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Generalized allocation scheme

@ V. F. Kolchin. Random mapping. New York, Springer, 1986. )

Let 71,...,mn be integer nonnegative random variables and 71 + ... +ny = n. If
there are integer nonnegative independent identically distributed random variables
&1, ..., &n such that for any integer ky,...,ky <O, ki +...+ky =n

P{m =k,....on=kn} =P{& =ki,....En=kn| &+ ... +év =n}, (1)

then the random variables 71, ...,ny and &;,..., &y form a generalized allocation

scheme.
v




One Poisson allocation scheme

@ E.V. Khvorostyanskaya. On random Poisson allocation to cells //
Transactions of Karelian Research Centre of Russian Academy of Science. 1.
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KarRC RAS, 2013. Pp. 112-116.

@ E.V. Khvorostyanskaya, Y.L. Pavlov. Limit distributions of the maximum
filling of cells in one allocation scheme // European Researcher, Vol.76, 61,
2014. Pp.1019-1027.

v

Let particles allocate to N cells numbered from 1 to N. Random variables
&1,...,&n are equal to the numbers of particles in cells and they are independent
and follow Poisson distribution

A

pr=P{{=k} = e k=0,1,2,...
Let H be a subset of realizations that satisfy the condition
&G4 ... 4+ <n (2)
and let random variables 7, ...,y be equal to the numbers of particles in cells

on the subset H.



An analogue of the generalised allocation scheme

P{m =ku,....,nn = kn}

:P{é.l:kla"'va:kN‘ £1+'--+§N<n}7

@ A.N. Chuprunov, |. Fazekas. An analogue of the generalised
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given number of particles. // Discrete Mathematics and Applications,
2012, vol.22, iss.1, p. 101-122.
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An analogue of the generalised allocation scheme

PIc) <n—kr
N _ N—k X
P{”’:k}:(k>p’k(1_p’)w {P{CN<n} } (4)J
where p, =P{& =r}, (v=6&+...+&v, O, =& +...+¢\),, random
variables §§r), e ,5,(\;) are independent and follow distributions
P{gf’):k} —Pl{e =K & Ay, i=1,... N
~(r)
(i)
P <rt=@1-pP)VN —~ 2 5
{nwy < r} == P)" 5 (5)

~(r)  ~(r) ~(r)
where P, =P {{ >r}, (v=&+...+&v, (ny =& +...+ &y, random

~\r ~\r

variables &; ,..., &, are independent and follow distributions

P{Efr)—k}—l’{fl—klﬁér}, i=1,...,N.



Limit distributions of the number of cells containing a giving number of particles in

the Poisson allocation scheme

Let N — 0o and y? (fr()\) + p,/N) — 0 as y — —oo and one of the following
conditions

1) r=0,A— 00, X3/N = 0;

2) r—00,0< A <AL A <00
3) r=22,A=0;

4) r=1,y—=00, A= 0, A2N = oo.

be satisfied. Then

Np,)*
P{,U’r:k}:( kl) e Ner

uniformly in the integers k such that (k — Np,) /«/Np, lies in any finite fixed
interval.

(14 0(1))




Limit distributions of the number of cells containing a giving number of particles in

the Poisson allocation scheme

Let N — 00, 0 < A1 <A< Ay < oo and let r > 0 be fixed and one of the
following conditions

1) y = +oo;
2) ly] < C<oo, r—A—0;
3) y = —00,r—A—=0,y(r—X) =0, y?/v/N—=0
be satisfied. Then
1

=t = v/ 2w Np, (1 = pr)

uniformly in the integers k such that u = (k — Np,) /+/Np, (1 — p,) lies in any

e /2(1+ o(1))

finite fixed interval.




Limit distributions of the number of cells containing a giving number of particles in

the Poisson allocation scheme

Letr=1and n> 1 is fixed, N — oo, A = 0 in such a way that AN < C < oco.
Then for nonnegative integer k

P =k = S8 (Zﬂ) (1+ o(1)

when 0 < k < nand P{u; = k} =0 if k > n.




Limit distributions of the maximum cell load in the Poisson allocation scheme

(joint work with prof. Pavlov Y. L.)

Theorem 4.

