MUHKOBCKOTO, COOTBETCTBYIONIEH CHH-
ryJisipHomy pacnpegenenuto aa [0, 1].

Ananorugnbie pe3yIbTaThl HOJTYYeHbI 71 0000IIEHUs STOM yPHOBOII cXe-
MbI Ha cnyqaf/'l YPHBI C TTapaM¥u 71 OBETOB, KOTJa Ha KazKJIO0M Tare 9mcjo
MIAPOB OHOTO CJIYyYaiHO BHIOPAHHOTO IIBETA YBEJUYUBAETCS HA, YUCJIO TIIa-
POB JIPYTOro CAyYaiiHO BHIOPAHHOTO IBeTa. IIpm CIa0bIX MPEanoIOKEHUIX
O pAaCIpeIeIEHNN BHIONPAEMBIX IIBETOB MTOKA3AHO, 9TO BEKTOP 0JIeH Iuces
1IaPOB PA3HBIX IIBETOB MMEET HEBBIPOXKJEHHOE IIPe/IeIbHOE PacIpe/ieIeHue.
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MormaOCTh 0O0pa3a IIOJAMHOXKECTBA IIPU
KOMIIO3UITAN CJIYYAHBIX OTOOpakKeHuii

KOHE€YHOI'O MHO2KECTBaA
A. M. By6kos, A. A. Ceposn

Maremaruueckuii uacruryt um. B.A. Creknosa PAH, Mockea, Poccus

E-mail: zubkov@mi.ras.ru, serovlmi.ras.ru

Ilycts Fy, Fo,... — He3aBUCHMbBIE CJIyYafiHbIe PABHOBEPOATHBIE OTOOPA-
xernst mAOKecTBa Xy = {X1,..., XN} B ceba , Sg C Xy — HavambHOE
noamuoxkecTBo Xy, |So| = m, Torma Fy (... Fy (Fy (Sy)) ...) — obpas noa-
MHOXKECTBa Sy Tpu Kommo3unuu ¢ orobpaxkenuii. PaccmarpuBatorcs obpa-
3Bl S( MpU MOCJIEIOBATEIHBHOM JeficTBun oToOpakenwnit Fy, ..., F:

S1 = F1(S0), S2 = Fa(F1(S0)), ..., St = Fe(Fe—1(. .. (F1(S0)) .. .)).

Ouermnno, nocneporarensrocrn {S;}h_o n {|S)|}i_y smasorcs nensvm

ny.
Mapxosa n Tpaextopnn mermn {|S;|};_, me Bozpacraior.

Ouenkam pa3mepoB 00pa3oB {Sj }i_, MOCBSAIIEHBI MHOTOYUC/IEHHBIE Pa-
Gorbl (cM., Hanpumep, [1,2,4 7]). Ilybaukanuu, NOCBAMIEHHBIE UCCIEI0BA-
HUIO pacupesenenuii pasmepos o6pasos {Sy}i_, aBropam Hen3BecTHbL

B reopeme 1 ykazanb ycinorust Ha m, t w N, TPW KOTOPBIX Pacpemene-
HUE Pa3MepoB 00pPa30B Sy ACMMITOTUYECKH HOPMAJIBHO.

Teopema 1. Ecau m, n, N — oo maxk, wmo m umeem nopadox NY* u
n = o(m), mo das awbozo Pukcuposannozo r € R npu yeanx t euda

11 oN [(1 1
t=t(N =2N(-—— 5=
=2 (G) -+ 5 ()

(:npaee(?,/:,ueo COOMMHOUEHUE

P{isi< s ) - ¥

2de ®(x)  Pynryus cmandapmmozo HOPMAALHOZO PACTPEJEACHUS.

Dror pe3yJbTaT COOTBETCTBYET IMOJY4YeHHOMY paHee B [3] ¢ nomoupio

[Sel

i el g1
SBPUCTHYECKUX PACCYKICHUI TPUOTUKEHUIO <F A2 NTTSo[FE/3 -

IIycts mpu m > n, m,n € N,

pm,n(tvN):P {‘Ft“.l(XluX27 o 7Xm)|:n}:P {|5’t|:774||5'()|:7'n}7 (1)

(© 3yokos A. M., Cepos A. A., 2019
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rae Fy 1() = F (... (F1(7))...) u X5, Xo,...,X,, € Xy nonapuo pasiud-
HBI.
W3 [8, Yreepxkaenne 1] crenyer, uaro

Pt V) = ([[ (1- N)) , @)
ot =" (- (=) (T (-4)) - o

i=1

n—1 m—n .
v — U
Prnn(1,N) = 3 <1 > J e

2<j1<2< . <fmon <m i=1 v=1

B VrBepxaeHnu 1 npecTaBieH crnocod TOYHOTO PEKYPPEHTHOTO BBIYHC-
JeHHst pacrupeeneHus |Syl.

YrBepxkaeuue 1. IIpu m > n, m,n > 1, t € N cnpasedaueo pexyppenm-
HOE MOoXHCIeCE0

t NI t—1m—1
p?rt,n(t7N) = Z <]\fm) ZpL (%) (j)P{,U'O(mvj) = 0}7
i=1

2de pn,n(OaN) =1 pj,n(o) =0,j=n+Ln+2..m, pn,n(taN)
onpedeaenv, 8 (2), ppt1,n(t,N) — 6 (3).

TMomywensr meycroporune weparenctra aus M{|S¢| | [So| = m}, B xoTO-
PBIX DA3HOCTh MEXK/y BEPXHEH M HWXKHEH OIEeHKaMyu mMeer mopsimok o(m),
ecma m,t, N — oo, mt = o(N).

Teopema 2. /laa 106020 asemenma x € X, He 3a8ucausezo om omobpa-
orcenuti Fy, Fy, ..., npu awbwzr 1 < m < N, t > 1 cnpasediuev, Hepaser-
cmea

1< m
¥ D (e N) < Pla e 81l i = m)

k=1

t
2de pl(gaN) = 17 p2(t7N) =1- N[2]2, 3 p3(taN)
[3] _ [2] 3
% (%) 7p4(t7N) = 1_95%—161 (17\12 )
t

5N —
1 BAN— 5)( ) 5(4N—7) (N[z]) 5(N—1 (N[4])
- tarn—ioy \ v ) ~2gn—e) (N7

2(5N—6)



Cnpasedausv, maxoce oyenxu

S04 (0 ete ) < M8 | [0] = )

k=1

< gn’“ ()t

PesynbraTsl mpencTaBasioT HHTEPEC 7T aHAIN3a aJITOPUTMOB DaTaHCH-

POBKHN BPEMEHHU U ITaMATH.
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O npubimkeHNN BEPOATHOCTHBIX Mep
MepaMU C KOHEYHBIMI HOCHUTEJIAMN

A. B. llpaHoB

HNuctuTyT npuKIagabix MaTemMarndeckux uccaenopannii KapHIT PAH,
TTerpozarosack, Poccnst

E-mail: alvlivanov@krc.karelia.ru

IMycres P(X) — 1npocTpaHCTBO BEPOSITHOCTHBIX MED HA KOMIIAKTHOM
MeTpudeckoM mpoctpaHcTBe (X, p), HamenmeHHoe MeTprKkoi KanToposnua-
PyGunmmreiina pp, n P,(X) — nognpocrpancreo P(X), cocrosiiiee u3 Mep,
HOCHTETb KOTOPBIX HMeeT He 6osiee n Touek. Ilycrb e > 0u p € P(X). Iomo-
®uM N (p,e) = min{n : pp(p, Po(X)) < e}. Yucno N(p, €) ectb HanMeHb-
mast MOIIIHOCTH HOCHTEJIS BEPOSITHOCTHOW Mephl, JAfIeil e-npubimkenne
mepbl 1. Ecim vocnrens p Geckoneuen, To N (i, €) HEOTDAHUYEHHO BO3pAC-
raer nipn € — 0. Cropocth Bospacranus N (u, &) XapaKTepU3yIT BEPXHUH
ord(p) n muKETH ord (1) NOpAdKY MeMPUNECKOTi aNNPOKRCUMAUUL MEPDT Ji:

— — In(V In(N
ord() = g o) = o UL q)

Bemmauast ord (1) u ord (1) ompeieienst B paMKax o6mieit (hyHKTOpHaTh-
HOji cxembl (cM. [1]), MO KOTOPO# MOryT OBITH BBEJEHBI, B YACTHOCTH, €M-
KOCTHBIE PA3MEPHOCTH IOIMHOMKECTB KOMIAKTa X, KOTOPbIE HAXOIAT IIPH-
JIOXKEHUE B TEOPUH JUHAMHYICCKHAX CHCTEM.

Okcnonentoii exp(X ) merpuueckoro komnakrta (X, p) Ha3bIBaeTCs MPO-
CTPAHCTBO HEMYCTHIX 3aMKHYTHIX MOAMHOXKECTB X € MeTpuko# Xaycmop-
da pg. das kaxgoro n € N ONpeeseHo MOAMPOCTPAHCTBO exp,, (X) =
{F € exp(X) : |[F| < n} C exp(X). Jna F € exp(X) me > 0
N(F,e) = min{n : pg(F,exp, (X)) < c}. Bepxusas u HUKHSASA €MKOCT-
HbIE PA3MEPHOCTH MHOXKecTBa I MOryT ObITH ompeseseHbl 0 (hOPMYyIaM,
anajornanbiM (1):

In(N(F,¢))
Inl/e
(© Usanos A. B., 2019

In(N(F,e))

dimpF = lim._,g /e

, dimpgF = lim,_,,

82



CupaBeJIUBbI CAeAYOMINE YTBEPXK ICHUS:

1. Jna noboit mepst 1 € P(X) BbIIOJIHEHbI HEPABEHCTBA:

ord(u) < dimp(supp(p)), ord(p) < dimg(supp(p))-

ITpu 3TOM MOPAIKA METPUIECKOH ANMPOKCUMAIINH BEPOSATHOCTHON MEphI
MOTYT CyIIECTBEHHO OTJIMYATLCA OT eMKOCTHBIX PA3MEPHOCTEH ee HOCHTEN:

2. Jgst 1106010 GECKOHETHOTO METPUHECKOro KommakTa (X, p) cymecrBy-
et mepa p € P(X) taxas, ato supp(u) = X u ord(p) = ord(u) = 0.

B TEOPpUN JUHAMUYECKUX CUCTEM U3BECTHBI TIOHATUA BerHeﬁ 1 HUXKHEN
eMKOCTHBIX pasmeprocredi mepwr 1 € P(X). Tlo onpenenennto,

dimgu = Elig%)inf{diimBF Cpu(F) >1—e},

dimpy = Eli_r%inf{mBF cu(F) >1—¢}.

Bomnpoc 0 coBnasieRnn NOpsIKOB METPHYECKOH AMMPOKCAMAIINN MEPHI 1
€e eMKOCTHBIX Pa3MEPHOCTEH Permaercss OTPUIATENbHO:

3. CymecTByeT BEepOATHOCTHAS MEpa [ Ha CYETHOM METPHYECKOM KOM-
nakre, 7y Kotopoil ord(u) > 0. Ilpu 3TOM 4 MMeeT HyJeBble eMKOCTHBIE
pa3sMepHOCTH.

MeTom TpuOIUKEHAsT MEPBI MOCTEI0BATETFHOCTBIO MEP ¢ KOHEYHBIMH
HOCHTEIAMA MOYKHO MCIOMBL30BATD [T ONPEIEICHUs TOHATHS PABHOMEPHO
paciipe/ieJieHHOl BEPOsTHOCTHON Mepbl Ha MeTpuyeckoM Kommakre (X, p).

ITocnemoBaTENbHOCTD [, = |X71n|2m€ x,, 0z BEPOATHOCTHBIX Mep C KO-
HeyHbIMU HOcUTEIaAMEU X,, = supp(p,) C X Oyaem Ha3bBaTh donycrnumot,
ecmu | X,| = N(X,1/n) u pg(X,,X) < 1/n. Byaem rosoputh, 9410 MeTpU-
geckuit komnakr (X, p) sipasiercss cmabuavHolm, ecan Jobast J10mycTrMast
NOCJIEJIOBATENHLHOCTh UMEET npeies. Fcam komnakr crabusieH, TO BCe ero
JTOTTYCTUMBIE TIOC/TEZIOBATETHHOCTH CXOZSATCS K OJHOW Mepe, KOTOPYIo 060-
smauum depe3 p%. Ecmm supp(py) = X, 10 Mepy p'% OyneMm HasbBaTDL
pasHomepro pacnpedesennoti Ha X M TOBOPUTH, YTO METPUIECKAN KOMITAKT
(X, p) Homyckaer paBHOMEPHO PACIPEIETIEHHYIO MEPY.

CrpaBeIuBbI CIEIYIOMAE yTBEPKICHUST:

4. JTI1oboit Geckorevnblit Mmerpraecknii kommakT (X, p) ¢ eqUHCTBEHHON
TpeIeThbHON TOUKOW a cTabuien, n u% = dq.

5. Cyuecryer merpuueckuii komnakt (Y, p) ¢ 1ByMsi HEM30JMPOBAHHBI-
MH TOYKaMHu, HE ﬂBﬂﬂ}OmHﬁCﬂ CTa6I/IﬂbeIM.

6. CrargapTHOE KAHTOPOBO COBEPIIEHHOE MHOXKECTBO 1l, mexkamee Ha
orpeske [0, 1], monyckaer paBHOMEPHO PACIPEJEJICHHYIO Mepy.
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7. CymecTByeT COBMECTHMAs C TOIOJIOTUEH METPUKA )1 HA KAHTOPOBOM
cosepiienHom muoxecrse 1 rakast, uro (II, p1) He siBsiercst crabuiIbHbBIM.

8. CymecTByeT COBMECTHMAS METPHUKA P HA KAHTOPOBOM COBEPITIEHHOM
muoxkecrse II Takas, aro (II, po) crabuien, HO He NOIYCKAET PABHOMEPHO
pacnpeneieHHONl Mephl.

9. Eciuin Geckoneunbiii komnakr (X, p) JOIycKaeT paBHOMEPHO Pacipe-
Jleaennyio Mepy, To X He uMeeT M30JUPOBAHHBIX TOYeK.

10. Ecan X momyckaeT paBHOMEPHO PACTIPENEIEHHYIO MepY, TO IJIs JIo-
60ro 3aMKHYTOTO MOAMHOKeCTBa F' C X ¢ HeMyCTOi BHY TPEHHOCTHIO NMEIOT
MecTo paBeHcTBa dimp F' = dimp X, dimpF = dimpX.

11. OrpannvyeHHoe KAHOHHYECKH 3aMKHyTOe uamepumoe mo 2Kopma-
ny muoxkecrso X B (R™, p) ¢ merpukoii p, onpenensiemoit no dopmyie
plx,y) = max{|z; —y;| : ¢ = 1,...,n}, gomyckaeT paBHOMEDPHO pacmpe-
JICTICHHYIO Mepy, IpUIeM uY% = ﬁ(M‘X)a raoe o — mepa Jlebera B R™,
ABIAIOMIASACS TPOJOIKEHneM Mepbl 2Kopaana.

Criucok aurepaTtypsl
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Nrpa mamrydniero BeiOoOpa JABYX
00bEKTOB C HEMmOJIHOI mHdopMaImeii
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E-mail: aivashko@krc.karelia.ru

B pabore nccnemoBana ciieyiomas TeOPEeTUKO-UTPOBasi MOJETh HANITY |-
IIIero BEIOOPA, ¢ HETOIHOM NH(POPMAIINeii, CBA3aHHASA ¢ TeJICBU3NOHHON UTpOit
«T'onoc». IlycTs HECKOTBKO UTPOKOB OJJHOBPEMEHHO MPOCMATPUBAIOT HEKO-
TOPYIO TOC/IEI0OBATENHHOCTh 00bEKTOB. KarxKaI0My UIPOKY HEOOXOIAMMO Ha-
Oparb KOMaHIy u3 AByX 00beKToB. KadecTBo KaxKm0ro o0beKTa OmpeIesis-
eTCst AByMsI CIy9IaiHbIMU XapakTepucTrnkamu. IlepBast xapakTepucTuka ur-
POKaM M3BECTHA, & BTOPAs CKPBITA OT HUX. KasKIbIil 13 UTPOKOB CTPEMUTCS
BBIOPATH 0OBEKT B CBOIO KOMAaHJy, CYMMapHOe 3HAYEHNE KAYECTBA KOTOPO-
ro OoJibIlle, 9€M y OCTATbHBIX UT'POKOB. 1Ipu 3TOM BBIOOD OCYIIECTBIISIETCS
TOJIBKO HA OCHOBE 3HAYEHUs] W3BECTHON XaPAKTEPUCTUKNA KA4eCTBA.

