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èçäàåòñÿ ïîä ðóêîâîäñòâîì Îòäåëåíèÿ Ìàòåìàòè÷åñêèõ Íàóê ÐÀÍ

Æóðíàë ¾ÌÒÈ&Ï¿ ïóáëèêóåò ñòàòüè, êàñàþùèåñÿ òåîðåòèêî-èãðîâîãî
àíàëèçà è ìåòîäîâ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ðåøåíèÿ ïðèêëàäíûõ çàäà÷
â ýêîíîìèêå, ýêîëîãèè, ïîëèòèêå è ìåíåäæìåíòå. Òåîðåòèêî-èãðîâîé ïîäõîä
îáëàäàåò îáøèðíûì ïîòåíöèàëîì â ñîöèàëüíûõ, ýêîíîìè÷åñêèõ è ïîëèòè-
÷åñêèõ çàäà÷àõ. Ñ äðóãîé ñòîðîíû ñàìà òåîðèÿ èãð ìîæåò áûòü îáîãàùåíà
èññëåäîâàíèÿìè ðåàëüíûõ ïðîáëåì ïðèíÿòèÿ ðåøåíèé.

Öåëüþ ïóáëèêàöèé çàäà÷ ñòðàòåãè÷åñêîãî àíàëèçà ÿâëÿåòñÿ ïîääåðæêà
âçàèìîñâÿçè ìåæäó ìàòåìàòè÷åñêîé òåîðèåé è ïðèëîæåíèÿìè. Ïóáëèêóå-
ìûå ñòàòüè ñîäåðæàò ñòðîãèé àíàëèç ñîâðåìåííûõ ïðîáëåì è ïåðñïåêòè-
âû íîâûõ èññëåäîâàíèé. Æóðíàë ¾ÌÒÈ&Ï¿ ïðèíèìàåò ñòàòüè, ñâÿçàííûå
ñ òåîðåòèêî-èãðîâûì ïîäõîäîì èç âñåõ îáëàñòåé ïðèìåíåíèÿ â ýêîíîìèêå,
ìåíåäæìåíòå, ýêîëîãèè è ïîëèòèêå.

Âàæíîé çàäà÷åé æóðíàëà ÿâëÿåòñÿ ïîîùðåíèå ìåæäèñöèïëèíàðíûõ âçà-
èìîñâÿçåé (ìàòåìàòè÷åñêèå è ýêîíîìè÷åñêèå íàóêè, ìàòåìàòè÷åñêèå è áèî-
ëîãè÷åñêèå íàóêè, ìàòåìàòè÷åñêèå è ïîëèòè÷åñêèå íàóêè) è âçàèìîäåéñòâèÿ
èññëåäîâàòåëåé â îáëàñòè òåîðèè èãð. Æóðíàë ¾ÌÒÈ&Ï¿ ïðèâåòñòâóåò íå
òîëüêî ñòàòüè ïî òåîðèè èãð è ïðèëîæåíèÿì, íî è òåõíè÷åñêèå çàìåòêè, êîì-
ìåíòàðèè, ïðèìåðû, ÷èñëåííûé àíàëèç, ìîäåëèðîâàíèå è âû÷èñëèòåëüíûå
àëãîðèòìû.
Ó÷ðåäèòåëè æóðíàëà:
Ó÷ðåæäåíèå Ðîññèéñêîé Àêàäåìèè Íàóê
Èíñòèòóò Ïðèêëàäíûõ Ìàòåìàòè÷åñêèõ Èññëåäîâàíèé
Êàðåëüñêîãî Íàó÷íîãî Öåíòðà ÐÀÍ
Ôàêóëüòåò Ïðèêëàäíîé Ìàòåìàòèêè - Ïðîöåññîâ Óïðàâëåíèÿ
Ñàíêò-Ïåòåðáóðãñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò
Ðåäàêöèÿ æóðíàëà:
185910, Ïåòðîçàâîäñê, óë. Ïóøêèíñêàÿ, 11. òåë. (8142)781108.
e-mail: mgta@krc.karelia.ru
url: http://mgta.krc.karelia.ru



venhead ddhead

Ìàòåìàòè÷åñêàÿ Òåîðèÿ Èãð è å�å Ïðèëîæåíèÿ, ò.2, â.3

Ìîðòèðîñ Ñàðüÿí ¾Ïîðòðåò ìîëîäîãî Ëåîíà Ïåòðîñÿíà¿

Ïåòðîñÿí Ëåîí Àãàíåñîâè÷ ÿâëÿåòñÿ âèäíûì ó÷åíûì â îá-
ëàñòè ïðèêëàäíîé ìàòåìàòèêè, èçâåñòíûì ñïåöèàëèñòîì ïî òåîðèè
óïðàâëåíèÿ, äèôôåðåíöèàëüíûì óðàâíåíèÿì è èõ ïðèëîæåíèÿì. Îí
àâòîð áîëåå 140 íàó÷íûõ ðàáîò (èç íèõ 17 ìîíîãðàôèé, òðè èç êîòî-
ðûõ ïåðåâåäåíû â ÑØÀ è Âåëèêîáðèòàíèè), âíåñøèõ âûäàþùèéñÿ
âêëàä â îòå÷åñòâåííóþ è ìèðîâóþ íàóêó.

