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Definitions

A DFA A = 〈Q,Σ, δ〉 (n = |Q|)

The transition function δ extends in a unique way to
δ : Q× Σ∗ → Q.

We use notation S.w for {q ∈ Q|∃p ∈ S, δ(p, w) = q},
where S ⊆ Q.

The word w is a reset word for A if |Q.w| = 1.

DFA A is synchronizing if there is a reset word for A

The length of the shortest synchronizing word is called
reset threshold of A .
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The problem of reset threshold

Problem RT: given an automaton A , find its reset
threshold.

The problem is FPNP [log]-complete
[J.Olschewski, M.Ummels, 2010].

For a fixed constant C there is no
C · log(n)-approximation algorithm for RT (unless
P = NP ) [M.Gerbush, B,Heeringa, 2011],

even if we restrict ourselves to two-letter automata
[M.Berlinkov, 2013].
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Class of algorithms

SY NCH − SUBSET (k)

Input: Synchronizing automaton A = 〈Q,Σ, δ〉

1. S = Q

2. u = ε

3. Until |S| == 1 do

4. If |S| ≥ k:

5. Choose a set P ⊆ S s.t. |P | = k

6. Else:

7. P = S

8. Choose a word v s.t. |P.v| = 1

9. u = u · v

10. S = S.v

11. Return length of u

RuFiDiM, 15.09.14 – p. 5/17
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Greedy choices

We say that the choice of word v is greedy if for any
other word v′ with the property |P.v′| = 1 we have
|v| ≤ |v′|.

We say that the choice of set P is greedy if for any
other subset P ′ and a word v′ such that |P ′.v′| = 1 there
is a word v such that |P.v| = 1 and |v| ≤ |v′|.

Greedy choices can be done after polynomial-time
computation.
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Approximation ratio

Proof For a given n consider A with Q = {0, ..., n − 1}
Σ = {aX |X ⊆ Q, |X| = k} ∪ {aQ}.

For aX ∈ Σ and q ∈ Q let

δ(q, aX) =

{

min(X), if q ∈ X

q, if q 6∈ X

The shortest reset word is aQ which has length 1.

If for each set P the algorithm chooses the word aP
instead of aQ to merge the states, then only k states are

merged at a time. In this case, the word u that the

algorithm gives has length ⌈n−1
k−1⌉.
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Perfect greedy algorithm

Let the algorithm selects the best set P and the best of
the shortest words and the in terms of minimizing the
length of the result.
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Perfect greedy algorithm

Let the algorithm selects the best set P and the best of
the shortest words and the in terms of minimizing the
length of the result.

We call such an algorithm a perfect greedy.

Perfect greedy choices may require over
polynomial-time computation.

The example for perfect greedy algorithm gives the
lower bound of approximation ratio for arbitrary greedy
algorithm
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Theorem

Approximation ratio of SY NCH − SUBSET (k) with
arbitrary greedy choice of word and arbitrary greedy
choice of set is at least n

6(k−1) .
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Theorem

Approximation ratio of SY NCH − SUBSET (k) with
arbitrary greedy choice of word and arbitrary greedy
choice of set is at least n

6(k−1) .

Open Problem

Is there a constant C, s.t. the approximation ratio of
SY NCH − SUBSET (k) with arbitrary greedy choice of
word and arbitrary (not only greedy) choice of set is at
least C · n.

RuFiDiM, 15.09.14 – p. 16/17



End

Thank you.

RuFiDiM, 15.09.14 – p. 17/17
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