On a reserved territory approach for a resource management problem^1

Vladimir V. Mazalov^1, Anna N. Rettieva^2

1Institute of Applied Mathematical Research Karelian Research Center RAS, Pushkinskaya str. 11, Petrozavodsk, 185610, Russia.

E-mail:vmazalov@krc.karelia.ru 2Petrozavodsk State University Lenina str. 33, Petrozavodsk, 185640, Russia.

E-mail: annaret@st.karelia.ru

Abstract. We consider the approach for a resource management problem with a reserved territory. The optimal values of parameters are obtained. The numerical modelling for various kinds of payoffs determining a share of prohibited area of reservoir’s territory is carried out. Keywords: resource management problem, numerical modelling.

1. Introduction

A dynamic game model of bioresource managment problem (fish catching) is considered. The centre (state), which determines a share of prohibited for catching (reserved) area of a reservoir, and players (fishing firms), which make fish catching are the participants of this game. Each player is independent decision maker, being guided by maximization of the profit of fish sale. In traditional statement (see Clark, 1985, Ehtamo and Hamalainen, 1993, Hamalainen, Kaitala and Haurie, 1984, Haurie and Tolwinski, 1984, Tolwinski, Haurie and Leitmann, 1986 ) center’s task is catch regulation by introduction quotas on fishing. In the given work center’s task - choice of optimal share of reserved territory for maintenance of stable population development in a reservoir in long-term prospect and possible fishing level’s definition, sufficient for demand satisfaction.

2. Game model for one player

Let us consider the center which determines a share of reserved area of a reservoir, denoted by s, 0 ≤ s ≤ 1. Share, on which fishing is allowed, is equal to 1 − s accordingly. We consider the player’s strategy which exploits the fish stock during T time periods. The dynamics of the fishery is described by the equation:

x^′(t) = F (x(t)) − qE(t)(1 − s(t))x(t), 0 ≤ t ≤ T, x(0) = x_0 , (1)

where x(t) ≥ 0– size of the population at time t; F –natural growth function of the population; E(t) ≥ 0– firm’s fishing efforts measured by the number of vessels involved in fishing at time t, s(t)–share of prohibited for fishing (reserved) area of a reservoir and q > 0–catch-ability coefficient related to the unit fishing effort of the firm.

Assume, that population evolves in accordance with Ferhulst model of the form: F (x) = rx(1 − x/K) , where r–the intrinsic growth rate, and K–maximal natural object capacity.

Then player’s profit is of the form:

J = g(x(T ))+ + T∫ 0 e^{−ρt}[Π(q, s(t), x(t), E(t)) · qE(t)(1 − s(t))x(t) − c^0E(t)]dt , where ρ–discount rate, c^0–catching costs for one vessel and Π–price function, specified as Π(q, s(t), x(t), E(t)) = p − kqE(t)(1 − s(t))x(t), p, k > 0 . Function g(x) describes the salvage value of the stock at time T and g^′(x) ≥ 0, g^{′′}(x) ≤ 0 . 1 The research was supported by the Russian Fund for Basic Research (project 01-01-00126).

We are interested in the optimal solution of the following problem: { max(J(E(t))) , where x(t) is define from (1) . (2) Theorem 1. Let E^∗(t), x^∗(t), λ(t) satisfy the equation (1) and next equalities are fulfilled

E^∗(t) = (b − qλ(t))(1 − s(t))x^∗(t) − c a(1 − s(t))^2x^∗(t)^2 , 0 ≤ t ≤ T , λ^′(t) = −E^∗(t)(1 − s(t))(b − aE^∗(t)(1 − s(t))x^∗(t))− − λ(t)(F^′(x^∗(t)) − qE^∗(t)(1 − s(t))) , 1 ≤ t ≤ T , λ(T ) = g^′_x(x^∗(T )) .

Then E^∗(t) – solution of the problem (2).

Numerical modelling of the problem for various kinds of the function s(t) is carried out and the optimal values of E^∗(t), x^∗(t), λ(t) are obtained.

We examine the following functionals determining center’s gain: 1. I_1 = − T∫ 0 (x(t) − x̄(t))^2dt , where x̄(t)–size of the population which is optimal for reproduction. In this case I_1 is center’s costs for population’s reconstruction. The rest of functionals types can be: 2. I_2 = − T∫ 0 (U (t) − x̂(t))^2dt ,

3. I_3 = − T∫ 0 |U (t) − x̂(t)| · α · Π(q, s(t), x(t), E(t))dt , where U (t) = qE(t)(1 − s(t))x(t)–player’s catch at time t, x̂(t)–consumer level determinated by demand, Π(q, s(t), x(t), E(t)) = p − kqE(t)(1 − s(t))x(t), p, k > 0 . In these cases center’s profit is considered as costs for demand satisfaction, expressed in case c) in monetary units, taking into account transport costs.

For various kinds of the function s(t) the values of J, I_1, I_2 and I_3 are found. Among solutions determined by these payoffs, which compose the Pareto-optimal class, Nash equilibrium solution is obtained. Also Kalai- Smorodinsky equilibrium is defined (see Kalai and Smorodinsky, 1975).