Èì âïåðâûå ïîñòðîåíà ìàòåìàòè÷åñêè êîððåêòíàÿ òåîðèÿ óïðàâ-
ëåíèÿ ìíîãîêðèòåðèàëüíûìè ñèñòåìàìè, îñíîâàííàÿ íà ðåãóëÿðèçà-
öèè ïðèíöèïîâ îïòèìàëüíîñòè, îáåñïå÷èâàþùèõ óñòîé÷èâîå âî âðå-
ìåíè ðàçâèòèå ñëîæíîé ñèñòåìû, îïèñûâàåìîé äèôôåðåíöèàëüíûìè
óðàâíåíèÿìè è îáùèìè äèíàìè÷åñêèìè ñèñòåìàìè. Ýòà òåîðèÿ ñîäåð-
æèò ñòðîãèå ïîñòàíîâêè òèïè÷íûõ çàäà÷, óñëîâèÿ èõ ðåãóëÿðèçàöèè,
ñïîñîáû ïîñòðîåíèÿ èñêîìûõ óïðàâëåíèé; â íåé èçó÷åíû âîïðîñû
êîððåêòíîñòè è ðåàëèçóåìîñòè íàéäåííûõ ðåøåíèé. Ë.À.Ïåòðîñÿíîì
âïåðâûå ðàçâèòà òåîðèÿ êîíôëèêòíî-óïðàâëÿåìûõ ïðîöåññîâ ñ íåïîë-
íîé èíôîðìàöèåé, íå ñâîäèìûõ ê ïðîöåññàì ñ ïîëíîé èíôîðìàöèåé:
îáîñíîâàí ìåòîä âûáîðà ñëó÷àéíûõ óïðàâëÿþùèõ âîçäåéñòâèé è ïî-
ñòðîåíû ðåøåíèÿ òèïè÷íûõ êëàññîâ çàäà÷ ñ çàïàçäûâàíèåì èíôîð-
ìàöèè.
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Îäíîâðåìåííî Ë.À. Ïåòðîñÿí ÿâëÿëñÿ ðóêîâîäèòåëåì ðàáîò ïî
âàæíåéøåé òåìàòèêå, ðåçóëüòàòû êîòîðûõ áûëè äîâåäåíû äî ðåàëè-
çàöèè â ñïåöèàëüíûõ ñèñòåìàõ óïðàâëåíèÿ, â íèõ ïðåäëàãàëèñü ñïî-
ñîáû óïðàâëåíèÿ â çàäà÷àõ ïîèñêà, ïðåñëåäîâàíèÿ è ïåðåõâàòà ïî-
äâèæíûõ îáúåêòîâ, îïòèìèçàöèÿ ðàñïðåäåëåíèÿ êàïèòàëîâëîæåíèé
ïî îòðàñëÿì è íàïðàâëåíèÿì äåÿòåëüíîñòè, îïòèìàëüíîå ïîâåäåíèå
â çàäà÷àõ îõðàíû îêðóæàþùåé ñðåäû.

Ë.À. Ïåòðîñÿí ðîäèëñÿ 18 äåêàáðÿ 1940 ãîäà â Ëåíèíãðàäå. Ïîñòó-
ïèë â øêîëó â 1947 ãîäó â Åðåâàíå, êîòîðóþ çàêîí÷èë â 1957 ãîäó ñ ñå-
ðåáðÿíîé ìåäàëüþ. Ïîñòóïèë â 1957 ãîäó íà ìåõàíèêî-ìàòåìàòè÷åñ-
êèé ôàêóëüòåò Åðåâàíñêîãî óíèâåðñèòåòà. Â 1960 ãîäó ïåðåâåëñÿ íà
ìàòåìàòèêî-ìåõàíè÷åñêèé ôàêóëüòåò Ëåíèíãðàäñêîãî óíèâåðñèòåòà,
ãäå ñ 1961 ãîäà ïîëó÷àë ×åáûøåâñêóþ ñòèïåíäèþ. Çàêîí÷èë óíèâåð-
ñèòåò â 1962 ãîäó.

Â 1961 ãîäó âûñòóïèë ñ äîêëàäîì íà 5-îì Âñåðîññèéñêîì ñúåç-
äå ìàòåìàòèêîâ â Ëåíèíãðàäå. Ýòî áûëî îáîáùåíèå òåîðåìû Êóíà,
êîòîðîå âïîñëåäñòâèè (÷åðåç 3 ãîäà) ñäåëàë è Àóìàíí, ÷òî ïðèíåñëî
åìó ìèðîâóþ èçâåñòíîñòü. Â 1963 ãîäó Ë.À. Ïåòðîñÿí ñäåëàë ïåðâûé
â ÑÑÑÐ äîêëàä ïî òåîðèè äèôôåðåíöèàëüíûõ èãð íà Âñåñîþçíîé
Êîíôåðåíöèè ïî Òåîðèè Âåðîÿòíîñòåé â ã. Òáèëèñè.

Â 1965 ãîäó çàùèòèë êàíäèäàòñêóþ äèññåðòàöèþ íà òåìó ¾Îá
îäíîì êëàññå èãð ïðåñëåäîâàíèÿ¿ (äàíî ïîëíîå ðåøåíèå â ÿâíîì âè-
äå èãðû ïðåñëåäîâàíèÿ ¾ñ ëèíèåé æèçíè¿ è âïåðâûå ìàòåìàòè÷åñêè
ñôîðìóëèðîâàíà ñòðàòåãèÿ ïàðàëëåëüíîãî ñáëèæåíèÿ è äîêàçàíà åå
îïòèìàëüíîñòü â èãðå ¾ñ ëèíèåé æèçíè¿). Ýòî ïåðâàÿ äèññåðòàöèÿ
ïî äèôôåðåíöèàëüíûì èãðàì â ÑÑÑÐ. Â 1967 ãîäó åãî àñïèðàíò Í.Â.
Ìóðçîâ çàùèùàåò êàíäèäàòñêóþ äèññåðòàöèþ ïî òåîðèè äèôôåðåí-
öèàëüíûõ èãð.

Â 1968 ãîäó â Åðåâàíå ïðîõîäèò Ïåðâàÿ Âñåñîþçíàÿ Êîíôåðåí-
öèÿ ïî Òåîðèè Èãð, îðãàíèçîâàííàÿ ïðè åãî ñàìîì àêòèâíîì ó÷à-
ñòèè (÷ëåí îðãêîìèòåòà èç ÷åòûðåõ ÷ëåíîâ). Â 1969 ãîäó âûõîäèò
ñòàòüÿ â Ãåðìàíèè íà íåìåöêîì ÿçûêå ïî äèôôåðåíöèàëüíûì èãðàì
¾Di�erenzialspiele und Verfolgungsprobleme¿, ýòî ïåðâàÿ íåìåöêîÿçû÷-
íàÿ ðàáîòà ïî äèôôåðåíöèàëüíûì èãðàì. Â 1972 ãîäó çàùèùàåò äîê-
òîðñêóþ äèññåðòàöèþ ¾Äèôôåðåíöèàëüíûå èãðû ïðåñëåäîâàíèÿ¿.
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Ñ 1975 ãîäà è ïî íàñòîÿùåå âðåìÿ � Ïåòðîñÿí Ë.À. ïåðâûé èç-
áðàííûé äåêàí ôàêóëüòåòà ÏÌ-ÏÓ. Ñ 1987 ãîäà çàâåäóåò êàôåäðîé
òåîðèè èãð è ñòàòèñòè÷åñêèõ ðåøåíèé.

