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HEITPEPBIBHA A UT'PA HUM

CEPIEV B. BUHHUYEHKO
Yuruacknit uHCTATYT npupoaaeix pecypcos CO PAH
Yura

B pabore paccmaTpuBaeTcsa HenpepbIBHBIN BapuanT urpsl HVM,
B KOTOPO#1 IBa UTPOKA IO 0YUEPEIN 3a9€PIBIBAIOT BOJY U3 KAKON-TO
eMKOCTH. BLIMrpreIiBaeT urpok, caenaBimmii 310 mocaeqanmM. Haxo-

AATCA OIITUMaJIbHBIC CTPATECTIU U 3HAYCHNE UT'DDBI.

Karoueswvie caosa: Nrpa HUM, orpanudenusi Ha BBIOOp, HENPEPHIBHbIN
BapHUAHT, ONTUMAJIBHBIE CTPATEIHH.

1. Beenenue

Epp u Ferguson pacemorpenn B 1] cieayronryo urpy aByX JHI| U Ha-
uid ee penienue. B jlaHHO#N urpe JiBa urpoka JOCTalOT U3 Ky4u KaMHeil
KaKoe-TO 4uc/jio KaMmueit. [Ipu 3rom, 3a1aHbl HEKOTOPOE TOJIOZKUTE/IHHOE
quc10 m u HeyObiBaomas ¢yukus f(n). Buauane nepsbiit urpok jo-
CTaeT U3 Ky4H IMOJIOKUTeIbHOE YHCJI0 KaMHeil 71, KOTOpOe He MPEeBBIIIaeT
m. Ha cienyrotmem 1mare apyroii ITPOK J0CTaeT U3 KyUd KaKoe-TO TOJI0-
JKUTEJIbHOE TUCJI0 KAMHEH N, KOTOpoe He npesbinraet f(ny) u Tak ganee.
Urpok, mocrasimii mocaenuii KaMeHb U3 Ky4Hd, BRIUT'PLIBAET B JAHHOMN
urpe. Drta urpa spiasercsa Bapuanrom urpsl HUM (cm., Hanpumep, [2]).
B nannoit pabote paccMaTpuBaeTcs HeNpPePLIBHAS BEPCUS JTAHHON HTDHI.

2. HenpepsiBrag nrpa HUIM

PaccmorpuM urpy aByx g, Ilycts m, b monoKuTenbHble qeicTBH-
TeJIbHbIE YUCJIa Takue, 910 m < b, u mycth ¢ HeyObiBaromas hyHKIus
onpeJieJieHHast Ha [m, +00[, KoTopast yJ0BJIeTBOPSIET YCJIOBUSIM:

g(m) > m, (2.1)
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glx)y <M z€[m, M| (2.2)

rie M = g(m) + m.

[Iycts B HEKOTOpOM Oacceiine HasmTo X JUTPOB Boabl. Ha mepBom
mare mepBblil UI'POK 3a4deplibiBaeT 3 DacceiiHa HEKOTOPbIN 00'beM BO/IbI
T1, KOTOPBII YAOBJETBOPAET YCJIOBUAM:

min(m, X) < z; < min(b, X).

Ha cneayiomem 1mrare BTOpoil MTPOK 3adeplbIiBaeT u3 OacceiiHa oObeM
BOJIBI X3, KOTOPBIil YIOBIETBOPSIET HEPABEHCTBAM:

min(m, X) < zo < min(g(x1), X),

u Tak jaJiee. Irpok, 3adeprHyBIIuil BOLY MOCJIEJHUM, BHIUTDHIBAET B
JAaHHOU UTpe.

3. OnTumanbpHadg cTparerus

Jas X > 0 onpegennm V(X)) kak MHOKeCTBO Takux = > min(m, X ),
9YTO UTPOK MOZKET 3a4epPIHYTb T JIUTPOB BOJABI U 00A3aTETbHO BLIMIPA-
er. Torma aist X, e npessimatoniero M, muoxkecrso V(X)) cocrout u3s
OJIHOT'O 3jieMeHTa X.

