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1. Ââåäåíèå

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ íýøåâñêîãî ðàâíîâåñèÿ â íåàíòà-
ãîíèñòè÷åñêîé èãðå äâóõ ëèö ñ ïîìîùüþ íåíàêàçàòåëüíûõ ñòðàòå-
ãèé. Íåíàêàçàòåëüíûå ñòðàòåãèè ñòðîÿòñÿ íà îñíîâå ðåøåíèÿ ñèëü-
íî ñâÿçàííîé ñèñòåìû óðàâíåíèé Ãàìèëüòîíà�ßêîáè. Âïåðâûå ñâÿçü
ìåæäó ïîèñêîì ðàâíîâåñèÿ ïî Íýøó è ðåøåíèåì ñèñòåìû óðàâíåíèé
Ãàìèëüòîíà�ßêîáè áûëà îòìå÷åíà â ðàáîòàõ [9�11]. Â ñëó÷àå, êîãäà
ðåøåíèå ñèñòåìû óðàâíåíèé Ãàìèëüòîíà�ßêîáè ÿâëÿåòñÿ äîñòàòî÷-
íî ãëàäêîé ôóíêöèåé, ðàâíîâåñíûå ïî Íýøó ñòðàòåãèè ñòðîÿòñÿ íà
îñíîâå ìåòîäà äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ [4,10]. Äëÿ äèôôå-
ðåíöèàëüíîé èãðû îáùåãî âèäà ñóùåñòâîâàíèå ðàâíîâåñèÿ ïî Íýøó
äîêàçàíî ñ ïîìîùüþ êîíöåïöèè ñòðàòåãèé íàêàçàíèÿ. Ñòðàòåãèè íà-
êàçàíèÿ óñòðîåíû ñëåäóþùèì îáðàçîì. Äëÿ ôèêñèðîâàííîãî íýøåâ-
ñêîãî ðàâíîâåñèÿ èãðîêè äîãîâàðèâàþòñÿ î ëèíèè ïîâåäåíèÿ, à èí-
äèâèäóàëüíîå îòêëîíåíèå èãðîêà íàêàçûâàåòñÿ îñòàëüíûìè èãðîêà-
ìè. Îäíàêî â ñëó÷àå áîëüøîãî ÷èñëà èãðîêîâ âûäåëèòü íàðóøèòåëÿ
äîñòàòî÷íî ñëîæíî. Êðîìå òîãî, ñòðàòåãèè íàêàçàíèÿ èñïîëüçîâàòü
íåðàöèîíàëüíî, ò.ê. èãðîêè çàáîòÿòñÿ íå î ñâîåì âûèãðûøå, à î ïîä-
äåðæàíèè ðàâíîâåñèÿ.