3. Game model for two players

The case with two players (fishing firms) is considered. Here the dynamics of the fishery is described by the equation:

x^′(t) = F (x(t)) − q_1E_1(t)(1 − s(t))x(t) − q_2E_2(t)(1 − s(t))x(t), 0 ≤ t ≤ T, x(0) = x_0 , (3) where x(t) ≥ 0– size of the population at time t; F –natural growth function of the population;E_i(t) ≥ 0, i = 1, 2 – firm’s fishing efforts measured by the number of vessels involved in fishing at time t, s(t)–share of prohibited for fishing (reserved) area of a reservoir and q_i > 0, i = 1, 2–catch-ability coefficient related to the unit fishing effort of the firm.

In this case the player’s profit is of the form:

J_i = g_i(x(T ))+

+^T ∫ 0 e^{−ρi t}[Π_i(q_i, s(t), x(t), E_i(t)) · q_iE_i(t)(1 − s(t))x(t) − c^0_i E_i(t)]dt , where ρ_i–discount rate, c^0_i –catching costs for one vessel and Π_i–price function, specified as Π_i(q_i, s(t), x(t), E_i(t)) = p_i − k_iq_iE_i(t)(1 − s(t))x(t), p_i, k_i > 0 . We are interested in the optimal solution of the following problem: { max(μ_1J_1(E_1, E_2) + μ_2J_2(E_1, E_2)) where x(t) is defined from (3) , (4)

for some μ_1, μ_2 > 0, μ_1 + μ_2 = 1 As in the case with one player optimal solution can be determine using next statement.

Theorem 2. Let E^∗_1 (t), E^∗_2 (t), x^∗(t), λ(t) satisfy the equation (3) and next equalities are fulfilled

E^∗_i (t) =

(b_i − μ^{−1}_i q_iλ(t))(1 − s(t))x^∗(t) − c_i a_i(1 − s(t))^2x^∗(t)^2 , 0 ≤ t ≤ T ,

λ^′(t) = −^2 ∑ i=1 μ_iE^∗_i (t)(1 − s(t))(b_i − a_iE^∗_i (t)(1 − s(t))x^∗(t))−

− λ(t)(F^′(x^∗(t)) −^2 ∑ i=1 q_iE^∗_i (t)(1 − s(t))) , 1 ≤ t ≤ T ,

λ(T ) = 2∑ i=1 μ_ig^′_{ix}(x^∗(T )) . Then E^∗_1 (t), E^∗_2(t)– solution of the problem (4).

Numerical modelling of the problem for the various kinds of function s(t) is carried out and the optimal values of E^∗_1 (t), E^∗_2 (t), x^∗(t), λ(t) are obtained.

For various kinds of the function s(t) the optimal values of the similar to the case with one player functionals J_1,J_2, Ī_1, Ī_2 and Ī_3 are received. Among solutions determined by these payoffs, which compose Pareto-optimal class, Nash equilibrium solution is obtained. Also Kalai-Smorodinsky equilibrium is defined.

4. Modelling of the general case

In the general case s(t) can be an arbitrary function. The modelling of the variant in which the center can change the share of prohibited for catching area of a reservoir one or more times at an arbitrary time moment is conducted.

Let us denote the moment, when the center can change it’s policy – t^∗, a share of reserved area of a reservoir on the interval [0, t^∗) – s_1(t), and on [t^∗, T ] – s_2(t). As an example you can see the modelling of this case with an arbitrary uniformly distributed functions t^∗, s_1(t), s_2(t) on Fig.1.

Acknowlegments. The authors thanks to V. V. Selyutin and S. V. Berdnikov for useful discussions on the subject.

References

Clark, C. W. (1985). Bioeconomic modelling and fisheries management. Wiley, New York, NY. Ehtamo, H. and R. P. Hamalainen (1993). A cooperative incentive equilibrium for a resource management problem. J. of Economic Dynamics and Control, 17, 659–678.

Hamalainen, R. P., V. Kaitala and A. Haurie (1984). Bargaining on whales: A differential game model with Pareto optimal equilibria. Oper. Res. Letters, 3(1), 5–11.

Haurie, A. and B. Tolwinski (1984). Acceptable equilibria in dynamic games. Large Scale Systems, 6, 73–89. Kalai, E. and M. Smorodinsky (1975). Other solutions to Nash’s bargaining problem. Econometrica, 43(3), 513–518. Tolwinski, B., A. Haurie and G. Leitmann (1986). Cooperative equilibria in differential games. J. of Mathematical Analysis and Applications, 119, 182–202.

Fig. 1. Values of I3 and J x(0) = 150000 x̂ = 2500

Nash equilibrium achieve at t^∗ = 95 s1(t) = 0 s2(t) = 0.7 I3 = −2444747.669 J = 309403975

On the plot the point of Nash equilibrium is denoted by full circle and the point of maximin payoffs – by X.