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Let I' be a permutation group with a regular subgroup G:
I < Sym(G).
Let e be the identity of G, ' the stabilizer of ein ', and
A= A(T,G) = Span,{X : X € Orb(l'e, G)}

where X =", .y X.

Theorem (Schur, 1933)
The module A is a subring of the group ring ZG.

Example: ', < Aut(G); in this case the ring A is called
cyclotomic.
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Schur rings: definition

Aring A C ZG is an S-ring over the group G, if there exists a
partition S = S(A) of it, such that

{e} €S,
HXecS = X'es,
A =Span,{X: X € S}.

Definition
An S-ring A is called schurian, if A = A(I", G) for some I'.

Wielandt (1966): "Schur had conjectured for a long time that
every S-ring is determined by a suitable permutation group”.

Problem: find a criterion for an S-ring to be schurian.
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The schurity problem has sense even for circulant S-rings, i.e.
when the underlying group G is cyclic:

Theorem (Evdokimov-Kovacs-P, 2013)

Every S-ring over C, is schurian if and only if nis of the form:

P, pa*, 2pq”, par, 2pqr

where p, g, r are distinct primes, and k > 0 is an integer.

An assumption:

The S-ring A has no sections S of composite order such that
dim(.As) =2
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The set of circulant coset S-rings is closed under restrictions,
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schurian rings.

Definition

The coset closure A of a circulant S-ring A is the intersection
of all coset S-rings over G that contain A.
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Finding the Schurian closure

The schurian closure Sch(.A) of an S-ring A is the intersection
of all schurian S-rings over G that contain A.

Theorem

Let A be a circulant S-ring and g is the group of all algebraic
isomorphisms of Ag that are identical on A. Then

Sch(A) = (Ag)®.

In particular, A is schurian if and only if A = (Ag)®e.
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Multipliers

- Autcgy(A) = Aut(A) N Aut(G),
- &y is the set of all Ap-sections S for which (Ag)s = ZS.

Definition
The group Mult(A) < []gcg, Auteay(As) consists of all
L= {08}86607

for which any two automorphisms og and o1 are compatible (in
particular, they are equal on common subsections of S and T).



Criterion

A circulant S-ring A is schurian if and only if the following two
conditions are satisfied for all S € Sg:

(1) the S-ring Ag is cyclotomic,
(2) the homomorphism Mult(A) — Autcay(Asg) is surjective.
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Let Sy € G5 and b € Z be such that
- bis coprime to ng, = |So|,
- the mapping s — s?, s € Sp, belongs to Autcay(As,)-

Form a system of linear equations in variables x5 € Z, S € S&y:

Xs = x7 (mod nr),
Xs, = b (mod ng,))

where Se Gpand T < S.

We are interested only in the solutions of this system that
satisfy the additional condition

(xs,ng) =1 forall Se &y.
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Reduction to linear modular system: result

Let A be a circulant S-ring such that for any section S € &y, the
S-ring Ag is cyclotomic.

Theorem

A is schurian if and only if the above system has a solution for
all possible Sy and b.



