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An optimal stopping problem of Markov chain with infinite horizon is consid-
ered. For the case of finite number m of states I.M.Sonin proposed an algorithm,
which allows to find the value function and the stopping set in no more than
2(m − 1) steps. The algorithm is based on a modification of Markov chain
on each step, related with elimination of the states which certainly belong to the
continuation set. To solve the problem with arbitrary state space and to have a
possibility of generalization to the continuous time one needs to modify the proce-
dure. We propose a procedure which is based on a sequential modification of the
payoff function for the same chain in such a way, that the value function is the
same for both problems and the modified payoff function is greater than the initial
one on some set and is equal to it on the complement. We show the efficiency of
this procedure and discuss the possibilities for generalizations in continuous time.
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1. Introduction

A general approach to find the value function in a problem of optimal stopping of
a time homogeneous Markov chain with infinite horizon is as follows. One considers a
recurrent sequence Ṽk(x), k ≥ 0, where Ṽk(x) is the value function in an optimal stopping
problem on the time interval [0, k]. It is known that under standard assumptions the
sequence Ṽk(x) converges to the value function for the infinite horizon. It is often said that
such approach gives a constructive method of finding the value function. Nevertheless,
even for the case of Markov chain with finite number of states this procedure gives the
exact value of the value function as a rule only after infinite number of steps.

For the case of finite number m of states I.M. Sonin (see [8, 9, 10, 11]) proposed
an algorithm, which allows to find the value function and the stopping set in no more
than 2(m − 1) steps. The fact underlying this algorithm is the following. Those points
where expected reward for doing one more step is larger than the expected reward from
immediate stopping belong certainly to the continuation set. Therefore these points
can be eliminated and we can consider a new chain, with new reduced state space and
new transition probabilities. These probabilities coincide with the distribution of the
initial chain at the time of the first return to the new state space. They can be simply
recalculated from the old ones. In the case of finite number of states after finite number
of steps we obtain the new chain and the new state space for which the reward for
stopping — which equals to payoff function – is greater than or equal to the expected
reward for doing one more step for all points. In such situation the stopping set coincides
with the final state space and the value function coincides with the reward for instant
stopping. After that the value functions corresponding to the previous chains can be
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restored sequentially. The possibilities of generalization to the countable case in some
situations were discussed in [11].

The case of arbitrary state space was considered in [4]. Just as in [8, 9, 10, 11] the
set C where the reward for the immediate stopping is less than the expected reward for
continuation in one step is selected. Obviously in this case C ⊆ C∗, where C∗ is the
continuation set. By analogy with [8, 9, 10, 11] a new chain was defined but with the
same state space and the same starting point z as for the initial one. The new chain
coincides with the initial one at the times of the sequential returns of the latter chain to
D in case z ∈ D and with the times of sequential visits D in case z ∈ C, where D is the
complement of C. It was proved that the sequence of sets Ck, 1 ≤ k ≤ ∞, obtained by the
sequential repetition of this procedure is nondecreasing and converges to the continuation
set of the initial chain. An application of this approach was demonstrated in [5] for a
specific two-dimensional chain.

It turns out that for possibility to generalize the approach to continuous time it is
reasonable to change the procedure. Instead of modifying the chain one needs on each
step to modify the payoff function, changing it on the set C to the expected reward at
the time of the first exit from C. The modified payoff function is greater than or equal
to the initial one and the value function is the same for both problems. The increasing
sequence of sets Ck remains the same as in [4] and the corresponding sequence of the
modified payoff functions converges nondecreasingly to the value function of the initial
problem.

In Section 2 we remind the well known facts from the theory of the optimal stopping
of Markov chains with infinite horizon. In Section 3 we describe a proposed approach
with the modification of the payoff function. In Section 4 the proof of the Main Lemma
from Section 3 is given.

In Section 5 we demonstrate the possibilities of generalizations to the continuous
time by an example of the geometric Brownian motion on the interval [1, +∞) with the
reflection at the point 1 and by three other examples.

2. Optimal stopping problem

We consider a time homogeneous Markov chain Z = (Zn)n≥0 defined on a filtered
probability space (Ω,F , (Fn)n≥0,Pz) and taking values in a measurable space (X,B). It
is assumed that the chain Z starts at z under Pz for z ∈ X. It is also assumed that the
mapping z 7→ Pz(F ) is measurable for each F ∈ F . Denote by P the transition operator
of Z, so that Ez[f(Z1)] = Pf(z) for any f , such that corresponding expectation exists.

A number β, 0 < β ≤ 1, and measurable payoff function g(z) and cost function
c(z) are given. Stopping times are considered with respect to sequence of σ-algebras
Fn, n ≥ 0. Here β is a discount coefficient, g(z) is a reward from stopping at point
z, and c(z) is a fee for the observation (both functions can take positive and negative
values). The problem of optimal stopping consists, first, in finding the value function

V (z) = sup
τ

V τ (z), where V τ (z) = Ez

[
g (Zτ ) βτ −

τ−1∑

k=0

c(Zk)β
k

]
, (1)

and the supremum is taken over all stopping times, and, second, in finding an optimal
stopping time, i.e. the stopping time where the supremum is achieved.