Ñëîæíîñòü ïîñòðîåíèÿ íåíàêàçàòåëüíûõ ñòðàòåãèé, ðåàëèçóþùèõ
íýøåâñêîå ðàâíîâåñèå, çàêëþ÷àåòñÿ â òîì, ÷òî íåò òåîðèè äëÿ îáîá-
ùåííûõ ðåøåíèé ñèëüíî ñâÿçàííûõ ñèñòåì óðàâíåíèé Ãàìèëüòîíà�
ßêîáè. Â ðàáîòå [7] íåíàêàçàòåëüíûå ñòðàòåãèè ñòðîèëèñü íà îñíî-
âå BV-ðåøåíèé ãèïåðáîëè÷åñêîé ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé.
Äèôôåðåíöèðóÿ ïî ôàçîâîé ïåðåìåííîé ñèñòåìó óðàâíåíèé Ãàìèëü-
òîíà�ßêîáè, àâòîðû ïîëó÷èëè ãèïåðáîëè÷åñêóþ ñèñòåìó êâàçèëè-
íåéíûõ óðàâíåíèé. Àâòîðû ðàññìîòðåëè ñëó÷àé îäíîìåðíîé ôàçîâîé
ïåðåìåííîé. À. Áðåññàí ïîêàçàë, ÷òî â ñëó÷àå, êîãäà íà÷àëüíûå óñëî-
âèÿ äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé ëåæàò â êëàññå ôóíêöèé
ñ ìàëîé âàðèàöèåé, ñóùåñòâóåò è åäèíñòâåííî BV-ðåøåíèå ãèïåð-
áîëè÷åñêîé ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé â êëàññå ôóíêöèé ñ
îãðàíè÷åííîé âàðèàöèåé. Àíàëîãè÷íûå ïîñòðîåíèÿ áûëè ñäåëàíû â
ðàáîòå [8] äëÿ äèôôåðåíöèàëüíîé èãðû ñ ïðîñòûìè äâèæåíèÿìè. Òà-
êèì îáðàçîì íåíàêàçàòåëüíûå ðàâíîâåñíûå ñòðàòåãèè ïî Íýøó óäàåò-
ñÿ ïîñòðîèòü òîëüêî â ÷àñòíûõ ñëó÷àÿõ, íå ðåøàÿ èñõîäíóþ ñèñòåìó
óðàâíåíèé Ãàìèëüòîíà�ßêîáè.
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Â íàñòîÿùåé ðàáîòå ââåäåíî ïîíÿòèå îáîáùåííîãî ðåøåíèÿ ñèñòå-
ìû óðàâíåíèé Ãàìèëüòîíà�ßêîáè è ïîñòðîåíû ðàâíîâåñíûå ïî Íýøó
ïðîãðàììíûå ñòðàòåãèè äëÿ äèôôåðåíöèàëüíîé èãðû ñïåöèàëüíî-
ãî âèäà. Ïðåäïîëàãàåòñÿ, ÷òî äèíàìèêà èãðû è ôóíêöèîíàë ïëàòû
ïåðâîãî èãðîêà îïðåäåëÿþòñÿ òîëüêî åãî óïðàâëåíèåì, à ôóíêöèî-
íàë ïëàòû âòîðîãî èãðîêà çàâèñèò êàê îò äèíàìèêè ñèñòåìû, òàê
è îò óïðàâëåíèé îáîèõ èãðîêîâ. Íàìè ïîêàçàíî, ÷òî â ýòîì ñëó-
÷àå ðåøåíèå ñèñòåìû óðàâíåíèé Ãàìèëüòîíà�ßêîáè ÿâëÿåòñÿ ìíî-
ãîçíà÷íûì îòîáðàæåíèåì, çíà÷åíèÿìè êîòîðîãî ÿâëÿþòñÿ çíà÷åíèÿ
ôóíêöèîíàëîâ ïëàòû îáîèõ èãðîêîâ, ðàâíîâåñíûå ïî Íýøó. Äîêà-
çàíà òåîðåìà ñóùåñòâîâàíèÿ îáîáùåííîãî ðåøåíèÿ ñèñòåìû óðàâ-
íåíèé Ãàìèëüòîíà�ßêîáè. Ïîíÿòèå îáîáùåííîãî ðåøåíèÿ îñíîâàíî
íà îïðåäåëåíèÿõ ìèíèìàêñíîãî ðåøåíèÿ äëÿ íåïðåðûâíîãî óðàâíå-
íèÿ Ãàìèëüòîíà�ßêîáè [5] è Ì�ðåøåíèÿ äëÿ ðàçðûâíîãî ïî ôàçîâîé
ïåðåìåííîé óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè [3]. Íà îñíîâå ïîëó÷åííî-
ãî ðåøåíèÿ ñèñòåìû óðàâíåíèé Ãàìèëüòîíà�ßêîáè ïîñòðîåíû ïðî-
ãðàììíûå ñòðàòåãèè, ðåàëèçóþùèå ðàâíîâåñèå ïî Íýøó.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì íåàíòàãîíèñòè÷åñêóþ äèôôåðåíöèàëüíóþ èãðó äâóõ
ëèö

ẋ = f(t, x, u), x(t0) = x0, u ∈ U ⊂ Rn. (2.1)

Èãðîêè ìàêñèìèçèðóþò ôóíêöèîíàëû ïëàòû I1, I2:

I1(u(·)) = σ1(x(T )) +

T∫

t0

g1(t, x(t), u(t))dt,

I2(u(·), v(·)) = σ2(x(T )) +

T∫

t0

g2(t, x(t), u(t), v(t))dt.

Çäåñü u è v � óïðàâëåíèÿ ïåðâîãî è âòîðîãî èãðîêîâ ñîîòâåòñòâåí-
íî. Ìíîæåñòâà U, V ⊂ Rn � êîìïàêòû. Îáîçíà÷èì ΠT = {(t, x) :

t ∈ [0, T ], x ∈ Rn}. Ìíîæåñòâà Ũ = {u : [t0, T ] → U, u èçìåðèìûå
ôóíêöèè}, Ṽ = {v : [t0, T ] → V, v èçìåðèìûå ôóíêöèè}.

Ìû ïðåäïîëàãàåì, ÷òî
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A1. Ôóíêöèÿ f(t, x, u) íåïðåðûâíî äèôôåðåíöèðóåìà ïî t, x è óäî-
âëåòâîðÿåò óñëîâèþ ïîäëèíåéíîãî ðîñòà ïî u.

A2. Ôóíêöèÿ σ1 ëèïøèöåâà.
A3. Ìíîæåñòâà (f(t, x, U), g1(t, x, U)), g2(t, x, U, V ) ñòðîãî âûïóê-

ëû ïðè âñåõ (t, x), ôóíêöèè g1, g2 íåïðåðûâíî äèôôåðåíöèðóåìû.
A4. Ôóíêöèÿ σ2 íåïðåðûâíî äèôôåðåíöèðóåìà.
Ôóíêöèè îïòèìàëüíîãî ðåçóëüòàòà èãðîêîâ c, w óäîâëåòâîðÿþò â

òî÷êàõ äèôôåðåíöèðóåìîñòè ñèñòåìå óðàâíåíèé Ãàìèëüòîíà�ßêîáè.
Ñîñòàâèì ñîîòâåòñòâóþùóþ ñèñòåìó óðàâíåíèé Ãàìèëüòîíà�ßêîáè