TeopeTnko-uTpoOBHIE MOETH € HEMOIHON HHMOPMAITHEH, B KOTOPHIX KayK-
JIOMY UTPOKY HEOOXOIMMO BBIOPATH TOJBKO OTUH O0BEKT, PACCMATPUBAJINCH
B paborax [1, 2]. B nanHoit paGoTe HaiiIeHbI ONITUMAJILHBIE TOPOTOBBIE CTPA-
TErUU U BBIUTPBINIYA UTPOKOB JIJi UTPBI C PABHONPABHBIMU YYACTHUKAME W
BO3MOXKHOCTBHIO BBIOPATH ABYX OOBHEKTOB B KOMAHIY.
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YHuBepcaJbHbI€ CTPATETNN B 3aJade 00
OJJHOPYKOM OaHAWTE M ONTUMU3AINI
00pabOTKM! 0OJABIINX JTAHHBIX
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Benmkuit Hosropos, Poccus
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PaccmarpuBaerca 3amada 06 omHOpyKOM OaHIWTE, T.e. O JABYPYKOM
OaHIUTE C U3BECTHBIM PACHPEIEJIEHUEM 0X0/1a, COOTBETCBYIOIIUM BbIOO-
py mepBoro geiicreusi. s OEpHYIIMEBCKUX IOXOIOB OHA OBLIA PACCMOT-
peHa B [1, 2]. DopMaIbHO OTHOPYKHUi OAHIUT €CTh YNPABJIsEMbIN CiTydaii-
HbIit mpomece &,, n = 1,2,..., N, 3Ha4eHUsT KOTOPOTO, HHTEPIPETUPYEMBIE
KaK JI0XOJIbl, 3aBUCAT TOJIBKO OT TEKYIIUX BhIOMpaeMbix aevicreuii. 13sect-
HOE MaTeMaTHYecKoe OXKUIAHWE JI0XOJA 3a BbIDOP NMEPBOro AefcTBUst My
6e3 orpaHmyeHust OOHIHOCTM CYMTAEM PABHBLIM HYJIO (B IIPOTMBHOM CJIy-
Yae MOXKHO paccMOTpeTh mporecc &, —my, n = 1,2,..., N). Pacnpeneie-
HUE JI0X0/Ia, COOTBETCTBYIOINEe BHIOOPY BTOPOrO AEHCTBUsI, MPEINOIaraeT-
Csl HOPMAJIbHBIM (IayCCOBCKUM) C MJIOTHOCTBIO pacupenenenus fp(x|m) =
(2rD)~ Y2 exp(—(z — m)?/(2D)), npudeM MaTEMATHYECKOE OXKHIAHHE 17
HEM3BECTHO, a nucnepcust D — u3pectHa (B gajbHENIIEM MPENoIoKeHne 06
u3BeCTHOCTH D MOXKHO CcHATDH). OmHOpyKuUil 6GanauT yI00HO OnucaTh napa-
merpom 6 = (0,m), ZOMyCTUMOE MHOKECTBO 3HAYEHUI mapamMerpa BLIOPAHO
caepyromum O = {6 : |m| < C}, 0 < C < oo. TayccoBckue pacupesesie-
HHSA JOXOIOB BO3HUKAIOT IPHU MAKETHOH 0OpabOTKe JaHHBIX, €C/IH s 00-
paborkm mmeroTcst aBa Merona (aeicrrus), npudeM 3¢ HEKTUBHOCTH OIHO-
r0 W3 HUX ampuoOpy W3BeCTHA. B KavyecTBe M0XOMA MOXKHO PACCMaTPUBATH,
HaMpPUMeEp, KOJIUYIECTBO YCIemHO 0OpabOTaHHBIX JTaHHBIX. B 3TOM ciydae
BCe JAHHBIE B KAXKJIOM MaKeTe 00pabATHIBAIOTCS OJHUM W TEM K€ METOJIOM,
a JJis yIPaBJIEHUs UCIOJIB3YIOTCsI CyMMAapHbIE TOXObI B makeTax. B cuiy
HEHTPAJILHON NMpeIeIbHONW TE€OPEMbBI 3THU JIOXO/IbI TTPU TMMTUPOKUX TTPEATONO-
JKEHUSX UMEIOT TPUOJIM3UTE/IbHO HOPMAJIbHBIE PACIPEIE/IEHNUs] HE3ABUCUMO

(© Komroropos A. B., 2019
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OT UCXOJIHBIX PacIpe/ieIeHuil I0X0J0B, U 3TO OIpejesideT YHUBEPCAJIbHOCTD
IIOCTAaHOBKHW 3a/la4U.

Crparerusi ynpaBjieHnusi ¢ B KayKIbIiI MOMEHT BPEMEHU 7 00ECIIeINBAET
BBIOOP JEHCTBUS B 3aBUCUMOCTH OT BCEH M3BECTHON MPEIbICTOPUN TTPOIECCA.
Henb ynpasnenus: hOpMyIupyercs B MUHUMAKCHON mocTaHoBKe. [Lsg aToro
onpeesnsieTcs GYHKIU MOTEPD

N
Ly(0,0) = Nmax(0,m) — Ey Z & |,
n=1

XapaKTepu3yIomas MOTEePH MATEeMATUIECKOTO OXKWJIAHUSA TIOJTHOTO JOXOIA
3a MpUMEHEHWE CTPATETWU ¢ B CPABHEHUU C MAKCUMAJTBHO BO3MOXKHBIM JI0-
xogom N max(0,m) B ciaydae m3Becrnoro napamerpa. O6o3HauuM uepes
A(m) anpuOpHYIO ILUIOTHOCTH PACIpPE/EIeHUs] HA MHOXKECTBE NapaMeTpOB.
TTo dbyukIMM TOTEPH OMPEAEASIIOTCS MUHUMAKCHBIH 1 0aiteCOBCKMIT PUCKA

RN (©) = infsup Ly(0,6), RX()\) = inf / Ly(o,0)\(0)d6,
{e} © {e} Jo

COOTBETCTBYIOIINE ONTUMATLHBIE CTPATEIHH HA3LIBAIOTCS MUHUMAKCHOW U
GaiiecoBcKoi cTparerusamu. IIpenmyinecTBo 6aeCOBCKOTO MOIX0IA COCTOUT
B TOM, 9TO JJIst JIIODOTO anmprOPHOTO PACTPEIESICHNsT OH MO3BOJISIET NCKATH
GaffecOBCKME CTPATErHIO U PUCK METOJOM JIMHAMHUYECKOrO TPOrPaMMHUPOBA-
HUS C TOMOIIIBIO PEIIeHNsT peKyppeHTHOTro ypasHeHusa. OIHAKO perreHue 3a-
BHUCHUT KAK OT CAMOTO AllPUOPHOTO PACIPEIETCHUs, TAK U OT PACIPEIeTeHU
JIOXOJIOB, T.€. He SIBJISIETCS YHUBEPCAIbHBIM. MUHUMAKCHBIN MOIXOM HE HC-
[OJIb3YeT AMPUOPHOE PACIPEESIEHUE TapaMeTpa, U 9TO TAKYKE OMpeesisieT
YHUBEPCAJIHLHOCTH MOy YaeMbIX CTPATErnit.

YcraHOBIIEHBI CIleyIoNTe pe3yabTaTh [3,4].

B cooTBeTCTBUU ¢ OCHOBHON TEOPEMOil TEOpUU UI'D MUHUMAKCHBIE CTPa-
TErusi U PUCK MOrYT OBbITh HANJIEHbI Kak 0aiieCOBCKHE, COOTBETCTBYIOIIAE
HAUXyAIMIEMY AlMpUOPHOMY pacipejienaenuio. st ux HaXOXKIEHUs MOJTyde-
HO PEKYPPEHTHOE WHTErpo-pazHOCTHOE ypaBHeHWe. B npemennbHOM cirydae
nmpu N — oo monydeno auddepeHnuanbHoe ypaBHEHNe B YACTHBIX TTPO-
M3BOIHBIX BTOPOTO MOpsAKA. Ycranosieno, uto RM (©) ~ r(DN)Y? npu
6onpmux N, rae r ~ 0,37.

st GOBIIOro YUC/Ia UCXOMHBIX JTAHHBIX MUHUMAKCHBIA PUCK MAaJo 3a-
BUCUT OT KOJMUYECTBA TIAKETOB, HAa KOTOPHIE paB6VTT]~J 9TU JAaHHbIE, €CJIN
KOJIMYECTBO MAKETOB JOCTATOYHO BEJMKO. Hanpumep, MUHUMAKCHBIN PUCK,
COOTBETCTBYIOIIHiI MAKETHOI 00pabOTKE MaHHBIX, pa30uThIX HA 50 MAKETOB,
BCero umb Ha 3% 6GombIne MpeaebHOrO 3HAYEHUSA, COOTBETCTBYIOIIETO 00-
paboTKe MAHHBIX, PA3OUTHIX HA CKOJb YIOMHO OOBIIOE 9UCIO0 MakeToB. Ec-
JIA KCXOJTHBIX JAHHBIX JOCTATOYHO MHOTO, 9TO O3HAYAET, UTO MPE/JIOKEHHBIE
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crpareruu obecrnednBaoT OJU3KUE 3HAYEHNST MUHUMAKCHOTO PUCKA [IJTs1 TITH-
POKOT'O KJiaCCa MnponeccoB ¢ OAMHAKOBBIMU MATEMATUYECKUMU O2KUJTaHUAMUN
U IUCTIEPCUSIMY TIPU CPABHUTEIHHO HEOOJIBIIIOM YHUC/Ie 00pAOATHIBAEMBIX A~
KETOB.

[Tonydennble cTpaTerusd U MUHUMAKCHBIA PUCK MaJjI0 MEHSAIOTCS TIPH CY-
[IECTBEHHOM M3MEHEHUH Juciiepcun (HAIpUMep, [IPU U3MEHEHUU IUCIEePCUn
na 10%). Ecam mcxogupix JAHHBIX JOCTATOYHO MHOTO, 3TO O3HAYAET, 9TO
MOYKHO CJIeJIaTh ONMEHKY jJucrnepcuu [ 1y HEeKOTOPOH HadaJbHOU TPYTITHI
JIAHHBIX, & 3aTE€M HUCIOJIb30BATH MOJYIEHHYIO OIEHKY s yrupaBjenns. Ta-
KAM 00pa3oM, eciin 00pabaThIBAEMBIX JAHHBIX MHOTO. TO MPEANOIOKEHNAE O
TOM, 9TO 3HadYeHue [ M3BECTHO, MOYKHO OIIYCTUTh.

st 6epHyIINEeBCKOTO OHOPYKOTO OAHINTa TIOJY9EeHO PEKYyPPEHTHOE
YDaBHEHWE [IJIs HAXOXKIEHWsT OaleCOBCKUX CTPATETWMH W PHUCKA, COOTBET-
CTBYIOIIUX ONMTUMAJIBHON 00pabOTKe TAaHHBIX MO-OMHOMY W €r0 MPEeIeIbHOE
onmcaunue auddepeHnuaTbHBIM YPABHEHUEM B YACTHBIX MTPOU3BOIHBIX BTO-
poro mopsanka. Ilpu atom guddepennnanbHble YPABHEHUSA B TayCCOBCKOM
U GEPHYJLTHEBCKOM CJIy4Yae MOJIYYUIUCh OJIMHAKOBBIMU. DTO O3HAYAET, U4TO
pu 06paboTke GOMBINNUX JAHHBIX ¢ OEPHYIINEBCKUMHA JOXOTAMU 00paboTKa
MO-O/THOMY He TIO3BOJISIET CHU3UTh MUHUMAKCHBINH PUCK, COOTBETCTBYIOIIHIT
nmakeTHO oOpaboTke. MOXKHO MPEAIONTOKATE, YTO 3TO CBOHCTBO MAKETHOH
0OpabOTKY COXPAHUTCS W JJIsI APYTUX PACIPEIETEHU TOXOI0B.

Pabora Bemommena npu mopgepxkke Poccuiickoro ¢omma ¢yHmIaMeH-
TAJILHBIX UccaegoBannii (mpoext Homep 18-29-16223-mk).
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HexoTopnbie acrekTbl pa3BUTUMA
0000IIEeHHOT cXeMbI pa3MeIleHn s

A. B. Komunn

MockoBckuit aBTOMOOMIBHO-TOPOKHBIH TOCYAAPCTBEHHBIH TEXHUIECKUIT
yuusepcuter, Mocksa, Poccus

E-mail: akolchin@madi.ru

Hamsamu axademura Axademuu xpunmozpaduu PD
Koawuna Basrenmuna Pedoposusa noceau,aemcs

Kombruraroprka chirpasia BaXKHYIO POIh B HAYAIE PA3BUTHUS TEOPUN Be-
POATHOCTEH, W 3TU NIBA pa3jiesia MaTeMATHKU MPOJOJIKAIOT PA3BUBATHCSA B
TECHOM B3amMojieiicTBuu. B HacTosIIee BpeMs TeOpusi BEPOSTHOCTEH, pe/I-
Jlarast HOBbIE TIOXO/bI K PEITIEHNIO 33/1a49 AUCKPETHON MAaTEMATUKH, KAK ObI
orpaer jgoaru komouaaropuke. Cpeu STUX HOBBIX MOIX0I0B OTMETUM XOPO-
M0 PA3BUTHIE B TEOPUN BEPOSITHOCTEH METOIBI ACHMTITOTHYECKOTO aHAIN3a,
KOTOPBIE YCIEITHO UCTOIB3YIOTCS TIPUA PEIEHNN CJIOKHBIX KOMOMHATOPHBIX
3ama4d. KomOuHaTOpHBIE 331a490 U METO/IbI 3aHUMAIOT 3HAYUTETHLHOE MECTO B
HCCTIeIOBAHUSAX TI0 TeOpuu BeposaTHOocTedl. Cpean MHOTOYUCIEHHBIX paboT B
9TO# 06J1ACTH MOYKHO BBIIEIUTH HECKOJIBKO HAPABJIEHUN: KOMOMHATOPHBIE
3aa49U B TEOPHUU CJIYYAHHBIX IIPOIECCOB, 33/I1a9H, CBSI3aHHBIE CO CIyJIallHbI-
MU OTOOPAKEHUSIMU U CaAydafiHbiMu rpadaMu, 3a1a4971 Pa3MeeHnst YaCTHIl
o AYeiKaMm.

Jlns permreHuss IMUPOKOTO Kpyra TOZOOHBIX KOMOWHATOPHBIX 337134
BECHMA ILIOJIOTBOPHBIM OKA3BIBAETCS 6epOoAMHOCIHbY nodrod. Ecmu pac-
IpejieieHre BEPOSITHOCTEN 3a[aH0 HA MHOXKECTBE PACCMATPUBAEMbIX KOMOU-
HATOPHBIX CTPYKTYP, TO YUCJIOBBIE XaPAKTEPUCTUKNA ITUX CTPYKTYP MOXKHO
paccMaTpuBaTh KAaK CAYYAiHbIE BEJINYMHBI W aHAJTU3UPOBATHL WX BEPOSIT-
HOCTHBIMU MeTomaMu. IIpr TakoM BEpOATHOCTHOM TOIXOIE MBI aBTOMATH-
YeCKW OTPAHUYMBAEMCS PACCMOTPEHUEM TUMHWYHBIX CTPYKTYP, KOTOPBIE CO-
CTABJIAIOT OCHOBHYIO MAacCCy PaCcCMAaTPUBAEMOrO0 MHOYKECTBA, M MCKIIOYAEM
W3 PACCMOTPEHVsT HEDOJBITYIO IO CTPYKTYP € HECTAHIAPTHBIMHU CBOW-
CTBaMMU.

BeposiTHOCTHBIH T0X0/, BIEpBBIE OBLT MCIOIB30BAH B TIOYTH COBPEMEH-
moMm Bujie B. JI. ToH9apOBBIM, MPUMEHUBIINM €T0 K U3y 9€HUI0 MHOXKECTBA S,

© Komunu A. B., 2019
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BCEX [OJCTAHOBOK CTerneHu N u cepuii B ciaydaiinbix (0, 1) -mocaenosaresib-
nocrsax. Cpenu Tex, TpyJaMu KOTOPhIX PA3BUBAJIACH BEPOSITHOCTHAS KOMOU-
unaropuka B Poccun, 6pmn C. H. Bepumrreiin, H. B. Cymupnos, B. E. Crena-
HOB, €e YCIIeXH TeCHO CBA3aHBbI ¢ OaecTsineil Poccuitickoit BepOSTHOCTHOM
mKkosoi, mkomoit A. A. Mapkosa, II. JI. Yebpimmésa, A. M. Jlanynosa,
A. 4. Xunuuna, A. H. Konmoroposa, FO. B. TIpoxoposa.