It is well known that the case 0 < β < 1 can be reduced to the case β = 1 by
introducing an absorbing state, which we shall denote by e. The probability of transition
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to e from any state of X is equal to 1 − β and the new transition probabilities between
states from X are equal to the old ones multiplied by β (see, for example, [4]). Then

Ez

[
g (Zτ ) βτ −

τ−1∑

k=0

c(Zk)β
k

]
= Ẽz

[
g (Zτ )−

τ−1∑

k=0

c(Zk)

]
,

where Ẽz corresponds to the new transition probabilities.
Thus, in what follows we assume that β = 1.
Let us define an operator T as follows:

Tf(z) = −c(z) + Pf(z). (2)

The operator T is called the reward operator.
It is well known that under natural assumptions (see, for example, [3], p. 12, condition

(2.1.1)) the following statement holds (see [3], Theorem 1.11, Corollary 1.12 and Section
11 of Chapter 1; or [7], Section 14):

Theorem 1. a) The value function V (z) is the minimal solution of the Bellman
(optimality) equation

V (z) = max[g(z), TV (z)]. (3)

b) If Pz[τ
∗ < ∞] = 1 for all z ∈ X, where τ ∗ = inf{n ≥ 0 : Zn ∈ D∗} and

D∗ = {z : V (z) = g(z)}, then the stopping time τ ∗ is an optimal one and τ ∗ ≤ τ ′ Pz-a.s.
for any z and any optimal stopping time τ ′.

c) The sequence Ṽ0(z) = g(z), Ṽk+1(z) = max[g(z), T Ṽk(z)] nondecreasingly converges
to V (z).

The set D∗ is called the stopping set and the set C∗ = X \D∗ = {z : V (z) > g(z)} is
called the continuation set.

It is said often that statement c) offers a constructive method for finding the value
function V (z) (see, for example, [3], p. 19). Nevertheless, if Pz[τ

∗ > a] > 0 for some
z ∈ X and any a < ∞ then Ṽk(z) ≤ Ṽk+1(z) < V (z) for all k. Let us consider the
following example.

Example 1. Consider a random walk on the integer points of the interval [0, 32],
where points 0 and 32 are absorbing ones, and on the others points the walk is symmetric
Bernoulli one. Let c(z) = 0 and g(z) is given by the following table:

z 0 1 2 3 4 5 6 7 8 9 10 11
g(z) 6 10 11 9 7.5 5 4.5 4.2 4 4.5 5.2 6

z 12 13 14 15 16 17 18 19 20 21
g(z) 6.9 7.3 7.7 8 7.7 7.3 6.8 6.2 5.7 5.3

z 22 23 24 25 26 27 28 29 30 31
g(z) 5 5.3 6 6.5 7.7 9 11 13 14 12

The function g(z) is concave (i. e. g(z) > (1/2)(g(z + 1) + g(z − 1))) at points
1, 2, 3, 4, 12, 13, 14, 15, 16, 17, 18, 28, 29, 30, 31 and convex at all others points (see Figure 1,
where vertical intervals correspond to the values of the function g(z) at corresponding
points).
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                       0      1     2                     5                      8                                               15                                                     22                                                           30            32  
Figure 1: Recurrent calculation of Ṽk(z)

In this case Ṽ0(z) ≡ g(z), and Ṽk+1(0) ≡ 6, Ṽk+1(32) ≡ 8,

Ṽk+1(z) = max

[
g(z),

1

2

(
Ṽk(z − 1) + Ṽk(z + 1)

)]
, 1 ≤ z ≤ 31, k ≥ 0 .

The value function V (z) is depicted by red on Figure 1. The function Ṽ53(z) is depicted
by green at the points, where it does not coincides with g(z). The function Ṽ350(z) is
depicted by blue. Here Ṽ350(16) = 11.77, and V (16) = 12.5, so, even after 350 steps the
approximation error is 5.84 percent.

If Zn takes only finite number m of values then equation (3) can be solved by linear
programming (see, for example, [2]). But under such approach the probabilistic meaning
is lost and it is not clear how to generalize such approach even to the countable case. In
[8, 9, 10] an algorithm to construct the value function V (z) for the case of finite number
of states was proposed. This algorithm is based on the elimination of the states and
warranties that after no more than (m−1) steps the set D∗ will be found, and then after
the same number of steps the value function V (z) will be found for all z. It is mentioned
in [11] that sometimes this algorithm allows to find V (z) and D∗ after finite number of
steps also for countable case.

3. New approach to the solution of the problem.
Arbitrary state space

For simplicity of exposition sometimes we shall assume that the following condition
holds:

A. Functions g(z) and c(z) are bounded and there exist an absorbing state e ∈ X
and numbers n0 > 0, b < 1, such that Pz{Zn0 = e} ≥ b > 0 for any z ∈ X, and
g(e) = c(e) = 0.