∂c

∂t
+ max

u∈U
〈f(t, x, u), p〉+ g1(t, x, u) = 0, c(T, x) = σ1(x), (2.2)

∂w

∂t
+ 〈f(t, x, u0(t, x, p)), q〉+ max

v∈V
g2(t, x, u0(t, x, p), v) = 0,

w(T, x) = σ2(x). (2.3)

Çäåñü p = ∂c
∂x
, q = ∂w

∂x
. Â ñèëó óñëîâèé A1, A3 ìîæíî íàéòè èçìåðèìóþ

ïðåäñòðàòåãèþ u0 : (t, x, p) → U , êîòîðàÿ óäîâëåòâîðÿåò óñëîâèþ

u0(t, x, p) ∈ arg max
u∈U

〈f(t, x, u), p〉+ g1(t, x, u). (2.4)

Îáîçíà÷èì

H1(t, x, p) = max
u∈U

〈f(t, x, u), p〉+ g1(t, x, u) =

= 〈f(t, x, u0(t, x, p)), p〉+ g1(t, x, u0(t, x, p)),

H2(t, x, q) = 〈f
(
t, x, u0

(
t, x,

∂c(t, x)

∂x

))
, q〉+

+ max
v∈V

g2

(
t, x, u0

(
t, x,

∂c(t, x)

∂x

)
, v

)
,

H2∗(t, x, q) = lim inf
(τ,ξ)→(t,x)

H2(τ, ξ, q),

H∗
2 (t, x, q) = lim sup

(τ,ξ)→(t,x)

H2(τ, ξ, q). (2.5)

Èç ðàáîòû [5] âûòåêàåò, ÷òî ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ñó-
ùåñòâóåò è åäèíñòâåííî ìèíèìàêñíîå ðåøåíèå c(·, ·) â çàäà÷å (2.2).
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Îòìåòèì íåêîòîðûå ñâîéñòâà ìèíèìàêñíîãî ðåøåíèÿ çàäà÷è (2.2)
ïðè âûïîëíåíèè óñëîâèé A1�A3 [5,6]:

1. ìèíèìàêñíîå ðåøåíèå c(·, ·) � ëîêàëüíî ëèïøèöåâàÿ ôóíêöèÿ;
2. ñóïåðäèôôåðåíöèàë ìèíèìàêñíîãî ðåøåíèÿ D+c(t, x) 6= ∅ äëÿ

ëþáîé òî÷êè (t, x) ∈ ΠT .

3. Ðàâíîâåñèå ïî Íýøó
Äëÿ ïîñòðîåíèÿ ïðîãðàììíûõ ñòðàòåãèé íàïîìíèì îïðåäåëåíèå

ðàâíîâåñèÿ ïî Íýøó â ïðîãðàììíûõ ñòðàòåãèÿõ.

Îïðåäåëåíèå 3.1. [1] Ïàðà ñòðàòåãèé (ū(·), v̄(·)) îáðàçóþò ðàâíî-
âåñèå ïî Íýøó â äèôôåðåíöèàëüíîé èãðå äâóõ ëèö, åñëè ñëåäóþùèå
íåðàâåíñòâà âûïîëíåíû äëÿ âñåõ u(·) ∈ Ũ , v(·) ∈ Ṽ

σ1(x̄(T )) +

T∫

t0

g1(t, x̄(t), ū(t))dt ≥ σ1(x
[1](T )) +

T∫

t0

g1(t, x
[1](t), u(t))dt,

σ2(x̄(T ))+

T∫

t0

g2(t, x̄(t), ū(t), v̄(t))dt≥σ2(x̄(T ))+

T∫

t0

g2(t, x̄(t), ū(t), v(t))dt,

íà îòðåçêå t ∈ [t0, T ], ãäå

˙̄x(t) = f(t, x̄(t), ū(t)), ẋ[1](t) = f(t, x[1](t), u(t)), x̄(t0) = x[1](t0) = x0.

Åñëè âûïîëíåíû ïðåäïîëîæåíèÿ A1�A3, òî â çàäà÷å îïòèìàëü-
íîãî óïðàâëåíèÿ ñ ôóíêöèîíàëîì ïëàòû I1 ñóùåñòâóåò îïòèìàëüíîå
óïðàâëåíèå u0 â êëàññå èçìåðèìûõ ôóíêöèé. Äëÿ ïîñòðîåíèÿ îï-
òèìàëüíîãî óïðàâëåíèÿ ñîñòàâèì õàðàêòåðèñòè÷åñêóþ ñèñòåìó äëÿ
óðàâíåíèÿ Áåëëìàíà (2.2). Â ñèëó óñëîâèé A1, A2 ãàìèëüòîíèàí H1

ÿâëÿåòñÿ äèôôåðåíöèðóåìûì ïî ïåðåìåííûì t, x, s, ñëåäîâàòåëüíî
õàðàêòåðèñòè÷åñêàÿ ñèñòåìà èìååò âèä

˙̃x =
∂H1(t, x̃, s̃)

∂s̃
, ˙̃s = −∂H1(t, x̃, s̃)

∂x̃
, ˙̃z = 〈∂H1(t, x̃, s̃)

∂s̃
, s̃〉 −H1(t, x̃, s̃)

ñ êðàåâûì óñëîâèåì

x̃(T, ξ) = ξ, s̃(T, ξ) = Dxσ1(ξ), z̃(T, ξ) = σ1(ξ), ξ ∈ Rn.
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Ðåøåíèå õàðàêòåðèñòè÷åñêîé ñèñòåìû ñóùåñòâóåò, åäèíñòâåííî è ïðî-
äîëæèìî íà èíòåðâàëå [t0, T ] ïðè ëþáîì ξ ∈ Rn.