IIpn anasnmn3e ciy9ailHBIX CTPYKTYP YCIIEITHO MTPUMEHSIJINCh Pa3Hoobpas-
HBIE BEPOSITHOCTHBIE METOIBI; B YACTHOCTH, B BEPOSTHOCTHONH KOMOWHATOPH-
Ke HaXOHUT YCIeITHOEe TPUMEHEHNE 0000ULHHAA CTEMA PA3MEUEHUS, TIOBBO-
JISIONIAs CBOAUTD Psi/i KOMOMHATOPHBIX 337129 K 3374a49aM O CyMMaX He3aBU-
CHUMBIX C/IyYaiHBIX BEJIMYWH, KJIACCHIECKOMY OOBEKTy M3ydeHHUsl B TEOPUU
BepositHOcTel. O6obmennas cxema pasmernenns Oblia BBegena B 1968 .
B. ®. KosanabiM 1 3aHs71a 3aMETHOE MECTO B ACHMIITOTHIECKUX HCCIIEI0-
BAHUSX B BEPOATHOCTHOM KOoMOMHATopuke. CBOE HA3BAHUE ITA CXEMA TOJIY-
9UIa B CBSA3W C TEM, YTO OHA SBJISETCA 000OIIEHNEM KIACCHYECKONH 3am1a4dn
0 cy4dallHOM pasMellieHun dacTul no sdeiikam. OHa oKazanach yI00HBIM
CPEJCTBOM HCCJIEIOBAHUS TAKUX WHTEPECHEHIINX IIPOIECCOB, KAK IBOJIIO-
1wt CIy9aiiabix rpadoB, CAy9IalHbIX JIECOB, CHCTEM JTUHEHHBIX ypPaBHEHUH
CO CAyYaNHBIMU KOIDOUIMEHTAME, CIYUIANHBIX TOACTAHOBOK, B TOM YHC-
Jie B CBS3W C MOCTPOEHUEM W AHATU3OM BBIYHUCIUTENBHBIX anropuTMoB. B
HACTOSAINEe BPeMs AKTUBHBIE MCCJIEIOBAHUSA ACUMIITOTHIECKOTO MMOBEICHUS
Pa3IUIHBIX KOMOMHATOPHBIX OOBEKTOB C MCIOJIB30BAHUEM 00ODITIEHHOM CxXe-
MbI pasmernenusi BeayrTcest, B yacruoctu, K). JI. Tlasnoseiv B Kapensckom
nayunom 1entpe PAH, A. H. Yynpynossim B Kaszanckom denaepananaom
yuuBepcutere u . @azexamrem B /[eOpereHCKOM YHUBEPCUTETE.

HanovmuanM, 910 B 00001IIE€HHO CXeMe PA3MEIEH s YACTHIL, PACIIPEIese-
HU€ 3aM0JHEHNH g9eeK MPEICTABUMO KaK yCJIOBHOE PACIPEIEIEHUuEe He3G6U-
CUMbBLE CTIYIANHBIX BETMYNH TIPU YCIOBWUH, 9TO WX CYMMa TTPUHUMAET (HPUK-
cupoBanHoe 3Hadenue. Ilyctnb 11, ...,y — HEOTPHLIATEJBHBIE EIOINCIIEH-
HBIE CJIydYailHble BEJIMYWHBI, PACCMATPUBAEMbIE KAK HEKOTOPHIE UUCIOBBIE
XaPAKTEPUCTUKU KOMOUHATOPHOM CTPYKTYPBI 13 N KOMIIOHEHT, COCTOSIIIEH
73 N 3JIEMEHTOB, TAKUe, 9T0 1)1 + « - - + Ny = n. Ecau cymecTByor ne3aBu-
CHUMBbIE CJIy9YaliHble BEJIUIUHBI &1, ..., N TaKue, YTO COBMECTHOE DPAaCIpe/ie-
JIEHUE 1)1, ..., NN JOIYCKAET IPEeICTABIEHHNE

P{n1:k17"'7nN:kN}
:P{£1:k177§N:kN|§1++£N:n}7 (1)

rae ky,...,kN  TPOU3BOJBHBIE IENBIE YUCTA, TO TOBOPSAT, 9TO 71, - .., N
00pasytoT 0OOOIIEHHYI0 CXeMY pa3MeIeHus ¢ mapamerpavMu n u N u He3a-
BUCHUMBIMY CJydaifHbiMu BenuauHamu &1, ...,&Ey. Ciydaitaple BeawmauHbI
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M, ..., N AHTEPHPETUPYIOTCA KAK 3AMOJTHEHUS TIEEK.

A. H. YynpyHOBBIM aKTHBHO MCCJIEAYIOTCS OOOOIIEHHBIE CXEMbI Pa3Me-
MeHnst cAyuatinozo wucaa K wactun mo N sueiikam. Ee gacTabiMu cityda-
SIMU SIBIISIFOTCST ODODITIEHHAST CXEMa PA3MEINEHUS ¢ HETOJTHBIM KOMILIEKTOM
YACTHUIL U JPYTUe aHAJTOTH OOODIIEHHON CXeMbl PA3MENIeHNS.

. ®azekareM UCCIEAYIOTCS PACIIPEHHs OOOOIEHHBIX CXEM pa3Merre-
Hust, Tae B N siueek pasmernarTces aubo no xpatineti mepe n 9acTull, Judo
He boaee 1 IACTHII.

N3yuenne MHOruX XapakTepucTUK OOOOIIEHHOI CXeMbBI PA3MEIIEHNS CBO-
JIUTCS K 3a7a9aM O CYMMaX HEe3aBUCHUMBIX CIy4YalHbIX BenwduH. B cioydae,
KOIJIa PACIpPEJIeJIeHUs] CJIaraeMbIX OIMHAKOBBbI U (DUKCUPOBaHbI (He 3aBH-
CAT OT YWCJIA CJAraeMbIX ), MOYKHO MOJI30BATHCS XOPOIIO PA3BUTON TEOPH-
e CYMMHUPDOBAaHUA HE3ABUCUMBbBIX Cﬂyqaf/iHbIX BEJINYUH. O/IH&KO BO MHOTHUX
MPUMEHEHUSX O0OOIIEHHOM CXeMbI BOSHUKAET HEOOXOIUMOCTD B A0KAALHOIL
NPEJEALHBLT MEOPEMAL 8 CLEME CEePUT.

Kak npaswuiio, pacupenenenue €1, ..., N JOMYCKAET MPEICTABICHHUE
brO*
P{{ =k} = —— 2
rae bg, by, ba, ... — HEKOTOpasi MOCJIEHOBATEHLHOCTh HEOTPHUIATEIHHBIX K-

cen, B(0) = > 12, bi6% /k!, m 6 — mapameTp, TPUHMMAIOIHET TOTIOKATETh-
Hble 3HAYEHNS U3 00J1aCTH CXOAUMOCTH psafa B(0). st u3ydeHns: xapakre-
PUCTUK OOODIIEHHON CXEMBbI pa3MeIeHus TPeOyIoTCsa JOKATbLHBIE MPeaeTh-
HblEe TEOPEMBI IIPH BCEeX 3HAa4YeHHMAX Hapamerpa 6. ABTOpoOM paccMOTpPeHbI
OCHOBHbBIE CJIy4au BO3MOXKHBbIX objsiacreil uzmenenuss N u 6 B cxeme, B KO-
TOPO# BBINOJHEHO b0 ycaosue A., v > 2:bg > 0, by = -+ =b._1 = 0,
b, > 0, m MakCUMaJIbHBIA War pacupejaesteaus (2) pasen 1; aubo ycaosue
Ay: by, by > 0, 09eBHIHO, SIBIAAOMIEHCS YACTHBIM CITydaeM ODIIeH CXeMBbl.

ABTOpPOM HONIY4YeH PsJl UPene/bHbIX, B TOM YHUCE AOKAAbHHLET, TEOPEM
JUIs CyMM BUAa Sy = Zévzl & upu N — 00 ¥ pa3juyHbIX BADUAHTAX [IOBE-
nenust napamerpa 0 = 0(N). B npocmetiwem caywae 3unavenus 6 oruenenst
or 0 w He mMpHOIMXKAOTCS K 3HAUeHWI0 pajwyca cxommmoctn B(6). Tpn
N — oo u 0 — 0 umeer mecto neperod pacnpedesenus Sy ¢ 00HOU peusem-
KU Ha dpyeyro: UIMEHHO, Ha PEeIIeTKe IEIbIX YICe/l UMEeT MEeCTO CXOIUMOCTh
K HOPMAaJIbHOMY PaCIpee/IeHN0, B TO BPeMs KaK Ha PEIIeTKe IeJIbIX HeOT-
PULATEHLHBIX YUCEJT C TTATOM 7" IMEET MECTO CXOIUMOCTH K PACTPEIETICHNIO
ITyaccona. B ciaydae, xorga 3HaueHus napaMerpa f npubInkaoTcs K rpa-
HUIEe cXoauMocTh psina B(6), Kak MOXKHO MOKa3aTh Ha TMPHMEpPax, MOTYT
[MOAB/IATHCA U APYTUE MPEIeIbHbIE PACIPEICTCHUS.
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O npumeHeHUU cxeM pa3JeJIeHus
CeKpeTa B pacHpeae€eHHBIX CUCTEMaX
XpaHeHns mHOpMaInn

C. A. Kpyrumk

CKOJIKOBCKUIT WHCTUTYT HayKw W TexHosornit, Mocksa, Poccnsi

E-mail: stanislav.kruglik@skoltech.ru

3HauuTeabHBI POCT 00bemMa MHMOPMAaLUK, XPAHUMONH YeJIOBEYECTBOM,
POXKIAAET HOBBIE BHI3OBbLI K 3a/4a49€¢ KOHCTPYUPOBAHUA DaCHpeaeJIEHHbIX CHU-
cTeM ODJIAYHOTO XpaHeHUsl WHMOPMAIINU BBUIY WX MTOBCEMECTHOTO PACIPO-
CTpaHeHWs BCIEACTBUE yA00OCTBA mcnonb3oBanus. OIHUM U3 TAKUX BBI3O-
BOB, MOJIHOCTHIO HEPETIEHHBIM B JAHHBIIT MOMEHT, ABJISETCS 33/1a9a BOCCTa-
HOBJIeHU S nH(MOPMAIMH B CJIy9ae OTKa3a Majoro uncia y3a0s. Hecmorps na
TO, 9TO CJIyYau OJHOBPEMEHHOI'O OTKA3a MHOYKECTBA y3JIOB TAKKE BO3MOXK-
HBI, OTKAa3 MaJIOT0 YNCJIa ABJISETCA Hanbosiee 9acThIM CIIEHAPUEM M 3a7ada
TIOCTPOEHUST KOJOB, €€ ONTUMHU3UPYIONINX, SIBIAIETCS JIOCTATOTHO AKTyab-
HOI ¥ MPAKTUYECKU MOTUBUPOBAHHOM.

M3BectHo aBa Ki1acca KOMOB, €€ PEMIAONIAX, B MEPBOM CiIydae, KOrJa
peds naeT O TaK Ha3bIBa€MbIX BOCCTAHABJIWBAIOIINX KOJAX, ONNITUMU3NPYET-
Cs CyMMAapHBIH 00beM WHGOPMAIINU, UCTOIb3YeMblil MPU BOCCTAHOBJIEHUN
OZIHOTO y3i1a. Bo BTOpOM ciIydae MBI ONTHUMHU3UPYEM UUCIIO CEPBEPOB, YIACT-
BYIOIIUX B JIAHHOM TIPOIlecCe, W HA3bIBAEM TaKWe KOJbI KOJAMHU C JIOKATb-
HbIM BoccTaHoByenneM. Hecmorpsi Ha OOMBINON mporpecc, JHOCTUTHYTHIA B
TTIOCTPOEHWN N MTPAKTUYIECKOM MMPUMEHEHNN JaHHBIX KOAOB OHN MMEIOT CYIIle-
CTBEHHbIN HEJOCTATOK CBA3AHHBIN ¢ UTHOPUPOBAHUEM BOIIPOCOB COXPAHEHUA
KOH(DUIEHIINAILHOCTHU TOJIB30BATEIHCKON MHMOPMAIIHIH.

B nmamnoii pabore paccmoTpeHa 3a7ada COXPAHEHUsT KOHMUIEHITHATb-
HOCTH WHGOPMANNY, XPAHUMON B PACIPEIETEHHON CUCTEME, TPU HAJIWIUN
3JIOYMBIIIJIEHHUKA, WMEIOIIero JOCTYNl K HeDOJbIIOMY 4ucCiay cepBepoB. B
YaCTHOCTH PACCMOTPEHA CRBSI3b JIAHHOW 33/a49M C 33/a49€il Pa3/IeJIeHnst CeK-
peTta u BO3MOXKHOCTH COBMEIIEHUST CBONCTB JIOKAJTHHOTO BOCCTAHOBJIEHUS C
Hell.

WccnenoBanne BBIIOMHEHO Tpu GUHAHCOBOHN moaaepkke POD®U B pam-
Kax Hay4dHbix mnpoekToB 18-07-01427, 18-37-00459, 19-01-00364, 19-37-
80006.

© Kpyrauk C. A., 2019
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HepaBencTBa ayd paHra caydaiiHoit
JABOWMYHOI MaTPUIlbl C HE3aBUCUMbIMU
CTPOKAMM 33JaHHBbIX BECOB

B. 1. Kpyrnos, B. I'. Mnxaitnos

Maremaruaeckuit uacruryt um. B.A. Creknosa PAH, Mockea, Poccus

E-mail: kruglov@mi-ras.ru, mikhail@mi-ras.ru

1. Beenenue

MaTpuIlbl HAZ KOHEYHBIMHU TOJISIMU AKTUBHO HCIONB3YIOTCS B 32Ja9aX TEO-
PHUU KOIUPOBaHUs, KPUNTOrpaMUU U B JIPYIUX HANPABICHUAX TUCKPETHON
MmaremMaTuku (cM., Hanpumep, [7], [6], [3]). Bo MHOrEX M3 91X 3amad WH-
Tepec MPeACTABISIOT CBOWCTBA PAHTa MATPHUIIHI TIPW CJIy9aifHOM BBHIOOpE ee
3J7IEMEHTOR.

Hawnbosnee n3yueHHoi SBIAETCS 33/1a4a O PAHTE MATPHIIBI, 3JIEMEHTHI KO-
TOPOIl BBIOpAHBI HE3ABUCHMO W PABHOBEPOSTHO M3 MHOXKECTBA 3JEMEHTOB
paccMaTpuBaeMoro moss. VzydeHue mpeesbHOrO MOBEJIeHUsT PACIpe/Iese-
HUWST paATa TaKWX MATPUI] JAET, K TIPUMEDPY, CIeayIomnii pe3yabTar.

Ilycrb uncio CTpoK M U 9UCa0 CTOJOLOB M MaTpulbl A, 3/1eMEeHThI KO-
TOPOIl HE3aBMCHMBI B COBOKYITHOCTH W PACIPE/IETIEHbI Ha MHOYKECTBE 3JIe-
menToB nosst GF(q) paBHOBEPOATHO, CBA3AHBI COOTHOIICHUEM M — N = k,
rae k — dukcuposannoe nenoe ducno. Torma (cm. [4], [5]) npm mo6om
HEOTPUIATEHHOM IeJIoM [, juist Kotoporo [+ k > 0,

[e%) 1 k+1 1 —1
. S S [( %)) _ 4 _ 4
nl;rgo P{rank(A)=n—1} =¢ H <1 qi> H (1 qj> .

i=l+1 j=1

Ilonumasi oA BeCOM BEKTOpPA YHCJIO €r0 HEHYJIEBBIX JIEMEHTOB, PaC-
CMOTPHUM KJIACC MATPHUIL, COCTOSIINX U3 7l HE3ABUCUMBIX CJIyYaWHBIX CTPOK,
KOTOpPhIE BBHIOMPAIOTCS PABHOBEPOSITHBIM CITOCOOOM W3 MHOYKECTBA, BCEX
m-MepHbIX (M > N) JBOMYHBIX BEKTOPOB 3a8/IaHHBIX BECOB S;, & = 1,..., M.

B macrosmeit pabore myis GyHKIWMIT pacnpeaesens panra TaKuX CIIy-
YaWHBIX MATPWI CTPOSATCS SBHBIE OIEHKU CBEPXY B (DOpME HEPABEHCTE.