Ñðåäè åãî ó÷åíèêîâ 7 äîêòîðîâ è 40 êàíäèäàòîâ íàóê. Ñ 1976 ãîäà
ÿâëÿåòñÿ ïðåäñåäàòåëåì äâóõ ñïåöèàëèçèðîâàííûõ Ñîâåòîâ ïî ïðè-
ñóæäåíèþ ó÷åíîé ñòåïåíè êàíäèäàòà è äîêòîðà ôèçèêî-ìàòåìàòè-
÷åñêèõ è òåõíè÷åñêèõ íàóê ïî âû÷èñëèòåëüíîé ìàòåìàòèêå, ìàòå-
ìàòè÷åñêîé êèáåðíåòèêå, âû÷èñëèòåëüíûì ìàøèíàì, ïðîãðàììèðî-
âàíèþ è äð., ÷ëåí ðåäêîëëåãèé ðÿäà ðîññèéñêèõ è ìåæäóíàðîäíûõ
íàó÷íûõ æóðíàëîâ, ðåäàêòîð (ñîâìåñòíî ñ Â.Â. Ìàçàëîâûì) ìåæ-
äóíàðîäíîãî åæåãîäíèêà "Game Theory and Applications"(Nova Sci.
Pbl., N.Y., USA), ðåäàêòîð ìåæäóíàðîäíîãî æóðíàëà "International
Game Theory Review"(World Sci. Pbl., London, Singapore). Ïðåäñåäà-
òåëü ìåæäóíàðîäíîãî îáùåñòâà äèíàìè÷åñêèõ èãð.

×ëåíû Ðåäàêöèîííîé êîëëåãèè ïîçäðàâëÿþò Ëåîíà Àãà-
íåñîâè÷à ñ åãî Þáèëååì è æåëàþò åìó òâîð÷åñêèõ óñïåõîâ!
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Â ñòàòüå ðàññìàòðèâàåòñÿ îäèí êëàññ áèëèíåéíûõ äâóìåð-
íûõ óïðàâëÿåìûõ ñèñòåì. Äëÿ íèõ èçó÷àåòñÿ âîïðîñ î ðåëåé-
íîñòè îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ óïðàâëåíèÿ. Ýòî ñâîé-
ñòâî îïòèìàëüíûõ óïðàâëåíèé èìååò áîëüøîé èíòåðåñ äëÿ ïðè-
ëîæåíèé. Ðåëåéíûå óïðàâëåíèÿ ëåãêî ðåàëèçóþòñÿ íà ïðàêòè-
êå. Ïîëó÷åíû ýôôåêòèâíûå äîñòàòî÷íûå óñëîâèÿ, ãàðàíòèðó-
þùèå ðåëåéíîñòü îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ óïðàâëå-
íèÿ äëÿ ðàññìàòðèâàåìîãî êëàññà óïðàâëÿåìûõ ñèñòåì. Â êà-
÷åñòâå ïðèìåðà ðàññìîòðåí óïðàâëÿåìûé àíàëîã èçâåñòíîé â
ïîëèòîëîãèè ìîäåëè Ë. Ðè÷àðäñîíà.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, áèëèíåéíûå óïðàâëÿåìûå
ñèñòåìû, ðåëåéíîñòü óïðàâëåíèÿ, ìîäåëü Ë. Ðè÷àðäñîíà.

1. Ââåäåíèå
Ðàññìîòðèì äâóìåðíóþ áèëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó (ñì.,

íàïðèìåð, [1]�[3], [5]) âèäà:

ẋ = A(u)x, (1.1)

c©2010 Ì.Ñ. Íèêîëüñêèé
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ãäå x ∈ R2, u ∈ R4,

A(u) =

(
u1 u2

u3 u4

)
, (1.2)

ui, i = 1, 2, 3, 4, � êîìïîíåíòû âåêòîðà u ∈ R4.
Îáîçíà÷åíèÿ. Ñèìâîëîì Rk, ãäå k > 1, óñëîâèìñÿ îáîçíà÷àòü

k-ìåðíîå äåéñòâèòåëüíîå àðèôìåòè÷åñêîå ïðîñòðàíñòâî, ýëåìåíòàìè
êîòîðîãî ÿâëÿþòñÿ óïîðÿäî÷åííûå íàáîðû èç k äåéñòâèòåëüíûõ ÷è-
ñåë, çàïèñûâàåìûõ â âèäå ñòîëáöîâ, ñî ñòàíäàðòíûì ñêàëÿðíûì ïðî-
èçâåäåíèåì âåêòîðîâ a, b ∈ Rk âèäà

〈a, b〉 =
k∑

i=1

aibi,

ãäå ai, bi � êîìïîíåíòû âåêòîðîâ a, b, ñîîòâåòñòâåííî. Äëèíà âåêòîðà

a ∈ Rk îïðåäåëÿåòñÿ ôîðìóëîé |a| =

(
k∑

i=1

a2
i

)1/2

. Äëÿ ïðîèçâîëüíîé
ìàòðèöû A ðàçìåðíîñòè 2 × 2 ñ äåéñòâèòåëüíûìè ýëåìåíòàìè îïðå-
äåëèì åå íîðìó ôîðìóëîé

‖A‖ = max
|x|=1

|Ax|,

ãäå x ∈ R2. Îáîçíà÷èì exp(z) = ez ïðè z ∈ R1. ×åðåç I îáîçíà÷èì
ñîâîêóïíîñòü èíäåêñîâ 1, 2, 3, 4. Óñëîâèìñÿ äâå èçìåðèìûå ïî Ëåáåãó
ôóíêöèè ñî çíà÷åíèÿìè â Rk è îïðåäåëåííûå íà íåêîòîðîì îòðåçêå
[a, b] íàçûâàòü ýêâèâàëåíòíûìè, åñëè îíè ñîâïàäàþò íà [a, b] ñ òî÷-
íîñòüþ äî ìíîæåñòâà ëåáåãîâîé ìåðû íóëü, ò. å. îíè ñîâïàäàþò ïî÷òè
âñþäó íà [a, b].