Îïðåäåëèì îòîáðàæåíèå

(t0, x0) → ξ(t0, x0) = {ξ ∈ Rn : x̃(t0, ξ) = x0, x̃(T, ξ) = ξ,

s̃(T, ξ) = Dxσ1(ξ), z̃(T, ξ) = σ1(ξ), z̃(t0, ξ) = c(t0, x0)} (3.1)

Îïèðàÿñü íà ðåçóëüòàòû ðàáîòû [6], îïðåäåëèì u0(·; t0, x0) � îï-
òèìàëüíîå ïðîãðàììíîå óïðàâëåíèå ïåðâîãî èãðîêà äëÿ íà÷àëüíîé
òî÷êè (t0, x0) ∈ ΠT . Äëÿ ëþáîãî ξ0 ∈ ξ(t0, x0), îïðåäåëåííîãî (3.1),
ñîãëàñíî ïðèíöèïó ìàêñèìóìà Ïîíòðÿãèíà äëÿ âñåõ t ∈ [t0, T ] ñïðà-
âåäëèâî

u0(t; t0, x0) ∈ arg max
u∈U

[〈s̃(t, ξ0), f(t, x̃(t, ξ0), u)〉+g1(t, x̃(t, ξ0), u)]. (3.2)

Çäåñü s̃(·), x̃(·), z̃(·) � ðåøåíèÿ õàðàêòåðèñòè÷åñêîé ñèñòåìû Êîøè
äëÿ çàäà÷è (2.2).

Îïðåäåëèì óïðàâëåíèå ū(·) ôîðìóëîé (3.2). Îíî äîñòàâëÿåò ìàê-
ñèìóì ôóíêöèîíàëó I1 äëÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ (2.1), à
çíà÷èò ïåðâîå íåðàâåíñòâî â îïðåäåëåíèè 3.1 âûïîëíåíî.

Îïðåäåëèì v̄(·) ñëåäóþùèì îáðàçîì

v̄(t) ∈ arg max
v∈V

{g2(t, x̄(t), ū(t), v)}, t ∈ [t0, T ], (3.3)

ãäå x̄(·) óäîâëåòâîðÿåò óðàâíåíèþ ˙̄x(t) = f(t, x̄(t), ū(t)), x̄(t0) = x0.
Ïî òåîðåìå Êàñòýíà [1] îòîáðàæåíèå

arg max
v∈V

g2(t, x(·), ū(·), v) : [t0, T ] ⇒ V,

ò.ê. êîìïîçèöèÿ íåïðåðûâíîé ôóíêöèè g2 è íåïðåðûâíîé ôóíêöèè
x̄(·), èçìåðèìîé ôóíêöèè ū(·) èçìåðèìà. Îòñþäà ïî òåîðåìå Íåéìàíà�
Àóìàíà�Êàñòýíà [1] èçìåðèìîå ìíîãîçíà÷íîå îòîáðàæåíèå èìååò èç-
ìåðèìûé îäíîçíà÷íûé ñåëåêòîð. Ñëåäîâàòåëüíî îòîáðàæåíèå v̄(·) :

[t0, T ] → Rn ÿâëÿåòñÿ èçìåðèìûì.
Â îïðåäåëåíèè 3.1 âòîðîå íåðàâåíñòâî äëÿ èíòåãðàëüíûõ ÷àñòåé

âûïîëíåíî â ñèëó îïðåäåëåíèÿ v̄ (3.3).
Îòñþäà ñëåäóåò, ÷òî ïàðà ñòðàòåãèé (ū, v̄) îáðàçóåò ðàâíîâåñèå ïî

Íýøó. Ïåðâûé èãðîê ðåøàåò çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ è åãî
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âûèãðûø íå çàâèñèò îò ïîâåäåíèÿ âòîðîãî èãðîêà. Âûáèðàÿ óïðàâ-
ëåíèå ū(·; t0, x0), ïåðâûé èãðîê ïîëó÷èò âûèãðûø c(t0, x0). Ïîêàæåì,
êàê âûáîð óïðàâëåíèÿ ïåðâîãî èãðîêà âëèÿåò íà âûèãðûø âòîðîãî
èãðîêà. Ïîñòðîèì ñòðàòåãèè, êîòîðûå äàþò ãàðàíòèðîâàííûé ðåçóëü-
òàò äëÿ âòîðîãî èãðîêà â íåàíòàãîíèñòè÷åñêîé äèôôåðåíöèàëüíîé
èãðå. Îïðåäåëèì êîíòðñòðàòåãèþ

(t, x, u) → V (t, x, u) = arg max
v∈V

g2(t, x, u, v). (3.4)

Ïîñòðîèì ìíîæåñòâî

U0(t0, x0) =
{

u(·) : [t0, T ] → U� èçìåðèìûå ôóíêöèè,

óäîâëåòâîðÿþùèå (3.2)
}
.