[Momoxum v(X) = inf V(z). s Beex nosioxurenbubix X U BCex
x € [m, X[, 09eBUIHO, BBINOJIHSAIOTCS CJIEIYIONNE YCIOBHS:

Ecmm g(z) < v(X —z), o x € V(X).
Ecm g(z) > v(X —z), o x ¢ V(X).
Ecmm g(z) =v(X —z) nv(X —z) € V(X —2), o z ¢ V(X).

[Tpeanonoxum, uro v(X) € V(X). Torma uepsblii UrpOK BBIUTPbHI-
Baer, ecsiu b > v(X), a Bropoii BemrpeiBaer, eciiu b < v(X). Takum
06pa30M, I pelleHrs UIPbl JOCTATOYHO JI0KA3aTh, 4TO JJId BCex X
soinostasiercst v(X) € V(X)) n maiitu cocob onpenenenus v(X).

Jlemma 3.1. Ilycmv X > m mootcro sanucams 6 sude X = nM +h, 2de
n yenoe wucao u 0 < h < M. Tozda v(X) > max(m,h), u daa h < M
umeem mecmo v(X) € V(X), uv(X) = max(m,h).

Loxazameavcmeo. YTBep:xkaenune cupapeatnso 1aa m < X < M. [Ipexa-
[IOJIOZKUM OHO cripaBeiinBo i X < K u jjokaxkem ero it X < K+m.
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Hns y € [m, max(m,h)| nveem
X—y=nM+h—-y, h>m, 0O<h—y<M, X—-y<K.

[To unaykruBHOMy npeanosokennto v(X —y) € V(X —y) n v(X —y) =
max(m, h —y). Kpome toro, nmeem v(X —y) < M —m = g(m) < g(y) n
y ¢ v(X). Orcrona crenyer, aro v(X) > max(m, h). C apyroit cropoHst,
st h < M w y = max(m, h) umeer mecto

X—y=nmn—-1)M+M+h—-y, 0O<M+h—y<M.

[To wnykrusHOMY tpenonoxkenuto v(X —y) > M +h—y. Ecau h > m,
Toy=hugly) <M=M+h—y. Eciu h <m, 0y =mu g(y) =
M —m < M+h—y. B oboux ciyuasx g(y) < v(X —y). Takum o6pazom,
y € V(X) uv(X)=y. Dro goKa3biBaeT JeMMy. O

Ocraerca naiitn v(X) n mokaszars, uto v(X) € V(X) nma X suga
nM. PaccMoTpum JiBa cirydas.
[lepsoiit caygaii g(M) < M. 13 nemwmsr caenyer g(M) < M < v((n —
1)M). Torna M € V(nM). Eue pa3 npumenss jgemmy, moayunm v(nM) >
M wv(nM)= M.
Bropoit cayuaii g(M) > M. Oupeaennm GbyHKIU0 f OT HATYpPaJbHOTO
aprymenTa 1o dopmy.ie

f(n) = lg(nM)/M]

(cKOOKM 03HAYAIOT MEJYI0 YaCTh YHCIa). DTa QYHKIUST ONMpeIe/seT JIuc-
kpernyio urpy HIIM. Koporko onuiem perrenue 310ii Urpbl (JeTanm ¢M.
B [1]). nst Kyuu u3 n kamuedi nycrb L(n) MEHIMAJIbHOE YHCIO KaMHel,
KOTOpOe UTPOK JIOJIZKEH J0CTaTh U3 KyduW U OBITH mobeauTenem. Torma
dbyuknus f u L ob1agai0r caeayomuMu CBOCTBaMU:

f(k)>Lin—k) ama 1<k< L(n),
f(k) < L(n—k) nana k= L(n).

JlJist ocTpoeHus PeIieHusl OCTAeTCS JI0KAa3aTh TEOPEMY.

Teopema 3.1. v(nM) = L(nM) u v(nM) € V(nM).
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Jokasamenvcmeo. [Tokaxkem teopemy no uHAyKimu o n. Ouesuna 6a-
3a ungyknuu. [lo gemMme umeer mecto HepaBeHcTBo v(nM) > M. Jlns
x € [M, L(n)M] Bo3MOxKHBI JiBa BApUAHTA.