© Kpyrsos B. 1., Muxaitnos B. T., 2019
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2. PopMyJIUPOBKHN PE3yJIbTATOB

Teopewma 1. ITycms B — deounnas mampuya padmepa nXm, n < m, cmpo-

KU b1, ..., by KOMOPOT 6bLIOPAHDLL HEZABUCUMO U PAGHOGEPOATIHO U3 MHOACE-
CMEA 6CET M-MEPHOIL JBOUNHBLT GEKMOPOE 3G0GHHBIL GECO8 S1,. .., Sy CO-
omsemcemeenno. Tozda npu mobom 1 € {1,...,n — 1}

P{rank(B) <n -1} <

m

1 N K'(t) " K7(t)
<—)» ! 1 21 -y 2
= igm mH<+Cm) 2o 1)
t=0 =1 =1
min(s,t)
2de K™(t) = . (=1YCIC57, — mmozourenn Kpasuyra, 3adaeaemvie
=0
coommowenues’

ZK;n(t)Zs _ (1 _ Z)'rn(l + Z)m—t.
s=0

min(s,t) K (t
OTmerum, 4TO Z CICEI, = (5| u, cienosarenso, ‘ < 1.
ITomoxnm
n
1
Q(S1,.+,5n) = E Jon
i=1 m
Teopema 2. ITycmv evnoanenv, ycaoéus meopemvt 1 u wucaa si,. .., Sy,

MaKosst, “wmo natidemcs namypasvroe wucao to < 5, das KOmMopozo
t m )2
Cyo >2"Q%(81,...,8n)-

Tozda npu aobom 1 € {1,...,n— 1}

to
[P{rank(B) <n —1} <2n~m*! ZCfn +e(m — 2t + 1)Q*(s1,- - -, 5n),
t=0

6 wacmmrocmu,

to
P{rank(B) < n} < 2"t} Z Ct o+ e(m —2tg + 1)Q%(s1,...,5,).
t=0

Teopembt 1 1 2 TOJIyY€HBI B MPOJOJKEHNE UccaeaoBanuii pabor [1], [2]
u [8] o cBoiicTBax ciy4aiiHbIX JIMHERHBIX KOJOB HAJ MPOCTHIMU KOHEYHBIMU
HOJIAMH.
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O6 onTuMaJabLHOM YIIPABJEHUN JAeKaMMU
B ABYXYPOBHEBOII maMdaTH

A. A. Jlasyrunal, A. B. Cokosos?

1 Mockosckwmit Tocymapersennbiii yansepenter nvenn M.B.JIomonocosa,
Mocksa, Poccus
2 IHCTUTYT NPUKIAIHEIX MaTeMaTmuecKnx uccaemosanmii KapHIT PAH,
IIerpozaBoack, Poccus

E-mail: alazutina@yandex.ru, sokavs@gmail.com

Jlns muHAMWYECKOH 0aJIAHCUPOBKHU MapaJIIeIbHBIX BBIYUCIEHUH B 00-
el TaMsITH 9acTo UCIONb3YIoT crpareruio « Work-stealings, nmpu koropoit
nycrble sipa 3abupaior 3a1auu y apyrux szgep [1 3]. ¥V kaxmoro sapa ectb
ZieK, “c orpanuyenHbiM BxogoM” [4]. « Work-stealing» ucnosnb3yercs B Takux
cucremax kak Cilk [5], Cilk++, TPL [6], TBB, X10 [7].

B pa6orax [8,9] Mbl npennaraau MOAEIH JJisi ONTUMAJILHOTO yIpaBJe-
HUsl JIEKAMU B MAMATH OJHOrO ypoBHs. Kak moka3as HAI ONbIT POTrpaMM-
HOM peasim3anyu, OOJILIIOE 3HAYEHUE UMEET ONTHUMU3alUs paboThl ¢ K3III-
MaMsThIO B MapaslIeIbHBIX OAJaHCUPOBIINKAX 33039, pAOOTAIOIINX 1O CTPa~
rernn work-stealing. Hanpumep, B peanuzarmu [10] 3a cuer 3Toro ynaaock
YMEHBIIUTh BPeMs BBIMOJHEHNST TECTOBBIX 33724 B 2.5 pa3a U Kell-IpoMaxu
10 30% mno cpaemenmio ¢ work-stealing 6anancupopmukavu Intel TBB n
Intel /MIT Cilk. TTosromy Ba)KHO MCCIEIOBATH W CHELMAJIBHBIE METOIbI Pa-
OOTHI C JEKAMA B JIBYXYPOBHEBOW TAMSTH, & HE TOJIHKO MbITATHCA PabOTAThH
C YHUBEDCAJIBHBIMU PEATMIAIUSAME KIII-TTAMSITH.

st manbosiee 9acToO MCMOMB3YEMBIX CTPYKTYP JaHHBIX MOYKHO TTPEII0-
KUTHh CBOM OTJIMYHbBIE OT YHUBEPCAJIbBHBIX METOAbL pa6OTbI B ﬂByXypOBHeBOI’I
MaMsTH, HATTPUMED, PETUCTPHI — OMEPATUBHASA MAMATh.

B caywae meperonmennsi creka B OBICTPOI TaMATH, B MEIJIEHHYIO Ta-
MATH HAJ0 TEPEHOCUTH 3IJIEMEHTHblI M3 OCHOBAHUA CTEKad, TAK KaK OHU HE
MOHAIO0ATCS B Omxkaiiiem Oyaymem. B ciiyuae mepenojHennsi ouepen, B
MEJJIEHHYI0 MaMATh CJIEYeT MePEHOCUTh JEMEHThI U3 00ee HOBON 4acTu
ouepenu. B paborax [11] u [12] pemanuch 3312491 ONTUMAIBHOIO yIIPABJIE-
Hus ofHUM u aByMs crekamu, B [13] — FIFO-ouepenbio B nByxypoBHEBOit

(© Jlazyruna A. A., Cokonos A. B., 2019
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mamsaTu. Ha mpakTuke B pa3HbIX apXUTEKTypax ObLT allllapaTHO PEATH30BAH
Pl METOJIOB YIIPABJIEHUA CTEKAaMU B JIByXYPOBHEBOHW NaMATH, KAK aJbTep-
HATHWBA KJAacCu9eckoi kami-mamsatn [14]. B aroit paGore Mbl paccMOTpUM
MOZEh 7T ONTHMAJTBHOTO YIPABJIEHUs JEKOM B JIBYXYPOBHEBOM MaAMATH.

Paccmorpum  KmaccudecKuil  TOCTEIOBATETbHBIA MUKIUYECKUNR MeTO
[IpEICTaB/CHU eKa B maMsTH. B ciydae mepenonnenns Aeka B ObICTPOit
maMATu, B Me'z‘lﬂeHHy}O TaMdATh MbI TIEPDEHOCUM IJIEMEHTHI N3 Cpeﬂﬂeﬁ qacTn
CTPYKTYPBI JAHHBIX, TaK KAK JTAHHBIE C KOHIIOB JIEKa MOTYT MOHAI00UTHCs
paHbIIe.

IIycTh MBI paboTaem ¢ HECKOMBKAME JeKaAMU MapameabHo. Paccmorpum
MOJETb U TIOCTAHOBKY HAIllei 3a1a4u 710 OTHOTO U3 JeKOB CHCTEeMbI. MOXKHO
CUNATATH, 9TO MBI pa3aenuwan (paili PEruCTPOB MEXKIY AeKAMH W HAM HAJ0
HAWTH ONTUMAJIBHBI METOI PabOThI C KaXKIHIM JIEKOM.

IIycts 3agaHbl BEPOSITHOCTH BO3MOXKHBIX TAPAJIETHHBIX OnMeparuii ¢ ie-
koM. Harma 3a1a1ua HaiTn KOJIMYIEeCTBA 3JIEMEHTOB C IBYX CTOPOH JI€KA, KOTO-
pBbI€ MBI OCTaBIAEM B OBICTPOI MAMATH, YTOOBI CPeaHEe BpeMs J0 O TAHNS
B COCTOSTHUSsI, KOTZIa TPeOYeTCs MPOBECTH MTepepacIpeeieHne MaMaTh, ObLIO
MaKCHUMAJIbHBIM.

PaCCMOTpeHBI JBeE TTIOCTaHOBKU 3a/Ja41, B 3aBUCUMOCTHU OT VIC]’[OJ—IB3yeMOﬁ
cTparerud Kpaxku 3a/1ad.

1. Kpaskn 3/1eMEeHTOB U3 JIEKOB TPOUCXOIAT 1O K 3JIeMeHTOB.

2. Kpaxu 3/1eMeHTOB M3 JEKOB MPOUCXOJSAT TIO MOJOBHHE 3JIEMEHTOB.

JI7st perennst MOCTaBICHHOM 3a1a9u B OOIIEM CTydae pa3paboTaHa UMU-
TAIMOHHASA MOJE/Tb. B HEKOTOPBIX YACTHBIX CYUIasAX MOCTPOESHBI MATEMATH-
9ecKre MOJENH C HCIIOIb30BAaHUEM allapaTa PAa3HOCTHLIX YPaBHEHHI.

B pokmaze OyayT mpeacTaBieHbl PE3YIbTATHI YUCIEHHBIX IKCTIEPUMEH-
TOB € pa3pabOTAHHBIMU MOJIEJISAMU.

Pab6ora Boimosinena npu dbunancoroi monmepkke PO®U, rpant 18-01-
00125-a.
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O coobmecTBax B KOMMYHUKAIIMOHHBIX
rpadax

B. B. Masanos, H. H. Hukutuna, A. A. [leunukos

VHCTUTYT IPUKIaIHBIX MaTeMaTudeckux uccaenosanuii KapHIT PAH,
ITerposaBonck, Poccus

E-mail: nikitina@krc.karelia.ru

Beb-rpad dpparmenta Beba — 310 opuenTrpoBannblii rpad 6e3 merenb
" KPATHBIX AYT, MHO?>KECTBOM BEPIITMWH KOTOPOT'O ABJIACTCA LEJIEBOE MHOXKE-
CTBO CaWTOB, & MHOXKECTBO JYI CTPOUTCS CJIEIYIONTNM 0Opa3oM: JBe Bep-
IITUHBI CBSI3AHBI IyTOif, €CTU €CTh XOTsS OblI OIHA TUIEPCCHLIKA, CBA3BIBAIO-
ast COOTBETCTBYOMNE caiThl. KoMMyHUKamonHbIil rpad BeO-rpada  3T0
HEOPUEHTUPOBAHHBIH rpacd, UMEIOMIHH TO K€ CAMOE MHO2KECTBO BEPINUH, 9YTO
n Beb-rpad, moaydaembrit n3 BeO-rpada MyTEM 3aMeHbl BCTPEIHBIX AyT HA
pebpa. KomMmMmyHuKAIMOHHBIM rpad), MOCTPOEHHBIN TaKUM 00pPa30M, MOXKET
MMeTh W30JIMPOBAHHbIE BEPIINHBI U/WIM HECKOJIBKO KOMIIOHEHT CBSI3HOCTH.
B srom ciydae MbI HCKITI0O9aeM M30UPOBAHHBIE BEPINUHBI, TTOCKOJIBKY OHU
HE BJIMSIOT HA CBA3HOCTD, U M3y9a€M KOMIIOHEHTHI CBA3HOCTH KAaXK/IYIO IO
OTAECJIBHOCTHU, HAYWHAA C MaKCUMaJIHHOM.

B pabore uccnemyercst BOmpoc 0 CTPYKType COOOIIECTB KOMMYHUKAIIH-
OHHBIX TpadOB st TPEX CAydaeB Ha mpuMmepax caiitoB macruryroB PAH
(akamemuueckuii Beb), caiiToB poccuiicKUX yHUBEPCUTETOB (yHUBEPCHUTET-
cknit Be6) n 06beIMHEHHOrO MHOXKECTRA, CAWTOR YHUBEPCUTETOB U MHCTUTY-
TOB, KOTOPBI HA30BEM HAYYHO-0Opa30BaTEILHBIM Bebom.

Apropckue 6a3bl JAaHHBIX IO3BOJISIOT IOCTPOUTH BeO-rpadbl Ajisd TPeX
yKasaHHbIX (parmenToB Beba, mmerorme cieayionine XapaKTEPUCTUKMN:
akamemudeckuit rpad — 588 Bepmwmu, 2617 myr; yauBepcurTerckuit rpad —
279 BepmmH, 1242 nyrum; HaywdHO-OOpasoBarTenbHbI rpad — 867 BepiiuH,
5030 xyr. [Toctpoennsie s 3Tux BeO-rpadOB KOMMYHUKAIIMOHHBIE TPAdhBI
HUMEIOT CJIEIYIONINe XapaKTEPUCTUKHU: AKATEMUIECKIH KOMMYHAKAITMOHHBIIH
rpad — 231 Bepmuua, 341 pebpPo; yHUBEPCUTETCKUN KOMMYHUKAIMOHHBIH
rpacd — 35 BepmmwH, 37 pédep; HAYIHO-00PA30BATETHHBINT KOMMYHUKAITHOH-
HbIif rpad — 313 BeprmuH, 468 pédep.

(© Magzasnios B. B., Hukutuna H. H., ITeunukos A. A., 2019
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s momcka coobIIEeCTB B KaXKJIOM M3 rpadOB HCIOIb30BAIUCH ITPO-
rpaMmbl, peajin3oBannbie B cucreme Wolfram Mathematica na ocHoBe By X
PA3/IMYHBIX TOIXOJ0B. B MepBOM CjIydae 3TO M3BECTHBIN AJTOPUTM HEPAp-
xudeckoro pazbuenus ['wpsana-Heiomana [1|, peanuzoBaHHbIl B makere
IGraph/M [2]. Bropoit noxxox, ommcaHHblt B paBore [3], u OCHOBaHHBIH
HA UCHOJIB30BAHUN METOJA MAKCHUMAJILHOTO TPAB/IONOI00NS, PeaTn30BaH B
Wolfram Mathematica.

s mepBOTO TMOAXO/A YHCI0 COODINECTB He OBIIO 33/aHO ANPHOPH |
OTIPEIE/ISIIOCh ABTOMATHYECKH [1J1si HAanOOJIbIero 3uadenns Ko3ddunnenta
MOIYIApHOCTH. BO BTOPOM MOAXOJE TIOTYYEHHOE YUCIO COODIIECTB UCTIOTb-
30BajIOCh B KAYECTBE TAPAMETPA ATTOPUTMA.

Pazowenns, moaydeHHbie IByMsi aITOPUTMAMK, OKA3AJNCh PA3INTHBIMYT
IJIst Bcex Tpex rpadoB, HO JOCTATOYHO OJM3KUMH 110 TAKUM XapaKTepu-
CTMKaM, KaK YUCJIeHHbIE Mepbl cxoacTBa AByX pasbuennit NMI (Normalized
Mutual Information)n ARI (Adjusted RandIndex).

B 10 ke Bpems, Takue XapaKTePUCTUKHN, KaK KOI(PPUIMEHT MOTYTAPHO-
CTH, CPEJHSAS ILIOTHOCTL CBsi3ell BHYTPU COOOIIECTB W CPEHsis MIOTHOCTD
CBsI3€H MEXK Iy COODIIECTBAMU TIOIYIUINCH PA3TUIHBIMHA.

ComepskarebHasi WHTEPIPETAIWS PE3YITATOB TAET OCHOBAHWS TOJIa-
raTh, YTO MOJyYeHHBbIE pa3OueHns Ha COOOIECTBA KAYeCTBEHHO OJIU3KU BO
BCEX TPEX CIIydasiX.
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ITpusnakm pacnpegejeHus crelneHeii
BEPHINH TEOPETUKO-TPadOBBLIX MOeIeii
TEKCTOB

H. /1. Mockun, A. A. Poros

[TeTpo3aBoackwuii TocymapcTBeHHbIN yHUBepcuTeT, lleTpozasoack, Poccus

E-mail: moskin@petrsu.ru, rogov@petrsu.ru

Arpubyuusi TEKCTOB B HACTOSIILEE BPEMSI SIBJISIETCS OJIHOW U3 aKTy-
albHBIX 3amad B umosornu. Hampumep, y»Ke MHOTHE TOIBI MUCCIEILY-
ercs KOJIIEKIUs, comepxkaras okomao 500 HeaTpuOyTHpPOBAHHBIX TEKCTOB
u3 xypHanoB "Bpewms"(1861-1863), "Omnoxa'"(1864-1865) u exkeHeIeTbHNA-
ka "T'paxknanun"(1873-1874), uacTh U3 KOTOPHIX IPEAIOIOKUTEIHHO MOI-
Ja npunaggexars nepy ®. M. Hocroerckoro [2]. Ipyroit 3axaqeit sipjsier-
csi pazrpanndenne QOJIBKJIOPHBIX TEKCTOB W TEKCTOB, CTUJIM30BAHHBIX O,
domprop (KOTOPbIE COYMHIIN TaKue W3BeCTHBbIE Mo3Thl Kak H. A. Kioes,
A. K. Toncroii u C. A. Ecenun) [3].

3asada yCTAHOBJIEHUS aBTOPCTBA TEKCTOB JIABHO CTAJIA MEYKIUCIUTLIN-
HAPHOI, YA4CTO OHA PEIAETCs C IPUMEHEHUEM MATEMATUIECKUX METOIOB [2].
O MH M3 TOAX0M0B NMOAPA3yMEBAET CEMAHTUYECKMI aHa/n3 TEKCTa, B pe-
3yJIBTATE KOTOPOTO TEKCT MPeICTaBseTCs B Buie rpada. CXOKeCTh TEKCTOB
o3HaYaeT 61M30cTh uX rpadoB. [Ipu 3TOM aHATIN3 OCYIIECTBASIOT PA3HBIMA
merogamu. OQIUH U3 METO0B 3aKII0YAETCs B TOM, YTOOBI COMOCTABUTH KAXK-
Joit BepiuHe rpada ee CTerneHb U OTCOPTUPOBATH UX B TOPSJIKE YObIBAHMS.
IIpumepst ABYX TakWX aAmarpam, TOJYYEHHBIX MPHU aHain3e 48 6ecéaHbix
mecen 3aoHexbs XIX — maganma XX Beka, n300paxkensl Ha puc. 1. OaHako,
NpUMeHEeHNe MHOTOMEDPHBIX METOIOB (HampuMep, JEPEBbEB DEIIeHuii) Tpe-
Oyer mpejcTAaBIEHHE TUAIPAMMBI OMHUM 4YuCIOM. B mannOo# pabore aBTo-
PBI TIOKA3bIBAIOT HA HMIUPUIECKOM MaTepuaje BO3MOXKHOCThH UCTOIb30BATH
JIJIsT TAKOW OIEHKW OJINH W3 MapaMeTpoB rumnepOOTNIecKOil PErpeccun, T. €.
KpuBoit Buga y = ¢ + b. Jroit xapakrepuctukoii Oyner kosddunuent a
(kaK MOKa3a/¥ SKCIEPUMEHTHI, B 3aJa4e PAa3TPAHUYEHUs HAPOJHBIX MECeH
7 TIeCEH, CTUIM30BAHHBIX MO, POTBKIOD, 3TOT KOAMDPHUIIHEHT Cpean BOChMI
MoKa3aTeseil SABISeTCS ONPEIENAIONM yKe Ha TPETheM y3iie TPOBEPKU B
Jiepese pernenuit [3]).

