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Â ðàáîòå ðàññìîòðåíà çàäà÷à ïåðåäà÷è äàííûõ â ïðîñòîé
áåñïðîâîäíîé ñåòè. Ïðîöåññ ïåðåäà÷è äàííûõ ìîäåëèðóåòñÿ ñ
ïîìîùüþ ñòîõàñòè÷åñêîé (ìàðêîâñêîé) èãðû. Â ðàáîòå ïðåä-
ëàãàåòñÿ ñèñòåìà øòðàôîâ è âîçíàãðàæäåíèé ïîëüçîâàòåëÿì
ñåòè äëÿ ðåãóëèðîâàíèÿ ïðîöåññà ïåðåäà÷è äàííûõ. Ðàññìîò-
ðåí êîîïåðàòèâíûé âàðèàíò èãðû, â êà÷åñòâå êîîïåðàòèâíîãî
ðåøåíèÿ êîòîðîé ïðåäëàãàåòñÿ âåêòîð Øåïëè. Ïîëó÷åíî óñëî-
âèå ïîçèöèîííîé ñîñòîÿòåëüíîñòè íàéäåííîãî âåêòîðà Øåï-
ëè è ïðåäñòàâëåí ìåòîä ïîñòðîåíèÿ êîîïåðàòèâíîé ïðîöåäó-
ðû ðàñïðåäåëåíèÿ äåëåæà, ïîçâîëÿþùåé ïåðåðàñïðåäåëÿòü âû-
ïëàòû èãðîêàì (ïîëüçîâàòåëÿì ñåòè) íà êàæäîì ïðîìåæóòêå
âðåìåíè, ïðåîäîëåâàÿ åñòåñòâåííóþ íåñîñòîÿòåëüíîñòü âåêòî-
ðà Øåïëè. Ïðèâåäåí ÷èñëåííûé ïðèìåð, íà êîòîðîì äåìîí-
ñòðèðóþòñÿ âñå ïîëó÷åííûå òåîðåòè÷åñêèå ðåçóëüòàòû.

Êëþ÷åâûå ñëîâà: êîîïåðàòèâíàÿ ñòîõàñòè÷åñêàÿ èãðà, ìàðêîâñêàÿ èã-
ðà, ïîçèöèîííàÿ ñîñòîÿòåëüíîñòü, êîîïåðàòèâíàÿ ïðîöåäóðà ðàñïðå-
äåëåíèÿ äåëåæà.

1. Ââåäåíèå
Â ñòàòüå ðàññìàòðèâàåòñÿ êîîïåðàòèâíàÿ ñòîõàñòè÷åñêàÿ èãðà (êî-

îïåðàòèâíàÿ ìàðêîâñêàÿ èãðà), è ïîëó÷åííûå òåîðåòè÷åñêèå ðåçóëü-
òàòû ïðèìåíÿþòñÿ äëÿ ìîäåëèðîâàíèÿ ïðîöåññà ïåðåäà÷è äàííûõ â
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îäíîé ïðîñòîé áåñïðîâîäíîé ñåòè. Ïðåäïîëàãàåòñÿ, ÷òî áåñïðîâîäíàÿ
ñåòü ïåðåäà÷è äàííûõ ñîñòîèò èç òðåõ òî÷åê äîñòóïà (âåðøèí).

Â êàæäûé ïðîìåæóòîê âðåìåíè â äâóõ âåðøèíàõ ñåòè ãåíåðèðó-
þòñÿ ïàêåòû äàííûõ ñ íåêîòîðûìè âåðîÿòíîñòÿìè. Âðåìÿ ïðåäïîëà-
ãàåòñÿ äèñêðåòíûì. Â òðåòüåé âåðøèíå ïàêåòû äàííûõ íå ãåíåðèðó-
åòñÿ. Ðàáîòà ñåòè ñîñòîèò â ïåðåäà÷å ïàêåòîâ äàííûõ èç ïåðâûõ äâóõ
âåðøèí â òðåòüþ. Ïåðâûå äâå âåðøèíû èìåþò îäíîíàïðàâëåííîå áåñ-
ïðîâîäíîå ñîåäèíåíèå ìåæäó ñîáîé, òî åñòü ïåðâàÿ âåðøèíà (èãðîê 1)
â îäèí ïðîìåæóòîê âðåìåíè ìîæåò ïîñëàòü ïàêåò äàííûõ ëèáî â âåð-
øèíó 2 (èãðîêó 2), ëèáî íàïðÿìóþ â âåðøèíó 3. Ïðåäïîëàãàåòñÿ, ÷òî
çà ïåðåñûëêó ïàêåòà äàííûõ èç âåðøèíû 1 â âåðøèíó 2 èãðîê 1 ïî-
ëó÷àåò íåîòðèöàòåëüíîå âîçíàãðàæäåíèå. Ñèñòåìà âîçíàãðàæäåíèé
è èçäåðæåê ïîçâîëÿåò ïîääåðæèâàòü êîîïåðàöèþ ìåæäó èãðîêàìè
1 è 2. Çàäà÷à ñîñòîèò â íàõîæäåíèè îïòèìàëüíîãî êîîïåðàòèâíîãî
ïîâåäåíèÿ, ïîçâîëÿþùåãî äîñòè÷ü ìàêñèìóìà ìàòåìàòè÷åñêîãî îæè-
äàíèÿ ñóììàðíîãî âûèãðûøà èãðîêîâ 1 è 2. Òàêîå ïîâåäåíèå èãðîêîâ
ìîäåëèðóåòñÿ ñ ïîìîùüþ êîîïåðàòèâíîé ìàðêîâñêîé èãðû.

Â ðàáîòàõ [2-4,9,10] ðàññìàòðèâàþòñÿ òåîðåòèêî-èãðîâûå ìîäåëè
ïåðåäà÷è äàííûõ â ad-hoc è multi-hop áåñïðîâîäíûõ ñåòÿõ, ïðè÷åì,
äåëàåòñÿ àêöåíò íà ðàçâèòèå ìåõàíèçìîâ êîîïåðàöèè äëÿ ñòèìóëèðî-
âàíèÿ ïåðåàäðåñàöèè äàííûõ. Â ñòàòüå [7] èññëåäóåòñÿ ïðîñòàÿ ñòðóê-
òóðà ñåòè, è âûèãðûøàìè èãðîêîâ ÿâëÿþòñÿ ñðåäíèå îæèäàåìûå âû-
èãðûøè èãðîêîâ çà îäèí âðåìåííîé ïðîìåæóòîê. Â íàñòîÿùåé ñòàòüå
çà âûèãðûøè èãðîêîâ ïðèíèìàþòñÿ ìàòåìàòè÷åñêèå îæèäàíèÿ âûèã-
ðûøåé èãðîêîâ âî âñåé ìàðêîâñêîé èãðå. Òåîðåòè÷åñêèå ðåçóëüòàòû,
íà êîòîðûå îïèðàåòñÿ ïîâåñòâîâàíèå ñòàòüè, ìîæíî íàéòè â [1,5,8].
Â ðàáîòå âû÷èñëÿåòñÿ ìàêñèìàëüíûé ñóììàðíûé âûèãðûø èãðîêîâ
è çíà÷åíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè. Â êà÷åñòâå äåëåæà ìàê-
ñèìàëüíîãî ñóììàðíîãî âûèãðûøà èãðîêîâ ìîæåò áûòü ðàññ÷èòàí
ëþáîé äåëåæ, èçâåñòíûé â êîîïåðàòèâíîé òåîðèè èãð. Â íàñòîÿùåé
ðàáîòå èñïîëüçóåòñÿ âåêòîð Øåïëè.