Ðàññìîòðèì îòîáðàæåíèå Γ(u(·)) : Ũ → R

u(·) → σ2(x[T ; t0, x0]) +

T∫

t0

g2(t, x[t; t0, x0]), u(t), V (t, x[t; t0, x0], u(t))dt,

(3.5)
u(·) ∈ U0(t0, x0), ôóíêöèÿ x[·; t0, x0] ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

ẋ = f(t, x, u(t)), u(·) ∈ U0(t0, x0), x(t0) = x0. (3.6)

Çàìå÷àíèå 3.1. Íàèëó÷øèé ðåçóëüòàò âòîðîãî èãðîêà äëÿ íà÷àëüíîé
òî÷êè (t0, x0) äàþò óïðàâëåíèÿ

u∗(t) ∈ arg max
u(·)∈U0(t0,x0)

Γ(u), v∗(t) = V (t, x[t; t0, x0]), u
∗(t)),

Γ îïðåäåëÿåòñÿ (3.5), x∗[·; t0, x0] óäîâëåòâîðÿåò (2.1). Çäåñü èñïîëüçó-
åòñÿ îïåðàöèÿ arg max âìåñòî arg sup â ñèëó óñëîâèÿ A3.

Çàìå÷àíèå 3.2. Ïî îïðåäåëåíèþ ïàðà óïðàâëåíèé (u∗, v∗) äîñòàâëÿ-
åò íàèëó÷øèé ðåçóëüòàò èãðîêîâ, êîòîðûé ðàâåí (c(t0, x0), w

∗(t0, x0)).
Çäåñü c, w � ðåøåíèÿ çàäà÷ Êîøè (2.2), (2.3) ñîîòâåòñòâåííî, w∗(t0, x0)=

lim sup
(τ,ξ)→(t0,x0)

w(τ, ξ).
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4. Îáîáùåííîå ðåøåíèå ñèñòåìû óðàâíåíèé
Ãàìèëüòîíà�ßêîáè

Êàê îòìå÷àëîñü ðàíåå, óðàâíåíèå (2.2) ñèñòåìû óðàâíåíèé Ãà-
ìèëüòîíà�ßêîáè ðåøàåòñÿ íåçàâèñèìî îò âòîðîãî. Åãî ìèíèìàêñíîå
ðåøåíèå ñóùåñòâóåò è åäèíñòâåííî â êëàññå íåïðåðûâíûõ ôóíêöèé.

Ïîäñòàâèì ïðåäñòðàòåãèþ u0, îïðåäåëåííóþ (2.4), â óðàâíåíèå
(2.3). Çàìåòèì, ÷òî ãàìèëüòîíèàí H2 ìîæåò áûòü ðàçðûâíûì ïî x,
òàê êàê u0 çàâèñèò îò p, ñîâïàäàþùåãî ñ cx ïî÷òè âñþäó. Â ñèëó
ñâîéñòâ ìèíèìàêñíîãî ðåøåíèÿ ïðîèçâîäíàÿ cx ìîæåò áûòü ðàçðûâ-
íîé.

Ïîñòðîèì â çàäà÷å (2.3) îáîáùåííîå ðåøåíèå. Ðàññìîòðèì äèô-
ôåðåíöèàëüíîå âêëþ÷åíèå

(ẋ, ż) ∈ E(t, x, q), E(t, x, q) = {(f, g) : f ∈ f(t, x, U),

〈f, q〉 − g ∈ [H2∗(t, x, q), H∗
2 (t, x, q)], q ∈ Rn}, (4.1)

ãäå H2∗, H∗
2 îïðåäåëåíû (2.5).

Äèôôåðåíöèàëüíîå âêëþ÷åíèå (4.1) ÿâëÿåòñÿ äîïóñòèìûì õàðàê-
òåðèñòè÷åñêèì ñîãëàñíî ðàáîòå [2].

Íàïîìíèì íåñêîëüêî îïðåäåëåíèé ñîãëàñíî ðàáîòå [3].

Îïðåäåëåíèå 4.1. Ïóñòü W � ãðàôèê ìíîãîçíà÷íîãî îòîáðàæåíèÿ
w : ΠT ⇒ R � çàìêíóòîå ìíîæåñòâî. Áóäåì ãîâîðèòü, ÷òî W ñëà-
áî èíâàðèàíòíî îòíîñèòåëüíî äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ (4.1),
åñëè äëÿ ïðîèçâîëüíîé òî÷êè (t0, x0, z0) ∈ W ñóùåñòâóåò τ > 0 è
òðàåêòîðèÿ (x, z) äîïóñòèìîãî äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ (4.1)
òàêàÿ, ÷òî (x(0), z(0)) = (x0, z0), (t, x(t), z(t)) ∈ W äëÿ âñåõ t ∈ [0, τ ].