Íà êîìïîíåíòû ui óïðàâëÿþùåãî âåêòîðà u ∈ R4 (ñì. (1.1), (1.2))
íàëîæèì ñëåäóþùèå îãðàíè÷åíèÿ:

ui ∈ [pi, qi], i ∈ I, (1.3)

ãäå äëÿ êîíñòàíò pi, qi âûïîëíåíû íåðàâåíñòâà

pi 6 qi, (1.4)

ïðè÷åì õîòÿ áû äëÿ îäíîãî íîìåðà i0 ∈ I

pi0 < qi0 . (1.5)
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Ìíîæåñòâî âåêòîðîâ u ∈ R4, óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì (1.3)�
(1.5), îáîçíà÷èì U .

Â R2 ôèêñèðîâàíû íà÷àëüíîå è êîíå÷íîå óñëîâèÿ:

x(0) = x0, x(t1) = m, (1.6)

ãäå x0 6= 0, x0 6= m, t1 > 0. Íà ìíîæåñòâå èçìåðèìûõ ïî Ëåáåãó
óïðàâëåíèé u(t) ∈ U , t > 0, äëÿ óïðàâëÿåìîé ñèñòåìû (1.1) ïðè
êðàåâûõ óñëîâèÿõ (1.6) ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî áûñò-
ðîäåéñòâèÿ (ñì. [1]�[3], [5]).

Óïðàâëÿåìàÿ ñèñòåìà (1.1) èìååò âåñüìà îáùèé âèä. Îòìåòèì, íà-
ïðèìåð, ÷òî â [2] äëÿ óïðàâëÿåìîé ñèñòåìû (4.23) â ïóíêòå 61 âåñüìà
ïîäðîáíî ðàññìàòðèâàåòñÿ çàäà÷à áûñòðîäåéñòâèÿ, ñâÿçàííàÿ ñ òåî-
ðèåé íåîñöèëëÿöèè ðåøåíèé ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé 2-ãî ïîðÿäêà. Óïîìÿíóòóþ óïðàâëÿåìóþ ñèñòåìó (4.23) èç [2]
ìîæíî ñ÷èòàòü ÷àñòíûì ñëó÷àåì óïðàâëÿåìîé ñèñòåìû âèäà (1.1),
(1.2), åñëè ïîëîæèòü

p1 = q1 = 0; p2 = q2 = 1;
p3 = −β′, q3 = −β; p4 = −α′, q4 = −α,

ãäå êîíñòàíòû α, α′, β, β′ îïðåäåëåíû â [2]. Îòìåòèì òàêæå, ÷òî
â ïóíêòå 61 èç [2] äëÿ óïðàâëÿåìîé ñèñòåìû âèäà (4.23) âìåñòî îä-
íîòî÷å÷íîãî òåðìèíàëüíîãî ìíîæåñòâà ðàññìàòðèâàåòñÿ òåðìèíàëü-
íîå ìíîæåñòâî M = {x ∈ R2: x1 = 0, x2 < 0}. Íî ìîæíî ïåðåéòè
ê ñëó÷àþ îäíîòî÷å÷íîãî òåðìèíàëüíîãî ìíîæåñòâà è â ýòîé çàäà÷å
ñ ïîìîùüþ ñëåäóþùåãî ñîîáðàæåíèÿ. Ïóñòü û(t), t ∈ [0, τ ], � äî-
ïóñòèìîå óïðàâëåíèå, îñóùåñòâëÿþùåå îïòèìàëüíîå áûñòðîäåéñòâèå
ñ òåðìèíàëüíûì ìíîæåñòâîì M , à x̂(t), t ∈ [0, τ ], � ñîîòâåòñòâó-
þùåå îïòèìàëüíîå ðåøåíèå ðàññìàòðèâàåìîé óïðàâëÿåìîé ñèñòåìû
(çäåñü τ > 0 � âðåìÿ îïòèìàëüíîãî áûñòðîäåéñòâèÿ). Òîãäà, ïîëà-
ãàÿ m = x̂(τ), ìû ôîðìàëüíî ìîæåì ïåðåéòè ê çàäà÷å îïòèìàëüíîãî
áûñòðîäåéñòâèÿ ñ îäíîòî÷å÷íûì òåðìèíàëüíûì ìíîæåñòâîì.

Îòìåòèì åùå, ÷òî ê óïðàâëÿåìîé ñèñòåìå âèäà (1.1), (1.2) ìîæíî
ïðèâåñòè óïðàâëÿåìóþ ñèñòåìó âèäà

ẋ = B(v)x,
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ãäå äëÿ ýëåìåíòîâ bij(v) ìàòðèöû B(v) ñ v = (v11, v12, v21, v22) âûïîë-
íÿþòñÿ ðàâåíñòâà

bij(v) = cij + vijdij ïðè i = 1, 2, j = 1, 2.

Çäåñü cij, dij � äåéñòâèòåëüíûå êîíñòàíòû, vij � óïðàâëåíèÿ, íà íèõ
íàëîæåíû îãðàíè÷åíèÿ vij ∈ [rij, sij] ⊂ R1, ïðè÷åì rij 6 sij è õîòÿ áû
äëÿ îäíîé ïàðû èíäåêñîâ rijdij 6= sijdij. Îáîçíà÷èì

u1 = c11 + v11d11, u2 = c12 + v12d12,
u3 = c21 + v21d21, u4 = c22 + v22d22.

Ïðè vij ∈ [rij, sij]

u1 ∈ co{c11 + p11d11, c11 + q11d11}, u2 ∈ co{c12 + p12d12, c12 + q12d12},
u3 ∈ co{c21 + p21d21, c21 + q21d21}, u4 ∈ co{c22 + p22d22, c22 + q22d22},

ãäå co îçíà÷àåò îïåðàöèþ îâûïóêëåíèÿ ìíîæåñòâà. È ìû ïðèøëè
ê ñèñòåìå âèäà (1.1).

Â ðàçäåëå 3, êàê ÷àñòíûé ñëó÷àé óïðàâëÿåìîé ñèñòåìû (1.1), ìû
ðàññìîòðèì óïðàâëÿåìûé àíàëîã ìîäåëè Ë. Ðè÷àðäñîíà âîîðóæåíèÿ
äâóõ ãîñóäàðñòâ, èçâåñòíîé â ïîëèòîëîãèè (ñì. [4], [6]).