1) @ = kM + h, tae k nenoe gucio, u 0 < h < M. Torga nM —
r=Mnmn—-k—1M+M—-huO< M-—h < M. CornacHo semme,
vinM —z) =M —h<g(z)uz ¢ V(nM).

2)x=kM, 1<k < L(n). o uanykmun v((n—k)M) = L((n—k)M)
u v((n —k)M) € V((n — k)M). Corstacuo oupejesenuto dbyuxuuu f,
MMeeM

(f(k) + )M > g(x) = f(k)M.

Caemosatenio, ec k < L(n), To
F) = Lin—k), g()>Lin—k)M n x ¢ V(nM).

Ecun ke k = L(n), o

Fk) < L(n—k), f(k)+1< L(n—k), g(z) < L(n—k)M = = € V(nM).

]

4. HenpepsiBuag urpa HUIM 6e3 ycnoBus (2.2)

Tenepb mpeanonoKuM, 9T0 KaK U BBIIIE, B UTPOKA MMO-OUepe/id BbI-
YUTAIOT YUCTA, YAOBIECTBOPSIONINE MTPEKHUM YCTOBUIM, U3 MOTOKATETb-
HOTO BenecTBeHHoro 4ucija X. Ho, eciiu panbiie urpa 3akaHuuBaJiach,
KOI'J1a Pa3HUIla CTAHOBUJIACH HEIIOJI0XKUTEJIbHON U UTPOK, CJIeJIaBIINI 3TO,
CTAHOBUJICS OO TUTETIEM, TO TeEPh PACCMOTPHUM CJIy4aii, KOT/1a HTpa 3a-
KaHYMBaeTCs IPU OTPUIATETbHON pa3nuiie. B 3Tom ciydae orpannvienne
(2.2) na dyskuuio g e Tpedyercs.

5. BelurpsIBIoIiee mpeacTaBIeHAE

[IpeanomoxuM, ato ¢(i) = g(m) npu 1 < i < m. O6ozuaaum V(X)
HA0OP TAKUX T > M, YTO UI'POK MOZKET BbIYECTHh £ U3 X U 00sA3aTe/IbHO
seiurpaert. [Tycrs v(n) = inf V(n). Ilpeanonoxnm rakxke, aro v(X) = 0o
upu X < 0. Onpenennm

9(X) = (v(X),0), ecaim v(X) € V(X),

9(X) = (v(X),1), ecoim v(X) ¢ V(X),
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9(x) = (9(2),0).
Cuuraem, aro R X {0, 1} nuneliHO yHOPSIOUEHO B JIEKCUKOTPADUICCKOM

HOPSIJIKE, T.€.
(z,5) < (2/,¢') sxBuBamenTHO0 2 < 2’ wm (z =2’ ms < §).

Jlerko Bugers, uro x € V(X) Torga m Toipko Torma, Korga §(zr) <
(X — z). Bamernm, uro m < v(X) < X u 9(X) = max((m,0), (X, 1)
a0 < X < m+ g(m). Beesem caenyiomue 06030aueHns

v_(X) = iggsup{'&(x)]X —e<zr< X},

v_(X) = prio_(X),
9. (X) = nf {5(X + )},
g (X) = sup{a(X — o)}

e>0

[Iycrn
A= {X > 0[v(X) = max{(X, 1), (m,0)}},

B ={X >0|v(X) <v_(X)},
C={X>0v(X)<Xnv_(X)=X}

Cunraem, uro (x1, ) + xo = (1 + 29, 5).
Bamernm, 9T0

X € A, 0< X <m+ g(m),

X ¢ B, 0<X <m+ g(m),
0e B, m+g(m)ecC.

Jlemma 5.1. ITyems 0 < YV < X, t e V(X), t—(X-Y) €
V(Y). Toeda t — (X =Y) e V(Y).