Â îïðåäåëåíèè 4.1 â êà÷åñòâå äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ ìîæ-
íî èñïîëüçîâàòü ëþáîå äîïóñòèìîå õàðàêòåðèñòè÷åñêîå äèôôåðåí-
öèàëüíîå âêëþ÷åíèå, êîòîðîå óäîâëåòâîðÿåò óñëîâèÿì, îïèñàííûì â
[2]. Äëÿ óäîáñòâà èçëîæåíèÿ áóäåì èñïîëüçîâàòü äèôôåðåíöèàëüíîå
âêëþ÷åíèå (4.1).

Îïðåäåëåíèå 4.2. Çàìêíóòîå ìàêñèìàëüíîå ïî âêëþ÷åíèþ ìíîãî-
çíà÷íîå îòîáðàæåíèå w : ΠT ⇒ R íàçûâàåòñÿ Ì-ðåøåíèåì çàäà-
÷è Êîøè äëÿ óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè, åñëè gr w ñëàáî èíâà-
ðèàíòåí îòíîñèòåëüíî äîïóñòèìîãî äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ
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(4.1), w(T, x) = σ2(x) äëÿ âñåõ x ∈ Rn.

Îïðåäåëåíèå 4.3. Ýïè-ðåøåíèåì (ãèïî-ðåøåíèåì) çàäà÷è (2.3) íà-
çûâàåòñÿ çàìêíóòîå ìíîæåñòâî W ⊂ [0, T ]×Rn×R, ñëàáî èíâàðè-
àíòíîå îòíîñèòåëüíî äîïóñòèìîãî äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ
(4.1) è óäîâëåòâîðÿþùåå óñëîâèþ

(T, x, z) ∈ W ⇒ z ≥ σ2(x)((T, x, z) ∈ W ⇒ z ≤ σ2(x)) ∀ x ∈ Rn.

Äàäèì îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ ñèñòåìû Ãàìèëüòîíà�
ßêîáè.

Îïðåäåëåíèå 4.4. Ìíîãîçíà÷íîå îòîáðàæåíèå (c, w), ãäå c(·, ·) :

ΠT → R, w : ΠT ⇒ R íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è
Êîøè äëÿ ñèñòåìû óðàâíåíèé Ãàìèëüòîíà�ßêîáè (2.2), (2.3), åñëè
ôóíêöèÿ c(·, ·) � ìèíèìàêñíîå ðåøåíèå çàäà÷è (2.2), ôóíêöèÿ w(·, ·)
� Ì-ðåøåíèå çàäà÷è (2.3).

Îïðåäåëèì ìíîãîçíà÷íîå îòîáðàæåíèå

(t0, x0) ⇒ w(t0, x0) =
⋃

u(·)∈U0(t0,x0)

Γ(u) (4.2)

Ëåììà 4.1. Îòîáðàæåíèå w, îïðåäåëåííîå (4.2), êîìïàêòíîçíà÷íî.

Äîêàçàòåëüñòâî. Âûáåðåì wi(t0, x0) = Γ(ui) ∈ w(t0, x0). Ïîêàæåì,
÷òî åñëè wi(t0, x0) → w0(t0, x0), òî w0(t0, x0) ∈ w(t0, x0). Äåéñòâèòåëü-
íî,

lim
i→∞

wi(t0, x0) = lim
i→∞

Γ(ui) = Γ(u0) = w0(t0, x0).

Îòñþäà w0(t0, x0) = Γ(u0) ∈ w(t0, x0). Çàìåòèì, ÷òî w(t, x0) îãðàíè-
÷åíî, òàê êàê Γ(u) îãðàíè÷åíî íà êîìïàêòå U0(t0, x0).

Íàïîìíèì òåîðåìó.

Òåîðåìà 4.1. [10]. Ïóñòü w � çàìêíóòîå ìíîæåñòâî â [0, T ] ×
Rn × R. Ïðåäïîëîæèì, ÷òî w(t, x) = {z ∈ R : (t, x, z) ∈ w} 6= ∅
è w∗(t, x) = min

z∈w(t,x)
z > −∞, w∗(t, x) = max

z∈w(t,x)
z < ∞. ×òîáû w áûëî

Ì-ðåøåíèåì çàäà÷è (2.3) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû epi w∗ è
hypo w∗ ÿâëÿëèñü Ì-ðåøåíèÿìè çàäà÷è (2.3).

Äîêàæåì òåîðåìó.
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Òåîðåìà 4.2. Åñëè âûïîëíåíû óñëîâèÿ A1�A4, òî ìíîãîçíà÷íîå îòîá-
ðàæåíèå w, îïðåäåëåííîå (4.2) ÿâëÿåòñÿ Ì-ðåøåíèåì çàäà÷è (2.3).

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà òåîðåìû âîñïîëüçóåìñÿ òåî-
ðåìîé 4.1. Îáîçíà÷èì w∗(t0, x0) = max

y∈w(t0,x0)
y, ãäå w îïðåäåëåíî (4.2).

Ïîêàæåì, ÷òî ïîäãðàôèê w∗ ÿâëÿåòñÿ ñëàáî èíâàðèàíòíûì ìíîæå-
ñòâîì îòíîñèòåëüíî äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ (4.1).