2. Àíàëèç çàäà÷è
Ïðèñòóïàåì ê àíàëèçó ïîñòàâëåííîé çàäà÷è îïòèìàëüíîãî áûñò-

ðîäåéñòâèÿ. Åñëè ñóùåñòâóåò õîòÿ áû îäíî äîïóñòèìîå óïðàâëåíèå
u = u(t), t > 0, äëÿ êîòîðîãî ðåøåíèå x(t, u(·)) óðàâíåíèÿ (1.1)
ñ íà÷àëüíûì óñëîâèåì x0 ïðè íåêîòîðîì t1 > 0 óäîâëåòâîðÿåò òåð-
ìèíàëüíîìó óñëîâèþ x(t1) = m, òî (ñì., íàïðèìåð, [3]) ñóùåñòâóåò
è îïòèìàëüíîå ïî áûñòðîäåéñòâèþ óïðàâëåíèå ũ(t) ∈ U ñ âðåìåíåì
áûñòðîäåéñòâèÿ τ > 0. Îáîçíà÷èì ∆ = [0, τ ]. Â ñèëó ïðèíöèïà ìàêñè-
ìóìà Ïîíòðÿãèíà (ñì. [1]�[3], [5]) äëÿ îïòèìàëüíîãî óïðàâëåíèÿ ũ(t),
t ∈ ∆, ñóùåñòâóåò òàêîå íåòðèâèàëüíîå ðåøåíèå ψ̃(t) ñîïðÿæåííîé
ñèñòåìû

ψ̇1 = −ũ1(t)ψ1 − ũ3(t)ψ2

ψ̇2 = −ũ2(t)ψ1 − ũ4(t)ψ2,
(2.1)

÷òî ïî÷òè âñþäó íà ∆ âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå ìàêñèìóìà:

max
u∈U

〈A(u)x̃(t), ψ̃(t)〉 = 〈A(ũ(t))x̃(t), ψ̃(t)〉, (2.2)
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ãäå x̃(t) = x(t, ũ(·)). Èç îïðåäåëåíèÿ ìíîæåñòâà U è ñîîòíîøåíèÿ
ìàêñèìóìà (2.2) ïî÷òè âñþäó íà ∆ âûòåêàþò ñëåäóþùèå ñîîòíîøå-
íèÿ ìàêñèìóìà:

max
u1∈[p1, q1]

(u1x̃1(t)ψ̃1(t)) = ũ1(t)x̃1(t)ψ̃1(t), (2.3)

max
u2∈[p2, q2]

(u2x̃2(t)ψ̃1(t)) = ũ2(t)x̃2(t)ψ̃1(t), (2.4)

max
u3∈[p3, q3]

(u3x̃1(t)ψ̃2(t)) = ũ3(t)x̃1(t)ψ̃2(t), (2.5)

max
u4∈[p4, q4]

(u4x̃2(t)ψ̃2(t)) = ũ4(t)x̃2(t)ψ̃2(t)). (2.6)

Çàìåòèì, ÷òî, åñëè ïðè äàííîì i ∈ I âûïîëíÿåòñÿ ðàâåíñòâî
pi = qi, òî ũi(t) ≡ pi ïðè t ∈ ∆. Ïîýòîìó íàì èíòåðåñíû ëèøü òå
íîìåðà i ∈ I, äëÿ êîòîðûõ pi < qi. Îòìåòèì òàêæå ñëåäóþùåå îá-
ñòîÿòåëüñòâî: åñëè îïòèìàëüíîå óïðàâëåíèå ũ(t) íà ∆ èçìåíèòü íà
ìíîæåñòâå ëåáåãîâîé ìåðû íóëü, òî ýòî íîâîå óïðàâëåíèå áóäåò ýê-
âèâàëåíòíûì ũ(t) íà ∆ è îñòàíåòñÿ îïòèìàëüíûì. Ýòîò ôàêò âàæåí
äëÿ ïðèëîæåíèé. Îí ïîçâîëÿåò äîâîëüíî ÷àñòî ¾óïðîñòèòü¿ âèä îï-
òèìàëüíîãî óïðàâëåíèÿ çà ñ÷åò èçìåíåíèÿ èñõîäíîãî ũ(t) íà ìíîæå-
ñòâå ëåáåãîâîé ìåðû íóëü èç ∆.

Äëÿ äàëüíåéøåãî áóäåò ïîëåçíà ñëåäóþùàÿ ëåììà.

Ëåììà 2.1. Ïóñòü 0 /∈ [p2, q2], ãäå p2 6 q2. Òîãäà ñóùåñòâóåò
ñòîëü áîëüøîå öåëîå ÷èñëî θ1 > 0, ÷òî äëÿ ïðîèçâîëüíîãî èçìåðèìî-
ãî óïðàâëåíèÿ u(t) = U , t ∈ ∆, äëÿ ïåðâîé êîìïîíåíòû x1(t, u(·)) ðå-
øåíèÿ x(t, u(·)) óðàâíåíèÿ (1.1) ñ íà÷àëüíûì óñëîâèåì x(0) = x0 6= 0

÷èñëî íóëåé íà ∆ íå ïðåâîñõîäèò θ1. Åñëè äîáàâî÷íî âûïîëíÿåòñÿ
óñëîâèå ñîãëàñîâàíèÿ: ïðè p2 > 0 âûïîëíÿåòñÿ íåðàâåíñòâî p3 > 0,
à ïðè q2 < 0 âûïîëíÿåòñÿ íåðàâåíñòâî q3 6 0, òî ìîæíî ïîëîæèòü
θ1 = 1.

Äîêàçàòåëüñòâî. Ôèêñèðóåì èçìåðèìîå óïðàâëåíèå u(t) ∈ U , t ∈ ∆,
è çàéìåìñÿ èçó÷åíèåì ðàñïðåäåëåíèÿ íóëåé ôóíêöèè x1(t) = x1(t, u(·))
íà ∆. Ïóñòü x1(α) = 0, ãäå α ∈ [0, τ). Òàê êàê x0 6= 0, òî ðåøåíèå
óðàâíåíèÿ (1.1) x(t) = x(t, u(·)) 6= 0 ïðè t ∈ ∆ è ñëåäîâàòåëüíî
x2(α) 6= 0. Èç ñêàçàííîãî è èç ñîîòíîøåíèé (1.1), (1.2) âûòåêàåò ñ ïî-
ìîùüþ èçâåñòíîé ôîðìóëû Êîøè, ÷òî ïðè t ∈ [α, τ ]
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x1(t) =

t∫

α

f(t, s)u2(s)x2(s) ds, (2.7)

f(t, s) = exp

( t∫

s

u1(r) dr

)
, (2.8)

ãäå èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà.
Äëÿ äàëüíåéøåãî áóäåò ïîëåçåí ñëåäóþùèé ôàêò: ïðè u ∈ U íîð-

ìà ìàòðèöû A(u) (ñì. (1.2)) îãðàíè÷åíà ñâåðõó íåêîòîðîé äîñòàòî÷íî
áîëüøîé êîíñòàíòîé β > 0, ò. å.