Zlokazameavcmeo. meem

Jt—(X-Y)) <g(t) <X —t)=0(Y — (t - (X - Y))),
t— (X —Y)e V().
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JIemma 5.2. ITycmo Y < X <Y +m, 0(Y) > (m,0), 9(X) < o(Y) +
X =Y. Tozda v(z) = (m,0) daa X <z <Y +m.

Jloxazameavcmeo. Tlycrs [(X+Y)/m] = k. ([z] obo3nauaer neyro gacThb
ancia z.) Jlokaxkem 910 yrBeprxKaenne unaykmuei no k. O4ueBuaHo, 310
BepHo 11 k < 1. Ilpegmoioxkum, 910 310 BepHo aid k < K u J1oKaxKeMm
seinosinenne g k = K + 1. Beibepem ¢ € V(X) rakoe, uro (t,0) <
1Y)+ X =Y. Ecomut > m+ X —Y, ro uo Jlemme 5.1 t — (X —Y) €
VY)u (t — (X —Y),0) > 9(Y). D10 nporuBopedne 1m0oKa3bBAET 4TO
t<m+X =Y. Ilycte X —t < s <Y. Torga [(X —t+s)/m| < k. Ecin
0(s) < (X —1t), 70 9(Y) = (m,0) 110 MHAYKIHOHHOMY HPEJIIOTOKEHHIO.
D10 mporuBopeunT ycaouio gemmbl. CrenoBarensro 0(X —t) < 9(s),
u umeem g(m) < g(t) < 9(X —t) < o(x —m) u 0(x) = (m,0) mia
X <2 <Y + m. 910 J0Ka3LIBAET JIEMMY. ]

Canencrsue 5.1. Feau v(X) = (v(X),1), mo cywecmsyem £ > 0 ma-
Koe, wmo |v(X),v(X) +e[C V(X).

Jloxazamenncmeo. Boibepem 0 < g1 < m Takoe, uto v(X) + ¢, € V(X).
Torna
BX — (o(X) +21) > G0(X) +21) > (m,0).

Ecmm 0(x) < 0(X — (v(X) +¢e1)) mia X — (v(X) +e1) <z < X —v(X),
to no Jlemme 5.2 0(t) = (m,0) ma x <t < X —v(X),u s ¢ V(X) nua
v(X) < s < X — 2. D10 nMpoTHBOpEUNe TOKA3hIBAET, YTO JIJIsS TAKOTO

nepaenctBo U(z) > 9(X — (v(X) + ¢)) Beinosnsercs. CienoBaTebHO
Jo(X),v(X) + ¢[C V(X). O

JIemma 5.3. ITycmo X € B. Tozda 9(X) = (m,0) daa X <z < X +m.

Zoxazameavcmeo. Ilycts 0 < € < m. Beibepem Y Tak, uro X — ¢ <
Y <XuoY)>0(X). Torga g X <z <Y +m umeem 9(x) = (m,0)
o Jlemme 5.1. HeoOxomumoe 3akmodeHne cjieayer U3 IPOU3BOILHOCTH
E. O

JIemma 5.4. ITyemo X > 0. Ecau 9(X) > (m,0), mo 9(X) = (v(X),1)
u cywecmeyem £ > 0 makoe, wmo 0(z) = 9(X) + 2 — X daa X <
r < X +e Ecau 0(X) = (m,0), mo cywecmsyem £ > 0 maxoe, umo
9(X) = (m,0) daa X <z < X +e.
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Jlokasamenvcmso. Ilycrs [X/m] = k. YrBep:KaeHue 04eBHIHO BEPHO
npu k < 1. [Ipeamonoxkum, uTo oHO BepHO H1d k < K u JoKaxkeM st
k=K+1.

Cayuaii 9(X) > (m,0).