Remark 1. Condition A implies that the value function V (z) is finite, e ∈ D∗ and
therefore Pz[τ

∗ < ∞] = 1 for all z ∈ X. So Theorem 1 is applicable. A possibility to
relax the condition A is discussed at the end of Section 3.
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We consider sets C ⊂ X and D ⊂ X with or without indexes assuming that D = X\C,
and C = X \D. Let IC be an operator of multiplication by an indicator function of the
set C, I = IX .

Let τD, 0 ≤ τD ≤ ∞, be a random time when Z first time visits D. If z ∈ D, then
τD = 0. Denote

gC(z) = Ez

[(
g(ZτD

)−
τD−1∑

k=0

c(Zk)

)
I{τD<∞}

]
. (4)

Main Lemma. a) If z ∈ C then TgC(z) = gC(z).
b) If C ⊆ {z : Tg(z) ≥ g(z)} and condition A is fulfilled then g(z) ≤ gC(z) < ∞ for

z ∈ C and gC(z) > g(z) if z ∈ C and Tg(z) > g(z).

Proof of the Main Lemma is given in Section 4.

Consider for the chain Z an optimal stopping problem with payoff function gC(z) and
cost function c(z).

Lemma 1. Suppose that C ⊆ {z : Tg(z) ≥ g(z)}, C ⊆ C∗ and condition A is
fulfilled. Then the optimal stopping problem of the chain Z with payoff function gC(z)
and cost function c(z) has the same value function as the initial problem.

Proof. Let V τ
C (z) = Ez

[
gC (Zτ )−

τ−1∑

k=0

c(Zk)

]
, VC(z) = sup

τ
V τ

C (z). According to the

Main Lemma we have gC(z) ≥ g(z), thus VC(z) ≥ V (z). On the other side for any τ
there exists τ1, such that V τ1(z) = V τ

C (z). Indeed, for those ω where Zτ ∈ D, we set
τ1 = τ , and for those ω where Zτ ∈ C, we take as τ1 the time of the first after τ visit the
set D. It completes the proof of Lemma 1.

Let us define now a sequence of sets Ck and functions gk(z), k ≥ 0, as follows: C0 =
∅, g0(z) = g(z), and if Cl, gl(z) are defined for 0 ≤ l ≤ k, k ≥ 0, then

Ck+1 = Ck

⋃
{z : gk(z) < Tgk(z)} , gk+1(z) = gk,Ck+1

(z), (5)

where gk,Ck+1(z) is constructed from gk(z) using formula (4) as the expected reward at the
time of the first visit to Dk+1. Note that by the strong Markov property and monotonicity
of sequence Ck, k ≥ 0, the function gk+1(z) can be constructed using g(z) instead of gk(z),
so that gk+1(z) = gCk+1

(z). Note also that if there exists k0, such that {z : gk0(z) <
Tgk0(z)} = ∅, then gk(z) = gk0(z), Ck = Ck0 for k ≥ k0.

Now we can prove the main theorem.

Theorem 2. If condition A is fulfilled then the sequence Ck, k ≥ 0, does not decrease
and tends to the continuation set C∗ in the problem of optimal stopping of the Markov
chain Z with payoff function g(z) and cost function c(z), and the sequence gk(z), k ≥ 0,
does not decrease and tends to the corresponding value function V (z).

Proof. Using Main Lemma we obtain that the sequence gk(z), k ≥ 0, does not
decrease. Since it is bounded from above by the finite function V (z), we obtain that
the sequence gk(z), k ≥ 0, has a limit which we denote by Ṽ (z). By the definition the
sequence Ck, k ≥ 0, does not decrease and therefore has a limit which we denote by C̃.

For any z ∈ C̃ there exists k(z), such that z ∈ Ck for k ≥ k(z), and therefore by the
Main Lemma Tgk(z) = gk(z) > g(z) for k > k(z). Hence

T Ṽ (z) = Ṽ (z) > g(z) for z ∈ C̃. (6)
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If z ∈ D̃, then z ∈ Dk for any k ≥ 0, and therefore Tgk(z) ≤ gk(z) = g(z). Hence

T Ṽ (z) ≤ g(z) = Ṽ (z) for z ∈ D̃. (7)

Thus Ṽ (z) satisfies (3) and inequality Ṽ (z) ≤ V (z). According to statement a) of
Theorem 1 the value function V (z) is a minimal solution of (3), consequently Ṽ (z) =
V (z), C̃ = C∗. This completes the proof of Theorem 2.

Example 2. Consider the same optimal stopping problem as in the example 1. On
Figure 2 the function g1(z) is depicted by yellow at the points, where it does not coincide
with g(z), the function g2(z) is depicted by green, the function g3(z) is depicted by
blue, the function g4(z) is depicted by black, the function g5(z) is depicted by red. So
g5(z) = V (z), and after five steps we found the value function V (z) and the stopping
set D∗ = D5. Here D5 = {0, 1, 2, 30, 31, 32}; D4 = D5

⋃{15}; D3 = D4

⋃{14, 16};
D2 = D3

⋃{3, 13, 17, 29}; D1 = D2

⋃{4, 12, 18, 28}.                       0      1     2                     5                      8                                               15                                                     22                                                           30            32  
Figure 2: Proposed procedure of finding V (z)

Remark 2. Let X consists of m < ∞ states. As a rule Pz[τ
∗ > a] > 0 for any

a < ∞ at least for some z ∈ X and one needs infinite number of steps to obtain the
value function using the constructive method. The proposed procedure warranties that
the value function will be found not more than for (m− 1) steps.