‖A(u)‖ 6 β ∀u ∈ U. (2.9)

Íàïðèìåð, ìîæíî ïîëîæèòü

β =
4∑

i=1

max(|pi|, |qi|).

Èç (2.9) ñ ïîìîùüþ èçâåñòíûõ ôàêòîâ (ñì. ãë. IV, � 4 [7]) ïîëó÷àåì
ïðè t ∈ ∆ íåðàâåíñòâà

e−βt|x0| 6 |x(t)| 6 eβt|x0|. (2.10)

Èç ðàâåíñòâà x1(α) = 0 è ñîîòíîøåíèé (2.10) âûòåêàåò íåðàâåíñòâî

|x2(α)| > e−βτ |x0|. (2.11)

Èç ñîîòíîøåíèé (1.1), (2.9)�(2.11) ñëåäóåò, ÷òî ïðè t ∈ [α, γ(α)) âû-
ïîëíÿåòñÿ íåðàâåíñòâî |x2(t)| > 0, ãäå

γ(α) = min

{
τ , α +

e−2βτ

β

}
. (2.12)

Òàê êàê ïî ïðåäïîëîæåíèþ ëåììû 0 /∈ [p2, q2], òî â ñèëó ñêàçàííî-
ãî è ôîðìóë (2.7), (2.8) ïîëó÷àåì, ÷òî ïðè t ∈ (α, γ(α)) |x1(t)| > 0.
Èç ïðèâåäåííîãî àíàëèçà âûòåêàåò, ÷òî ôóíêöèÿ x1(t) èìååò îãðàíè-
÷åííîå ÷èñëî íóëåé íà ∆ è èõ ÷èñëî íåçàâèñèìî îò âûáîðà èçìåðèìî-
ãî óïðàâëåíèÿ u(t) ∈ U , t ∈ ∆, ìîæåò áûòü îöåíåíî ñâåðõó âåëè÷èíîé
(ñì. (2.12))

θ1 = [βτe2βτ ] + 1,
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ãäå [z] îçíà÷àåò öåëóþ ÷àñòü ÷èñëà z > 0.
Òåïåðü èçó÷èì, ÷òî äîáàâî÷íî äàåò íàì óñëîâèå ñîãëàñîâàíèÿ (ñì.

ôîðìóëèðîâêó ëåììû). Ïîêà ðàññìîòðèì ñëó÷àé, êîãäà p2 > 0, p3 >
0.

Ïóñòü, êàê âûøå, x1(α) = 0, ãäå α ∈ [0, τ). Îáîçíà÷èì ÷åðåç α1

íàèìåíüøèé íóëü ôóíêöèè x1(t) íà [0, τ ] (îí, î÷åâèäíî, ñóùåñòâóåò).
Äîïóñòèì, ÷òî íà (α1, τ ] ñóùåñòâóåò äðóãîé íóëü α3 ôóíêöèè x1(t).
Â ñèëó âûøåñêàçàííîãî íà [α1, τ ] ñóùåñòâóåò ìèíèìàëüíûé ýëåìåíò
α4 â ìíîæåñòâå òàêèõ òî÷åê α3, ïðè÷åì α4 ∈ (α1, τ ]. Åñëè x2(α1) > 0,
òî x2(t) > 0 ïðè t ∈ [α1, α1+δ], ãäå δ > 0 äîñòàòî÷íî ìàë�î è α1+δ 6 τ .
Â ýòîé ñèòóàöèè èç ôîðìóëû (2.7) ïðè α = α1 ïîëó÷àåì, ÷òî x1(t) >

0 ïðè t ∈ (α1, α4). Äàëåå, ñ ïîìîùüþ èçâåñòíîé ôîðìóëû Êîøè,
ïðèìåíÿåìîé êî âòîðîìó óðàâíåíèþ èç (1.1), ïîëó÷àåì ïðè t ∈ [α1, τ ]

ñëåäóþùåå ñîîòíîøåíèå:

x2(t) = g(t, x1)x2(α1) +

t∫

α1

g(t, s)u3(s)x1(s) ds, (2.13)

ãäå

g(t, s) = exp

( t∫

s

u4(r) dr

)
. (2.14)

Îòñþäà è èç íåðàâåíñòâà p3 > 0 âûòåêàåò, ÷òî x2(t) > 0 ïðè t ∈
(α1, α4]. Ïðèìåíÿÿ ôîðìóëó (2.7) ïðè α = α1, òåïåðü íåòðóäíî ïîêà-
çàòü, ÷òî x1(α4) > 0, è ìû ïðèõîäèì ê ïðîòèâîðå÷èþ ñ îïðåäåëåíèåì
âåëè÷èíû α4. Òàêèì îáðàçîì, ïðàâåå α1 íà (α1, τ ] ó ôóíêöèè x1(t)

íóëåé íåò. Åñëè x2(α1) < 0, òî x2(t) < 0 ïðè t ∈ [α1, α1 + δ], ãäå
δ > 0 äîñòàòî÷íî ìàë�î è α1 +δ 6 τ . Â ýòîé ñèòóàöèè ñ ïîìîùüþ ôîð-
ìóë (2.13), (2.14) îáîñíîâûâàåòñÿ (ïî àíàëîãèè ñ âûøåñêàçàííûì),
÷òî x2(t) < 0 ïðè t ∈ (α1, α4]. Ïðèìåíÿÿ ôîðìóëó (2.7) ïðè α = α1,
ïîëó÷àåì, ÷òî x1(α4) < 0. Òàêèì îáðàçîì, è â ýòîé ñèòóàöèè ïðàâåå
α1 íà (α1, τ ] ó ôóíêöèè x1(t) íóëåé íåò. Èç ñêàçàííîãî ïîëó÷àåì, ÷òî
ïðè p2 > 0, p3 > 0 ìîæíî ïîëîæèòü θ1 = 1. Ñëó÷àé q2 < 0, q3 6 0

ðàññìàòðèâàåòñÿ àíàëîãè÷íî ñ î÷åâèäíûìè èçìåíåíèÿìè. È â ýòîì
ñëó÷àå ìîæíî ïîëîæèòü θ1 = 1.

