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Îáùàÿ çàäà÷à
Äèíàìèêà ÷èñëåííîñòåé âèäîâ â áèîëîãè÷åñêîé ñèñòåìå ïðè ñáîðå óðîæàÿ

â îáùåì ñëó÷àå îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ:




∂x
∂t + divα(µ ◦ x) = D(x) + F (t, α, x, u),

x(t, α) = x0(α),
x(t, α)|α∈∂A = x̄(t, α),∫

T×A

ϕ(t, α, x, u)dαdt → sup
u∈U

.

(1)

Ïàðàìåòð t îçíà÷àåò âðåìÿ, t ∈ T = [t; t] ⊂ R. Âåêòîðíûé ïàðàìåòð α
îáîçíà÷àåò ïðîñòðàíñòâåííûå ïåðåìåííûå, ýòî ìîãóò áûòü è õàðàêòåðèñòèêè
ìîðôîëîãèè, ôèçèîëîãè÷åñêîãî ñîñòîÿíèÿ îðãàíèçìà è ò. ï., α ∈ A ⊂ Rm.
Âåêòîð-ôóíêöèÿ x(t, α) îçíà÷àåò êîëè÷åñòâåííóþ õàðàêòåðèñòèêó êàæäîé
êîìïîíåíòû áèîñèñòåìû, x ∈ G ⊂ H2(T×A; Rn). Ýòî ìîãóò áûòü ÷èñëåííîñòè
èëè áèîìàññû âèäîâ â ñîîáùåñòâå. Âåêòîð-ôóíêöèÿ óïðàâëåíèÿ îáîçíà÷åíà
u(t, α). Ïðåäïîëàãàåì, ÷òî u ∈ U ⊂ L2(T ×A; Rm).

Ìàòðèöà ñêîðîñòåé îáîçíà÷åíà µ = (µjk)n,m
j,k=1. Îïåðàöèÿ ¾div¿ ïðèìåíÿåò-

ñÿ ïîñòðî÷íî. Çíà÷îê ¾◦¿ îçíà÷àåò ïîñòðî÷íîå óìíîæåíèå: µ◦x = (µjkxj)
n,m
j,k=1.

Äëÿ ìàòðèö A = (aij)
m,n
i,j=1 è B = (bij)

n,m
i,j=1 ÷åðåç A∗B = c îáîçíà÷àåòñÿ âåêòîð

c = (ci)m
i=1 ñ êîìïîíåíòàìè ci =

∑n
j=1 aijbji. Äèôôåðåíöèàëüíûé îïåðàòîð

D(x) èìååò âèä

D(x) = (Dj(xj))n
j=1, Dj(xj) =

m∑

k=1

∂

∂αk
[djk

∂xj

∂αk
].

Çäåñü d = (djk)n,m
j,k=1 � ìàòðèöà êîýôôèöèåíòîâ äèôôóçèè.

73



Îò ìàòðèöû-ôóíêöèè µ ìîæíî ïîòðåáîâàòü âûïîëíåíèÿ óñëîâèÿ íà ãðà-
íèöå:

µ(t, α)|α∈∂A = 0,

õîòÿ ýòî íå îáÿçàòåëüíî.
Óñëîâèå(*). Â îáùåé çàäà÷å (1) âñå ôóíêöèè áóäåì ïðåäïîëàãàòü ãëàäêè-

ìè äî íåîáõîäèìîãî ïîðÿäêà. Òàêæå ïðåäïîëàãàåì, ÷òî ðåøåíèå x ∈ H2(T ×
A; Rn) îáùåé çàäà÷è ñóùåñòâóåò äëÿ âñåõ u ∈ U ⊂ L2(T × A; Rm), (U � îò-
êðûòîå ìíîæåñòâî) è ãëàäêî çàâèñèò îò u. Ïðè âñåõ t, α, x ôóíêöèþ ϕ ïðåä-
ïîëàãàåì ñòðîãî âîãíóòîé ïî u, à F � ëèíåéíîé ïî u.

Ïîèñê îïòèìàëüíîãî ðåøåíèÿ
Ìåòîäû ðåøåíèÿ îáùåé çàäà÷è ñòðîÿòñÿ â ðóñëå ðàáîò [1�3]. Ââåäåì âåêòîð-

ôóíêöèþ λ(t, α) ñ óñëîâèÿìè:

λ(t, α) = (λj(t, α))n
j=1, λ(t, α) = 0, λ(t, α)|α∈∂A = 0.

Ñòðîèì ôóíêöèþ Ëàãðàíæà â âèäå

L(t, α, x, u, λ) = ϕ(t, α, x, u) + λ(t, α)F (t, α, x, u).