Remark 3. The statement of Theorem 2 is valid in essentially more general situation
than under condition A. It seems that if the value function is finite and the probability
to reach the stopping set is one for each point of X, then the result is true. The author
plans to investigate this question in a future work.

4. Proof of the Main Lemma

For any C ⊂ X we define an operator PC as follows:

PCf : = PICf,

where IC is an operator of multiplication by the indicator function of C.
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Let e ∈ D and τ ′D, 1 ≤ τ ′D ≤ ∞, be the first (after zero) passage time of the set D for
Z. If z ∈ C, then τ ′D = τD, and if z ∈ D, then it is the time of the first return. Consider

HCg(z) = Ez





g(Zτ ′D)−

τ ′D−1∑

k=0

c(Zk)


 I{τ ′D<∞}


 . (8)

Note that HCg(z) = gC(z) for z ∈ C. (9)

Lemma 2. If condition A is fulfilled then the following representations hold:

HCg(z) =
∞∑

l=0

P l
C (PDg(z)− c(z)) = (I − PC)−1 (PDg(z)− c(z)) , (10)

HCg(z) = Tg(z) + (I − PC)−1PC(Tg(z)− g(z)), (11)

HCg(z) = PDg(z)− c(z) + PCHCg(z). (12)

Proof. The second equality in (10) follows from the definition of the operator (I − PC)−1.
The convergence of the series and the existence of (I − PC)−1 follows from the condition
A. To prove the first equality let us show that

Ez

[
g(Zτ ′D)I{τ ′D<∞}

]
=

∞∑

l=0

P l
CPDg(z), Ez




τ ′D−1∑

k=0

c(Zk)I{τ ′D<∞}


 =

∞∑

l=0

P l
Cc(z). (13)

The first equality in (13) corresponds to the total probability formula with respect to the
partition {τ ′D = l + 1}, l ≥ 0. Indeed, (PC)l PDg(z) is a result of averaging of g(Zl+1)
over trajectories that start at z, then l moments spend at C, and after that enter D. The
proof of the second equality in (13) is analogous. The first equality in (10) follows from
(13).

Substituting the equality PD = P − PC into the left-hand side of (10) and after that
using equality (I − PC)−1 = I + (I − PC)−1PC we obtain

HCg(z) = (I − PC)−1 (Pg(z)− c(z)− PCg(z))

=
(
I + (I −PC)−1PC

)
Tg(z)− (I −PC)−1PCg(z)

= Tg(z) + (I − PC)−1PCTg(z)− (I −PC)−1PCg(z) .

(14)

This is equivalent to (11). It follows from the first equality in (10) that

HCg(z) = PDg(z)− c(z) +
∞∑

l=1

P l
C (PDg(z)− c(z)) = PDg(z)− c(z) + PCHCg(z). (15)

It completes the proof of Lemma 2.
Note that formula (11) for z ∈ D was obtained in [11] for countable case. A version

of (11) was obtained in [4] and [5].
Now we can prove the Main Lemma.
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Proof of the Main Lemma. Using equality Tf(z) = PCf(z) +PDf(z)− c(z), equality
(12) and (9) we get

ICTgC(z) = IC (PCgC(z) + PDgC(z)− c(z))

= IC (PCHCg(z) + PDg(z)− c(z)) = ICHCg(z) = ICgC(z).
(16)

Since PC(Tg(z) − g(z)) ≥ 0 under conditions of Main Lemma, it follows from (11)
and (9) that gC(z) ≥ Tg(z) for z ∈ C. The proof for the strict inequality is the same. It
completes the proof of the Main Lemma.

5. Possibilities for a generalization to the continuous
time

In this section we shall consider the case of continuous time. The general theory of
the optimal stopping and methods of constructing the value function can be found, for
example, in [3], [6], [1]. The goal of this section is to demonstrate by some examples
how the proposed procedure can be generalized to the case of one-dimensional diffusion
ξt with functional Ez[g(ξτ )]. The idea is the same as in the discrete time.

