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Background

Notation
@ |ulx is the number of occurrences of x as a factor in u
o |ul.=ul+1

u being a proper prefix of v is denoted by u < v

u being a proper suffix of v is denoted by v > u

pref,,(u) is the prefix of u of length n (or pref,(u) = v if |u| < n)

suff ,(u) is the suffix of u of length n (or suff,(v) = v if |u] < n)

1 if Pis true
[Pl = {

0 if Pis false
L(V) is the vector space generated by a set of vectors V
rank(V) = dim(L(V))
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Motivating question

Let k > 1 and S C ¥=K,
If we know |uls for all s € S, pref,_;(u), and suff,_1(u),
what can we say about u?

Example

Suppose that we do not know the word u € {0,1}*, but we know |u|. and
|ulp. Then we can of course deduce the number of 1's:
|uly = ule =1 —ulo.

Example

Suppose that we do not know the word u € {0,1}", but we know
pref;(u), suff1(v), and |ulo1. Then we can deduce the number of 10's:
|ul10 = |ulo1 + pref;(u) — suffy(v).
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k-abelian equivalence

Words u,v € ¥* are k-abelian equivalent if
o |uls =|v|s forall s € S,
e pref,_;(u) = pref,_;(v), and
o suffy_1(u) = suffy_1(v),

where the set S can be any of the following:
e Y=k
o Yk
o TSF0X*\X*0 (0 €X).

Can we characterize all possible sets S§7
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(k, S)-equivalence
For an alphabet ¥, positive integer k, and set S C Y=k,
words u, v € X* are called (k, S)-equivalent if

o |uls=|v|sforallseS,

e pref,_;(u) = pref,_;(v), and

o suffy_i(u) =suffy_1(v)

Example
@ S = X: abelian equivalence
o S = Yk: k-abelian equivalence

e ¥ ={0,1}, S = {0}: equivalence classes are
1*,1*01*,1*01*01*,1*01*01*01*, . ..
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Maximal and minimal sets
The set S is defined to consist of all words t € ¥ =k such that |u|; depends
only on the (k, S)-equivalence class of u.

@ The set S does not depend on k (but it depends on ¥).

e For 51,5, C ¥=K, (k, S1)-equivalence and (k, Sp)-equivalence are the

same if and only if S; = S».
A set R is S-minimal if R=S and Q #* S forall Q C R.

@ Every set S has an S-minimal subset, but an S-minimal set need not
be a subset of S.

@ All S-minimal sets are of the same size (this is not trivial).

Example
Let ¥ = {0, 1}.
o ¥ ={£0,1} and {01} = {01, 10}.
@ The X-minimal sets are {¢,0}, {e,1}, X.
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Equivalence relations

Questions

@ Given S, how big are S-minimal sets?

@ Which sets S are S-minimal?

o Given k and S, for which t € ¥= can we deduce |u|; based on the
(k, S)-equivalence class of u? In other words, what is the set 57

e For which 51,5, is (k, S1)-equivalence Ehe same as
(k, S2)-equivalence, or in other words, S; = S».

e For which S is (k, S)-equivalence the same as k-abelian equivalence,

or in other words, S = Y=k,
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Vectors
Let t1,..., ty be the words in Y =K in radix order.
The extended Parikh vector of a word u € X* is Py, = (|ulg,- - -, |uley,)-

We define families of vectors:

Ut =(a1,...,am), where a; =[t; > t] — [t < t;] and t € Tk 1,
U, = (a1,...,am), wherea;=[t;i=t]—[t<t; € X andte X1
Vi =(a1,...,am), where a; = [t; = t] and t € ¥k,
Lemma

Let u e X*. Then

Us- Py =[u>t]— [t < u] for t € £K1,
U; - P, = |suffk_1(u)\t fort € ZSk—l7
Vt-Puzlult fortezgk
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Vectors
Let U = {U; |t e ZF Lt £ 0L Uu{U; | t € 2=k71} and
Vs ={Vs|s€S}for SCx=k

Lemma
The set U is linearly independent.

Lemma
Let SCY=kandte X<k If V, € LU UVs), thent € S.

Example
Let ¥ = {0,1} and S = {01}. Then

U ={Uy, U, Uj, U} ={(0,0,0,0,1,-1,0),(1,0,0,-1,—-1, -1, 1),
(0,1,0,-1,-1,0,0),(0,0,1,0,0,—1,—1)},
Vs = {V01} = {(07070707 170,0)}7
Vio =(0,0,0,0,0,1,0) € L(U U Vs).
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Vectors

Lemma
If S C Y=k is S-minimal, then U U Vs is linearly independent.

Proof.

Let & U Vs be linearly dependent. The set U is linearly independent,

so there exists s € S such that Vs € £L(U/ U Vg), where R = S \ {s}.
Then s € R, so R =S and S is not S-minimal. Ol
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Number of equivalence classes

For a finite set A C £*, the number of (k, S)-equivalence classes of words
in A is denoted by necy s(A).
Lemma

Let S C Y=k and S = ¥=k.
Then neck75(2§") = @(nm), where m = #Zk _ #Zk—l +1.

Lemma

Let S C Y=k and let R be S-minimal.
Then necy s(X=") = O(n*F).

Lemma

Let S C ¥=K and m = rank(U U Vg) — rank(U).
Then necy s(X=") = Q(n™).
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Number of equivalence classes

Theorem
Let S C Y=k and let R be S-minimal. Then

#R = rank(U U Vs) — rank(Uf) and  mecy s(Z=") = ©(n*FR).

Corollary

Let 51,5, C Yy <k, /f§1 = §2, then I‘ank(u U Vsl) = I‘ank(u U Vsz).
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Which sets S are S-minimal?

Theorem
A set S C Y=k js S-minimal if and only if U U Vs is linearly independent.

Proof.

If S is S-minimal, then the claim follows from an earlier lemma.

If S is not S-minimal, then it has a proper subset R such that R = S.
Then rank(U U Vs) = rank(U U Vg) < #(U U VR) < #(U U Vs),

so U U Vs cannot be linearly independent. O
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Main results

What is the set S?

Theorem
Let S C Y=k andt € ¥=K. Then t € S if and only if V; € L(U U Vs).
Proof.

If Vi € L(U U Vs), then the claim follows from an earlier lemma.
If Vi ¢ L(UUVs), then rank(U U Vsy(yy) > rank(U U Vs).
Then SU{t} #S,50t¢S.
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When is S; = S57?

Corollary
Let S1,S, C ¥=K. Then S; = S, if and only if LU UVs,) = LUUVs,).

Corollary
Let S C Y=k Then S = £=K if and only if rank(U U Vs) = #¥ =K.
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