Extension of Bruss’ problem to chosing the best or the
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Abstract. In this paper the extension of the secretary problem with ran-
dom number of objects is considered. In this continuous-time generalization
the objects appear according to the Poisson process with unknown intensity
assumed to be exponentially distributed. The model of such stream of op-
tion has been presented by Bruss (1987). Here it is assumed that the aim of
the decision maker is to choose the best or the second best candidate. The
solution is compared with the asymptotic behaviour of the related problem
when the deterministic number of candidates is tending to infinity.
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1. Introduction

The standard secretary problem and its versions was solved by Gilbert at al. (1966).
Generalizations were presented by Ferguson (1989) and Samuels (1991). Refor-
mulation of the sectretary problem as the optimal stopping problem of a Markov
sequence is given in Dynkin at al. (1969) and Shiryaev (1978). Version of the
problem for a random number of object in a finite time interval was investigated by
Cowan at al. (1978). Another approach to the problem with the random number of
object was presented by Presman at al. (1972). Bruss (1987) extended the model
by using a compound Poisson process. Ano (2001) analyzed multiple selection for
Presman and Sonin version of problem.

Bruss (1987) studied a continuous-time generalization of the secretary problem:
A man has been allowed a fixed time 7" in which to find an apartment. Opportunities
to inspect apartments occur at the epochs of a homogeneous Poisson process of
unknown intensity A. He inspects each apartment immediately when the opportunity
arises, and he must decide directly whether to accept or not. At any epoch he is
able to rank a given apartment amongst all those inspected to date, where all
permutations of ranks are equally likely and independent of the Poisson process.
The objective is to maximize the probability of selecting the best apartment from
those (if any) available in the interval [0, 1.

In this paper we investigate a version of Bruss’ problem. The difference is in the
goal function. In Section 2. we formulate and in Section 3. we analyze a case when the



objective is to stop on the best or the second best object (apartment). We give the
optimal strategy and the value (probability of success). Relations of the asymptotic
solutions (when the number of objects tends to infinity, see Gilbert at al. (1966))
is given.

2. The problem of optimal stopping for option arriving according
compound Poisson process

Let Si, S, ... denote the arrival times of the Poisson process {NV; };>0. For unknown
intensity A an exponential prior density g(\) = ae~**{,50}()) is assumed, where a
is known, positive parameter. By Bayes’ theorem, the conditional posterior density
is of the form
FAIS; =) = f(AISj = s,5j-1=sj-1,...,51 = 51)
A _
= ?(S + a)j+167(s+1)>\ﬂ{/\>0}(/\)a s e [07 T]

(see Karlin (1966) and Bruss (1987)).
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Let (j,s) denote the state of the process, when the option number j arrives at
time s. Define the relative rank of the j-th option by Y; and its absolute rank by X;
(for the details see Suchwalko at al. (2002)). Based on observation of the relative
ranks and the moments of arrivals of the candidates the aim is to stop on the best
or on the second best.

Let Fy = o{N, Y1, Y, ..., Yy, } and let 9 be the set of all stopping times with
respect to o-fields {F; }i>o0.

P(X;- € {1,2)) = sup P(X € {1,2}) 2)

One can consider the arrival times only and F,, = o{S1,...,5:,Y1,..., Y.},
because F; for S, <t < Sp,41 is equivalent with F,,. We can consider equivalently

P(Xo- €{1,2}) = supP(X, € {1,2}) (3)
3. Solution of the problem of stopping on the best or on the second
best
For further consideration we have &; = (4, 5;,Y;). Let us define

Wi (s) = j‘gP(Xr €{1,2}S; =sY;=1) (4)
and

U5(6) = 3 PUX; € (1.2}, N(T) = 1l = 5., = ).
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We have (see Gilbert at al. (1966))

ji@”_jl_l) for r =1,
P(X; € {L2LN(T) =nlY; =1) = ¢ 50t (5)
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We calculate U7 (s) using (5) and (1):
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Define the probability of realizing the goal doing one step more starting from
(j’ S’ T)
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Gryrn (80, A) = P(Vig = 14|V = 15,55 = 8, Sjp = s +w, ) (7)

(j+k)(jikfl)(j+k—2) for rj,rj4r € {1,2}.
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By the theory of optimal stopping we have

Wi(s) =max{U](s),V](s)} for j =1,2,..., s €[0,T], r € {1,2}. (8)
We have (see Bruss (1987)) for rj, 71 =1
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Let B be the one-step look-ahead stopping region. It means that B is the set
of states (7, s) for which selecting the current relatively best or second best option
is at least as good as waiting for the next relatively best or second best option to
appear and then selecting it. Define additionally the average payoff for doing one

step more by
T-s 2 o0
k,u,t
:/ SN T pEEIUL, (s + w)du (11)
0 t=1 k=1

Therefore the set B is given by formula
B ={(j,s,r): Uj(s) = R(s) > 0,r = 1,2} (12)
This set can be divided into two parts
B = Bi(a,8)UBi12(8,1) = {} U {} (13)

In order to find the set By 2(0,1) we are solving the inequality from (12). Let
us define

(5te)? forr =1,
hi(s) =Ur(s) — R (s) = ¢ JTha/ sta
i(5) j () 3(5) {3(Tia)2—2Tiaforr:2.
Then
Bl,2(67 1) = {(.]757t) (te {1a2}a3 Z 5*}7
where -
s* = min{s : a4 > —} (14)

We have § = 2. To find the set By («, ) we calculate hl(s) for s < s*. We have
3 j
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For 2 = 2% and y = 52 we get that h}(s) takes the form
hj(s) =x(2—z) — 233111% +az(y —z) — 22(1 — y). (15)

From the definition of s* (see (14)) we have y = 8 = 2. Solving the equation (15)
we get z = o = 0.347.

4. Conclusion

We have given the optimal strategies for a version of the Bruss’ problem. The
optimal strategy has the threshold form. There are similarities between optimal
strategy for this problem and the secretary problem with number of objects tending
to infinity. The constants o and 3 are equal.



References

K. Ano, Multiple selection for problem from presnan and sonin, Sci. Math. Jap. 53 (2001),
335 — 346.

F. Thomas Bruss, On an optimal selection problem of Cowan and Zabczyk, J. Appl. Prob.
37 (1987), 918-928.

R. Cowan and J. Zabczyk, An optimal selection problem associated with the Poisson pro-
cess, Theory Probab. Appl. 23 (1978), 584 — 592.

E.B. Dynkin and A.A. Yushkevich, Theorems and problems on Markov processes, Plenum,
New York, 1969.

T.S. Ferguson, Who solved the secretary problem?, Statistical Science 4 (1989), 282-296.

J.P. Gilbert and F. Mosteller, Recognizing the maximum of a sequence, J. Amer. Statist.
Assoc. 61 (1966), no. 313, 35-73.

S. Karlin. A first course in stochastic processes. Acad. Press, New York, 1966.

Eh.L. Presman and I.M. Sonin, The best choice problem for a random number of objects,
Theory Probab. Appl. 18 (1972), 657-592.

S.M. Samuels, Secretary problems, Handbook of Sequential Analysis (B.K. Ghosh and P.K.
Sen, eds.), Marcel Dekker, Inc., New York, Basel, Hong Kong, 1991, pp. 381-405.
A.N. Shiryaev, Optimal stopping rules, Springer-Verlag, New York, Heidelberg, Berlin,

1978.
A. Suchwatko and K. Szajowski. Non standard, no information secretary problems. Sci.
Math. Jap. Online, 6:423 — 436, 2002.