(© Mockun H. 1., Poros A. A., 2019
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1. ———n
2. = I
I —— ] 3. i
2 _—t 4. /]
3, 5. /
4. 6. i
5. 7. |
I3 8
7. 9.
8. 1.
o, 11
10, 12,
11 13.
12. 14
13, 15.
14,
17.
18.
19.

Pwuc. 1: Pacnipenenernne creneneit BepIimH M0 yOIBAHUIO.

O®parvedT TabJWIBI C UCXOAHBIMU JAHHBIMU TIpeicTaBieH wa Tabi. 1
(mapameTpsl TUTIEPOOINYECKOi perpeccutt ¢ u b ObLIN HANJIEHBI TPU TIOMO-
MU METOJa HANMEHBIINX KBAJIPATOB). 31€Ch Z;; — ITO CTENEHDb BEPIINHLI C
HOMEPOM j B OTCOPTHPOBAHHOM Crucke Jjist ¢ Tekcra (i = 1,...,48), eciu
J < 3, nunum cymMMa cTeneHeil OCTaBIINXCS BepIIH, ecan j = 4.

Tabmura 1: @parmMeHT TAOIUIBI C UCXOTHBIMA JTaHHBIMA

Ne Texct a; bi Zil Zi2 Zi3 Zi4
1 Bce Mmykbst 10 KeH 1006pb 23,268 1,037 10 5 3 22
2 IleBymika B ropeske cugena | 30,998 | -0,389 17 14 4 25
3 Vxk Tbl Banmwoma, UBan 14,48 2,744 5 4 3 22
4 TTTupokast 6opozal 34,41 -1,126 14 4 3 17
5 He oroub roput 23,593 1,448 8 7 6 17
6 Tri, oTedgeckast 109b! 20,012 1,833 9 7 4 26
7 Manbuuk Thl, MATLIUK 39,855 | -1,851 12 9 3 10
8 Hesnr3pesrueit psabunynku 16,551 2,023 10 8 7 37
9 Kak Buina cepas yTka 21,318 0,813 10 5 3 26
10 AX TBI, BbIOHIHK 42,305 0,681 5 3 2 2

st mpoBepku runore3nl Haitmem Koaddunment koppesun [Iupcona
1)
MEXKy MOIYJeM pa3HOCTH KO3 IUIMEHTOB perpeccun dij = la; —a;|
paccTosHIeM Y2 MeXKIy JuarpaMMaMiu. PaccTosHme BEIMUCIANOCH MO (DOp-
4

4 2
(2) _ H % —
MmyJe dij = nij(kgl(zi(ziizjk) + Zj(Zi]:iij;)) - 1); rae Ng; = kgl(Zik- + ij)a

4
Zi = Y %y - CyMMa crenereil mo crpokam (4,7 = 1,...,48) [1].
k=1
Kak mokazanu pacdersi, koad urment koppensiun Ilupcona cocraBmia
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r = 0,76. Cornacuo mkaje Yem10Kka Takyto CBsi3b CAUTAIOT BBICOKOH. Obiia-
1 2
KO PACCEUBAHUS ME¥KIY COOTBETCTBYIOIIUMU 3HAUCHUSIMU dgj) " dl(.j) npej-

craBieHo Ha puc. 2. Ecim paccmarpuBaTh BTopoit kosddurment b, 1o KOp-

peanusa MexKIy dz(?) u dz(-j) = |b; — b;| paBra r ~ 0,38 (ymepeHHAas CBA3D).
16
&
14
. - * +* * +*
12 — f -

45

Puc. 2: Obsako paccenBanusi dY or d

(2)

17 ij "
Wccnenopanme BHITIOMHEHO TPU (DUHAHCOBOH mommepxkke POOU B pam-
kKax Hayanoro mpoekTa Ne 18-012-90026.
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HOTeHI_[I/IaJ'I B UTpe 3alloJTHEeHUud AJId

BUPTYaJbHOTO CKPUHUHTA JIEKAPCTB Ha
6a3e Desktop Grid

H. H. Hukuruna

NucruryT npukiaagabx Maremarnyecknx uccienosannii KapHIT PAH,
ITerposasosack, Poccust

E-mail: nikitina@krc.karelia.ru

BupryanbHbiii ckpuHuHr JgekapcTB. (Co31aHue HOBBIX JIEKAPCTB
MPECTABISAET CODON TPYIOEMKYIO 33734y W CBS3aHO CO 3HAYUTETbHBIMU
BPEMEHHBIMH 3aTPATAMHU HA TOUCK BEIECTB, OOJIATAIONINX TepareBTHYe-
CKUM JIeCTBUEM [IJTsi OETKA-MUIIIEHN W COOTBETCTBYIOMIUX BCEM KPUTEPUIM
6ezonacHocTu jist gesoBeka. OIMH U3 MEePBBIX ITANOB MPOIECCca pa3pabOTKu
JIEKAPCTBA COCTOUT B OTOOPE MHOXKECTBA XUMWYECKWX COEINHEHWH-XUTOB,
KOTOPBIE TIOTEHIINATHHO UMEIOT TPEOYEMYI0 OHOXUMHUIECKYI0 AKTHBHOCTH TIO
OTHOIIIEHUIO K MUIIEHN. XUThI BHIONPAIOTCS W3 MHOXKECTBA JIUTAHIOB  CO-
€IMHEHNI, CIIOCOOHBIX CO3JABATH YCTONYUBBIE KOMILJIEKCHI C MUIIeHb0. Ha
CJIEYTONINX ITANAX MPOBOAUTCS 0TOOD U onTuMu3aus xuTos. Meroa aBTo-
MATU4YEeCKOro pO6OTI/I3VIpOBaHHOT‘O TTOUCKa XUTOB B na60pa"r0pmﬂx yCa0BuAX
HAa3BIBAETCS BHICOKOTIPOU3BOAUTEIHHBIM CKPUHUHTOM. C PA3BUTHEM BHICOKO-
TOYHBIX METOJ0B KOMITBIOTEPHOTO MOJIEINPOBAHNS, BAPTYAJIbHBIA CKPUHUHT
(BC) cran «in silico» anbrepHaTHBON BBICOKONPOU3BOAUTEIHLHOMY. B x01€
BC npoBomuTcs KOMIbIOTEPHOE MOIETMPOBAHUE B3AaUMOIEHCTBUS JIUTAH OB
N MUINIEHNW U OIIEHUBAETCA BEPOATHOCTH O6paSOBaHH9{ yCTOﬁqWBBIX MOJIEKY-
JIAPDHBIX KOMIIJIEKCOB. ﬂHFaHﬂBI C BBICOKMMU OLEHKAMMN TaKOM BEPOATHOCTHU
cranoBsTcs xurtamu. Ha panuux sranax BC Tpebyercs ckopeiitiiee HaxX0x ae-
HUE KaK MOYXKHO 00JIee XUMUIECKN PA3HOOOPA3HBIX XUTOB /1 TECTUPOBAHUS
B JTADOPATOPHH.

Cucrembr Desktop Grid. Bosbinue o6beMbl OM01M0TEK MOI€e el Jiu-
TaHI0B " MuIneneit TTPUBOIAAT K HeO6XO/‘II/IMOCTT/I TTPUBJIEYECHUA MHCTPYMEH-
TOB BBICOKOTIPOM3BOIUTEIBHBIX BhIUUCIeHUN it mpoBenenust BC. Oxaum
u3 3O HEKTUBHBIX BBIYUCIUTEIbHBIX HHCTPYMEHTOB /115t ipoBeaenust BC saB-
NAI0TCs BeraucauTebable cucteMbl Desktop Grid, o6beaunsionme reppuro-
pHaIbHO PACIpPEIeIeHHbIE HECIEIUATN3NPOBAHHDBIE BbIYUCIUTENN, CBI3aH-
HBIE C YIMPABIAOIMINM y3JI0M CeThIO Tiepegadn JaHabiX. B pabore mpesmmo-
JKEHA U UCCJIENOBAHA MATEMaTUYeCKasi MOJE/b yIIPABJIEHUs 3aJaHUAMU B

(© Hukuruna H. H., 2019
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Desktop Grid gna nposenenust BC, Halenennast Ha CKOpeiiiliee HaXOXKe-
HIE KaK MOYKHO 00JIee XUMUYEeCKN PA3HOOOPA3HBIX XUTOB.

MaremaTndeckasi mozesib. Paccmorpum Desktop Grid ¢ N Borumc-
murenbabivu y3namu (N > 2), unu urpokamu, Cq, ..., Cy. ¥Y3en C; umeer
[IPOU3BOAUTENBLHOCTL w; > 0 YHCI0 BHIYUCIUTEIbHBIX ONEPAalfii, KOTOPOe
OH BBIIOJIHSIET 33 [IAar BpeMeHU. ByieM ropopurh, 4to urpok C; mMeer Bec
w;. OBo3HaUMM TTPON3BEIEHNE BECOB BCEX MTPOKOB Kak W = Hfil w;.

Pazobhem MHOXKECTBO BBIUYMCIATEILHBIX 3aaannii 1 Ha R Hemepecekaro-
muxcst moaMuoxkecTs 1 = T1 U. ..U Tg. Ha kaxkmoMm 1mare urpok BEIOHpaeT
B TOYHOCTH OJHO MOAMHOXKECTBO 3a1anuii r € R = {1,..., R}.

OnpenenuM TPUOPUTET MOAMHOXKECTBA ' CIAEAYIOIUM 00Pa30M:

Dr
o, = { pirFor Pr >0,

€> 0, nHate,

(1)

rje p, OxKujaemas J0s XUTOB B IIOIMHOXKECTBE 7.
ITocne TOrO Kak BBIYUCIATETHHDLIH y3€T BBITIONHII 3aJaHNsS, OH OTCHI-
JIaeT Pe3yAbTAThI CepBepy U 3ampalluBaeT caeaylonye 3aJannsd. 11ycTs BhI-
UTPBITT UTPOKa CZ Ha JAaHHOM I1are BbIpazKaeT KOJINYeCTBO BBITIOJIHEHHOTT
UM T0J1e3H0# paboThl. OHO 3aBUCUT OT YKC/Ia BLITOJHEHHBIX 3aJaHNi, TpU-
OpWTEeTA TIOIMHOMKECTBA W OT YMCAA IPYTUX NTPOKOB, BHIOPABIIIX JAHHOE
HOJIMHOXKeCTBO. YeM MeHbIe NTPOKOB Ha JAHHOM ITare BBITIOMHAIOT MOJ-
MHOKECTBO 33JJaHuil r, TeM 0oJlee MeHHa paboTa KaxKJI0T0 U3 HUX, HOCKOTb-
Ky Haiigenubie xuThl BC sBISIOTCS XUMUYECKN PA3HOOOPA3HBIMH.
O6o3HauUM KaK 7, HUHCIO0 WTPOKOB, BLIOPABIINX TMOIMHOMKECTBO T HAa
JaHHoM mmare, a d(n,) — K03 UIUEHT 3amo/IHeHNs TOIMHOKECTBA:

N+1-—n,
o(n,) = —. 2
() =~ 2)
Bomrpeim y3i1a C;, BRIOPABIIEro MOAMHOKECTBO T, COCTABJISIET
Ui = w; (ad(n,) + (1 — a)oy). (3)

Bmech a € [0,1] — xoaddurment, BhIpaskaoNmit Xapakrep urpoka. ITpn
« — 0 UrPOK CTPEMUTCs OBITDH «I00BITYUKOM> (TIOJYyUaTh KAK MOXKHO 6OJIb-
me XUToB), npu o — 1  «pa3BeguuKoM» (UCCIEIOBATH HE3ANMOTHEHHbLIE
HOJMHOXKECTBA, 3a/1aHuii).

Taknm obpaszom, uveercs: urpa 3anosnenusi I' = (C, R, U), rue C' — mHuo-
JKECTBO UI'POKOB (BBIYMCJINTEILHBIX y3/10B), R — mHOxkecrBo crpareruit, U
— MHOXeCTBO (hyHKIHi Bhmrpsima. [Ipodunas crparernii B qanHoi urpe —
BEKTOp-pacuucanue § = (S1,...,Sy), [€ KOMIIOHEHTa §; = I DABHA HOMEDY
MOIMHOXKECTBA T, BhIOpanuoro urpokom C;. IIpoduns crparerwit sipisier-
cs1 paBHOBecueM 1o Haliry, ecsid HE OJIUH BBIYUCTUTENbHBIN y3€J1 HE MOXKET

105



YBEJINYUTH KOJUIECTBO CBOEH 10JI€3HON PAOOThI, B OJHOCTOPOHHEM ITOPSIIKE
OTKJIOHUBIIHUCH OT JaHHOTO PACITMCAHUA.

i HEB3BEIEHHBIX UTP 3anojaHeHus (w; = ... = wpy) U3BECTHO, 9TO
urpa ' umeer pasuosecue 110 Hamy B umcrbix crparerusx [1]. WzsectHo
Tak>Ke, 9YTO JTNHAMHUKA HAUIYUIIAX OTBETOB CXOIUTCS K PABHOBECHIO 33 TO-
smHoMuasibHoe Bpems [2]. Tlokaxkem, uro u3BecTHDbIE PE3YJILTATHI BEPHBI U
JI7IsT paccMaTpuBaemMoit Hamu urpbl. Bocnos3yemcest Tem hakToMm, 910 HyHK-
[IW BBIUTPHINIA SBISIOTCS MYJIbTHIIIINKATHBHO-CEMapabenbHbIMNI [3].

Paccmorpum dyukmio

gﬂﬂ“l -, ) - Mo @

3amernm, uro ecau o, > 0, T0 ¢, > 0 Vr,Vs.
IIpu orkI0HEHWN UIPOKA k OT BHIOPAHHON CTpaTeruu 1 Ha CTPATETHIO ¢
U3MEHEHHUE €r0 BBIUIPHIIIA COCTABUT

«
AU, = wy ((1 — )01 = 0,) + (= = 1)), (5)
a m3MeHeHne 3HadeHns pyuknun P cocraBut
«
A = Wi (1= a)(or = o,) + 5 (nr —me = 1)) (6)

rJie ¢, BBIYMCIEHO B HOBOM Ipodwuie crparernii, a ¢; B CTapoM.

Buaku Beipaxkenuil (5) u (6) copuagaior. Takum obpaszom, dyukuus P
SIBJISIETCS OP/INHAJIHLHBIM [TOTEHITNAIOM UTPHI I a cama urpa — moTeHInasIb-
noit. B meit Bcerma cymecrByer pasnorecme mo Hamry. leiictBys mo asro-
PUTMY HAWJIYUIHX OTBETOB, UTPOKHU MOMIATOBO ONTUMUBUPYIOT €IIUHYIO TJI0-
GasbHy0 hyHKIuio — norennual (4), u B BIUucauTebHol cucreme Desktop
Grid memenTpanm3oBaHHO AOCTHTAETCS paBHOBecue 1o Hamry.

Paboma evinoanena npu durnancosoti noddeposicke PODU 6 pamrar Ha-
yunolr npoexmos M18-07-00628 u Ne18-37-00094 .

Criucok aurepaTypsl

[1] Rosenthal R. A Class of Games Possessing Pure-strategy Nash
Equilibria // International Journal of Game Theory. 1973. 2(1). P. 65-
67.

[2] Ieong S. et al. Fast and Compact: A Simple Class Of Congestion
Games // ATII Proceedings. 2005. P. 1-6.