Let N, n — oo, AN — oo, )\3/N — 0, y > —C > oo and r is chosen so that
Np,_1 — oo, Np, — « where « is a positive constant. Then

P{n(,\,)zr—l}—>e_°‘, P{n(N)zr}—>1—e_a.

Theorem 5.

|

Let N, n — o0, AN — o0, A3/N — 0, y — o0, y/N¥ — 0 and r > 3 is chosen
so that y2r/N — 0, Np,_1 — 00, Np, — « where « is a positive constant. Then

P {n =r—1} =e><p{—% <1+ (1+;—I:I—r)2)}+o(1),
P {nw =r} =1—exp{—% (1+ (H% —r)2)}+o(1)-




Limit distributions of the maximum cell load in the Poisson allocation scheme

(joint work with prof. Pavlov Y. L.)

Theorem 6.

Let N, n — oo, A/In N — x and r is chosen so that r > X and Np, — « where
X, o are positive constants and let yN=1/® — 0 as y — —oc. Then

ayk+l
P{’I](N) <r+k}—>exp{— 1_7 },
where k is a fixed integer and v is a root of the equation

Y+ x(lny—v+1)=0,0<vy<1.

Theorem 7.
Let N, n— 0o, A3/N =0, \/InN — oo and let yN=/6 — 0 as y — —co. Then
—A=2u(A1(InN—(InlnN) /2 —=
P{n(,\,) u(At(In (InlnN) / ))+|n47T<z}—>e_e

|

VA/2In N 2

where u(w) is a positive function defined on the interval 0 < w < co by the
equation —u + (1 + u)In(1 + u) = w.

A\



Limit distributions of the maximum cell load in the Poisson allocation scheme

(joint work with prof. Pavlov Y. L.)

Theorem 8.

Let N — 0o, n be a fixed number. Then

Let n, N — oo, AN < C < 0o. Then

P{nm =0} =e M +o0(1), P{nm=1}=1-e*"+o0(1).




Random forests

Let Fn,n be a set of different forests consisting of NV rooted trees with roots
1,2,...,N and n nonroot labeled vertices. The uniform probability distribution is
defined on Fy p.

@ Pavlov Yu. L. Limit theorems for the number of trees of a given size in a
random forest. Mathematics of the USSR-Sbornik. 1977. V. 32. Iss. 3. P.
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@ Pavlov Yu. L. The asymptotic distribution of maximum tree size in a
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a random forest. Mathematical notes. 1979. V. 25. Iss. 5. P. 387-392.




Random forests

For a random forest from the set Fp , the generalized allocation scheme is formed
by random variables 7, ..., ny that are equal to the numbers of non-root vertices
of the trees and the independent random variables &1, ..., &y following
distributions

o (k+ 1)kxk+l
P{{i=k}= [CEDIICN

-1 _ k
0<x<e Q(X)—Z P



Galton-Watson forests

Gy = {u(t), t=0,1,...} is a subcritical or critical Galton-Watson
process starting with N particles and a number of offspring of each particle
is a random variable & with distribution

P{{=k}=px, k=0,1,2,... (7)

A trajectory Ty of the process Gy is a directed forest consisting of N trees
and my vertices with k outgoing arcs. The process Gy has the trajectory
Ty with the probability

(0.]
P(Tw) =[] Pt
k=0

@ Pavlov Yu. L. Random forests. VSP, Utrecht, 2000. )




Conditional Poisson Galton—Watson forests

We consider a subcritical or critical Galton-Watson process with N initial
particles and Poisson offspring distribution

Akfl
pe=P{{=k} == e, k=0,1,2,... (8)

Independent random variables &1, ...,&nN are equal to the sizes of trees in
the Galton-Watson forest and follow Borel-Tanner distribution

AR

peV) = P& = K} = e,

k=1,2,..., 0<A<1. (9)

We consider the subset of the Galton-Watson forests such that

51—%...%—5N < n.
Random variables 71, ...,ny are equal to the sizes of trees in a conditional
Poisson Galton-Watson forest. Let u, be a random variable equal to the
number of trees with r vertices in a conditional Poisson Galton-Watson
forest.



Limit distributions of the number of trees with a giving number of vertices

Theorem 10.