Êîîïåðàòèâíàÿ ìàðêîâñêàÿ èãðà � äèíàìè÷åñêàÿ èãðà. Â ëþáîé
äèíàìè÷åñêîé èãðå óñëîâèå ñîõðàíåíèÿ êîîïåðàöèè èìååò âàæíîå
çíà÷åíèå. Ïåðåðàñïðåäåëåíèå âûïëàò èãðîêîâ â êàæäûé ïðîìåæó-
òîê âðåìåíè â ñîîòâåòñòâèè ñ êîîïåðàòèâíîé ïðîöåäóðîé ðàñïðåäå-
ëåíèÿ äåëåæà, ïðåäëîæåííîé Ë.À. Ïåòðîñÿíîì â 1977 (ñì. [6]), ïîç-
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âîëÿåò èãðîêàì â êàæäûé ìîìåíò âðåìåíè îæèäàòü â îñòàâøåéñÿ ÷à-
ñòè èãðû ïîëó÷åíèå äåëåæà, êîòîðûé áóäåò ïðèíàäëåæàòü òîìó æå
ïðèíöèïó îïòèìàëüíîñòè, êîòîðûé áûë âûáðàí èãðîêàìè â íà÷àëå
èãðû. Åñëè äîïîëíèòåëüíî ïîòðåáîâàòü íåîòðèöàòåëüíîñòè âñåõ ýëå-
ìåíòîâ êîîïåðàòèâíîé ïðîöåäóðû ðàñïðåäåëåíèÿ äåëåæà, òî áóäåò
âûïîëíÿòüñÿ óñëîâèå ïîçèöèîííîé ñîñòîÿòåëüíîñòè ýòîãî äåëåæà. Â
íàñòîÿùåå âðåìÿ ìíîæåñòâî ðàáîò [11,12] ïîñâÿùåíî èññëåäîâàíèþ
ïîçèöèîííîé ñîñòîÿòåëüíîñòè èëè äèíàìè÷åñêîé óñòîé÷èâîñòè ïðèí-
öèïîâ îïòèìàëüíîñòè â êîîïåðàòèâíûõ äèíàìè÷åñêèõ èãðàõ.

2. Ïîñòàíîâêà çàäà÷è

Ðèñóíîê 1. Ïðîñòàÿ áåñïðîâîäíàÿ ñåòü

Ðàññìîòðèì ñèñòåìó, â êîòîðîé ïðèåìíèêè (âåðøèíû 1 è 2) íåçà-
âèñèìî ãåíåðèðóþò ïàêåòû äàííûõ íà êàæäîì ïðîìåæóòêå âðåìåíè
ñ âåðîÿòíîñòÿìè a1 è a2 ñîîòâåòñòâåííî. Ïàêåò äàííûõ ìîæåò ïî-
ÿâèòüñÿ â âåðøèíå 1 (2) ñ âåðîÿòíîñòüþ a1 (a2) òîëüêî, åñëè â êîíöå
ïðåäûäóùåãî âðåìåííîãî ïðîìåæóòêà î÷åðåäü â âåðøèíå 1 (2) ïóñòà.
Ñäåëàåì íåêîòîðûå ïðåäïîëîæåíèÿ:

1. âåðøèíû 1 è 2 (èãðîêè 1 è 2 ñîîòâåòñòâåííî) ñòðåìÿòñÿ ïîñëàòü
ïàêåòû äàííûõ, ñêîïèâøèõñÿ ó íèõ, â êîíå÷íûé ïóíêò íàçíà-
÷åíèÿ - âåðøèíó 3;

2. ìàêñèìàëüíàÿ åìêîñòü áóôåðà êàæäîé âåðøèíû ðàâíà åäèíèöå.
Âåðøèíà 3 íå ìîæåò ïðèíÿòü îäíîâðåìåííî äâà ïàêåòà äàííûõ
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â îäèí ïðîìåæóòîê âðåìåíè. Â äàííîé ïîñòàíîâêå èñêëþ÷àåòñÿ
ìíîãîïàêåòíàÿ ïåðåäà÷à äàííûõ, à òàêæå èñêëþ÷àåòñÿ îäíîâðå-
ìåííîå îòïðàâëåíèå è ïðèíÿòèå ïàêåòîâ íèêàêîé èç âåðøèí â
ëþáîé ïðîìåæóòîê âðåìåíè;

3. åñëè èãðîêè îäíîâðåìåííî ïåðåñûëàþò ïàêåòû â âåðøèíó 3, òî
ýòè ïàêåòû îòêëîíÿþòñÿ è âîçâðàùàþòñÿ â íà÷àëüíûå âåðøè-
íû, òàêèì îáðàçîì, â ñëåäóþùèé ïðîìåæóòîê âðåìåíè íè îäèí
íîâûé ïàêåò íå ìîæåò ïîÿâèòüñÿ â âåðøèíàõ 1 è 2;

4. âñå ïåðåñûëàåìûå ïàêåòû äàííûõ èìåþò îäèíàêîâûé ðàçìåð,
ðàâíûé åäèíèöå, è, åñëè âåðøèíû èìåþò ïðÿìîå ñîåäèíåíèå
äðóã ñ äðóãîì, òî äîñòàâêà îäíîãî ïàêåòà äàííûõ èç îäíîé âåð-
øèíû â äðóãóþ çàíèìàåò îäèí ïðîìåæóòîê âðåìåíè;

5. èãðîê 1 (âåðøèíà 1) âûáèðàåò îäíó èç äâóõ ñòðàòåãèé: ïåðå-
ñëàòü ïàêåò äàííûõ íàïðÿìóþ â âåðøèíó 3 èëè ïåðåñëàòü ýòîò
ïàêåò â âåðøèíó 2, ÷òîáû òîò ïîñëàë ýòîò ïàêåò â âåðøèíó 3 â
ñëåäóþùèé ïðîìåæóòîê âðåìåíè;

6. åñëè èãðîê 1 (âåðøèíà 1) ïåðåñûëàåò ïàêåò äàííûõ èãðîêó 2,
êîòîðûé óæå èìååò â äàííûé ïðîìåæóòîê âðåìåíè ïàêåò â ñâî-
åé î÷åðåäè, èãðîê 2 îòêëîíÿåò ïåðåäàííûé åìó ïàêåò. Â ïðî-
òèâíîì ñëó÷àå èãðîê 2 ðåøàåò ïðèíÿòü èëè îòêëîíèòü ïàêåò,
ïåðåäàííûé åìó èãðîêîì 1.

Ïðåäïîëîæèì, ÷òî â âûøåîïèñàííîé ñèñòåìå ïåðåäà÷è äàííûõ
ââåäåíà ñëåäóþùàÿ ñõåìà ïîîùðåíèé è íàêàçàíèé:

1. âåëè÷èíà f > 0 � ýòî ïðåìèÿ, êîòîðóþ ïîëó÷àåò èãðîê 1 èëè 2
çà êàæäóþ óñïåøíóþ ïåðåäà÷ó îäíîãî ïàêåòà äàííûõ â âåðøè-
íó 3;

2. èãðîê 1 ïîëó÷àåò ïðåìèþ â ðàçìåðå c > 0 îò èãðîêà 2 çà ïå-
ðåäà÷ó îäíîãî ïàêåòà äàííûõ èãðîêó 2, êîòîðûé, â ñâîþ î÷å-
ðåäü, ìîæåò ðàññ÷èòûâàòü íà ïðåìèþ ðàçìåðîì f òîëüêî ïîñëå
óñïåøíîé ïåðåäà÷è ýòîãî ïàêåòà â êîíå÷íûé ïóíêò (âåðøèíó 3)
â ñëåäóþùèé ïðîìåæóòîê âðåìåíè;
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3. çàäåðæêà ïàêåòà äàííûõ â âåðøèíå 1 èëè 2 íà îäèí ïðîìåæó-
òîê âðåìåíè ïðèíîñèò èãðîêó, íàõîäÿùåìóñÿ â ýòîé âåðøèíå,
èçäåðæêè â ðàçìåðå d > 0, íåçàâèñèìî îò òîãî, ïî êàêîé ïðè-
÷èíå ïðîèçîøëà çàäåðæêà;

4. âåëè÷èíà Dij � ýòî èçäåðæêè ïî ïåðåñûëêå îäíîãî ïàêåòà äàí-
íûõ èç âåðøèíû i â âåðøèíó j, êîòîðûå íåñåò èãðîê i.