IIycts t € V(X). Tormat > m, §(z) < 0(X —t), 9(X—t) > (m,0). Ilo
MH/IYKTHBHOMY TIPE/IIOJOKEHHIO cymmecTByer € > 0 Takoii, uro 0(z) =
(X —t)+x—(X—t) g X —t <z < (X —t)+e Torma g(t —e/2) <
U(X —(t—¢/2)nut—e/2 € V(X). CrenoBaresnbro 0(X) = (v(X),1).
Bribepem ¢t € V(X)) Takoe, uro t — v(X) < m. Torga 0(X —t) > (m,0).
U3 Jlemwmbt 5.2 osryunm, aro 0(y) > 0(X —t) g X —t <y < X — v( ).
IIycts X <2 < X+ (t—v(X)). Torma mua v(X) +x— X < s <t umeem
g(s) <v(x —s),s € V(X), u ciegoBaresnvno 0(z) < 0(X) +x — X.

AHATIOTHYIHBIME PACCY K IEHUSIMU, MOYKHO JIOKA3aTh, UTO CYIIECTBYET
g1 > 0 rakoe, uto m ¢ V(x) pa X < z < X + ;. Oboznavas ¢ =
min(t—v(X),e1) n ucnonnsys Jlemmy 5.3, moayanm 0(x) = 0(X)+x—X
g X <z < X +e.

Cayuait 9(X) = (m,0) Moxker ObITH JOKa3aH TAaKUM )Ke obpa3oM. [

JIemma 5.5. ITycmov 0 < Y < X, 0(Y) > (m,0), o(YV)+ X - Y <
(X)) <o(Y)+ X =Y +m. Toeda 0(X) =0(Y)+ X - Y.

Jlokasamenvcmeo. Tpeanonoxum, uro 0(X) > 0(Y) + X — Y. Torna
0< (Y —vY)) — (X —v(X)) < m. Boibepem z € V(X) uy € V(Y)
rak, 910 X —x <Y — oY) u (Y —y) — (X — ) < m. Torna o(Y —
Y), 0(X—x) > (m,0). o Jlemme 5.2 0(Y —y) > 9(X —z). CregoBareabHo
JX =Y +y) <oy —y), X —Y +y e V(X). Ilepexons x npeaery
y — v(Y), umeem v(X) = v(Y) + X — Y. Tosromy, no Jlemme 5.4,
(X)) = (v(X),1), Y)=@Y),)noX)=0Y)+ X -Y. O

JIemma 5.6. ITycmo v_(X) > (m,0). Tozda cywecmsyem € > 0 makoe,
umo 0(z) = (v_(X)+x—X,1) daa X —e <z < X.

Jloxazamenvcmeo. Bribepem €1 < m tak, uro v(t) — v_(X) < m/2 s
X—e; <t < X. Boibepem 0 < ¢ < &1 Tax, uro v(X —¢)—v_(X) > —m/2.
[To Jlemme 5.5 umeem 0(z) = 0(X —¢)+2— (X —¢) u 0(z) = (v_(X) +
r—X,1). O



10 C.B. Bunanuyenko

CaencrBue 5.2. Feau X € C, mozda cyuecmeyem € > 0 makoe, wmo
r€Aodma X —e<z<X.

Jlemma 5.7. Ilycmo
m<Y <X m<y<Y g (Y -y <v(X-Y)z-YeB
Tozda y € V(Y) axeusarenmuo y € V(X).

Jloxazameavcmeo. Iycrs y € V(Y). Torga nepsbiii Urpok BbIUUTAET Y
3 X W BLIMIPLIBACT UIPY ¢ HaYaJabHBIM 3HadeHmeM X. Ha mociemmem
mare oH BurauTaeT y; u3 X — Y + 4o, 0 < yo <Y — vy, y1 > yo. Cyme-
creyer € > 0 takoe, uro g(Y —y+¢) < v(X =Y —¢). Ecom yp > m,
TO TEPBBI UTPOK BBLIYATAET ¥z + € BMECTO Y1 M BBIUTPHIBAET UTPY C Ha-
qaabHbIM 3Hadennem X. Ecam ys < m, TO OH BBIUMTAET M BMECTO Y, W
TaKzKe BBIMIPBIBACT MIPY C HAYaJbHBIM 3HadeHumeM X. CremoBaTesbHO
ye V().