Ïóñòü (t0, x0) ∈ [0, T ] × Rn. Âûáåðåì (t0, x0, z0) ∈ hypo w∗, z0 ≤
w∗(t0, x0). Ñóùåñòâóåò îïòèìàëüíîå óïðàâëåíèå (u∗, v∗), îïðåäåëåííîå
(3.2), ïîðîæäàþùåå òðàåêòîðèþ ξ:

ξ̇ = f(t, ξ, u∗(t)), ξ(t0) = x0.

Â ñèëó âûáîðà òî÷êè z0 è ïðèíöèïà îïòèìàëüíîñòè Áåëëìàíà
ñïðàâåäëèâî

z0 ≤ w∗(t0, x0) = w∗(t, ξ(t))+
t∫

t0

g2(τ, ξ[τ ; t0, x0], u
∗(τ), V (τ, ξ[τ ; t0, x0], u

∗(τ))dτ.

Äëÿ âñåõ t ∈ [t0, T ] èìååì

z0 −
t∫

t0

g2(τ, ξ[τ ; t0, x0], u
∗(τ), V (τ, ξ[τ ; t0, x0], u

∗(τ)))dτ ≤ w∗(t, ξ(t)).

Çàìåòèì, ÷òî òðàåêòîðèÿ (ξ(·), z(·)) óäîâëåòâîðÿåò äèôôåðåíöèàëü-
íîìó âêëþ÷åíèþ (4.1), ò. ê.

z(t) = z0 −
t∫

t0

g2(τ, ξ[τ ; t0, x0], u
∗(τ), V (τ, ξ[τ ; t0, x0], u

∗(τ)))dτ.

Çàìåòèì, ÷òî

g = ż = −g2(t, ξ(t), u
∗(t), V (t, ξ(t), u∗(t))), 〈f(t, ξ(t), u∗(t), p〉 − g =

〈f(t, ξ(t), u∗(t), p〉+ g2(t, ξ(t), u
∗(t), V (t, ξ(t), u∗(t))) ∈

[H2∗(t, ξ(t), p), H∗
2 (t, ξ(t), p)]

ïî îïðåäåëåíèþ ãàìèëüòîíèàíà H2. Îòñþäà ñëåäóåò, ÷òî (t, ξ(t), z(t)) ∈
hypo w∗(t, ξ(t)), à çíà÷èò (t, ξ(t), z(t)) ∈ hypo w(t, ξ(t)). Ñëåäîâà-
òåëüíî hypo w∗ � çàìêíóòîå ìíîæåñòâî, óäîâëåòâîðÿþùåå îïðåäå-
ëåíèþ ãèïî-ðåøåíèÿ.
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Îáîçíà÷èì w∗(t0, x0) = min
y∈w(t0,x0)

y, ãäå w îïðåäåëåíî (4.2). Âûáåðåì
òî÷êó (t0, x0, z0) ∈ epi w∗, z0 ≥ w∗(t0, x0). Ðàññìîòðèì îïòèìàëüíóþ
òðàåêòîðèþ ξ(·) äèíàìè÷åñêîé ñèñòåìû (2.1), ïîðîæäåííóþ óïðàâëå-
íèåì u∗ è óäîâëåòâîðÿþùóþ íà÷àëüíîìó óñëîâèþ ξ(t0) = x0. Â ñèëó
îïòèìàëüíîñòè ξ(·)

w∗(t, ξ(t)) +

t∫

t0

g2(τ, ξ[τ ; t0, x0], u∗(τ), V (τ, ξ[τ ; t0, x0], u∗(τ)))dτ =

w∗(t0, x0) ≤ z0. Îòñþäà

w∗(t, ξ(t)) ≤ z0−
t∫

t0

g2(τ, ξ[τ ; t0, x0], u∗(τ), V (τ, ξ[τ ; t0, x0], u∗(τ)))dτ = z(t),

ò.å. òðàåêòîðèÿ (ξ(·), z(·)) ëåæèò â íàäãðàôèêå w∗.
Ïîêàæåì, ÷òî z(·) ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî âêëþ-

÷åíèÿ (4.1). Äåéñòâèòåëüíî,

g = ż = −g2(t, ξ(t), u∗(t), V (t, ξ(t), u∗(t))), 〈f(t, ξ(t), u∗(t), p〉 − g =

〈f(t, ξ(t), u∗(t), p〉+ g2(t, ξ(t), u∗(t), V (t, ξ(t), u∗(t))) ∈
[H2∗(t, ξ(t), p), H∗

2 (t, ξ(t), p)].

Ñëåäîâàòåëüíî epi w∗, à çíà÷èò è epi w � çàìêíóòûå ìíîæåñòâà, óäî-
âëåòâîðÿþùèå îïðåäåëåíèþ ýïèðåøåíèÿ.

Ñîãëàñíî òåîðåìå 4.1 ìíîæåñòâî epi w∗
⋂

hypo w∗ ÿâëÿåòñÿ Ì-
ðåøåíèåì çàäà÷è (2.3). Çàìåòèì, ÷òî epi w∗(T, x)

⋂
hypo w∗(T, x) =

σ2(x), x ∈ Rn.