Ïðîöåññ ïåðåäà÷è äàííûõ ìîæåò îñòàíîâèòñÿ â ëþáîé ïðîìåæó-
òîê âðåìåíè ñ âåðîÿòíîñòüþ 0 < q < 1. Âåðîÿòíîñòü q, ïî ñóòè, ÿâ-
ëÿåòñÿ äèñêîíò-ôàêòîðîì. Ìîäåëü ïåðåäà÷è äàííûõ â áåñïðîâîäíûõ
ñåòÿõ ìîæåò áûòü ïðåäñòàâëåíà ìàðêîâñêîé èãðîé. Èãðîêè, íàõîäÿ-
ùèåñÿ â âåðøèíàõ 1 è 2, ñòðåìÿòñÿ ìàêñèìèçèðîâàòü îæèäàåìûé
ñóììàðíûé âûèãðûø ñ ïîñëåäóþùèì ðàçäåëîì ýòîãî âûèãðûøà ñ
ïîìîùüþ âåêòîðà Øåïëè.

Îáîçíà÷èì ÷åðåç (Q1, Q2) ñîñòîÿíèå â áåñïðîâîäíîé ñåòè, ãäå Qi

� ýòî ÷èñëî ïàêåòîâ äàííûõ, íàõîäÿùååñÿ â î÷åðåäè èãðîêà i = 1, 2.
×èñëî Qi ìîæåò ïðèíèìàòü çíà÷åíèÿ 0 èëè 1, åñëè íè îäíîãî èëè îäèí
ïàêåò äàííûõ íàõîäèòñÿ â äàííûé ïðîìåæóòîê âðåìåíè â î÷åðåäè
èãðîêà i ñîîòâåòñòâåííî.

Â ìàðêîâñêîé èãðå ïåðåäà÷è äàííûõ â áåñïðîâîäíûõ ñåòÿõ âîç-
ìîæíî 4 ñîñòîÿíèÿ:

T = {(0, 0); (0, 1); (1, 0); (1, 1)}.

Ïðåäïîëîæèì, ÷òî èãðîêè èìåþò èíôîðìàöèþ î ñîñòîÿíèè íå òîëü-
êî ñâîåé î÷åðåäè, íî è î÷åðåäè äðóãîãî èãðîêà. Ýòî ïðåäïîëîæåíèå
ðàçóìíî, ïîñêîëüêó ìû ïûòàåìñÿ íàéòè êîîïåðàòèâíîå ðåøåíèå, êî-
òîðîå ïîäðàçóìåâàåò ñîâìåñòíûå äåéñòâèÿ, âêëþ÷àÿ îáìåí èíôîðìà-
öèåé î ñîñòîÿíèè î÷åðåäåé îáîèõ èãðîêîâ.

Îïðåäåëèì, èñõîäÿ èç óñëîâèÿ çàäà÷è èãðîâûå ýëåìåíòû âî âñåõ
ñîñòîÿíèÿõ ñèñòåìû.

1. Èãðîâîé ýëåìåíò Γ(0, 0).
Ó èãðîêà 1 èìååòñÿ îäíà ñòðàòåãèÿ W (îæèäàòü), ó èãðîêà 2 �
îäíà ñòðàòåãèÿ W (îæèäàòü). Âûèãðûøè èãðîêîâ áóäóò (0, 0).

2. Èãðîâîé ýëåìåíò Γ(0, 1).
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Ó èãðîêà 1 èìååòñÿ îäíà ñòðàòåãèÿ W (îæèäàòü), ó èãðîêà 2
� îäíà ñòðàòåãèÿ 3−→ (ïîñëàòü ïàêåò â âåðøèíó 3). Âûèãðûøè
èãðîêîâ áóäóò ñëåäóþùèìè: (0, f −D23).

3. Èãðîâîé ýëåìåíò Γ(1, 0).

Èãðîê 1 èìååò äâå ñòðàòåãèè: 1) 3−→ (ïîñëàòü ïàêåò â âåðøèíó
3), 2) 2−→ (ïîñëàòü ïàêåò â âåðøèíó 2); èãðîê 2 èìååò äâå ñòðà-
òåãèè: 1) Ac (ïðèíÿòü ïàêåò îò èãðîêà 1), 2) Rej (íå ïðèíÿòü
ïàêåò îò èãðîêà 1). Âûèãðûøè èãðîêîâ áóäóò ñëåäóþùèìè:

(
(f −D13, 0) (f −D13, 0)

(c−D12,−c) (−d−D12, 0)

)
.

4. Èãðîâîé ýëåìåíò Γ(1, 1).

Èãðîê 1 èìååò äâå ñòðàòåãèè: 1) 3−→ (ïîñëàòü ïàêåò â âåðøèíó
3), 2) W (îæèäàòü); èãðîê 2 èìååò äâå ñòðàòåãèè: 1) 3−→ (ïî-
ñëàòü ïàêåò â âåðøèíó 3), 2) W (îæèäàòü). Âûèãðûøè èãðîêîâ
áóäóò ñëåäóþùèìè:

(
(−d−D13,−d−D23) (f −D13,−d)

(−d, f −D23) (−d,−d)

)
.

Áåç ïîòåðè îáùíîñòè ïðèáàâèì ÷èñëî

z = max{d + D13, d + D23, d + D12,−c + D12, c}

êî âñåì âûèãðûøàì èãðîêîâ âî âñåõ èãðîâûõ ýëåìåíòàõ, ÷òîáû ñäå-
ëàòü âñå âûèãðûøè íåîòðèöàòåëüíûìè.

3. Ìàòðèöà âåðîÿòíîñòåé ïåðåõîäà
Áóäåì ðåøàòü îïèñàííóþ âûøå ìàðêîâñêóþ èãðó â êëàññå ñòàöè-

îíàðíûõ ñòðàòåãèé [1]. Â ðàáîòå îãðàíè÷èìñÿ ðàññìîòðåíèåì ìíî-
æåñòâà ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèé, íî ñíà÷àëà äëÿ óäîáñòâà
îïðåäåëèì ìàòðèöó âåðîÿòíîñòåé ïåðåõîäà ìàðêîâñêîé èãðû ïåðå-
äà÷è äàííûõ â ñìåøàííûõ ñòðàòåãèÿõ äëÿ òîãî, ÷òîáû íå âûïèñû-
âàòü 16 ðàçëè÷íûõ ìàòðèö âåðîÿòíîñòåé ïåðåõîäà äëÿ êàæäîé ñèòóà-
öèè â ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèÿõ. Äàëåå ïðè ïîäñòàíîâêå â ýòó
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ìàòðèöó îïðåäåëåííûõ çíà÷åíèé ñòðàòåãèé ìîæíî ïîëó÷èòü ìàòðèöó
âåðîÿòíîñòåé ïåðåõîäà äëÿ ëþáîé ñèòóàöèè â ÷èñòûõ ñòàöèîíàðíûõ
ñòðàòåãèÿõ.