[3] Milchtaich 1. Weighted congestion games with separable preferences //
Games and Economic Behavior. 2009. 67(2). P. 750-757.
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3aKOH OOJILIINX YHCeJI JJd KOJUYEeCTBa
HeIIOIBUBIINXCA HeMepPeCeKAIITMXC S
[IeII0YEeK B IIOCJIC0BATECIHLHOCTHI

ncnblTaHui BepHynan
M. II. Casesnos

MI'Y um. M.B. JlomonocoBa, MockoBckuii (pu3nKo-TeXHUIECKUIA
nHCTUTYT, MockBa, Poccus

E-mail: savelovmp@gmail.com

Paccmorpum mocienoBaTebHOCTh X1, Xo, ... HE3ABUCUMBIX OJIMHAKOBO
pacipe/ie/ieHHbIX OepHYJIIMeBCKUX caydaiinbix Bequuun: P(X; = 1) = p,
P(X; = 0) =1 — p. Bygem cumrarb, 9470 y HAC 7 HE3ABUCUMBIX IEHOYEK
Habuosennit, B Kax10i u3 Kotopbix k(n) nabuogenuii, npuuem n — oo,
k = k(n) — oo. O6o3HaumM 9epes3 iy INCIO0 IENOYeEK, HE MOSBUBIINXCS B
TaKOil BHIOOPKE HU PA3y.

B noknazme 6ymer o6CYyKIATHCSI CTATHCTAKA

In(2* — po)
k )

KOTOpasi sBIsIeTCs «Tpyboii orenkoit» auTpormmn H(p) = —plnp — (1 —
p)In(1 — p): Gyaer nosicHeHo, MOYEMy JAHHAS OIEHKA €CTECTBEHHA, a TaK-
XKe Oyzaer nmpuBeneH psia TeopeMm. Hanbonee BasKHBIM sIBISETCS CJIEIYTONIHI
pe3y/bTar.

Tonoxnwm f(p) = logl—Tp 2(1 —p) npm p € (0, %) U(%, 1)w f(p) =pnpn
p € {0, %, 1}. @ynkuua f(p) HenpepbiBHA, CTPOrO BO3PACTAET, IPUHUMAET
3navenus B auanasone or 0 10 1 w yjpossersopsier coorHomenuio f(1—p) =
1— f(p). Mbi ipenonaraeM, 910 n ¥ k CTPeMSITCsT K GECKOHETHOCTH, TIPAUYEM
[0 TeXHUYECKUM TPUYMHAM HaM OyneT yaoOHee BMECTO 3aBUCHMOCTH k(n)
paccmarpuBarh 3aBucumoctb n = n(k) — 0o upu k — 0.

ﬁ:

Teopema 1. ITycmv n = ¢2" u limy_ o0 hlkf”“ = 0. Tozda H seasemcs
Cuabho cocmosmenvroli oyenkol seaunwunos H(f(p)), npuvem H(f(p)) >
H(p) u pasencmeo docmuzaemca moavko npu p =0, %, 1.

Ipumep 1. Ecaun = q,2" u klloo < qx < k99 mo ycaosus meopemur 1

6HLNONHEHDL.

(© Caseso M. I1., 2019
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CTpyKTypHBbIe 1 CTOXaCTUYIeCKue

CBOICTBa CIIeIAJbHBIX IpadoB
JI. 4. Casennesn

Hosocubupckuit rocyaapcrsennbiii yausepcurer, UM CO PAH,
Hosocubupck, Poccus

E-mail: savelev@math.nsc.ru

PaccvarpuBarorcst HEKOTOPBIE YacTHBIE ciiydan rpadoB, pedpaMu KO-
TOPBIX SBJISIOTCA peOPa KOHEYHBIX MPSIMOYTOJBHBIX PEINETOK U JHArOHA-
nu sgeek. Kaxkmass HyMeparus 371eMEHTOB PEIIeTKH OMPeIeseT TBONIHbBIH
Homep rpada, COCTaBJEHHBIN M3 WHAMKATOPOB ero pebep. s onmcanus
CTPYKTYPHBIX CBOMCTB Ipada HCIOIb3YIOTCH XapPAKTEPUCTUKUA CEPHil eiu-
HWI W cepuil Hyjeil JABOMIHOTO HOMEpA: OOIIMe JIWHBI TAKWX CEPHUil, WX
qucaa U MakcuMymbl AauH. OHE MO3BOJISIOT MPeoOpa3OBBIBATH Tpadbl B
6omee mpocrere. Takwe 3a7a9n BO3HWKAIOT TPY TMOBBIMIEHUN HAIEKHOCTH
ABTOMATHYECKOTO UTEHUS.

Croxacruyeckue cBoiicTBa rpadoOB MPU MOCTEIOBATETLHOM BBIOOPE pe-
0ep CBA3BIBAIOTCS C PACHPEIEJIEHUSIMUA TAKUX XaPAKTEPUCTUK CEPUiil B JIBO-
WYHBIX MAPKOBCKUX MMOCJIEI0BATEILHOCTSIX.

JIBomYHBIE HOMEPA KAXKJIOT0 KOHEYHOTO CEMEHCTBA PACCMATPUBAEMBIX
rpadoOB COCTABIIAIOT MPSIMOYTOJBHYIO ABOMYHYI0 Marpuily. Hymepamus pe-
6ep pemeTKy HAKJIAbIBAET OTPAHNICHNS HA XAPAKTEPUCTUKHU CEPUIl €IMHUAIL
n cepwit Hy/e# B CTPOKAX M CTOJONAX Takoi marpwuihbl. Bo3unkaer 3amgava
O 4ucJjie MaTpul, yAOBJIETBOPAIOIIUX 3TUM OI'PDAHUYCHUSAM.

1. IIpsamoyrosbabie rpadbl udp. DIEKTPOHHBIE UMDl MOKHO
paccMaTpuBaTh Kak rpadbl ¢ pebpamMu HA MPAMOYTOJbHON PEIneTke, y Ko-
Topoii 6 y310B u 7 pebep. Cymecrsyer 7! = 5040 paznudHbIx HyMeparuii pe-
6ep Takoii permerku. B kadecTse cTaHIapPTHON MOKHO IPUHSATH HYMEPAIIHIO
CHM3Y BBEPX M CJIEBA HAIPABO: JIEBbIE BEPTUKAJIbLHBIE 1, 2; TOPU3OHTAJIBHbBIE
3, 4, 5; mpaBbie BepTUKaJbHBIE 6, 7. OCTANbHBIE TOTYYIAIOTCS MEPECTAHOB-
kamu. Ctpykrypa nudp ornpeensier CleAyroline CBsi3u 3IeMeHTOB b[i, J, t]
uX JIBOMYHBIX HOMepoB b[i,t] uudp 7 upu nepecranoske t: b[l,t[6],t] =
b[1,t[7],t] = 15 b[2,¢[2],t] = b[2,t[6],t] = 0; b[3,¢[1],¢] = b[3,¢[2],¢] = 0;
bl4,t[1],t] = b[4,t[3],t] = b[4,t[5],t] = 0; b[5,¢[1],t] = b[L,¢[7],t] = O;
b[6, t[7], t] 0; b[7,t[5],¢] = b[7,¢[6],t] = b[7,t[7],¢] = 1; b[8,4,t] = 1;
b[9,t[1],t] = 0; b]0, ¢[4],t] = 0. HeykazaHHbIe NO3UIUN JOTIOIHSIOTCS TPOTH-
BOIOJIOXKHBIMA 3HAUEHUSAMH. JIBoM4IHBINH HOMeD b[i, t] siBnsieTcs i-# CTPOKOi
HyMEpalMoHHO} Marpuibl Blt], mosyyatomeiics U3 cTaHIapTHON HepecTa-

(© Casennes JI. 4., 2019
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HOBKO# cTosbios t. Crangapraas marpuna umeer crpoku 0000011, 1011101,
0011111, 0101011, 0111110, 1111110, 0000111, 11111111, 0111111, 1110111.
Cepmiinble HOMepa v[i, t] = {x[i,t], y[i, t], z[i, ]} nndpsr ¢ npn nepecra-
HoBKe ¢ (z[i,t] — ancao 1-u, y[i, ] — yucno 1-cepwmii, z[i,t] — Makcumym JiuH
1-cepwmit) Bbraucsitores no dopmynam i, t] = 25:1 bli, 7,1
y[l7 t} = b[l7 17 t] + Z;‘:Q C[iuja t]a
2fi, ] = max Y7, bli, 4, () [T Blis kst el 1] = (1 bli, j — 1, 1)bli, . 1.
Brenem rakske kparkme cepumiinbie nomepa wli, t] = {y[i, t], z[i, ]} Tonbko c
YUCIOM ¥ MAKCUMyMOM JJIAH Cepuil equuull. IIpu HEKOTOPBIX TEPECTAHOB-
KaX OHU PA3/IUYaIOT MPIMOYTOJIbHBIE TUQPHI.

IIpocras mporpamMmma HampaBieHHOTO mepebopa MO3BOJIMJIA HAWTH BCe
takme mepecranoBku. Ux okazamock 18. Mcnomws3osansoch To, w10 rpadbr
nudp 6, 9, 0 He UMEIOT POBHO TIO OJHOMY PA3HOMY peOpy u mo3unuu j, k, m
€IMHCTBEHHBIX HYJIEH B UX CTPOKAX HYMEPAIIMOHHON MATPHUIIBI OMPEIETIAIOT
COOTBETCTBYIOIIHME TpH ee cTondma. Oba Hyas HOMepa MudpPbl 5 HAXOAATCS
Ha MecTax j, k. Oaun u3 mHyneit Homepa 1udpbl 3 HAXOIUTCSA HA MecTe k HyJisd
romepa rpada mndpnt 9. Bropoit 3armvaeT HOBoe MeCTO 7, COBMAIAOIIEE
¢ OmHWM U3 HyJjell HOMepa MUdPHl 2 W HE COBMAIAONIEE C MECTAMU BCEX
npeasaymux Hyaeit. Bropoit myas HoMepa mudpbl 2 3aHIMAET HOBOE MECTO
p. Equanier HoMepa mudpbl 4 3aHUMAIOT MECTa M, N, P U HOBOE MECTO (.
Epununpr Homepa mudper 1 3anmmaer mecta j u q. /IBe enuauUnBl HOMEPA
uudpbl 7 3aHUMAIOT MECTA j, ¢, & MECTO TPETheil eIMHUIIHI COBIAIAET C
o0IIIMM MeCTOM S HyJeit B MOTy9IeHHbIXx HoMepax mudp 1 n 4.

Haiitu monyctuMble mepecTaHOBKH IS pACCMATPUBAEMON MPOCTON pe-
IIeTKA MOYKHO U TIOJTHBIM 11epeb0poM Bcex mepectanoBoK. HampasieHHOCTD
Hy:KHa B 0OJee CJIOXKHBIX CAyYadX s COCTOAMMX u3 mudp KoMmOmHarmii
HATyPaJIbHBIX YHCEJI.

MeTompl perennsi MOMydaeMbIX CHCTEM HEJTUHEHHBIX JBOMYHBIX yPAB-
HeHuii moryt mmerh crenuduky. llepecranoska t = 2453671 maet npumep
PA3/IMYHBIX KPATKUX CepuitHbIXx HOMepoB mudp 1,...,9,0: 21,23,33,32,15,
16,22,17,25,24. Tlpoctoit Bu3yanwu3aimeii MOTYT CIYyXKHUTh TPSIMbBIE YTJIbI,
CTOPOHBI KOTOPBIX WMEIOT COOTBETCTBYIOIINE YNCJA 3BeHbeB. Paznntuenne
WX HAPABJIEHUI TIO Y€THOCTU MU YCUIUT KOHTPACT.

2. 'padsr ¢ anaronanaamu. [Tudpsl Ha WHIEKCAX MOYTOBBIX KOHBED-
TOB MOYKHO PACCMATPWBAThH KakK rpadbl ¢ pedpaMu Ha permeTKe, TOJIy9eH-
HOW u3 npexkHeil jobasjeHuem nByx auarosasiein B kjerkax. Cymecrsyer
9! = 362880 pa3suuHbIX HyMepanuii pedbep Takoil pererku. B cranmapt-
HYIO HyMepaiuio 100aBuM HOMepa 8 u 9 Jyist HUXKHel W BepXHeil JuaroHa-
neit. OcranpHble HYMEpAIuy JA0T IepecTaHoBKE HOMEPOB. CBsA3U 3J1eMeH-
TOB JBOMYHBIX HOMEPOB UMD HETPYIHO BLIUCATH.
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Kpowme npekuux IByX ¥ TPEX3HAYHBIX PACCMATPUBAIOTCS MATHIHAYHBIE
cepuiiabie HOMepa Lu@pP NPU HEPECTAHOBKAX, MOJIyYEHHbIE J00aBJIeHUEM
YUCIIA Cepuil HyJIel U MaKCUMyMa WX JJIMH, KOTOPbIE BHIYUC/ISIOTCS 110 aHa-
moruaabiM hopmynam. CTaBATCS 33a9u O KIACCAX JOMYCTUMBIX HyMepa-
nuii, pa3aIuYyanmux nudpPhl M0 BHIOPAHHBIM CEPUAHBIM HOMEPAM, W O MOIII-
HOCTSIX 9TUX KJ1acCcOB. IIpuBOmSATCS MPUMEpPBHI JOMYCTUMBIX HYMEPAIIAi.

CrunuzoBanibie OyKBbI MOXKHO paccMaTpuBaTrh Kak rpadbl ¢ pebpamu
Ha PeIeTKe U3 YeThIPeX KBAIPATOB C JIMATOHAJSMU, Y KOTOPOH 9 y3/I0B u
20 pebep. CymecrByer 20! pasandHbIX HyMepanuii pebep Takoil pemeTku.
CraBsTCs aHAJIOIMYHBIE 331a491 O KJIACCAX JOMYyCTHUMBIX HyMEpPAIuil U uX
MOIIHOCTSAX. [IpUBOAATCH TPUMEPHI AOMYCTUMBIX HyMepaluil BHIOPAHHBIX
OyKB.

3. Croxactuueckme cBoiictBa HyMepamnmii. B kuure B.®@. Kosran-
Ha [1] omuckiBatoTCs caydaitibie Tpadbl ¢ HE3ABUCUMBIME DEOpaM¥ M MaT-
PHUIIBI C HE3ABUCUMBIME 1eMeHTaMu. HecoMHeHHbBIIT HHTEPEC MPeICTaBISeT
MapKOBCKas 3aBUCUMOCTh MeXK 1y pebpamu u asnemerTamu. CToXacTudecKue
CBO¥CTBA CePUUHBIX HOMEPOB BBIPA2KAIOTCS COBMECTHLIMU PACIIPE/I€IEHNUSI-
MW XapPaKTEPUCTUK CePUil B JBOMIHBIX MAPKOBCKHUX Iemnsx. Takwe pacrpe-
JIeJTEHUsI, CJIyYaiiHbIe COOTBETCTBUS, TBOUYHBIE MATPHUIIBI ¥ CEPUH, TTOIPOOHO
omucanbl B crarbe [2]. Tam BbiBegeHBI (GDOPMYIIBI /IS PAIMOHATBHBIX TPO-
M3BOIAININX (DYHKIINH pacnpegeaeHnii 1 K03(QGUITHEHTOB UX Pa3I0KeHNnH B
CTEMEeHHbIe PsAJIbI, JAIOINX BEPOSTHOCTU. PaccMarpwBaeTrcss 9acTHBIN CITy-
4ait 1mocsieI0BaTeIhHOCTEH He3aBNCHMbIX 3HadeHnit. Dopmysist ya00HB! JJ1st
KOMTIHIOTEPHBIX BBIUMCJICHUIA.

B cBsi3u ¢ ABOMYHBIME MaTPUIIAMHU PACCMATPUBAETCS 3aa49a O MAKET-
HOM OOC/Ty>KUBAHUU 3aSBOK CIIEIUATBHON JUHUEH aBTOMATOB, KOTOPAs SB-
nsercsa momudukanuei npemnoxensoi JI. H. Koponesbim 3aga4un 06 onenke
addexTuBHOCTH 6IOYHOI Oprann3amnnu naMsaTn kommbiotepa. [lomyaennnre
pacupenesieHnd XapaKTepUCTUK Cepuil B Cay4dalHbIX 110CA€10BATE/IbHOCTAX
MOKHO HCITOJIb30BATH JIJIs1 ONEHKN 3(PDEKTUBHOCTH PACCMATPUBAEMOTO MTPO-
Iecca makeTHoro obcnyzkupanus. IIpeacraBiagaoT narepec ero rpadguyaeckue
MHTEPIpPeTaIun.

Crmcok aurepaTypsbl
[1] Koauwun B. @. Cayuaiinbie rpader. M.: DUBMAT JIUT, 2004. 256 c.

[2] Caseaves JI. 5. CnydaitHble COOTBETCTBUS, JBOUYHBIE MATPHIBI U Ce-
puu // duckpernas maremaruka. 1999. 11(4). C. 3-26.
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ITapameTrpuydeckada
NJIeHTU(PUIUIPYyEeMOCTh MOJAEN
CTPYKTYPHBIX ypPaBHEHUII C
JJaTeHTHBIMU TIepeMeHHbIMUI
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ITerpozaBonck, Poccust

E-mail: stafeev@krc.karelia.ru

Ilycrs G = (V, E) — cmemanubiii rpad ¢ MHOXKECTBOM BepiiuH V =
{1,...,n} n MHOXKRecTBOM pebep E. MuoxkectBo pebep E rpada G cocrout
U3 OPUEHTUPOBAHHBIX (i — j) U JIByOPUEHTHPOBAHHBIX (i <> j) pedep.