For any open interval C denote by gC(z) the expected reward at the time of the first
visit the complement of C. Then gC(z) = g(z) for z ∈ D = X \ C and LgC(z) = 0 for
z ∈ C, where L is a differential operator corresponding to the diffusion (see, for example,
[3] Sections 4.5, 7.1). So, the operator L plays in the continuous time the role of the
operator T − I in the discrete time. Suppose we found C such that gC(z) > g(z) on C.
Then C ∈ C∗, where C∗ is the continuation set, and the problem of optimal stopping
with the payoff function gC(z) has the same value function as the initial one. The proof
is the same as the proof of Lemma 1. Indeed, the value function corresponding to gC(z)
is greater than or equal to the value function corresponding to g(z) since gC(z) ≥ g(z).
On the other hand for each τ we can define

τ ′ :=

{
τ if ξτ ∈ D ,

inf[s : s > 0, ξτ+s ∈ D] if ξτ ∈ C .
(17)

Then g(ξτ ′) = gC(ξτ ) and hence the value functions coincide.
For the new payoff function we can try similarly to find intervals which certainly

belong to C∗. Repeating this procedure we obtain finally a set C̃ and the modified payoff
function gC̃(z) such that there is no point in D̃ = X \ C̃ such that in the neighborhood
of this point we can increase the reward. In such situation C̃ = C∗ and gC̃(z) = V (z).
In our examples intervals which belong to C∗ for sure are:

a) one-side neighborhoods of points of discontinuity of g(z);
b) intervals where Lg(z) > 0;
c) neighborhoods of points, where g′−(a) < g′+(a);
d) neighborhoods of points of singularities of the diffusion.

Example 3. We consider a standard Wiener process wt with initial point in (−1, 1),
stopped at the points −1 and 1, with the functional Ez [g(wτ )]. We suppose that the
set of discontinuity of functions g(z), g′(z), g′′(z) is finite, the set of isolated zeros of
the function g′′(z) is also finite, the function g(z) is upper semi-continuous, i. e. g(z) ≥
lim supx→z g(x), z ∈ [−1, 1].
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Recall (see, for example, [3] p. 145) that the differential operator corresponding to
this process is Lf(z) = (1/2)f ′′(z). So, for any interval (a, b) the expected reward at the
time of the first exit from (a, b) is equal to

g(a,b)(z) := g(a) +
g(b)− g(a)

b− a
(z − a) for a ≤ z ≤ b .

The solution of the problem is well known (see, for example, [3] p. 146): the value
function coincides with the minimal convex majorant of the payoff function. We propose
the following procedure for constructing the value function.

1) At the first stage we change the payoff function in a neighborhood of each point of
discontinuity g(z). We change it in such a way, that the new payoff function is continuous
and the problem of optimal stopping with the new payoff function has the same value
function as the initial problem.

Let g(a) > limz↓a g(z) for some a ∈ (−1, 1). Due to our assumptions about function
g(z) this limit exists. We can choose ε > 0 such that there exist no points of change
of sign of g′′(z), no points of discontinuity on the interval (a, a + ε), and g(a,a+ε)(z) >
g(z), z ∈ (a, a + ε) (see Figure 3 (i)).

 

   g(z)                              g(z) 

                          g(a,a+ɛ) (z)                                   g2(z)                                    g2,(a-ɛ,a+δ) (z) 

                                                                    g1(z)                                     g2(z)           g2(z) 

                a                 a+ɛ                      a                              b                 a-ɛ      a             a+δ  
   (i)    g(a+) < g(a-)                           (ii)   g''1(z) > 0  on  (a,b)              (iii)   g'2+(a) > g'2-(a) 

Figure 3: Example 3

Therefore the problem of optimal stopping with the payoff function g(a,a+ε)(z) has the
same value function as the initial problem. The same situation holds for the points where
g(a) > limz↑a g(z). Now we consider function g1(z) which is obtained from g(z) using the
mentioned procedure for all points of discontinuity of g(z) and let C1 = {z : g1(z) >
g(z)}. Note that the function g1(z) is continuous on [−1; 1], functions g′1(z), g′′1(z) have
only finite number of points of discontinuity, and the problem of optimal stopping with
the payoff function g1(z) has the same value function as the initial problem.

2) At the second stage we change g1(z) on intervals, where g′′1(z) > 0. Let C2 =
C1

⋃{z : g′′1(z) > 0}. Due to our assumptions about function g(z) the set C2 consists
of the finite number of open intervals. Denote by A the set of such intervals. Let
g2(z) = g1(z) for z /∈ C2 and g2(z) = g1,(a,b)(z) for a ≤ z ≤ b and any (a, b) ∈ A, where,
as earlier, g1,(a,b)(z) is the expected reward at the time of the first exit from (a, b) for the
payoff function g1(z). Then g2(z) ≥ g1(z) (see Figure 3 (ii)), C2 ⊆ C∗ and the problem
with the functional Ez [g2(wτ )] has the same value function as the initial problem. Note
that g′′2(z) ≤ 0 for all points of continuity, the function g2(z) is continuous and the
functions g′2(z), g′′2(z) have only finite number of points of discontinuity.

3) Consider now the points of discontinuity of g′2(z). Denote by g′2+(z) the right and
by g′2−(z) the left derivative of g2(z). The existence of these derivatives follows from our
assumptions about function g(z). If g′2−(a) < g′2+(a), −1 < a < 1, then there exist ε > 0
and δ > 0 such that g′2−(a− ε) < g′2,(a−ε, a+δ)(z) < g′2+(a + δ), g2, (a−ε, a+δ)(z) > g2(z) for

z ∈ (a − ε, a + δ) (see Figure 3 (iii)). This follows from the fact, that we can choose ε
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and δ in such a way, that there are no points of change of sign of g′′2(z) and no points of
discontinuity on the interval (a− ε, a + δ).