Îáîçíà÷èì ÷åðåç Xi ìíîæåñòâî ñìåøàííûõ ñòàöèîíàðíûõ ñòðà-
òåãèé èãðîêà i, i = 1, 2.

Â ñîîòâåòñòâèè ñî ñòðóêòóðîé ìàðêîâñêîé èãðû ïåðåäà÷è äàííûõ
â áåñïðîâîäíîé ñåòè ñìåøàííàÿ ñòàöèîíàðíàÿ ñòðàòåãèÿ èãðîêà 1 âî
âñåé ìàðêîâñêîé èãðå ïðåäïèñûâàåò åìó âûáðàòü ñòðàòåãèþ W ñ âå-
ðîÿòíîñòüþ 1 â ñîñòîÿíèÿõ (0, 0), (0, 1), ñòðàòåãèþ 3−→ ñ âåðîÿòíîñòüþ
p11 â ñîñòîÿíèè (1, 0), è ñòðàòåãèþ 3−→ ñ âåðîÿòíîñòüþ p12 â ñîñòîÿíèè
(1, 1). Ñìåøàííàÿ ñòàöèîíàðíàÿ ñòðàòåãèÿ èãðîêà 2 âî âñåé ìàðêîâ-
ñêîé èãðå ïðåäïèñûâàåò åìó âûáðàòü ñòðàòåãèþ W ñ âåðîÿòíîñòüþ 1
â ñîñòîÿíèÿõ (0, 0), ñòðàòåãèþ 3−→ â ñîñòîÿíèè (0, 1), ñòðàòåãèþ Ac ñ
âåðîÿòíîñòüþ p21 â ñîñòîÿíèè (1, 0), è ñòðàòåãèþ 3−→ ñ âåðîÿòíîñòüþ
p22 â ñîñòîÿíèè (1, 1).

Îáîçíà÷èì ÷åðåç ui = (pi1, pi2) ñìåøàííóþ ñòàöèîíàðíóþ ñòðàòå-
ãèþ èãðîêà i è ìíîæåñòâî ñìåøàííûõ ñòàöèîíàðíûõ ñòðàòåãèé èãðî-
êà i ÷åðåç Ui, i = 1, 2. Ïîëó÷àåì ñèòóàöèþ â ñìåøàííûõ ñòàöèîíàð-
íûõ ñòðàòåãèÿõ u = (u1, u2) = (p11, p12, p21, p22). Ìàòðèöà ïåðåõîäíûõ
âåðîÿòíîñòåé â ñèòóàöèè u â ñìåøàííûõ ñòàöèîíàðíûõ ñòðàòåãèÿõ
áóäåò ñëåäóþùåé:

Π(u) =




α11 α12 α13 α14

α21 α22 α23 α24

α31 α32 α33 α34

α41 α42 α43 α44


 ,

ãäå
α11 = (1− a1)(1− a2), α12 = (1− a1)a2, α13 = a1(1− a2), α14 = a1a2,

α21 = (1− a1)(1− a2), α22 = (1− a1)a2, α23 = a1(1− a2), α24 = a1a2,

α31 = p11(1− a1)(1− a2), α32 = p11(1− a1)a2 + (1− p11)p21(1− a1),

α33 = p11a1(1− a2) + (1− p11)(1− p21)(1− a2),

α34 = p11a1a2 + (1− p11)p21a1 + (1− p11)(1− p21)a2,

α41 = 0, α42 = p12(1− p22)(1− a1), α43 = (1− p12)p22(1− a2),

α44 = p12p22 + (1− p12)(1− p22) + p12(1− p22)a1 + (1− p12)p22a2.

Åñëè â îïèñàííîé âûøå ìàðêîâñêîé èãðå ðåàëèçóåòñÿ ñèòóàöèÿ â
ñòàöèîíàðíûõ ñòðàòåãèÿõ u, âûèãðûøè èãðîêà 1 â ñîîòâåòñòâóþùèõ
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ñîñòîÿíèÿõ áóäóò ñëåäóþùèìè:

K1(u) = (Ω11, Ω12, Ω13, Ω14),

ãäå Ω11 = Ω12 = z, Ω13 = p11(z + f −D13) + (1− p11)p21(z + c−D12) +

(1−p11)(1−p21)(z−d−D12), Ω14 = p12p22(z−d−D13)+p12(1−p22)(z+

f −D13) + (1− p12)(z − d).
Ó èãðîêà 2 áóäóò ñëåäóþùèìè:

K2(u) = (Ω21, Ω22, Ω23, Ω24),

ãäå Ω21 = z, Ω22 = z + f − D23, Ω23 = (1 − p11)p21(z − c), Ω24 =

p12p22(z − d−D23) + (1− p12)p22(z + f −D23) + (1− p22)(z − d).

4. Êîîïåðàòèâíàÿ ñòîõàñòè÷åñêàÿ èãðà ïåðåäà÷è äàííûõ â
áåñïðîâîäíîé ñåòè

Êîîïåðàòèâíóþ èãðó ïåðåäà÷è äàííûõ â áåñïðîâîäíîé ñåòè áóäåì
ðàññìàòðèâàòü â êëàññå ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèé. Îáîçíà÷èì
÷åðåç Ξi ìíîæåñòâî ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèé èãðîêà i, i = 1, 2.
Íàïðèìåð, ÷èñòàÿ ñòàöèîíàðíàÿ ñòðàòåãèÿ η1 = (1, 0) èãðîêà 1 ïðåä-
ïèñûâàåò åìó âûáèðàòü ñòðàòåãèþ 3−→ â ñîñòîÿíèè (1, 0) è ñòðàòåãèþ
W â ñîñòîÿíèè (1, 1). Êàæäûé èãðîê èìååò 4 ÷èñòûõ ñòàöèîíàðíûõ
ñòðàòåãèè, ò.å. ïîëó÷àåòñÿ 16 ñèòóàöèé â ÷èñòûõ ñòàöèîíàðíûõ ñòðà-
òåãèÿõ. Äëÿ ñèòóàöèè â ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèÿõ η = (η1, η2)

ìîæíî çàïèñàòü â óïðîùåííîì âèäå ìàòðèöó ïåðåõîäíûõ âåðîÿòíî-
ñòåé Π(η).

Íàïðèìåð, äëÿ ñèòóàöèè η1 = (1, 1, 1, 1) ìàòðèöà ïåðåõîäíûõ âå-
ðîÿòíîñòåé áóäåò èìåòü âèä:

Π(η1) =




(1− a1)(1− a2) (1− a1)a2 a1(1− a2) a1a2

(1− a1)(1− a2) (1− a1)a2 a1(1− a2) a1a2

(1− a1)(1− a2) (1− a1)a2 a1(1− a2) a1a2

0 0 0 1


 .