Paccmorpum cienyromntyio, cBsazannyio ¢ rpadom G, cucreMmy CTPYKTYP-
HBIX ypaBHeHWﬁ C JIATEHTHBIMU TIEPEMEHHBIMU

X =BgX +A'H +¢, (1)

rie X = (X1, ..., X,,)! — BekTOp HAGMIOAEMBIX C/IyHafiHbIX BEJIMYUH C MaT-
puneit koBapuanuii X = (0y;); H = (Hy, ..., Hy)" — BEKTOp HE3aBUCHMBIX
HOPMAJILHO PACHPEICTEHHBIX JATEHTHBIX (CKPBITBIX) CAyYaiiHbIX BEJUUUH
C M(H]) =0,u M(Hj)2 = 1; A= (aij) S kan; Bg = (b”) S Rnxn,
upuuem b;; = 0, ecin i — j ¢ E. Bextop ocratkos € = (€1, ...,&,)" umeer
HOPMAaJIbHOE PACIIPEJIE/IEHUE C HYJIEBbIM BEKTOPOM MATEMATUYECKUX OXKU-
JaHUHN 1 HEM3BECTHOM MOJIOXKUTEJIBHO ONPEJIeIeHHOI MaTpulieit KoBaprualmii
Qg = (wij), mpudem w;; = 0, ecriu ¢ <+ j ¢ E. Mpr Gynem mpeanonarars,
910 BeKTOpa H U £ aBagioTcs He3aBucuMbIMEU. TakuM 06pazoM, ¢ MOMOIIHI0
rpada G mocTyIMpyroTCs HEKOTOpble Hyau B mMarpunax Bg u (. Bek-
top napamerpos g = (A, Bg,Qg) mogean (1) cocronr uz marpuust A u
HEHYJIEBBIX 3j1eMeHTOB Matpull Bg u Qg. Ilycrs PDy — MHOXECTBO 1 X 1
CUMMETPUYHBIX TOJIOKUTEIHHO OMpEeIeJeHHBIX MaTpull, Bg — MHOXKECTBO
MATpHIIL, JIJisi KOTOpbIX Marpuna | — Bg obparuma. OnpenenuM mapamer-
puueckoe MHOXKecTBO Mozesu (1):

Q¢ = {0c : A = (a;j) € R"*" Bg € Bg,Qs € PDy}.

© Cradees C. B., 2019
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IMycre 0 € Og. Torma, marpuna KoBapuanuii HAOJIIOJAEMBIX CITydaii-
HbIX BEJIMYWH UMEEeT BUJL:

Y = (I - Bg) "(Q+ AAY(I - Bg) ™. (2)

ITycrb Mg — MHOXKECTBO BCEX MATDUIL, JAOMYCKAIOIIMX pasJjoxkenue (2).
Taxum obpasom, rpad G 3amaer cemeiicTBO HOPMAaIbHBIX PACTPEIEICHNTH

Ne = {N(0,%) : & € Mg} (3)

OnHoli 13 HambOIee BaXKHBIX MPOOJIEM, CBA3AHHBIX C MOJEJSIMHE, COIEP-
JKAIMMMA JIATEHTHBIE IepeMeHHbIe (B 9acTHOCTH ¢ Mogenbio (1)), ssasiercs
upobusiema napamerpudeckoit uaenrudunupyemocru [1,2]. Januas upobie-
Ma 3aKJI0YAEeTCs B OTBETE HA BOMPOC O BO3MOMKHOCTH OJHO3HAYWHOTO OIpe-
JIETIEHUST HEU3BECTHBIX APAMETPOB MO MMEFOITIMCS JAHHBIM.

Paccmorpum BeposiTHOCTHO-CTaTUCTHYECKYIO Mojesnb M(O), 3axanuyio
cemeiicrsom pacupenenenuii {Py,0 € ©}. Mogens M(©) nasbiBaercst naen-
TudunmpyeMoii, eciu r00bIM passudHbM § € © u C) COOTBETCTBYIOT
pasnuunble pacnpegeaenus Py u Py .

Monens M(O) nasbiBaercs JIOKAIbHO uAeHTU(DUIUPYEMOI, 1Jist JH060ro
6 € O maiizercs KoHeuHOe 4HCI0 Takux 0§ € O, 6 ¢ 6, aro Py = Py.

Mogear M(O) nazbiBaercst nouru Beogy (I1.B.) JIOKAJIbHO uieHTHdOM-
UPYEMOi, €CIM OHA SBJISETCS T.B. JIOKAJIBHO WACHTUDUINPYEMON Tpu
6O CO,awmuoxkecTBo O \ ©' umeer Mepy HyIb.

B namewm caygae, moaesn 3aaercs cemeiicrsoM pacupezesenuit (3). ITo-
smyuaaem, ato mozenn (1) Gymer waenTudunupyeMoii, ecam no Marpune X
marpuia A onpenesnsiercs ¢ TOYHOCTHIO JI0 OPTOTOHAJIBLHOIO Peodpa3oBa-
HUsI, & JIEMEHTHI MaTpuIl, g 1 Bg ONpenesiioTcst OIHO3HAYTHO.

Iycts G = (V,E)  pomommurensueii K G rpad. O6pasyem rpad
g = (V,E) rre V = {i = (il,...,ik),l <1 < ig < ... < 1 < k}, a
E = {(17.])|1 = (ila"'aik)’j = (jl,'~‘vjk)7(isajl) € E,S,l = 177k} (33—
merum, 410 rpad § ucnosnnzosascs B pabore [3] mist periennst Bonpoca 06
UIECHTUDUIMPYEMOCTH MOJEIN (PAKTOPHOTO aHAJIN3a C 3ABUCUMBIME OCTAT-

B paGore [4] nostyuenbl gocTaTouHbIe YCJIOBUS I1.B. JIOKAJIbHOI apaMer-
pudeckoil naentudunmpyemoctn mogeau (1) B ciayuae, korma G siBysiercs
MPOCTHIM AnUKIAnIecKuM rpadom (r.e. rpadom, B KOTOpoM J00bIe aBe pas-
JINYHBIE BEPIIUHBI MOT'YT OBITH COCIUHEHBI TOJHKO OJIHUM PEOPOM W OH HE
COIEPKUT OPUEHTUPOBAHHBIX UKJIOB) u k = 1. B cienyiomeii Teopeme no-
JIy9€HBI yCJIOBUS 11.B. JOKAJTBHON MACHTH(MUIUPYEMOCTH JIJIsi TPOM3BOIBHO-
ro k.
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Teopema 1. ITycmo G npocmoti ayurauueckui epag. Modeav (1) 6ydem
1.6. NOKANBHO UOEHMUPUUUPYEMOTI, ECAU KANCOAA KOMNOHEHMA CBAZHOCTIU
epagpa G codeporcum no kpatinel mepe 00UH HEYEMHBLT UUKA.

Cnmcok JmTepaTtypbl

[1] Maathuis M., Drton M., Lauritzen S., Wainwright M. (Eds) Handbook
of Graphical Models. Chapman & Hall/CRC., 2018. 536 p.

[2] Drton M. Algebraic problems in structural equation modeling // The
50th Anniversary of Grobner Bases, Mathematical Society of Japan,
Tokyo, Japan, 2018. P. 35 86, doi:10.2969/aspm /07710035

[3] Cmagiees C. B. O6 ycnoBusix riaobaibHOR uaeHTHMDUIMPYEMOCTH st
mozesteii dpakropuoro ananusa // Tpyasr Kapensckoro Haydnoro ues-
tpa Poccuiickoit akagemun vayk. 2011. 5. C. 111-114.

[4] Leung D., Drton M., Hara H. Identifiability of directed Gaussian
graphical models with one latent source // Electron. J. Statist. 2016.
10. P. 394-422. doi:10.1214/16-EJS1111
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BepogTHocTHO-cTaTUCTUYECKUIT aHAIN3
JAUCKPETHBIX BPEMEHHBIX PAJA0B: MOJIEJIN
1 METOJIbl

1O. C. Xapun

HUU npuknagubix mpobaeM mMateMaTrwku u nadopmarnkn BI'Y,
Munck, Benapych

E-mail: kharin@bsu.by

A/‘IQKBH,THO]‘/,I MOZEJIBIO JUHAMUKHN MHOTUX PEAJIBHBIX CTOXACTUYECKUX AB-
JIeHWii ABJIETCA BPEMEHHOU psij (caydaitubiii npomecc) x4 € A Ha BepodAT-
HocrHOM mpoctpancree (€2, F, P), rae t — Bpems, ¥y — pPErucTpupyeMas B
MoMmeHT ¢ BenuumHa, A mpocrpancTBo (andaBuT) COCTOAHUI HCCIeLye-
MOTO siBJeHUsi. BEpOATHOCTHO-CTATHCTHYECKUI AHAJIN3 BPEMEHHBIX PsiJIOB
B HACTOsILIEE BPeMsi 1i1ybOKO pa3paboTaH «Jisi HelpepbIBHOIO ciydasts [1],
korjga A — MHOXkKeCTBO HeHyJieBOil Mepbl Jlebera, a Bpemsi t — JUCKPETHO
WJIA HEeTPEPBIBHO.

B nocnennue roapr (B TOM umcsie 0o npuduHe <iudpoBuzanuu ooIe-
CTBa») PACTET UHTEPEC K JUCKPETHBIM BPEMEHHBIM DsA/aM, JJis KOTOPBIX
TEOPUst BEPOSITHOCTHO-CTATUCTUYECKOIO aHa/In3a He pa3paborana. JIuckper-
Hbiii BpemenHoit psig (JIBP) — 310 ciayuaitneit npouecc x; ¢ AMCKpeTHBIM
Bpemenem t € Z = {...,—1,0,1,...} ¥ ANCKPETHBIM MHOYKECTBOM COCTO-
suanii A momaoctn |[A| = N, 2 < N < 400; Ha npakTuke 4acto N
KOHEUHO. VIMEHHO 3TOT cliydail pacCMarpuBaeTcss B JTaHHOM JOKJaJe; 0Oe3
norepu obmnoctu nosaraem A = {0,1,..., N — 1}.

JBP azekBaTHO ONMMCHIBAET peasibHbIE SIBJIEHNUS B T€HETUKE, SKOHOMUKE,
COIMOJIOTHH, METeOPOJIOTHH, 3aiuTe nHbopmannu [2 - 4].

B moknane mpeacTaBieHbl pe3YIbTATHI BEPOSTHOCTHO-CTATUCTHIECKOTO
aHam3a Jjs caeayoonux moaeneit JIBP.

1. Mogeann dxxekobca-JIbionca [4]:

Ty = Tp—ny, + (1 — pe)és,

© Xapunu F0. C.; 2019
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rae & € A, uy € V={0,1}, v € {1,2,...,s} — He3aBUCUMbIE B COBOKYII-
HOCTHN Cﬂyqaf/'lHBIe BEJINYUHDBI.

2. O6o6mennas MT/I-moznens Padrepu [4]:

pi1’~~‘7is,is+1 n= P{xt-‘rl = is+1|xt = 7:57 oy Lj—s41 = Zl} =
= 2;21 )\j(Q(j))ij,is+17ila cee 7is+1 S A,

rae {\;},{QY)}  mapamerper momenu.
3. JduckperHast aBroperpeccusi nopsizika s [3|:
= (01241 + ...+ 05—+ &) mod N,
riae 01,...,05 € A, 5 # 0, — napamMerpbl MOJIEJIN.
4. Ierrr MapkoBa NopsiKa $ ¢ r YaCTHIHBIMU CBA3SMHA [4]:

Piq,.isyisr = (Q)imla~~~7im7«yis+l7

rae s,1 <r<s,Q, M =(mi,...,m,) — napamMerpbl MOJIEJIH.

5. Ilems MapkoBa yCJIOBHOTO MOPSIIKA:
K
pil,...,is,i5+1 = Z I{< (Z'S*Iri’l? A 7i1) >: k}(Q)(mk))ibk,is+17
k=0

re s, K, L, {by}, {m}, {Q™*)}  mapamerpst momemn, I{-} umamkarop.

6. Beprysumerckast yCJOBHO HeJWHEWHAst aBTOPErPEeCCHOHHAs MOJEh

(N =2) [5]:

T FQIL agh(in, .. yis)), ecim iy =1,
i1 yeeylsyistl . ) ]
B o 1= F(QCM ajy(in, ..y is)), ecmm isiq =0,

rae F(-) — dbyskuus pacnpenenenns, {1;(-)} — 6asuc, m,{a;} — mapa-
MEeTpHhI.

7. BunoMuasibuas yCJIOBHO HeJIMHEHHAs aBTOPErPECCUOHHAs MOZEb [6]:
) o _ i5+1 is 1 N—ig 1
Piy, . isyisyr = CN 't (1 - @) o,
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O =0(i1,....is) = F(O>_ ajp;(ir,...,is)).
j=1

Bee paccMaTpuBaeMbIi€ MOIAEIN ABJIAIOTCA MaJOTTapaMeTPpUu4YeCKUMUu MO-

Jenamu tieneit MapkoBa BBICOKOTO TIopsanka. Vcnoms3ys MapKoBCKMe CBOM-
CTBA y/IaeTCA TTOCTPOUTH COCTOATEIHHBIE OIEHKHU MTapaMeTPOB MOJEJN U CTa-
TUCTUYECKHE TE€CThI IPOBEPKH T'MIOTE3 O 3HAYECHUAX NapaMeTpPOB MOJEIIH.

Teoperndeckue pe3ysbTaThl UILTIOCTPUAPYIOTCS KOMIBIOTEPHBIME JKCIIe-

PVUMEHTAMW.

Chnucok jurepaTrypsbl
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Tosorusi. Munck: BI'Y, 2013.

Kharin Yu. Robustness in Statistical Forecasting. N.Y.: Springer, 2013.

Kharin Yu., Voloshko V., Medved FE. Statistical estimation of
parameters for binary conditionally nonlinear autoregressive time
series // Mathematical Methods of Statistics. 2018. 27 (2).

Xapun ). C., Boaowxo B. A. BunHoMuanbHasi yCIOBHO HETUHEMH-
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O BTOPHBIX CTeNeHdX BepPIINH
KOH(UrypamnoHHoro rpada

E. B. XBopocrsnckas

VHCTUTYT IPUKIAIHBIX MaTeMaTudeckux uccaenosanuii KapHIT PAH,
ITerposaBonck, Poccus

E-mail: cher@krc.karelia.ru

PaccmarpuBaercs koudurypamnuonusiii rpad, cogepxkammit N BepiiuH,
3aHyMepoBaHHBIX duciaamu oT 1 10 N. Cremnenu BepiinuH KOH(MUTY PAITHOHHO-
1o rpada SBIAIOTCS HE3ABNCUMBIMHU OJMHAKOBO PACTIPEIETIEHHBIMA CJTydaii-
HbBIMU BEJIMYWMHAMMU. STI/I Cﬂy‘{aﬁHbIe BEJIMYUHBI 3a1a0T YUCJIO BBIXOAATINX
U3 KaXKIOW BEPINUHBI MOJIypedep, T.e. pebep, [Jisi KOTOPBIX eIle He OMpe-
JIeTIeHbI WHITUIEHTHBIE UM BTOpBIE BepInuHbL. [locae onpenenenus cremneHei
BEPINWH MOJTypPeOpa PABHOBEPOATHO COENMHSIOTCsI, 00pa3ys pedpa. B cmy-
Jae, KOrJa CyMMa CTeleHeil BceX BEepINUH HeYeTHa, J0DABISeTCs eIne OJHA
BEPIIIMHA CTEIEeHU CTEIIEHU 1, YTO HE BJIUSET HA aCUMOTOTHYECKUE CBOMCTBA
rpada. 3 nocrpoenus rpada Caemayer, 9To0 OH MOKET COIAEp>KaTh TETIN U
KpaTHBIE pedpa.

IToxm BTOPO#i CTEMeHBI0 MPOU3BONBHON BepIIMHBI A KOHMUTYPAIMOHHO-
ro rpada MOHEMaeTcs ciydaiinas semmanaa (2 paBHas cymMme cremeneit
BEpIIUH, CMEXKHBIX C BepInHoil A, 6e3 yuera pebep, uaynmx K A.

Jnsa koudurypannoHHoro rpada, crernenu BepInuH 1y, . . . , 1)y KOTOPOro
nmeroT pacnpegenenne [lyaccona ¢ mapamerpom A > (0

)\k

P{m:k}zﬁe_A, k=0,1,2,...,i=1,...,N

[IOJIy4eHO cleyloliee yTBepXKIeHUe.

)

Teopema 1. ITpu N — oo npoussodawasn pynxyus F(z) caywatinot seau-
wuno, 72 pasra

(© XBopocrsuckas E. B., 2019
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20e
—adsk—1(})

Sl(A) = )\B_Aekeik, S = e m,

k=23,..., (1)

a npedeavhoe pacnpedesenue cayuaiimoti seauwunse 12 3adaemes pasen-
CMEamMu

_ ko=
P {77(2) _ } Y ( *71)7 P {77(2) _ k} - )\%Sk(A), k> 1,
20e s (\) onpedenenv 6 (1).