Set g′2−(−1) = +∞, g′2+(1) = −∞. Since g′′2(z) ≤ 0 for all points of continuity, by
increasing ε and δ we obtain that there exist minimal values of ε and δ – denote them by
ε1 and δ1 – such that g′2−(a− ε1) ≥ g′2,(a−ε1,a+δ1)(z) ≥ g′2+(a + δ1) for z ∈ (a− ε1, a + δ1).

This is an analog of the smooth fitting condition in the case of smooth g(z). Note that
for each fixed z the function g′2,(a−ε,a+δ)(z), as a function on ε and δ increases on ε and δ
for ε < ε1, δ < δ1.

Set C3 = C2

⋃
(a − ε1, a + δ1) and g3(z) = g2,(a−ε1,a+δ1)(z) for z ∈ (a − ε1, a + δ1). It

is obvious that g3(z) ≥ g2(z), C3 ⊆ C∗, the problem with the functional Ez [g3(wτ )] has
the same value function as the initial problem, and the number of points of discontinuity
of g′3(z) such that g′3−(z) < g′3+(z) is less then the number of such points for g′2(z). We
can apply to g3(z) the same procedure as we applied to g2(z). Since the number of points
where g′2−(z) < g′2+(z) is finite, after finite number of steps we obtain a set C̃, and a
function g̃(z) such that:

a) g̃(z) ≥ g(z), g̃(z) = Ez [g(wτ̃ )], where τ̃ = inf{t ≥ 0 : wt /∈ C̃},
b) g̃′′(z) = 0 for z ∈ C̃, g̃′−(z) ≥ g̃′+(z) for all z ∈ (−1, 1), and g̃′′(z) ≤ 0 for all

points of continuity.

It follows from a) that the value function is the same in the problem of the optimal
stopping with the payoff function g(z) and with the payoff function g̃(z). It follows from
b) that g̃(z) is convex and coincides with its minimal convex majorant. Consequently
g̃(z) = V (z) and C̃ = C∗.

Remark 4. One can say that an interval (a, b) in the problem of Example 3 with a
smooth g(z) is a smooth fitting interval if the function g(a,b)(z) has the same derivative
as g(z) at points a and b. Any smooth fitting interval gives a solution of the Stefan free-
boundary problem. It can happen that such interval has no relation to the set C∗ and for
checking that the solution of the Stefan free-boundary problem coincides with the value
function one uses usually a verification theorem. In the proposed procedure we do not
need to use a verification theorem. We think, that in essentially more general situation
instead of a verification theorem it suffices to prove that if the payoff function satisfies
the conditions: g′−(z) ≥ g′+(z) for all z, and Lg(z) ≤ 0 for all points of continuity, then
g(z) = V (z).

Example 4. We consider a Wiener process w1,t on the interval [−1; 1] with the
absorbtion at the points −1 and 1, a partial reflection to the right with probability α,
0 < α < 1, at the point 0, and the functional Ez [g(w1,τ )] where g(z) is the same function
as in Example 3.

The differential operator corresponding to this process is L1f(z) = (1/2)f ′′(z) for
z 6= 0 with the condition (1 + α)f ′+(0)− (1− α)f ′−(0) = 0.

At first we use the same procedure as in Example 3 for interval [−1, 0] assuming that
points z = −1 and z = 0 are absorbing. Then we use the same procedure for interval
[0, 1]. As a result we obtain the continuous function g1(z) and the set C1 such that
C1 ⊆ C∗ and the problem of optimal stopping with functional Ez [g1(w1,τ )] has the same
value function as the initial problem. The set C1 consists of the final number of open
intervals, the functions g′1(z) and g′′1(z) have only finite number of points of discontinuity,
g′′1(z) = 0 for z ∈ C1, g′′1(z) ≤ 0 for all points of continuity, g′1−(z) ≥ g′1+(z) for all
z ∈ (−1, 0) and z ∈ (0, 1). So, g1(z) is concave for z ∈ (−1, 0) and z ∈ (0, 1).

Let us consider the point z = 0. For any a, b, −1 ≤ a < b ≤ 1, denote by g(a,b)(z)
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the expected reward at the time of the first exit from (a, b) for payoff function g1(z). If
either b ≤ 0 or a ≥ 0 then due to our construction g(a,b)(z) ≤ g1(z) for all z ∈ [−1, 1]. If
a < 0, b > 0, then the function g(a,b)(z) satisfies to the conditions: L1g(a,b)(z) = 0 for z ∈
(a, 0)

⋃
(0, b), (1 + α)g′(a,b)(+0)− (1− α)g′(a,b)(−0) = 0, g(a,b)(a) = g1(a), g(a,b)(b) = g1(b).