Äëÿ êàæäîé ñèòóàöèè â ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèÿõ η ∈ Ξ =
2∏

i=1

Ξi ìîæíî ïîñ÷èòàòü ìàòåìàòè÷åñêîå îæèäàíèå âûèãðûøåé èãðî-
êîâ äëÿ ïîäûãðû, íà÷èíàþùåéñÿ ñ îïðåäåëåííîãî ñîñòîÿíèÿ:

Ei(η) = (E
(0,0)
i (η), E

(0,1)
i (η), E

(1,0)
i (η), E

(1,1)
i (η)),
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ãäå Et
i (η) � ìàòåìàòè÷åñêîå îæèäàíèå âûèãðûøà èãðîêà i â ïîäûãðå

ìàðêîâñêîé èãðû, íà÷èíàþùàÿñÿ èç ñîñòîÿíèÿ t ∈ T .
Ìàòåìàòè÷åñêîå îæèäàíèå âûèãðûøåé èãðîêà i äëÿ ïîäûãð ìîæ-

íî ðàññ÷èòàòü ïî ñëåäóþùåé ôîðìóëå:

Ei(η) = (E − (1− q)Π(η))−1Ki(η),

ãäå Ki(η), Π(η) îïðåäåëåíû âûøå.
Ìàòåìàòè÷åñêîå îæèäàíèå âûèãðûøà èãðîêà i âî âñåé ìàðêîâ-

ñêîé èãðå, âêëþ÷àÿ õîä "ñëó÷àÿ" (ò.å. âûáîð íà÷àëüíîãî ñîñòîÿíèÿ),
ìîæåò áûòü ðàññ÷èòàíî ïî ôîðìóëå:

Ei(η) = πEi(η),

ãäå π = (π(0,0), π(0,1), π(1,0), π(1,1)) � âåêòîð íà÷àëüíûõ âåðîÿòíîñòåé, è
πt � âåðîÿòíîñòü òîãî, ÷òî ïåðâîå ñîñòîÿíèå â ìàðêîâñêîé èãðå áóäåò
t ∈ T .

Äëÿ ðåøåíèÿ êîîïåðàòèâíîãî âàðèàíòà îïèñàííîé âûøå ìàðêîâ-
ñêîé èãðû íåîáõîäèìî íàéòè êîîïåðàòèâíîå ðåøåíèå η = (η1, η2), ò.å.
ñèòóàöèþ â ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèÿõ òàêóþ, ÷òî

∑

i∈{1,2}
Ei(η) = max

η∈Ξ

∑

i∈{1,2}
Ei(η).

Çíà÷åíèå õàðàêòåðèñòè÷åñêèõ ôóíêöèé äëÿ ïîäûãð

V (S) = (V (0,0)(S), V (0,1)(S), V (1,0)(S), V (1,1)(S))

ìîæíî ðàññ÷èòàòü ïî ôîðìóëå

V t(S) = max
ηS

min
ηN\S

∑
i∈S

Et
i (ηS, ηN\S). (4.1)

Çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè äëÿ âñåé ìàðêîâñêîé èãðû
äëÿ êîàëèöèé S 6= ∅ îïðåäåëÿåòñÿ ôîðìóëîé

V (S) = πV (S). (4.2)

Äëÿ S = ∅ çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè V (S) = 0.
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Îïðåäåëåíèå 4.1. Êîîïåðàòèâíîé ìàðêîâñêîé èãðîé ïåðåäà÷è äàí-
íûõ â áåñïðîâîäíîé ñåòè íàçûâàåòñÿ ïàðà

〈{1, 2}, V (S)
〉
, ãäå V (∅) =

0, V ({1, 2}) =
∑

i∈{1,2}
Ei(η), äëÿ S 6= ∅ è S 6= {1, 2} çíà÷åíèå ôóíêöèè

V (S) îïðåäåëÿåòñÿ ôîðìóëîé (4.2).
Â êà÷åñòâå äåëåæà ìàêñèìàëüíîãî ñóììàðíîãî ìàòåìàòè÷åñêîãî

îæèäàíèÿ âûèãðûøà èãðîêîâ ðàññìîòðèì âåêòîð Øåïëè. Îáîçíà÷èì
÷åðåç Sh = (Sh1, Sh2), ãäå

Shi = (Sh
(0,0)
i , Sh

(0,1)
i , Sh

(1,0)
i , Sh

(1,1)
i )

âåêòîð Øåïëè, ðàññ÷èòàííûé äëÿ ïîäûãð, è ÷åðåç Sh = (Sh1, Sh2)

âåêòîð Øåïëè, ðàññ÷èòàííûé äëÿ âñåé ìàðêîâñêîé èãðû, ò.å. Shi =

πShi.

5. Êîîïåðàòèâíàÿ ïðîöåäóðà ðàñïðåäåëåíèÿ äåëåæà

Èãðîêè ïåðåä íà÷àëîì èãðû äîãîâàðèâàþòñÿ î êîîïåðàöèè è îæè-
äàþò ïîëó÷èòü ñîâìåñòíûé âûèãðûø V ({1, 2}) è ñîîòâåòñòâóþùèå
êîìïîíåíòû Sh1 è Sh2 âåêòîðà Øåïëè.

Áûëî áû åñòåñòâåííî, åñëè âûïëàòû èãðîêàì â èãðîâûõ ýëåìåí-
òàõ, ñîîòâåòñòâóþùèõ ñîñòîÿíèÿì ìàðêîâñêîé èãðû, áûëè áû ðàâíû
âûèãðûøàì èãðîêîâ â îäíîâðåìåííûõ èãðàõ, ðåàëèçóåìûõ ïðè êî-
îïåðàòèâíîì ðåøåíèè η, ÷òî ýêâèâàëåíòíî óñëîâèþ:

Shi = Ki(η) + (1− q)Π(η)Shi, (5.1)

ãäå Ki(η) � âûèãðûø èãðîêà i â îäíîâðåìåííîé èãðå ïðè óñëîâèè,
÷òî ðåàëèçóåòñÿ êîîïåðàòèâíîå ðåøåíèå η, ñëàãàåìîå (1 − q)Π(η)Shi

� ìàòåìàòè÷åñêîå îæèäàíèå i-îé êîìïîíåíòû âåêòîðà Øåïëè ïðè
óñëîâèè, ÷òî èãðà ïåðåäà÷è äàííûõ íå çàêîí÷èòñÿ.

Îïðåäåëåíèå 5.1. Íàçîâåì âåêòîð Øåïëè Sh = (Sh1, Sh2), ãäå
Shi = πShi åñòåñòâåííî ñîñòîÿòåëüíûì, åñëè Shi óäîâëåòâîðÿåò
óñëîâèþ (5.1) äëÿ âñåõ i = 1, 2.

Ê ñîæàëåíèþ, ðåàëèçóÿ âûïëàòû èãðîêàì â ñîîòâåòñòâèè ñ èõ âû-
èãðûøàìè â îäíîâðåìåííûõ èãðàõ, íåâîçìîæíî äîñòè÷ü òîãî, ÷òîáû
îñòàâøèåñÿ âûïëàòû áûëè áû ðàâíû ñîîòâåòñòâóþùèì êîìïîíåíòàì
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âåêòîðà Øåïëè, ðàññ÷èòàííîãî äëÿ ïîäûãðû. Íàðóøåíèå åñòåñòâåí-
íîé ñîñòîÿòåëüíîñòè ìîæåò èçìåíèòü ïëàíû èãðîêîâ è ðàçðóøèòü èõ
êîîïåðàöèþ. Ïðåäëàãàåòñÿ ïåðåðàñïðåäåëÿòü âûèãðûøè èãðîêîâ íà
êàæäîì ïðîìåæóòêå âðåìåíè, ÷òîáû ïðåîäîëåòü åñòåñòâåííóþ íåñî-
ñòîÿòåëüíîñòü âåêòîðà Øåïëè.