B pa6ore [1] nzyuanncs kondurypanmonusie rpadbl, B KOTOPBIX CTENEHH
BEpIINH 7)1, ..., 7N UMEIOT pacupelaesIeHne

P{ni=k}=p>0, k=1,2,..., i=1,...,N (2)
Takoe, 910 npu k — 00

d

~———— h>0,g>1, h 1, d>0.
PE" Lo k) 0, g +9> >0

g Takux KOHGUIYpPAIMOHHBIX T'PaGhOB CIPABEIINBO CJIEIYIOIIEE YTBED-
KJEHUe.

Teopema 2. ITpu N — oo daa npoussodawed dynrkyuu F(z) emopot
CMeneny 6epuiutb, KOR@Pueypayuonnozo epada c pacnpedesenuem cmenered
sepuun (2) npu g > 7/3 66inosneno paseHcmeo

_ o (B

ede Fi(z) =S puz®, Fi(2) = 3 kppzF—L.
k=1 k=1

Crmcok aurepaTypsbl
[1] asaos FO. JI. Ycnorubie kouburypaunonubsie rpadnl co ciaydaittbiv

TMapaMeTpoM CTETEeHHOTO pacTpeesenns crerneneii // Maremarnuecknii
cbopruk. 2018. 209(2). C. 120-137.
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OnTuMaabHBI MONCK C BEPOATHOCTHIO
ONIMOKN pacIIO3HABAHUMA
1. A. Yepnos, E. E. Uramnko

VHCTUTYT IPUKIAIHBIX MaTeMaTudeckux uccaenosanuii KapHIT PAH,
ITerposaBonck, Poccus

E-mail: chernov@krc.karelia.ru, ivashko@krc.karelia.ru

B jmoknazme o6Cy»KIA0TCS PA3TUYHBIE MTOCTAHOBKY CIEAYIOMEH 3312490
JIUCKPETHOTO HEHAJIesKHOro noucka. ViMeercs GECKOHEYHOE YHCII0 TPOHYMe-
POBAHHBIX YPH, COAEPKAILIUX CyMMAapHO KOHEYHOE YMCJIO MIapOB, HEKOTO-
pble U3 KOTOPBIX TTOMe4ueHbl. VI3BIeKaeMblit 13 ypPHBI 1MIap U3y9aeTcst; HETo-
MeYeHHBbIE TMapbl PACTO3HAIOTCS BEPHO M MEPEMEIIAIOTCS CJIEIYIONIYIo TI0
CYeTy ypHYy. 3aTpaThl HA MCCIEJOBAHNE IAPA W3BECTHBI U MOTYT 3aBUCETH
OT HOMEepA Iapa U/WK yPHbBI; B IIPOCTEHINEM CJIydYae OHU DABHBI €UHUIIE.
ITomedenmbIit map MoXkeT ObITH HE OMO3HAH M OMHUOOTHO TIEPEMEITEH B CJie-
AyIOIyIo ypHy. BeposTHOCTh OMMOKM N3BECTHA ¥ MOYKET 3aBUCETH OT IMapa
u/vuan ypHbl. [IpaBUIbHO PACTIO3HAHHBIH MOMEUEHHBIH MTap OTKJIAIBIBAETCS
B cropony. llesp — HaiiTH BCe MOMEYEHHBIE TITAPHI C JOCTATOYHO BHICOKOI Be-
POSITHOCTHIO U ¢ MUHUMATHHBIMU B CDEIHEM 3aTPATAMU, BLIOUPAsT YPHY J1JTsd
U3BJIEYEHUS OY€PETHOTO [Iapa Ha OCHOBE AHAJIN3A PACTIPEIEIEHHUS [IIAPOB 110
ypHaMm. Kpome Toro, rpebyercst OUEHUTh CPEIHUE 3aTpaThl Ha OOHAPY KEHUEe
3a/[AaHHOIO KOJIMYECTBA, [IOMEYEHHbBIX 111aPOB.

Ilepeuncanm 9acTHBIE CIyYand 33A4MU:

o CTOMMOCTD M3yYEHUs IIAPA PABHA eIWHUIIE, TOMEYEHHBIH Iap eInH-
CTBEHHBIN, BEPOSITHOCTD OMIUOKH MOCTOSHHA.

e Te ke ycyiOBuUsi, HO TIOMEYEHHBIX IIIAPOB HEKOTOPOE U3BECTHOE YUCJIO.

o KosmdecTBO OMEYeHHBIX MTAPOB HEM3BECTHO, TPEOYETCs HAWTHU BCE C
BEPOSITHOCTHIO HE HUXKE 33JIaHHOTO 1OpOora.

e BepositHOCTH OMMOKYM 3aBUCUT OT yPHBI; B YACTHOM CJIyYae YnCJIo yPH
KOHEYHO M B TOCJIeHeH OMMOKa NCKII0YeHA.

o TpymoeMKOCTh M3ydeHus Mapa 3aBUCHAT OT ero HOMEPA W OT YPHBI, B
KOTOPOH OH HAXOJIUTCH.

(© Yepuos U. A., Usamko E. E., 2019
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Mbi 10Ka3bIBAEM ONTUMATBLHOCTH CTPATErHH, COCTOSIIENH B HCYEPIAHUT
HEILyCTON ypHbI C MUHMMAJIbHBIM HOMEPOM, HE3ABUCUMO OT PaCIpeJie/IeHUs
IIAPOB, JIJIst TPOCTEHIeil TOCTAHOBKHY, 8 TAKYKE BBISBJISIEM YCJIOBHUS, TTPU KO-
TOPBIX 3TA CTPATETHUS OCTACTCS ONMTUMATLHON B DOJIEe CIOKHBIX BADUAHTAX.
Tak, oHa ONTUMANbHA TaKXKe JJisi 3a7a9M, B KOTOPOil W3 BHIOPAHHON yp-
HBI TIap W3BJIEKAETCS] HECTYyYailHO, a CTOMMOCTh €r0 U3y4YeHUs BO3PACTAELT
IO OTHOIIIEHWIO K HOMEPY Ilapa " y6BTBa€T IO HOMEPY YPHbI HE CJIUTITKOM
OnIcTpo. OnTUMAIBHA OHA W I KOHEYHOTO YMCJIA YPH TPU YCJIOBWUH, YTO
OHO JTIOCTATOYHO BeJIMKO. I10Ka3aHO, 9TO BO3ZMOKHBI «APAJOKCAIBHBIEY DE-
3yJABTATHI, HATPUMED, ONTUMATHHOCTh CTPATErHU «M3ydaTh BCEr/Ia OJWH U
TOT K€ IMap» IpH OBICTPOM YOBIBAHWH TPYJIOEMKOCTH M3yIeHHUSA KaK (PYyHK-
M1 HOMEpa ypHBI (OIHAKO TIOJIHAS TPYAOEMKOCTh MPHW 3TOM KOHEYHA).

HOJIy‘IeHbI AHAJIMTUYECKUE BbIPDA?KEHUA J1JId ONTHUMAJIBHOIO CpeaHero
YHCJIa U3YUEHHBIX ITapoB H, B 6osiee 00IIEM ciayyae, TPYI0EMKOCTH TOWCKA.
OTaenbHO PACCMOTPEH MPAKTUYECKM BAXKHBIN CIIydail, KONJAa M3HAYAILHO
BCe MIAPBI COCPEJOTOYEHBI B MEPBON ypPHE — TOTJIA MPU ONTHMATBLHOM I0-
HCKE HEIyCThl MOTYT ObITH JIUIIb [EPBBIE ABEe ypHBL. [IpuBeseHbl pe3yibra-
ThHI YUCJIEHHBIX IKCIIEPUMEHTOB, B TOM YHMCJI€ CPDABHUBAIOIINE OTITUMAJIBHYIO
CTPATETWIO C AJbTEPHATUBHBIMU.

OO6cyzkIar0Tcs TaKKe MPUIOKEHUsT 33/1a9u, TPeXkKJIe BCero B 001acTu
pAaCIpeIe/IeHHBIX BBIYUCTICHUA.
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O HEOOXOAMMBIX YCJIOBUAX
aJaredpamviecKoil anmpoKCUMAIIANT
CJIyYalHbIX BEJINYUH
HAa KOHETHOM MHO>KECTBE

AL . Amryacknmit

WNucrturyr npukaagmnoi maremaruku um. M. B. Kenasina PAH, Mockga,
Poccusa

E-mail: yashunsky@keldysh.ru

B maremarnyeckoit KubepHETHKE JOCTATOYHO JABHO PACCMATPUBAETCS
3a/1a4a BBIPAYKEHUS MTUCKPETHLIX CIYYalHbIX BEJUYUH B BHJE ajredpande-
CKMX KOMOMHAIIUN C/Iy9aflHbIX BEJMYWH C 3aJaHHBIMU PACIPEICTCHUIMU.
Tax, nanpumep, P.JI.Cxupraaaze nokaszan [1], uro, noucrasisisi He3aBucu-
MBbI€ OJIMHAKOBO PACIpEIe/IeHHbIe OEPHYJIINEBCKUE CIyUANHBIE BEJTUINHBI B
Oy1eBbI (DYHKINH KOHBIOHKITUHH, TU3HIOHKIIMYA ¥ OTPUIIAHUS, MOXKHO TIOCTPO-
UTH CIyYallHYI0 BEIMYUHY, PACIPEIETEHNe KOTOPOH CKOMb YIOJHO OJIM3KO
K JII000My Hamepes 33JIaHHOMY OepHYIHEBCKOMY pacupenenenuio. Hacro-
siiasi paboTa MOCBSILEHA JaJIbHENIIeMy UCCJIEI0BAHUIO YCJIOBUM, TIPU KO-
TOPBIX CHCTEMA AJTeOPANYECKUX OTMEPAINil HAJ, CIYIANHBIMYU BETHNINHAMY
MO3BOJISIET ANMTPOKCUMHUPOBATH CIYUYAWHYIO BEJIUYUHY C JIIOOBIM PACIIpEIe-
JIEHUEM.

O6osnaunm Ej = {0,1,...,k — 1}. Bynem paccmarpuBath ciydaiiHbie
BEJIMYMHBI CO 3HAYEHUsIME B MHOXKecTBe Fj. Pacmnpenenenne Takoii ciygaii-
HO#l BEJIMYMHBI — BEKTOD P = (P, - .., Pk—1), YAOBIETBOPSIOIIUI yCIOBUIM
> pi=1,p; >0upuBcex i =0,...,k— 1. BceBo3amoxKHbIe pacipeeineHus
obpasyior B R¥ cummueke, Gyuem obosnagsars ero S) | a ero seprmmb —
e, ..., el L.

o0

IMomoxxum Py (n) = {f(z1,...,2,): E} = Ex} u Py = Ul Py(n).

n=

IIycts X4,...,X,, He3aBUCHMBIE B COBOKYITHOCTHU CIy4YailHbIE BETUYH-
HBEI O 3HAYeHHAMHA B F), ¢ pacupeeneHaaMu pl, ..., p" COOTBETCTBEHHO,
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nycrb f(z1,...,2,) € Pe(n). Torma Y = f(X4,...,X,) — ciyqaitnasg Benn-
YrHa C pacupeaejieHneM q, KOMIIOHEHTHI KOTOPOro MoryT 6BITB BbIYUCJIEHBI
CEIYIONIAM 00PaA30M:
— E 1 n
ql = pg’l ...pon’.

0'1,...70'716Ek:'
f(o1,e,0n)=t

DTH PABEHCTBA OIPELEIAIOT BeKTOP-DYHKIHIIO | : (8 — 8 3a1am0-
Y10 TTPeodpa30BaHIe paclpeneeHuii q = f (pt,...,p"). Jlas MHOKecTBa
B C Py nonoxum B = {f | f € B}.

Mycrs G C S*). O6osnaunv wepes Wp(G) manvennsiiee mo BKIOUYe-
"o momMHOMKecTBO MHOKecTBa SF) | comepikamiee MmoxecTBo G, 3aMKHY-
TOE OTHOCHTETBHO IPUMEHEHHS ONepanyii u3 B 1 comeprkaree Bee CBOH IIpe-
nembabie Toukn. Comepxartensrao Wi (G) cOCTOUT W3 BCEX pACTIPEIETCHUH,
KOTOPBIE MOTYT OBITH CKOJIb YTOIHO TOYHO AIIPOKCUMHUPOBAHBI IIyTEM IIPH-
mMeHernst (BO3MOXKHO MHOTOKPATHOTO) (hyHKIMI N3 MHOKeCTBA B K He3aBM-
CAMBIM CJIyYaiiHbIM BEJIWYUHAM C PACTIPEICICHUSIMA W3 MHOKECTRA, G.

Byznem roBoputhb, 9to cucrema (GyHKIUE B annpokcumauyuonHo nos-
na, ecim maiinercs rakoe muoxkectso G C S\ {e0,... e 1} |G| < oo,
aro Wi(G) = S™). B naumoii pabGore ycTaHABIHBAIOTCS HEKOTOPbIE HEOD-
XOZIMMbBIE YCJIOBUST anMTPOKCUMAIIMOHHO TTOJTHOTHI, 00600IIAIoIe HallIeHHbIe
panee ycsioBust st cucrem Gynkumit uz Py (cm. [2, 3]).

Jlajiee UCTIOIB3YIOTCS CIeAyomme o0o3HaueHnst. MHOXKeCTBO (DyHKITWH,
BBIPA3NMBIX CYNEPIO3UIMAMA HaJl cucreMoil B, obo3nadaercs [B] (moapob-
uee cM. [4]). ®ynkuuu uz Py (1), paBubie koucrauram 0, 1,. ..,k — 1 o6o3na-
4aloTCA 4epe3 Cg, .. .,Ck_1 COOTBeTcTBeHHO. Uepes Sy o003HAYaeTCA MHO-
xkecrBo byHkuuit u3z Py (1), siBASIOIMXCS 1€DECTAHOBKAMU HA MHOYKECTBE
Ey.. Ona G € 8™ wepes Conv(G) obo3nawaeTcs BLITYKIas 060109Ka MHO-
xecTBa G.

g dyakuuu f(zq,...,x,) € Py nonoxum

Uz(f) = {f(Oéh. ey O 1, T, Oy 70[71,1) | (0417. .. 7Ozn,l) (S ngl}'

Ouesnzno, aro U;(f) C Pg(1). Orobpaxenne o: P, — N Gynem Ha3b-
BaTb UHIEKCHbIM, eciu Jid 060l byukuuu f(x1,...,x,) € Py BblnoaHeHo
o(f) €{1,...,n}, 1.e. o conocrapnsier kaxmoi GYHKINN KAKOH-TO HOMED
ee TIepeMEeHHOM.

I[Iycts B C P, u 0 HEKOTOpPOe WHAEKCHOe oToOpazkenwue. [Tonoxum:

Uq(B) = | | Usir)(F)

feB

122



Nwmeer MecTo ciemyromasi TeopeMa.

Teopema 1. Tyems G C 8%, B C P, u 0 — nekomopoe undexcroe omoo-
pasicenue. Honoorcum H = Conv({P(g) | ¢ € Us(B),g € G}), mozda
Wgp(H)=H.

C noMoIiso TeopeMbl 1 TOKA3BIBAETCS CIEYoIee HEOOXOIUMOe YCIOBUE
ANMPOKCUMAIIMOHHOM TOJTHOTHI.

Teopema 2. ITycmv B C Py, annpoxcumayuonto nosna. Tozda das a106020
underchozo omobpasicerus o evnoaneno Uy (B) 3 co, ..., Cr_1.

13 310r0 00IIEro yClIoBUsI MOXKHO BBIBOIUTH DOJIEE CIENUAJILHBIE YCJIO-
BUsI, PACCMATpPUBAag pasiudHble moaMHOXKecTBa P (1), 3aMKHYTbIE 110 Cy-
Mepro3uiiui. B 9acTHOCTH BBITIOIHEHO CJIEIYIONIEe YTBEPXK ICHHE.
Caencteue 1. ITycmoe B C P, annpokcumayuonto noana. Tozda natidem-
ca makas gynkyus f(x1,...,2,) € B, wmo U;(f) € Sk npui=1,...,n.

Vcrnonb3yst yCTaHOBJIEHHBIE YCIOBHS, MOYKHO TIPUBECTH PaHee HEU3BECT-
HBIH IpuUMep CHCTeMbl QYHKIHH u3 P, 3aBeJOMO He sIBJSIONIEHCS ammpoK-
CUMAIIMOHHO ITOJTHOM.

CaencrBue 2. IIycmo xaorcdas dynkyus f(xq,...,z,) € B C Py nped-
cmasasemes 6 eude x; + f'(x1,...,Ti—1,Tit1,...,Tn) mod 2 das Hexomo-
pozoi=1,...,n. Toeda B He A6aaeMCA ANNPOKCUMAYUUOHHO TLOAHOT.

HUccnenoBanne BLITOMHEHO Mpn (PUHAHCOBOH mogaepxkke POOU, npoekT

Nel18 01 00337.
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