Therefore, if a < 0, b > 0, then g(a,b)(0) =
b(1− α)g1(a)− a(1 + α)g1(b)

b(1− α)− a(1 + α)
and

g(a,b)(z) =

{
[g(a,b)(0)(z − a)− g1(a)z]/(−a) for z ∈ (a, 0),

[g1(b)z + g(a,b)(0)(b− z)]/b for z ∈ (0, b).
(18)

If (1 + α)g′1+(0)− (1− α)g′1−(0) ≤ 0 then from the mentioned concavity of g1(z) and
(18) follows that g(a,b)(z) ≤ g1(z) for all −1 ≤ a, b, z ≤ 1, and consequently g1(z) = V (z)
and C1 = C∗.

If (1 + α)g′1+(0) − (1 − α)g′1−(0) > 0 then there exist ε > 0 and δ > 0 such that
g′1−(−ε) < g′+(−ε, δ)(−ε), g′−(−ε, δ)(δ) < g′1+(δ), g(−ε, δ)(z) > g1(z) for z ∈ (−ε, δ) (see

Figure 4 (a)).

 

                    g(-ε1,δ1)(z)                            g(z)                                   

                         g(-ε,δ)(z)                                                              g[1,a)(z)   

                    

                g(z) 

                                                                                                                   g(z) 

         -ε1        -ε        0          δ             δ1                            1                                      a  

                          (a)                                                                               (b)            

Figure 4: Examples 4 and 5

Since g1(z) is concave for z ∈ (−1, 0) and z ∈ (0, 1), increasing ε and δ we obtain
that there exist minimal values of ε and δ – denote them by ε1 and δ1 – such that
g′1−(δ1) ≥ g′(−ε1,δ1)(−0), g′(−ε1,δ1)(+0) ≥ g′1+(δ1). Note that for each fixed z the function

g(−ε,δ)(z), as a function on ε and δ increases on ε and δ for ε < ε1, δ < δ1. As a result
we have C∗ = C1

⋃
(−ε1, δ1), V (z) = g1(z) for z /∈ (−ε1, δ1), V (z) = g(−ε1, δ1)(z) for

z ∈ (−ε1, δ1).

Example 5. Geometric Brownian motion xt on [1;∞] with parameters (−r, σ), a
killing intensity λ, a reflection at the point 1 and with the functional Ez [g(xτ )]. We
assume that the function g(z) satisfies to the same conditions of continuity and differ-
entiability as in Example 3 and the set of the isolated zeros of the function L2g(z) :=
σ2z2

2
g′′(z) − rzg′(z) − λg(z) is finite. Let κ+ > 1 and κ− < 0 be the solutions of the

equation κ2 −
(

1 +
2r

σ2

)
κ− 2λ

σ2
= 0. We assume also that: a) limz→∞ |g(z)|z−κ+ < ∞,

b) L2g(z) < 0 for z ≥ z1 ≥ 1, and c) g′(1) > 0.

It is well known (see, for example, [3] formula (26.1.18)) that the differential operator
corresponding to this process is L2f(z) with boundary condition f ′(1) = 0. First of all
we investigate the behavior of g(z) at point 1. Denote by g[1,a)(z) the expected reward
at the time of the first exit from [1, a). Then g[1,a)(z) = g(z) for z ≥ a and for z ∈ (1, a)
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it satisfies to the equation L2g[1,a)(z) = 0, with boundary conditions g[1,a)(a) = g(a),
g′[1,a)(1) = 0. Therefore

g[1,a)(z) :=
g(a) (κ+zκ− − κ−zκ+)

κ+aκ− − κ−aκ+
for z ∈ [1, a) . (19)

It follows from c) and the conditions on function g(z) that if a− 1 is small enough then
g′[1,a)(a) < g′(a) and g[1,a)(z) > g(z) for z ∈ [1, a) (see Figure 4 (b)).

Thus [1, a) ⊆ C∗ and the problem with the functional Ez

[
g[1,a)(wτ )

]
has the same

value function as the initial problem. Now we shall use the same procedure as in Example
3, but we shall change g[1,a)(z) on each interval (b, c) from C∗ to a function f(z) = B1z

κ−+
B2z

κ+ , where B1 and B2 are chosen from the condition f(b) = g[1,a)(b), f(c) = g[1,a)(c)
in case b > 1 and f ′(b) = 0, f(c) = g1(c) in case b = 1, which coincides with the
expected reward at the time of the first exit from (b, c). After finite number of steps we
obtain the stopping set and the value function. It is simple to check that from conditions
a) and b) follows that the value function is finite and the set C∗ is bounded. Note
that the case g(z) = z corresponds to the Russian option (see [3], Section 26). Since
in this case L2g(z) = −(r + λ)z < 0, the only point where we can locally increase
payoff function without changing the value function is the point z = 1. and one has
only one step. The optimal value a∗ in (19) can be found as earlier from the condition
a∗ = {inf a : g′[1,a)(a) ≥ g′(a) ≡ 1}.

Example 6. We consider a standard Wiener process wt with an initial point z ∈
(−∞, +∞) and a functional Ez

[
e−λτg(wτ )

]
. Such problem is equivalent to the problem

with functional Ez [g(w̃τ )], where w̃t is a standard Wiener process with a killing intensity
λ. The differential operator corresponding to this process is

L3f(z) = (1/2)f ′′(z)− λf(z) . (20)

For the simplicity we suppose that g(0) = 0, L3g(z) < 0 for z 6= 0, g′+(0) = b > 0 >
g′−(0) = a. The payoff function g(z) = az for z ≤ 0 and g(z) = bz for z ≥ 0 satisfies to
this conditions.