Ïåðåðàñïðåäåëåííûå âûïëàòû èãðîêàì βi, ãäå
∑
i∈N

βi =
∑
i∈N

Ki(η),
ìîæíî íàéòè ïî ôîðìóëå

Shi = βi + (1− q)Π(η)Shi (5.2)

èëè
βi = (β1

i , . . . , β
t
i) = (E − (1− q)Π(η))Shi. (5.3)

Îïðåäåëåíèå 5.2. Íàçîâåì âåêòîð βt = (βt
1, . . . , β

t
n), t ∈ T , êîîïå-

ðàòèâíîé ïðîöåäóðîé ðàñïðåäåëåíèÿ äåëåæà â ñîñòîÿíèè t, ãäå βt
i �

âûïëàòà èãðîêó i â îäíîâðåìåííîé èãðå Γ(t) â ñîñòîÿíèè t, îïðåäå-
ëÿåìàÿ ôîðìóëîé (5.3).

Îáîçíà÷èì ìàòåìàòè÷åñêîå îæèäàíèå ñóììû âûïëàò èãðîêó i â
êîîïåðàòèâíîé ìàðêîâñêîé èãðå ÷åðåç Bi = πBi, ãäå Bi = {Bt

i}t∈T è
Bt

i � ìàòåìàòè÷åñêîå îæèäàíèå ñóììû âûïëàò èãðîêó i â êîîïåðà-
òèâíîé ñòîõàñòè÷åñêîé ïîäûãðå, íà÷èíàþùåéñÿ èç ñîñòîÿíèÿ t.

Ëåììà 5.1. Èìååò ìåñòî ðàâåíñòâî Bi = Shi äëÿ âñåõ i ∈ N .
Ëåììà 5.1 ïîêàçûâàåò, ÷òî ïåðåðàñïðåäåëåíèå âûïëàò èãðîêîâ íå

âëèÿåò íà èõ îæèäàåìûé ïîñëåäóþùèé âûèãðûø.

6. Ïîçèöèîííàÿ ñîñòîÿòåëüíîñòü âåêòîðà Øåïëè
Ìîæíî ïîòðåáîâàòü, ÷òîáû âûïëàòû i-ìó èãðîêó βt

i áûëè íåîò-
ðèöàòåëüíûìè äëÿ ëþáîãî ñîñòîÿíèÿ t ∈ T è ëþáîãî èãðîêà i ∈ N ,
÷òî ýêâèâàëåíòíî òîìó, ÷òîáû ñèñòåìà óðàâíåíèé îòíîñèòåëüíî βi =
(β

(0,0)
i , β

(0,1)
i , β

(1,0)
i , β

(1,1)
i )

Shi = (E − (1− q)Π(η(·)))−1βi

èìåëà áû íåîòðèöàòåëüíîå ðåøåíèå.

Îïðåäåëåíèå 6.1. Âåêòîð Øåïëè Sh = (Sh1, . . . , Shn), Shi = πShi

íàçîâåì ïîçèöèîííî ñîñòîÿòåëüíûì [1, 5] â ìàðêîâñêîé èãðå, åñëè
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äëÿ êàæäîãî èãðîâîãî ýëåìåíòà Γ(t), t ∈ T è äëÿ âñåõ èãðîêîâ i ∈ N

ñóùåñòâóåò íåîòðèöàòåëüíàÿ êîîïåðàòèâíàÿ ïðîöåäóðà ðàñïðåäå-
ëåíèÿ äåëåæà βi = (β

(0,0)
i , β

(0,1)
i , β

(1,0)
i , β

(1,1)
i ), óäîâëåòâîðÿþùàÿ óðàâ-

íåíèþ (5.3).

Â îáùåì ñëó÷àå íåâîçìîæíî ãàðàíòèðîâàòü íåîòðèöàòåëüíîñòü
ýëåìåíòîâ âåêòîðà βi = (β

(0,0)
i , β

(0,1)
i , β

(1,0)
i , β

(1,1)
i ). Íåñìîòðÿ íà ýòî,

ïåðåðàñïðåäåëÿÿ âûèãðûøè èãðîêîâ â êàæäîì èãðîâîì ýëåìåíòå, êî-
òîðûé ðåàëèçóåòñÿ ïðè êîîïåðàòèâíîì ðåøåíèè η, â ñîîòâåòñòâèè ñ
êîîïåðàòèâíîé ïðîöåäóðîé ðàñïðåäåëåíèÿ äåëåæà βi, i ∈ N , ìîæíî
äîáèòüñÿ ñîõðàíåíèÿ êîîïåðàöèè âî âñåé ìàðêîâñêîé èãðå.

Â íåêîòîðûõ ñëó÷àÿõ èãðîêè ìîãóò ñ÷èòàòü óñëîâèå íåîòðèöà-
òåëüíîñòè âûïëàò âàæíûì, îñîáåííî åñëè èõ âûèãðûøè â îäíîâðå-
ìåííûõ èãðàõ áûëè íåîòðèöàòåëüíûìè. Íî, âîçìîæíî, èãðîêè ïîé-
äóò íà òî, ÷òîáû íà êàêèõ-òî ïðîìåæóòêàõ âðåìåíè ïîëó÷àòü îò-
ðèöàòåëüíûå âûïëàòû â ñîîòâåòñòâèè ñ êîîïåðàòèâíîé ïðîöåäóðîé
ðàñïðåäåëåíèÿ äåëåæà, æåëàÿ ïðè ýòîì ñîõðàíèòü êîîïåðàöèþ.

7. Ïðèìåð

Ðàññìîòðèì ÷èñëåííûé ïðèìåð êîîïåðàòèâíîé èãðû ïåðåäà÷è äàí-
íûõ â áåñïðîâîäíîé ñåòè, ïîñêîëüêó â îáùåì âèäå ïðåäñòàâèòü ìàò-
ðèöó (E − (1 − q)Π(η))−1 â ñòàòüå íå èìååòñÿ âîçìîæíîñòè. Ïóñòü
ïàðàìåòðû èãðû ïðèíèìàþò ñëåäóþùèå çíà÷åíèÿ:

a1 = 0.5, a2 = 0.1, π = (0.25, 0.25, 0.25, 0.25)

q = 0.01, f = 1, d = 0.1, c = 0.3,

D12 = 0.1, D13 = 0.6, D23 = 0.2

Â òàáëèöå ïîêàçàíû ðàññ÷èòàííûå çíà÷åíèÿ ìàòåìàòè÷åñêèõ îæèäà-
íèé äëÿ êàæäîé ñèòóàöèè â ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèÿõ η. Â
òàáëèöå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

Ei(η) = (E
(0,0)
i (η), E

(0,1)
i (η), E

(1,0)
i (η), E

(1,1)
i (η)) � âåêòîð ìàòåìàòè-

÷åñêèõ îæèäàíèé âûèãðûøåé èãðîêà i, i = 1, 2 â ïîäûãðàõ; E1(η) +

E2(η) � ñóììàðíîå ìàòåìàòè÷åñêîå îæèäàíèå âûèãðûøåé èãðîêîâ.
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η E1(η) E2(η) E1(η) + E2(η)

η1 = (1, 1, 1, 1)

14.75966387

14.75966387

15.15966387

0

45.70756302

46.50756302

45.70756302

40.

60.46722689

61.26722689

60.86722689

40.

η2 = (1, 1, 1, 0)

89.80000000

89.80000000

90.20000000

90.20000000

76.24887286

77.04887286

76.24887286

76.71127141

166.0488729

166.8488729

166.4488729

166.9112714

η3 = (1, 0, 1, 1)

88.22724883

88.22724883

88.62724883

88.30952131

77.92000000

78.72000000

77.92000000

78.72000000

166.1472488

166.9472488

166.5472488

167.0295213

η4 = (1, 0, 1, 0)

64.67563026

64.67563026

65.07563026

60.

62.34621849

63.14621849

62.34621849

60.

127.0218488

127.8218488

127.4218488

120.

η5 = (1, 1, 0, 1)

14.75966387

14.75966387

15.15966387

0.