Óòâåðæäåíèå. Åñëè îáùàÿ çàäà÷à (1) óäîâëåòâîðÿåò óñëîâèþ (*), òî íåîá-
õîäèìûå óñëîâèÿ îïòèìàëüíîñòè ðåøåíèÿ èìåþò âèä:





∂x
∂t + divα(µ ◦ x) = D(x) + F (t, α, x, û),
∂λ
∂t + (µ ∗ ∂λ

∂α )∗ + D̄(λ) = −∂L(t,α,x,û,λ)
∂x ,

x(0, α) = x0(α), x(t, α)|α∈∂A = x̄(t, α),
λ(t, α) = 0, λ(t, α)|α∈∂A = 0,

û(t, α) = arg max
u∈U

L(t, α, x̂, u, λ)

Óïðàâëåíèå ïîïóëÿöèåé
Ðàññìàòðèâàåì îäíîâèäîâóþ ñèñòåìó, ïåðåìåííûå α, u îäíîìåðíû. Êîýô-

ôèöèåíò äèôôóçèè D ïðèíèìàåì ðàâíûì ïîñòîÿííîé âåëè÷èíå. Òîãäà çàäà÷à
(1) ïðèìåò âèä: 




∂x
∂t + ∂(µx)

∂α = D ∂2x
∂α2 + F (t, α, x, u),

x(0, α) = x0(α),
x(t, α) = x(t), x(t, α) = x(t),∫
T×A

ϕ(t, α, x, u)dαdt → sup
u∈U

.

(2)

Çäåñü
A = [α;α], µ(t, α) = µ(t, α) = 0.

Â ýòîì ñëó÷àå íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè èìåþò âèä:
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∂x
∂t + ∂(µx)

∂α = D ∂2x
∂α2 + F (t, α, x, û),

∂λ
∂t + µ ∂λ

∂α + D ∂2λ
∂α2 = −∂L(t,α,x,û,λ)

∂x ,
x(0, α) = x0(α), x(t, α) = x(t), x(t, α) = x(t)

λ(t, α) = 0, λ(t, α) = λ(t, α) = 0,
û(t, α) = arg max

u∈U
L(t, α, x, u, λ).

Óïðàâëåíèå â ïîïóëÿöèè ñ ëèíåéíûì ðîñòîì áåç äèôôóçèè
Êîíêðåòèçèðóåì è óïðîñòèì çàäà÷ó ïðåäûäóùåãî ïóíêòà. Ðàññìàòðèâàåò-

ñÿ çàäà÷à îïòèìàëüíîãî ñáîðà óðîæàÿ â ñëó÷àå, êîãäà α � ëèíåéíûé ðàçìåð
îñîáåé, α ∈ [0; 1]. Äèôôóçèþ ïðè ýòîì íå ó÷èòûâàåì (D = 0). Òîãäà àíàëîã
îáùåé çàäà÷è èìååò âèä:





∂x
∂t + ∂(µx)

∂α = F (t, α, x, u),
x(0, α) = x0(α), x(t, 0) = x0(t),∫

T×A

ϕ(t, α, x, u)dαdt → sup
u∈U

.
(3)

Â äàííîì ñëó÷àå åñòåñòâåííûìè ÿâëÿþòñÿ óñëîâèÿ íåïåðåõîäà ÷åðåç ãðà-
íèöó: µ(t, α) > 0, µ(t, α) 6 0.

Àíàëîãè÷íî ðåøåíèþ îáùåé çàäà÷è ïîëó÷èì çàäà÷ó äëÿ äâóõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ:





∂x
∂t + ∂(µx)

∂α = F (t, α, x, û),
∂λ
∂t + µ ∂λ

∂α = −∂L(t,α,x,û,λ)
∂x ,

x(t, α) = x0(α), x(t, α) = x(t),
λ(t, α) = 0, λ(t, α) = 0,

û(t, α) = arg max
u∈U

L(t, α, x, u, λ).

(20)

Â ïîïóëÿöèîííûõ ìîäåëÿõ (2)�(3) ïðîâåäåíû ðàñ÷åòû. Â ðàñ÷åòàõ ïðè
íåèçìåííîé âíåøíåé ñðåäå ïðîÿâëÿþòñÿ ìàãèñòðàëüíûå (àñèìïòîòè÷åñêèå)
ñâîéñòâà îïòèìàëüíûõ ðåøåíèé, àíàëîãè÷íûå òàêèì ñâîéñòâàì â ìîäåëÿõ
ýêîíîìè÷åñêîé äèíàìèêè. Îòñëåæèâàåòñÿ âëèÿíèå èçìåíåíèé ïàðàìåòðîâ îêðó-
æàþùåé ñðåäû íà äèíàìèêó ìîäåëüíûõ ðåøåíèé.

Ðàáîòà ïîääåðæàíà ãðàíòîì ÄÂÎ ÐÀÍ, ïðîåêò � 06-III-À-01-458.
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