Since L3g(z) < 0 for all z 6= 0, and a = g′−(0) < g′+(0) = b, the only point where
we can locally increase payoff function without changing the value function is the point
z = 0.

Let τ(c, d) be the time of the first visit of the complement of the interval (c, d), where
−∞ < c < d < +∞. As earlier we define the expected reward at the time τ(c, d) as

g(c,d)(z) = Ez[g(wτ(c,d)]. (21)
Then

L3g(c,d)(z) ≡ 0 for z ∈ (c, d), g(c,d)(c) = g(c), g(c,d)(d) = g(d) . (22)

Let B be the set of intervals such that c < 0 < d and

a = g′−(c) ≤ g′+,(c,d)(c), g′−,(c,d)(d) ≤ g′+(d) = b. (23)

We shall use the following properties of B which are valid in essentially more general
situation. They follow from the fact that L3g(z) ≤ 0 for all points of continuity of g′′(z).
The proof of this properties is analogous to the proof of step 3 in the Example 1.

1) If (c, d) ∈ B then g(c,d)(z) > g(z), (c, d) ⊆ C∗ and the problem with the payoff
function g(c,d)(z) has the same value function as the problem with the payoff function
g(z).
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2) If c < 0 < d and c, |d| are small enough then (c, d) ∈ B and both inequalities in
(23) are strong.

3) If (c, d) ∈ B and the first (or the second) inequality in (23) is strong, then there
exists c1 < c (or d1 > d) such that (c1, d) ∈ B (or (c, d1) ∈ B) and g(c1,d)(z) > g(c,d)(z)
for z ∈ (c1, d) (or g(c,d1)(z) > g(c,d)(z) for z ∈ (c, d1)).

Let (c∗, d∗) be the minimal interval for which c∗ < 0 < d∗ and g′−(c∗) ≥ g′+,(c∗,d∗)(c
∗),

g′−,(c∗,d∗)(d
∗) ≥ g′+(d∗).

4) If |c∗|, d∗ < ∞ then (c∗, d∗) ∈ B and g′−(c∗) = g′+,(c∗,d∗)(c
∗), g′−,(c∗,d)∗(d

∗) = g′+(d∗).
In case |c∗|, d∗ < ∞ the function g(c∗, d∗)(z) is smooth and L3g(c∗, d∗)(z) ≤ 0 for

all z 6= c∗, d∗. Using a standard methods one can show that the value function in the
problem of optimal stopping with payoff function g(c∗,d∗)(z) coincides with g(c∗,d∗)(z). It
follows from here that in the initial problem the value function coincides with g(c∗,d∗)(z),
(c∗, d∗) = C∗ and τ(c∗, d∗) is the optimal stopping time. So, we need just to construct
the values c∗, d∗.

Let us consider the case g(z) = az for z ≤ 0 and g(z) = bz for z ≥ 0. Without
restriction of generality we suppose that λ = 1/2. Consider the function

ψ(z, c, d) = bd
sinh(z − c)

sinh(d− c)
+ ac

sinh(d− z)

sinh(d− c)
. (24)

This function satisfies equation (22) and consequently

ψ(z, c, d) = g(c,d)(z) for z ∈ (c, d). (25)

The values c∗, d∗ are the roots of the system of equations ψ′z(c, c, d) = a, ψ′z(d, c, d) = b,
which can be written in the form

bd− ac coth(d− c) = a sinh(d− c) , (26)

bd coth(d− c)− ac = b sinh(d− c) . (27)

If a = −b then c∗ = −d∗ and (26) follows from (27). From (27) and equalities a =
−b, c∗ = −d∗ we get bd∗(coth(2d∗) − 1) = b sinh(2d∗). It is simple to show that this
equation has a unique root d∗ which is the same for all values of b.

Let a 6= −b. The system (26)–(27) can be rewritten as

b2d + a2c = ab(c + d) coth(d− c) , (28)

b2d2 − a2c2 = ab(c + d) sinh(d− c) , (29)

or using the equality coth2(x)− sinh2(x) = 1 as

(b2d + a2c)2 − (b2d2 − a2c2)2 = a2b2(c + d)2 , (30)

b2d2 − a2c2 = ab(c + d) sinh(d− c) . (31)

Equation (30) can be represented in the form

(b2d2 − a2c2)[(b2d2 − a2c2)− (b2 − a2)] = 0 . (32)

Solution dc = ab of (32) contradicts to (31). So, optimal values c∗, d∗ are the roots of the
system

b2d2 − a2c2 = b2 − a2 , (33)
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b2 − a2 = ab(c + d) sinh(d− c) . (34)

Solving (33) with respect to c and substituting the result into (34) we obtain the equation
with respect to d∗ which has a unique positive solution.

Remark 5. We believe that the proposed procedure can be generalized to a much
more general situation and also to a multi-dimensional case.
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