[Tycrs renepn y ¢ V(Y). AnasornanbiMu pacey K/ IeHUsIME TOJLY UM,
4TO MEPBBIl UIPOK, BhrauTaiomuii iy n3 X, npourpeisaet. CiegoBaTebHO

y ¢ V(X). 0

JIemma 5.8. ITycmo m <Y < X. Toeda (Y,1) = 9(X) sxsusarermmo
g (Y)<v_(X—Y),YE€A uX—Y €B.

Jlokasameavcmeo. Tycrs (Y, 1) = 9(X). TTo caepcrsuio 5.2 cymecrsyer
e > 0 rakoe, uto |Y, Y +¢[C V(X). U3 3roro umeem ¢, (V) < v_(X —-Y).
[Tockosbky Y ¢ V(X), o v(X - Y) < v (X -Y)u X —-Y € B.
[Tycts m < y < Y. lpeanonoxum, uro y € V(Y). Tlo Jlemme 5.7 umeem
y € V(X). 9ro uporusopeune nokaspisaer, uro Y € A.

[Tycts, naobopor, g4 (V) <v_ (X —-Y), Y € A, X —ye€ B,um <
y <Y. Torga y € V(Y). U3 Jlemmbt 5.7 moaydaum, uro y ¢ V(X). U3
Jlemmbl 5.6 caeyer cymecrsoBanue € > 0 takoro, uro Y,y +¢[C V(X).
Caenosarensuo 0(X) = (Y, 1). O

Jlemma 5.9. ITyemo X > 0. Tozda X € B axsusasenmno v_(X) € C.

Jlokazameavcmeo. Tlo Jlemme 5.6 cymecrsyer € > 0 takoe, uro v(z) =
v_(X)+x—X ga X —e <z < X. [ycrs Y = v(x). Ilo Jlemme 5.8
meeM g (Y) <V (X =Y), YeAur—-Y =X =v_(X) € B. Jlerko
BueTh, 4T0 ¢4+ (v_(X)—m) < v_(X —v_(X)). [To Jlemme 5.7 m € V(X)
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skpuBasientno m € V(v_(X)). Cnenoarenbno X € B 5KBUBAJIEHTHO

v_(X) eC. O

JIemma 5.10. ITyemov 0(X) = (m,0). Tozda cywecmesyem 0 < a < m
maxoe, ymo X —a € B.

Jlokazameavemeo. Umeem (m,0) < g(m) < 9(X — m). ITo Jlemme 5.3
cymecrByer ¢ > 0 takoe, yro 0(x) = 0(X —m) +z — (X —m) ana
X—-m<z<X—-—m+e Iycrs a = sup{0 < x <m|o(X —z) = (m,0)}.
Torga 0 < a < m. U3 Jlemmsr 5.4 crenyer, uro 0(X —a) = (m,0) u
X —-a€eB. [

[Iycts X npejcraBieHo Kak CyMMa:

X=a+h+...+h, (5.1)
hi & C, g_(hi_l) < (hl, 1), 2<: < t,

a€ A, gila) <hy. (5.2)

Kak u B [1], cymmy (5.1) GymeM HA3BIBATD 6biu2puiatouiee npedcmas-
Aenue aucna X.

Teopema 5.1. ITycmo X umeem evuzpuisaroujee npedcmasaerue (5.1).
Toz0a

1) 9(X) = max((m,0), (a, 1));

2) v_(X —a) = hy;

3) X € B sxeusasermmo a = 0.

Zloxazameavcmeo. Jlokaxkem Teopemy wHayKIiueil o t. baza wHykiun
npu t = 0 ouesnana. Boibepem € > 0 tak, uro x € A nusa hy —e < x < hy.
Torma

Y=x+ho+...+ Hh

BBIUTPHIBAOIIEE TIPEJICTABICHNE JIJIst TAKOTO Z. 110 MHyKTHBHOMY I1IDe/I-
nosoxkennto 0(Y) = max((m,0), (a,1)). CrenoBarensuo v_(X — a) =
hy € C. Tlo Jlemme 5.9 X —a € B. I3 Jlemm 5.2 u 5.6 caenyer 0(X) =
max((m,0), (a,1)). Oxkonuarensuo, ecmu X € B, to 9(X) = (m,0),
v_(X) > m, m > a. Ecim a > 0, ro v_(X) = m. Dro nporuBopeune
JIOKa3bIBaeT, 9To a = (. O
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Teopema 5.2. Kaocdoe X > 0 umeem eduncmeennoe sviu2puleaou,ee
npedcmasaerue.