45.70756302

46.50756302

45.70756302

40.

60.46722689

61.26722689

60.86722689

40.

η6 = (1, 1, 0, 0)

89.80000000

89.80000000

90.20000000

90.20000000

76.24887286

77.04887286

76.24887286

76.71127141

166.0488729

166.8488729

166.4488729

166.9112714

η7 = (1, 0, 0, 1)

88.22724883

88.22724883

88.62724883

88.30952131

77.92000000

78.72000000

77.92000000

78.72000000

166.1472488

166.9472488

166.5472488

167.0295213

η8 = (1, 0, 0, 0)

64.67563026

64.67563026

65.07563026

60.

62.34621849

63.14621849

62.34621849

60.

127.0218488

127.8218488

127.4218488

120.

η9 = (0, 1, 1, 1)

3.870077599

3.870077599

2.815688411

0.

41.81391498

42.61391498

41.29388792

40.

45.68399258

46.48399258

44.10957633

40.
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η10 = (0, 1, 1, 0)

85.30045000

85.30045000

85.58955000

85.78955000

82.15225000

82.95225000

82.29775000

82.49775000

167.4527000

168.2527000

167.8873000

168.2873000

η11 = (0, 0, 1, 1)

75.28276807

75.28276807

75.40659007

75.23559576

93.56491025

94.36491025

93.89870345

94.52135936

168.8476783

169.6476783

169.3052935

169.7569551

η12 = (0, 0, 1, 0)

60.82133034

60.82133034

60.70655852

60.

60.79766590

61.59766590

60.59084462

60.

121.6189962

122.4189962

121.2974031

120.

η13 = (0, 1, 0, 1)

5.432827686

5.432827686

4.587155964

0.

43.10048870

43.90048870

42.75229358

40.

48.53331639

49.33331639

47.33944954

40.

η14 = (0, 1, 0, 0)

62.35393639

62.35393639

62.07747575

63.29742280

75.10793102

75.90793102

75.07981035

75.59292249

137.4618674

138.2618674

137.1572861

138.8903453

η15 = (0, 0, 0, 1)

51.37623762

51.37623762

50.99000000

51.09000000

77.92000001

78.72000001

77.92000000

78.72000000

129.2962376

130.0962376

128.9100000

129.8100000

η16 = (0, 0, 0, 0)

59.38868199

59.38868199

59.08256880

60.

61.08577346

61.88577346

60.91743119

60.

120.4744554

121.2744554

120.

120.

Â äàííîì ÷èñëîâîì ïðèìåðå êîîïåðàòèâíûì ðåøåíèåì áóäåò ñè-
òóàöèÿ

η11 = ((W,W,
2−→,W ), (W,

3−→, Ac,
3−→)).

Ìàêñèìóì ìàòåìàòè÷åñêîãî îæèäàíèÿ ñóììàðíîãî âûèãðûøà èãðî-
êîâ â ýòîé ìàðêîâñêîé èãðå áóäåò ñëåäóþùèì:

max
η∈Ξ

∑
i∈N

Ei(η) = 169.39.
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Çíà÷åíèÿ õàðàêòåðèñòè÷åñêèõ ôóíêöèé äëÿ ïîäûãð áóäóò ñëåäóþ-
ùèìè:

V ({1}) = (64.68, 64.68, 65.08, 60), V ({2}) = (61.09, 61.89, 60.92, 60),

V ({1, 2}) = (168.85, 169.65, 169.31, 169.76),

è äëÿ âñåé ìàðêîâñêîé èãðû:

V ({1}) = 63.61, V ({2}) = 60.97,

V ({1, 2}) = 169.39.

Êîìïîíåíòû âåêòîðà Øåïëè, ðàññ÷èòàííîãî äëÿ ïîäûãð ìàðêîâñêîé
èãðû ïåðåäà÷è äàííûõ, áóäóò ñëåäóþùèìè:

Sh1 = (86.22, 86.22, 86.73, 84.88), Sh2 = (82.63, 83.43, 82.57, 84.88).

Êîìïîíåíòû âåêòîðà Øåïëè, ðàññ÷èòàííîãî äëÿ âñåé ìàðêîâñêîé èã-
ðû ïåðåäà÷è äàííûõ, áóäóò èìåòü çíà÷åíèÿ

Sh1 = 86.01, Sh2 = 83.38.

Êîîïåðàòèâíûå ïðîöåäóðû ðàñïðåäåëåíèÿ äåëåæà äëÿ èãðîêîâ áóäóò
èìåòü ñëåäóþùèå çíà÷åíèÿ:

β1 = (0.7, 0.7, 2.04,−0.8), β2 = (0.7, 1.5,−0.74, 2.9).

Â ñîîòâåòñòâèè ñ ýòèìè çíà÷åíèÿìè èãðîêàì íåîáõîäèìî ïåðåðàñ-
ïðåäåëÿòü âûèãðûøè ñëåäóþùèì îáðàçîì:

• â ñîñòîÿíèè (1, 0):
2.04 èãðîêó 1 âìåñòî 0.9,
−0.74 èãðîêó 2 âìåñòî 0.4,

• â ñîñòîÿíèè (1, 1):
−0.8 èãðîêó 1 âìåñòî 0.6,
2.9 èãðîêó 2 âìåñòî 1.5.

Â ÷èñëåííîì ïðèìåðå ìàðêîâñêîé èãðû ïåðåäà÷è äàííûõ âåêòîð Øå-
ïëè Sh = (86.01, 83.38) íå ÿâëÿåòñÿ ïîçèöèîííî ñîñòîÿòåëüíûì, ïî-
ñêîëüêó èìåþòñÿ îòðèöàòåëüíûå êîìïîíåíòû â âåêòîðå êîîïåðàòèâ-
íîé ïðîöåäóðû ðàñïðåäåëåíèÿ äåëåæà.
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8. Çàêëþ÷åíèå

Â ðàáîòå ðàññìîòðåí ñëó÷àé ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèé, ïî-
ñêîëüêó ñòðàòåãèè ðàáîòû â áåñïðîâîäíîé ñåòè äîëæíû áûòü ïðî-
ñòûìè, îñîáåííî ïðè áîëüøîì ïîòîêå èíôîðìàöèè. Äëÿ òîãî, ÷òîáû
äîáèòüñÿ êîîïåðàöèè íåîáõîäèìî, ÷òîáû óäîâëåòâîðÿëèñü íåêîòîðûå
ïðèíöèïû. Îäíèì èç íèõ ÿâëÿåòñÿ åñòåñòâåííîå æåëàíèå èãðîêîâ â
òå÷åíèå âñåé èãðû ïðèäåðæèâàòüñÿ îäíîãî è òîãî æå ïðèíöèïà îï-
òèìàëüíîñòè. Òî åñòü, åñëè â íà÷àëå èãðû èãðîêàìè áûëî ðåøåíî
ðàçäåëèòü èõ ìàêñèìàëüíûé ñóììàðíûé âûèãðûø â ñîîòâåòñòâèè ñ
âåêòîðîì Øåïëè, òî è íà êàæäîì ïîñëåäóþùåì ïðîìåæóòêå âðåìå-
íè áûëî áû åñòåñòâåííî, åñëè áû èõ îñòàâøèéñÿ ñóììàðíûé âûèã-
ðûø òîæå áûë áû ðàçäåëåí â ñîîòâåòñòâèè ñ òåì æå ïðèíöèïîì îï-
òèìàëüíîñòè. Äåëåæ ÿâëÿåòñÿ åñòåñòâåííî ñîñòîÿòåëüíûì, åñëè åù¼
ïðè ýòîì íà êàæäîì ïðîìåæóòêå âðåìåíè èãðîêè ïîëó÷àþò âûïëàòû
â ñîîòâåòñòâèè ñî ñâîèìè âûèãðûøàìè â îäíîâðåìåííûõ èãðàõ. Íî
ýòî óñëîâèå â ðåàëüíûõ èãðàõ ïðàêòè÷åñêè íèêîãäà íå âûïîëíÿåòñÿ.
Ïîýòîìó ïðåäëàãàåòñÿ ïðîöåäóðà ïåðåðàñïðåäåëåíèÿ âûïëàò íà êàæ-
äîì ïðîìåæóòêå âðåìåíè òàêèì îáðàçîì, ÷òîáû ñóììà ýòèõ âûïëàò
ñîâïàäàëà áû ñ ñóììàðíûì âûèãðûøåì èãðîêîâ íà ýòîì ïðîìåæóòêå
âðåìåíè, è îæèäàåìûé âûèãðûø ëþáîãî èãðîêà â îñòàâøåéñÿ èãðå
ïðèíàäëåæàë áû òîìó æå ïðèíöèïó îïòèìàëüíîñòè, ÷òî áûë âûáðàí
èãðîêàìè â íà÷àëå èãðû. Óñëîâèå ïîçèöèîííîé ñîñòîÿòåëüíîñòè âåê-
òîðà Øåïëè íàêëàäûâàåò äîïîëíèòåëüíî óñëîâèå íåîòðèöàòåëüíîñòè
íà âûïëàòû èãðîêàì íà êàæäîì ïðîìåæóòêå âðåìåíè.

