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Ex={0,... . k—1}
EI?:EkXEk...X...Ek

n times

P — set of all functions of type f : E] — Ei

Py s — set of all functions of type f : E] — E
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Formula is called trivial, if it is a symbol of a variable

A C Py, [A] — set of all functions from Py, which can be realized
by non-trivial formula over A

Pavel Tarasov Necessary Conditions For Uniformity



L(®) — complexity of formula ® (number of symbols of variables
occurring in )

D(®) — depth of formula ¢
AC Py, fe[A]

D(f) = min D(®), L(f) = min L(®)
where min is taken over all formulas over A realizing f
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For arbitrary finite system
A={A0a, s Xny )y fm(x1,- s Xn, )} C Pk,
the following inequalities holds
La(F) < PO and o, La(f) < Da(f),

where n = max n;
i=1l..m
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For arbitrary finite system
A={A0a, s Xny )y fm(x1,- s Xn, )} C Pk,
the following inequalities holds
La(f) < nPA) and  log, La(f) < Da(f),

where n = max n;
i=1l..m

The system A C Py, |A| < oo, is called a uniform system if 3 ¢, d
sit. Vfe[A

Da(f) < clogy La(f) +d
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1968 Khrapchenko All finite complete systems
1971 Spira of Boolean functions are uniform.

All finite systems, generating
1983 Wegener the class of all monotone
Boolean functions are uniform.

1985 Ugolnikov All finite systems of
1987 Ragaz Boolean functions are uniform.
Example of non-uniform system from Ps .

Safin All finite systems, generating
2000 Dudakova several maximal
Dudorov classes from P, are uniform.
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History

Main idea of most proofs:
@ split "complex’ formula into two complex subformulas

@ using special function construct equal formula from
subformulas

by
o > WD
‘\X\E\//yz
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Generalization:split into more subformulas and use more complex

function
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&y - Gxy,z)
Y . o

The main problem: find function G.
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Function f(xi,...,x,) € Py is called a near unanimity function, if
for arbitrary «, 8 € Ex equalities holds

f(B,a,...,a) =fla,Byay...,a) =...=f(a,...,e, ) =«

Projection

f(x1,...,%n) € Pxs,  g(x1,...,%n) € Ps.
g = prof ("projection" on set Ps) if YVa € El : f(a) = g(@).

Theorem (Tarasov, 2013)

All finite systems A C Py s, such that [pryA] contains near
unanimity function are uniform.
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Let K, D and L denote closed classes of Boolean conjunctions,
disjunctions and linear functions respectively.

Denote
OOO = {f(X17--.,Xn) € P2 ’ 3/ f(X]_’...’Xn) ZX[},

1% = {f(x1,...,xn) € Po | 3i:f(xa,...,xn) < X}

All finite systems A C P 5 such that

proAZ O UI®UDUKUL.

are uniform.
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This is the well-known Post lattice of closed classes of P5
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From corollary we get, that all classes from Py >, which are
Pavel Tarasov

projecting into classes in green area are uniform.
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History

But for classes in the red area it's easy to construct an example of
non-uniform system projecting into them. We will strict our
attention on them.
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Classes from Py

}
N
D,/ —
\ // XY \‘¢4/ VN 4)4//
| \/ \/
s/ | ]
\\ // \4)2/ / \d) 3// \\ ¢3//
v‘ vV \V4 \'//
b/ \ \ \
\®, / 3
2/ \ P ]// \ l/ X
v \ / \/ \
/ / _
N v ~ /
by - Gxy,z) -
\V4 h . /

We can construct function G using near-unanimity functions.
But in red classes there are no near-unanimity function.
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Example of uniform system

Example in P3or: A= {f(X,yl,Y27Y3)}

0, if € Ep or B; & Ep;

f(a751a527ﬁ3) - )
yiy2 Vyiy3 Vyays, ifa=2and f; € E.
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Example of uniform system

Example in P3or: A= {f(X,yl,Y27Y3)}

0, if € Ep or B; & Ep;

f(a751a527ﬁ3) - )
yiy2 Vyiy3 Vyays, ifa=2and f; € E.

If formula ® over A realizes function g, s.t. g #0, then ® is a
formula of a form
f(xi, V1, Vo, V3).
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Example of uniform system

Example in P3or: A= {f(X,yl,)/27Y3)}

0, if € Ep or B; & Ep;

f(aaﬁlaﬁ2aﬁ3) - )
yiy2 Vyiy3 Vyays, ifa=2and f; € E.

If formula ® over A realizes function g, s.t. g #0, then ® is a
formula of a form
f(xi, V1, Vo, V3).

Thus, we can always use the function y1y» V y1y3 V y»y3, which is
near-unanimity function!
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Thus, we will modify a construction a little bit.

\‘\¢4/ ) 2 2 Y

\ v \ ¢4// \ ¢4// \ ¢4 /

‘ \/ \/ \/

T >
e
v

\ 7
\q> 2/
/

o 1/

We add some variables w to function g, and this allow us to use
'good’ functions, even if set prA do not contain any good functions.
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Example of uniform system

What other 'good’ functions can be used to prove uniformity? )
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Example of uniform system

What other 'good’ functions can be used to prove uniformity? )

Konjunctions and disjunctions!

For example, the system of Boolean functions {xy} is uniform, but
the set [{xy}] does not contain near-unanimity function.
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Def: partial order on the set E, : 1 > 0, all other elements are
incomparable.

&:(va]-’"'?an)?ﬁ:(517~--7,8n)eEl?.
a>Bifa;> B foralliel.n.

Function f(xi,...,X,) € Pk is monotone, if V&, 3 € EJ!, s.t.
& > B we have £(a) > f(5).
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Let f(x1,...,xn) € Pk, i € {1,...,n}. Define

My = U {prof(aa,...,qj—1, X,y ..., ap_1)},

aeg] !

Vi ={ae E,f_l | prof(aq, ..., qi—1,%, Q... 0p—1) = X}.
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Finite A C Py has property # if 3g > 3 s.t. Vf(x,...,x,) € A,
Vie{l,...,n} 3g(x1,. .., Xn—1,¥1,---,¥q) € [A] s.t. Va € V[

@ if M7 ={0,1,x}, then function prog(a,y) is a
near-unanimity function;

Q if M7 ={0,x}, then pryg(a,y) € Mo \ O,

Q if MY = {1,x}, then prog(a,y) € Moy \ I°°.
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Finite system of monotone functions from Py > is uniform only if it
has property #.

If system A C Py 2 does not have property #, there is a constant
¢ > 0 and sequence of functions {f1, f2,...} € [A], such that

L(fi)>i and D(f;) > cL(f;)
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Let A be a finite system of monotone function from Py > and A has
property #. Than there exist such constants ¢ and d that for any
function f € [A] the inequality Da(f) < clog3 La(f) + d holds.

Thus, we haven't prove that all such systems are uniform, but there
is a good upper bound for depth of function in such systems.
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It's possible to check if a system has property # in finite time.
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Thank you!
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