Jlokasamenvcmeo. Tlycrs [X/m] = k. Jlokaxkem Teopemy nupyKueii mo
k. YrBepxkaenne, oueBu a0, Bepuo npu k < 1. [Ipenmosoxkum, 910 0HO
BepHo npu k < K u gokaxkem maiasg k= K + 1.

Cayuait 9(X) = (a, 1).

B srom caayuae g4 (a) < v_(X—a),a € A, X—a € B,u[(X—a)/m] <
K. Tlo wHIyKTUBHOMY MpeJIo/I0KeHni0 X — a UMeeT BbIUTPbIBAOIIEe
[Ipe/ICTaBICHNE

X—a=d+h+...+h,

n @' =0 no Teopeme 5.1. CremoBarenbHo
r=a+h;+...4+ M
BBIUTPHIBAIOIIEE TIPEICTABIEHHE.
Cayuaii 9(X) = (m,0).
[To Jlemme 5.10 cymectByer 0 < a < m Takoe, uto X —a € B.
I[To Jlemme 5.6 moxkuO BBHIGpATh £ > 0 Takoe, uro ¥(z) = (v_(X) +x —

X, 1) ga X —e < x < X. AHaJIOrMYIHO TIPEbIIYNIEeMY CIydalo & UMEeT
BBIUTPHIBAIOIIEE TIPEICTABICHNE

x=a +hy+ ...+ h,
d=v (X)+z-X.

[Iycts hy = v_(X). Torma g—(h1) < (he2,1). Ilo Jlemme 5.9 h; € C.
Caenosaresbio ga) < v_(X), u

r=a+h;+...4+ M

BBIUT'PHIBAIOIIEE TIPE/ICTABICHHE.
E,ILI/IHCTBGHHOCTB BBIUTPDBIBAIOIIETO MPEACTABJICHUA MO2KHO AOKA3aTh
MPOCTON WHIYKITHE. ]

6. Beruucienue a u h;

OrnpejietuM 1IOCIE€I0BATE/IBHOCTH a;, C;. Ilycth a1 = 1, ¢ = m +
f(m). Tlpeanonokum, 4To a;, ¢; OBLTH YK€ OUpeJeTeHbl g @ < T, U

cJIe/IyIONue HEPABEHCTBA BBIIIOJHEHDI

a1 < < <Co<...<qr <ECp.
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Ecau g_(¢,) < (¢, 1), TO mOCJIEI0BATEIBHOCTH @, C; KOHEUHBI U KAZKIAsT
I3 HOX COCTOUT U3 I' UJICHOB.
B sapyrom ciydae, nycTh p HaUMEHbIIEe YUCJO, TaKOe, 4To p < 7' U
g—(cp) > (¢, 1). Ilycrn ¢ = inf{a, <t < ¢,|g(t) > ¢, }. Torna g4+ (q) > c,.
OnpeneauM a, 1, Cp41 HEPABCHCTBAMU:

Qry1 = Cr T ¢, Cry1l = Qpy1 + min(m, Cp — Q)

Teopema 6.1. [Iycmo X > 0. Ecau a; < X < ¢; daa HeKomopozo &, mo
X € A. Ecau ¢; < X < ajpq, mo X ¢ A. Ecau ¢ — nauboavuee wucao
nocaedosamenvrocmu c;, mo X ¢ A dasn X > c5. Queaa ¢, dopmupyrom
naoop C.