Êîîïåðàòèâíóþ ïðîöåäóðó ðàñïðåäåëåíèÿ äåëåæà ìîæíî ñ÷èòàòü
óíèâåðñàëüíîé, ïîñêîëüêó å¼ ìîæíî ïîñòðîèòü â ëþáîé ìàðêîâñêîé
èãðå, èñïîëüçóÿ óðàâíåíèÿ, ïîëó÷åííûå â ðàáîòå, íî ãàðàíòèðîâàòü
ïðè ýòîì ïîçèöèîííóþ ñîñòîÿòåëüíîñòü äåëåæà â îáùåì ñëó÷àå íåëü-
çÿ.

Êîîïåðàòèâíîå ðåøåíèå, ïîëó÷åííîå â ðàáîòå äëÿ èãðû ïåðåäà-
÷è äàííûõ ïîçâîëÿåò íàëàäèòü ðàáîòó áåñïðîâîäíîé ñåòè è ïîëó÷èòü
îò ýòîé ðàáîòû ìàêñèìàëüíûé îæèäàåìûé ðåçóëüòàò. Ê ñîæàëåíèþ,
ïðè èçìåíåíèè ñòðóêòóðû ñåòè íåîáõîäèìî çàíîâî îïðåäåëÿòü ìàòðè-
öó âåðîÿòíîñòåé ïåðåõîäà è âûèãðûøè èãðîêîâ â èãðîâûõ ýëåìåíòàõ.
Òàêæå èìåþòñÿ âû÷èñëèòåëüíûå òðóäíîñòè ïðè íàõîæäåíèè îáðàò-
íîé ìàòðèöû â óðàâíåíèÿõ, îïðåäåëÿþùèõ ìàòåìàòè÷åñêèå îæèäà-



Èãðà ïåðåäà÷è äàííûõ 109

íèÿ âûèãðûøåé èãðîêîâ.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. Baranova E.M., Petrosjan L.A. Cooperative Stochastic Games in
Stationary Strategies // Game theory and Applications. 2006. V.
XI. P. 7�17.

2. Ben Salem N., Buttyan L., Hubaux J.-P., Jakobsson M. A charging
and rewarding scheme for packet forwarding in multi-hop cellular
networks // Proc. ACM International Symposium on Mobile Ad
Hoc Networking and Computing (MobiHoc). June 2003. Annapolis,
MD, USA.

3. Buttyan L., Hubaux J.P. Stimulating cooperation in self-organizing
mobile ad hoc network // ACM Journal for Mobile Networks (MO-
NET). Oct. 2003. V. 8. N. 5. P. 579�592.

4. Michiardi P., Molva R. A game-theoretical approach to evalute co-
operation enforcement mechanisms in mobile ad hoc networks //
Proc. WiOpt'03: Modeling and Optimization in Mobile, Ad Hoc
and Wireless Networks. Mar. 2003. Sophia-Antipolis, France.

5. Petrosjan L.A. Cooperative Stochastic Games // Advances in Dyna-
mic Games, Annals of the International Society of Dynamic Games,
Application to Economics, Engineering and Environmental Ma-
nagement, ed. by A. Haurie, S. Muto, L.A. Petrosjan, T.E.S. Rag-
havan. 2006. P. 139�146.

6. Petrosjan L.A. Stability of Solutions in n-person Di�erential Games
// Vestnik of Leningrad University. 1977. N. 19. P. 46�52 (in Russian).

7. Sagduyu Y.E., Ephremides A. A game-theoretic look at simple relay
channel // Wireless Networks. 2006. V. 12. N. 5. P. 545�560.

8. Shapley L.S. Stochastic Games // Proceedings of National Academy
of Sciences of the USA. 1953. V. 39. P. 1095�1100.

9. Srinivasan V., Noggehalli P., Chiasserini C.F., Rao R.R. Coopera-
tion in wireless ad hoc networks // Proc. IEEE INFOCOM. Apr.
2003. San Francisco, CA, USA.



110 Å.Ì. Ïàðèëèíà

10. Urpi A., Bonuccelli M., Giordano S.Modelling cooperation in mobile
ad hoc networks: a formal description of sel�shness // Proc. Wi-
Opt'03: Modeling and Optimization in Mobile, Ad Hoc and Wire-
less Networks. Mar. 2003. Sophia-Antipolis, France.

11. Yeung D.W.K., Petrosjan L.A. Subgame consist cooperative solu-
tions in stochastic di�erential games // J. optimiz. theory and appl.
2004. V. 120. N. 3. P. 651�666.

12. Ïåòðîñÿí Ë. À., Áàðàíîâà Å. Ì., Øåâêîïëÿñ Å. Â. Ìíîãîøàãî-
âûå êîîïåðàòèâíûå èãðû ñî ñëó÷àéíîé ïðîäîëæèòåëüíîñòüþ
// Îïòèìàëüíîå óïðàâëåíèå è äèôôåðåíöèàëüíûå èãðû, Ñáîð-
íèê ñòàòåé, Òðóäû èíñòèòóòà ìàòåìàòèêè è ìåõàíèêè. 2004. Ò.
10. � 2. Ñ. 116-�130.

COOPERATIVE DATA TRANSMISSION GAME IN
WIRELESS NETWORK

Elena M. Parilina, Faculty of Applied Mathematics and Control
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Abstract : The paper considers the problem of data transmission in a
simple wireless network. The process of data transmission is modelled
with the help of a stochastic game. The paper proposes the system of
rewards and costs to the network users to regulate the process of data
transmission. The cooperative version of the game is considered. For
this purpose the characteristic function is found. The Shapley value is
proposed as a cooperative decision of the game. The condition of subgame
consistency of the Shapley value and the method of construction of the
cooperative payo� distribution procedure are taken. The cooperative
payo� distribution procedure allows to redistribute payo�s to the players
(network users) at each time slot to overcome the natural inconsistency
of the Shapley value. The paper considers the numerical example which
demonstrates all obtained theoretical results.

Keywords : cooperative stochastic game, Markov game, subgame consis-
tency, cooperative payo� distribution procedure.