Çàìå÷àíèå 4.1. Ìû ïîêàçàëè, ÷òî ìíîãîçíà÷íîå îòîáðàæåíèå (4.2)
ÿâëÿåòñÿ Ì-ðåøåíèå çàäà÷è (2.3), à çíà÷èò ÿâëÿåòñÿ ìàêñèìàëüíûì
ïî âêëþ÷åíèþ ñîãëàñíî îïðåäåëåíèþ 4.2. Ïðåäïîëîæèì, ÷òî åñòü W

è W ′ � äâà Ì-ðåøåíèÿ çàäà÷è (2.3). Â ñèëó ìàêñèìàëüíîñòè ïî âêëþ-
÷åíèþ èìååì âëîæåíèÿ W ⊆ W ′ è W ′ ⊆ W , ñëåäîâàòåëüíî W = W ′

è Ì-ðåøåíèå åäèíñòâåííî.
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5. Ïðèìåð
Ðàññìîòðèì óïðàâëÿåìóþ ñèñòåìó

ẋ = u, x(t0) = x0,

x ∈ R, t ∈ [0, T ], |u| ≤ 1, |v| ≤ 1. Êà÷åñòâî óïðàâëåíèÿ ïåðâîãî èãðîêà
îöåíèâàåòñÿ ôóíêöèîíàëîì I1 âèäà

I1(u(·)) = |x(T )| −
T∫

t0

u2

2
dt → max,

à âòîðîãî � I2

I2(u(·), v(·)) = x(T )−
T∫

t0

uv2dt → max .

Ñîñòàâèì ñîîòâåòñòâóþùóþ ñèñòåìó óðàâíåíèé Ãàìèëüòîíà�ßêîáè

∂c

∂t
+ max

u∈U
pu− u2

2
= 0, c(T, x) = |x|,

∂w

∂t
+ qu0(t, x, p)−max

v∈V
u0(t, x, p)v2 = 0, w(T, x) = x,

x ∈ R, T = 2, t ∈ [0, T ]. Ïåðâîå óðàâíåíèå ñèñòåìû ìîæíî ðåøèòü ñ
ïîìîùüþ ôîðìóëû Ëàêñà�Õîïôà

c(t, x) = |x| − 1/2(t− T ).

Ïðåäñòðàòåãèÿ ïåðâîãî èãðîêà èìååò âèä

u0(t, x, p) =





p, åñëè |p| ≤ 1,

1, åñëè p > 1,

−1, åñëè p < −1.

Ïðîãðàììíîå óïðàâëåíèå ïåðâîãî èãðîêà, ñîãëàñíî ôîðìóëå (3.2) èìå-
åò âèä

u0(t; t0, x0) =





1, åñëè x0 > 0,

−1, åñëè x0 < 0,

{−1, 1}, åñëè x0 = 0.
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Êîíòðñòðàòåãèÿ âòîðîãî èãðîêà èìååò âèä

V (u) =

{
{−1, 1}, åñëè u > 0,

0, åñëè u < 0.

Ïðîãðàììíîå óïðàâëåíèå âòîðîãî èãðîêà èìååò âèä

v0(t; t0, x0) =

{
{−1, 1}, åñëè x0 ≥ 0,

0, åñëè x0 < 0.

Ì�ðåøåíèå âòîðîãî óðàâíåíèÿ ñèñòåìû óðàâíåíèé Ãàìèëüòîíà�ßêîáè
èìååò âèä

w(t, x) =





x + t− T, åñëè x < 0,

x, åñëè x > 0,

[x, x + t− T ], åñëè x = 0.

Âèäíî, ÷òî ðåøåíèå ìíîãîçíà÷íî âäîëü êðèâîé x = 0. Íàèëó÷øèé
ðåçóëüòàò âòîðîãî èãðîêà èìååò âèä

Γ∗ =

{
x− t + T, åñëè x ≤ 0,

x, åñëè x > 0.
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A CONSTRUCTION OF NASH EQUILIBRIUM BASED
ON SYSTEM OF HAMILTON�JACOBI EQUATIONS OF
SPECIAL TYPE

Ekaterina A. Kolpakova, Krasovskii Institute of Mathematics and
Mechanics of UrB RAS, Cand.Sc. (eakolpakova@gmail.com).

Abstract : The paper is devoted to the Nash program strategies'
construction in nonzero-sum di�erential games with two players applying
the solution of a strong coupled system of Hamilton�Jacobi equations.
The system of Hamilton�Jacobi equations is of the special type where
the �rst equation of the system doesn't depend on the second one, and
the second equation depends on the derivative of the �rst equation's
solution. We show that the solution of the system of Hamilton�Jacobi
equations should be considered in the class of multivalued maps.
We propose a generalized solution for the system of Hamilton�Jacobi
equations and prove the existence theorem for such generalized solution.
To conclude we consider an example illustrating the Nash program
strategies' construction.

Keywords : hierarchical di�erential games, Nash equilibrium, generalized
solution, system of Hamilton�Jacobi equations.