Àíàëîãè÷íî Ëåììå 2.1 ñ î÷åâèäíûìè èçìåíåíèÿìè äîêàçûâàåòñÿ
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Ëåììà 2.2. Ïóñòü 0 /∈ [p3, q3], ãäå p3 6 q3. Òîãäà ñóùåñòâóåò
ñòîëü áîëüøîå öåëîå ÷èñëî θ2 > 0, ÷òî äëÿ ïðîèçâîëüíîãî èçìåðèìî-
ãî óïðàâëåíèÿ u(t) ∈ U , t ∈ ∆, äëÿ âòîðîé êîìïîíåíòû x2(t, u(·)) ðå-
øåíèÿ x(t, u(·)) óðàâíåíèÿ (1.1) ñ íà÷àëüíûì óñëîâèåì x(0) = x0 6= 0

÷èñëî íóëåé íà ∆ íå ïðåâîñõîäèò θ2. Åñëè äîáàâî÷íî âûïîëíÿåòñÿ
óñëîâèå ñîãëàñîâàíèÿ: ïðè p3 > 0 âûïîëíÿåòñÿ íåðàâåíñòâî p2 > 0,
à ïðè q3 < 0 âûïîëíÿåòñÿ íåðàâåíñòâî q2 6 0, òî ìîæíî ïîëîæèòü
θ2 = 1.

Ðàññìîòðèì äàëåå ïðè t ∈ ∆ ñëåäóþùóþ ñèñòåìó äèôôåðåíöè-
àëüíûõ óðàâíåíèé (ñð. ñ (2.1)):

ψ̇1 = −u1(t)ψ1 − u3(t)ψ2

ψ̇2 = −u2(t)ψ1 − u4(t)ψ2,
(2.15)

ãäå ui(t) ∈ [pi, qi] � ïðîèçâîëüíàÿ èçìåðèìàÿ ôóíêöèÿ íà ∆. Ïî àíà-
ëîãèè ñ Ëåììîé 2.1 äîêàçûâàåòñÿ ñëåäóþùàÿ

Ëåììà 2.3. Ïóñòü 0 /∈ [−q3, −p3] (ò. å. 0 /∈ [p3, q3]), ãäå p3 6 q3. Òî-
ãäà ñóùåñòâóåò ñòîëü áîëüøîå öåëîå ÷èñëî θ3 > 0, íåçàâèñÿùåå îò
íà÷àëüíîãî âåêòîðà ψ(0) = ψ0 6= 0, ÷òî äëÿ ïðîèçâîëüíîãî èçìåðè-
ìîãî óïðàâëåíèÿ u(t) ∈ U , t ∈ ∆, äëÿ ïåðâîé êîìïîíåíòû ψ1(t, u(·))
ðåøåíèå ψ(t, u(·)) ñèñòåìû óðàâíåíèé (2.15) ñ íà÷àëüíûì óñëîâèåì
ψ(0) = ψ0 6= 0 ÷èñëî íóëåé íà ∆ íå ïðåâîñõîäèò θ3. Åñëè äîáàâî÷íî
âûïîëíÿåòñÿ óñëîâèå ñîãëàñîâàíèÿ: ïðè q3 < 0 âûïîëíÿåòñÿ íåðà-
âåíñòâî q2 6 0, à ïðè p3 > 0 âûïîëíÿåòñÿ íåðàâåíñòâî p2 > 0, òî
ìîæíî ïîëîæèòü θ3 = 1.

Ïî àíàëîãèè ñ Ëåììîé 2.2 äîêàçûâàåòñÿ

Ëåììà 2.4. Ïóñòü 0 /∈ [−q2, −p2] (ò. å. 0 /∈ [p2, q2]). Òîãäà ñóùå-
ñòâóåò ñòîëü áîëüøîå öåëîå ÷èñëî θ4 > 0, ÷òî äëÿ ïðîèçâîëüíîãî
èçìåðèìîãî óïðàâëåíèÿ u(t) ∈ U , t ∈ ∆, äëÿ âòîðîé êîìïîíåíòû
ψ2(t, u(·)) ðåøåíèÿ ψ(t, u(·)) óðàâíåíèÿ (2.15) ñ ïðîèçâîëüíûì íà-
÷àëüíûì óñëîâèåì ψ(0) = ψ0 6= 0 ÷èñëî íóëåé íà ∆ íå ïðåâîñõîäèò
θ4. Åñëè äîáàâî÷íî âûïîëíÿåòñÿ óñëîâèå ñîãëàñîâàíèÿ: ïðè q2 < 0

âûïîëíÿåòñÿ íåðàâåíñòâî q3 6 0, à ïðè p2 > 0 âûïîëíÿåòñÿ íåðà-
âåíñòâî p3 > 0, òî ìîæíî ïîëîæèòü θ4 = 1.

Ïðè èñïîëüçîâàíèè ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà â èçó÷àå-
ìîé íàìè îïòèìèçàöèîííîé çàäà÷å (ñì. ñîîòíîøåíèÿ (2.2)�(2.6)) ïî-
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ëåçíî îçàáîòèòüñÿ äîñòàòî÷íûìè óñëîâèÿìè, êîòîðûå ãàðàíòèðóþò,
÷òî ôóíêöèè x̃1(t)ψ̃1(t), x̃2(t)ψ̃1(t), x̃1(t)ψ̃2(t), x̃2(t)ψ̃2(t) èìåþò íà ∆

ëèøü êîíå÷íîå ÷èñëî íóëåé. Ïðè âûïîëíåíèè òàêèõ óñëîâèé, èçìå-
íÿÿ, åñëè íàäî, êîìïîíåíòû îïòèìàëüíîãî óïðàâëåíèÿ ũi(t), i ∈ I, íà
ìíîæåñòâàõ ëåáåãîâîé ìåðû íóëü èç ∆ (ïðè ýòîì ðåøåíèå x̃(t) íå ìå-
íÿåòñÿ), ïîëó÷èì ýêâèâàëåíòíûå êóñî÷íî-ïîñòîÿííûå ôóíêöèè, ïðè-
íèìàþùèå ëèøü êðàéíèå çíà÷åíèÿ pi, qi, i ∈ I ñ êîíå÷íûì ÷èñëîì
òî÷åê ðàçðûâà. Òàêîãî ðîäà èíôîðìàöèÿ î÷åíü ïîëåçíà äëÿ ïðèëî-
æåíèé.