Let N — oo and one of the following conditions

1) r—=00, (1=A)N =+, 0<y<oo,n/N?>>C >0;

2) r—00, A=A >0, (1=AN =00, VI—A(N—n(1l-2X))<CVN,
C>0;

3) r=3,2—=0 N\ — oo, N—n(l-))<CVAN,, C>0;
4) r=2,A—=0, N\® = o0, (n(1—X) = N) /VAN — oo
be satisfied. Then

k
P (= k = B cwog 4 o(1))

uniformly in the integers k such that (k — Np,(\)) /+/Np.(\) lies in any finite
fixed interval.




Theorem 11.
Let N — oo, Np.(A) (1 — p,(\)) — oo and one of the following conditions

1) r=1,2, A =0, N\>*2 = o0, (n(1 — A\) — N) /VAN — oo,

2) r=3,2=0, N\* =00, N—n(1—-X) < CVAN,, C>0;

3) r-00,0< A <A< <L, N=n(l-XN)<CVN,C=>0;
4) r>1isfixed 0 <A\ <A< A <1, (n(1=X)=N)/VN— oo,
) r=

)

)

5 2 is fixed, A\—1—r71 |n(1—=\) = N|/VN<C, C>0;

6) A =1, (1= AN =00, VI—X(N—n(1—-X) < CVN, C>0;

7) (1=AN—=7,0<y<o00, n/N>>C>0;

8) r>2isfixed A\=1-r"1, (anr)/\FN%foo,n:NrJro(Nz/?’)

r

be satisfied. Then
1+ 0(1) e—u2/2

P{ur =k} =
' V2rNp,(\) (T — p,(V))
uniformly in the integers k such that u = (k — Np,()\)) /+/Np.(X) (1 — p,(N\)) lies
in any finite fixed interval.

v




Limit distributions of the maximum tree size (joint work with prof. Pavlov Y. L.)

Let ny) be a random variable equal to the maximum tree size in a conditional
Poisson Galton—Watson forest.

Theorem 12.

Let N — oo, Nv/T—X—n(1—A)32 < CVAN,0< C < oo, r>5,
Np,—1(X) = 0o, Np,(\) — « where « is a positive constant. Then

P{nw=r}=1-e"+0(1), P{nn=r—1}=e""+0(1).

Theorem 13.

Let N—=00,0< A\ <A< A<, N—n(1-))<CVN,0<C < oo,
Np,(\) — « where « is a positive constant. Then for any fixed k

a (Ael=) } |

| A

P{’I](N) <r+ k} —>exp{— 1 el X

v




Limit distributions of the maximum tree size (joint work with prof. Pavlov Y. L.)

Theorem 14.

Let N — 0o, A =1, (1 = A)N — 0o, NvVI—X—n(1—A)32< CVN,
0 < C < oo. Then for any fixed z > 0

=z

P{’I](N),B— u< Z} — e ¢

where B = —InX\+ X\ — 1 and u is chosen so that Nv/Bu=3/2e=" = \/2x.




Limit distributions of the maximum tree size (joint work with prof. Pavlov Y. L.)

Theorem 15.

Let N = 0o, (1 —=A)N —~,0<~ < oo, n/N?>> C > 0. Then for any fixed
z>0

n/N?
() of e
P {W < Z} = e_Q(Z”Y)n/Nz— (1 aF 0(1))
| g(x)dx
where 0
Qzm) =1 e /2 - V\ﬁ [ ey
s

g-(x) is a density of the distribution with the characteristic function

oo
1 .
exp {7 — V2 =2it+ Q(z, 7)} 1-—= /y‘3/2e’ty‘”2”2dy




Limit distributions of the maximum tree size (joint work with prof. Pavlov Y. L.)

Theorem 16.

Let N — oo, (1 = A)N = o(1), n/N?> > C > 0. Then the following assertions
hold.

1. Ifn/N?> - «, 0 < a < oo then for any fixed z > 0
[a/2]

-1k
n Z K f Ik(z,y)dy
P{L‘é)gz}—>1+k:fx kz
N [y=3/2e=1/2vdy
0

where

l(z,y) = / exp{-1/2(y —x1 — ... — xi)} dbxa ... dxi

xe(z.y) (2m) "2 G oxe(y = — o = %))

xk(z,y)={x;i =2z, i=1...;k, x+...+xk <y}, k=1,2...

7Ik(z, y)dy.

kz

2. If n/N? — oo then for any fixed z > 0

P{%SZ}—)I—F

1 (1)
E; k!