Zloxazameavcmeo. Jlokaxkem yTBepzKjaeHue WHAYyKIUel 1mo ¢. ba3a uH-
JIyKiuu odeBuaHa. [Ipernooknm, 910 yTBepkK 1eHue JJ0Ka3aHo It ¢ < 1
u jokaxeMm jst ¢ = r + 1. Tlycrs a4 < X < ¢.41. Torma X — ¢, € A.
Ectumm<z<X-—c¢ 1n

X—c¢c—xz=a+h+...+h

BBIITPHIBAIOIIEE TpejcTaBienue, 10 hy < ¢, u §—(h) < (¢, 1) mo BeiGopy
p. Takxke umeem, uro g(x) < (a,1). CremxoBareabuo

X—zrz=a+h+...+h+ec,

BeiUTphIBatoree npejacrasienne, u & ¢ V(X). Ecm X —¢, < 2 < X,
Tox>q, g(x) >c >X—x, ¢ V(X). Torma X € A. Ilycrb Tenepb
1 < X <appom

X—Cr+1 :a+h1++ht
BBIMI'DBIBaloIee IpeacTaB/JIeHue. Kak u BbIIlIEe ©MeeM
.T:Cl+h1+...+ht+07«+1

BBINIPHIBAIOLIEE TIPejIcTaBienne ¢ 6osee yem ogaum ciaaraembim. Crieno-
sarenbHo X ¢ A. B uwactaoctu ¢4 ¢ A. Iockoabky v_(¢r41) = Cri,
10 ¢;41 € C. Jlerko Bugerh, uto X ¢ C qusg appg < X < ¢—p41 W
Crp1 < X < apyo.
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Hakoner, paccMoTpuM cydaii, KOTja moc/Ie0BaTebHOCTD ¢; UMeeT
Hanbospimuii smement ¢s. Torma §_(cs) < (cs,1). Bamumem x > ¢, B
dbopme X =nc, + X', tie 0 < X' < ¢g, n > 1. Ilycrn

X' =a+h+-+h
BhiurpbiBatonee upescrasienne. Torga §(hy) < §-(cs) < (¢, 1), n

X=a+h+...4+h+ cs+...4cs
—_——
N cJIaraeMbIX

TaKzKe BBINI'PBLIBAIOIIEE MIPeJICTaBIeHIe, COCTOosIIee 60aee deM U3 OTHOTrO
caaraemoro. Cienoaresnbio X ¢ A. Ouesnano X ¢ C. O

Jlerko jiokasarhb CJIEIYIONLYI0 TEOPEMY.

Teopema 6.2. [Tycmv X umeem eviuzpuisatouee npedcmasaenue (5.1),
a>m,t>1h =c¢,x>a, uglx) < h. Toeda |a,L] C V(X), ade
L =min(x, a+ hy — g(x), a +¢; — a;).

[TosTomy, mMeem ciie Ay IOy 0 BRIMTPHIBAIOILY IO cTpaTernio. e ecTh
HeOTpHIaTeIbHOe Yncjio X U BepxHee OrpaHuYeHne b, TO UTPOK JOJIZKeH
HallTH BBIMI'DBIBAIOIIEE TpeCTaB/IeHne

X=a+h + - +h.

Ecan a < m, Torna oH mo/zkeH BbIYecTh M. Ecam a > m, To 0H T0J12KeH
BBIYECTDH JII000€ YHCJIO T, YIOBJIETBOPSIONIEE OTPAHHIEHUSIM a4 < T <
min(b, L). (L onpenererno B Teopeme 6.2) Ecau a < b, T0 BbIMIDATH
HEBO3MOXKHO.

Ecsiu urpok, KOoTophiit fges1aer OTpUIATEIbHYI0 PASHUILY, IIPOUTPhIBaA-
eT, HeOOXOMMO HCIIOJIb30BATH TY K€ CAMYI0 CTPATETr IO st 9ucaa X —m.
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CONTINUOUS GAME NIM

Sergey V. Vinnichenko, Chita Institute of Natural Resources,
Siberian Branch of RAS, Novosibirsk, Cand. Sc.

Abstract: A continuous version of game NIM is considered in which two
players take water from the tank one by one. The player wins the game
if she makes the last turn. Optimal strategies and value of the game is
obtained.

Keywords: game NIM, restriction for the choice, continuous version, optimal
strategies.