Èñïîëüçóÿ Ëåììû 2.1�2.4 íåòðóäíî äîêàçàòü ñëåäóþùóþ ëåììó.

Ëåììà 2.5. à) Åñëè 0 /∈ [p2, q2], 0 /∈ [p3, q3], òî ôóíêöèÿ x̃1(t)ψ̃1(t)

èìååò íà ∆ íå áîëåå θ1 + θ3 íóëåé.
b) Åñëè 0 /∈ [p3, q3], òî ôóíêöèÿ x̃2(t)ψ̃1(t) èìååò íà ∆ íå áîëåå θ2+θ3

íóëåé.
c) Åñëè 0 /∈ [p2, q2], òî ôóíêöèÿ x̃1(t)ψ̃2(t) èìååò íà ∆ íå áîëåå θ1+θ4

íóëåé.
d) Åñëè 0 /∈ [p2, q2], 0 /∈ [p3, q3], òî ôóíêöèÿ x̃2(t)ψ̃2(t) èìååò íà ∆

íå áîëåå θ2 + θ4 íóëåé.

Èç ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà (ñì. ñîîòíîøåíèÿ (2.2)�(2.6))
è Ëåììû 2.5 âûòåêàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.1. a) Ïðè âûïîëíåíèè óñëîâèé: 0 /∈ [p2, q2], 0 /∈ [p3, q3]

ôóíêöèÿ ũ1(t) íà ∆ ýêâèâàëåíòíà êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðè-
íèìàþùåé ëèøü êðàéíèå çíà÷åíèÿ p1, q1 è èìåþùåé íà ∆ íå áîëåå
÷åì θ1 + θ3 òî÷åê ðàçðûâà.
b) Ïðè âûïîëíåíèè óñëîâèÿ 0 /∈ [p3, q3] ôóíêöèÿ ũ2(t) íà ∆ ýêâèâà-
ëåíòíà êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðèíèìàþùåé ëèøü êðàéíèå
çíà÷åíèÿ p2, q2 è èìåþùåé íà ∆ íå áîëåå ÷åì θ2 + θ3 òî÷åê ðàçðûâà.
c) Ïðè âûïîëíåíèè óñëîâèÿ 0 /∈ [p2, q2] ôóíêöèÿ ũ3(t) íà ∆ ýêâèâà-
ëåíòíà êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðèíèìàþùåé ëèøü êðàéíèå
çíà÷åíèÿ p3, q3 è èìåþùåé íà ∆ íå áîëåå ÷åì θ1 + θ4 òî÷åê ðàçðûâà.
d) Ïðè âûïîëíåíèè óñëîâèé 0 /∈ [p2, q2], 0 /∈ [p3, q3] ôóíêöèÿ ũ4(t) íà
∆ ýêâèâàëåíòíà êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðèíèìàþùåé ëèøü
êðàéíèå çíà÷åíèÿ p4, q4 è èìåþùåé íà ∆ íå áîëåå ÷åì θ2 + θ4 òî÷åê
ðàçðûâà.
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Çàìå÷àíèå 2.1. Åñëè äëÿ íåêîòîðîãî íîìåðà i ∈ I âûïîëíÿåòñÿ ðà-
âåíñòâî pi = qi, òî êðàéíèå çíà÷åíèÿ äëÿ óïðàâëåíèÿ ui ñëèâàþòñÿ â
îäíó òî÷êó è ũi(t) ≡ pi ïðè t ∈ ∆.

Èñïîëüçóÿ Òåîðåìó 2.1 è Ëåììû 2.1�2.5, ìîæíî äîêàçàòü ñëåäó-
þùóþ òåîðåìó, óòî÷íÿþùóþ Òåîðåìó 2.1.

Òåîðåìà 2.2. 1) Ïóñòü ëèáî p2 > 0 è p3 > 0, ëèáî q2 < 0 è q3 < 0,
òîãäà ìîæíî ïîëîæèòü θ1 = 1, θ3 = 1, θ1 + θ3 = 2.
2) Ïóñòü ëèáî p2 > 0 è p3 > 0, ëèáî q2 6 0 è q3 < 0, òîãäà ìîæíî
ïîëîæèòü θ2 = 1, θ3 = 1, θ2 + θ3 = 2.
3) Ïóñòü ëèáî p2 > 0 è p3 > 0, ëèáî q2 < 0 è q3 6 0, òîãäà ìîæíî
ïîëîæèòü θ2 = 1, θ4 = 1, θ2 + θ4 = 2.
4) Ïóñòü ëèáî p2 > 0 è p3 > 0, ëèáî q2 < 0 è q3 < 0, òîãäà ìîæíî
ïîëîæèòü θ2 = 1, θ4 = 1, θ2 + θ4 = 2.

Çàìå÷àíèå 2.2. À) Ïðè âûïîëíåíèè óñëîâèé ïóíêòà 1) Òåîðåìû 2.2
â ïóíêòå à) Òåîðåìû 2.1 ìîæíî ïîëîæèòü θ1 + θ3 = 2. Â) Ïðè âû-
ïîëíåíèè óñëîâèé ïóíêòà 2) Òåîðåìû 2.2 â ïóíêòå â) Òåîðåìû 2.1
ìîæíî ïîëîæèòü θ2 + θ3 = 2. Ñ) Ïðè âûïîëíåíèè óñëîâèé ïóíêòà 3)
Òåîðåìû 2.2 â ïóíêòå ñ) Òåîðåìû 2.1 ìîæíî ïîëîæèòü θ1 + θ4 = 2. D)
Ïðè âûïîëíåíèè óñëîâèé ïóíêòà 4) Òåîðåìû 2.2 â ïóíêòå d) Òåîðåìû
2.1 ìîæíî ïîëîæèòü θ2 + θ4 = 2.

Çàìå÷àíèå 2.3. Ïðè âûïîëíåíèè óñëîâèé: ëèáî p2 > 0 è p3 > 0, ëèáî
q2 < 0 è q3 < 0 ìîæíî ïîëîæèòü θi = 1, ãäå i ∈ I, è â ñèëó Çàìå÷àíèÿ
2.2 ëþáàÿ èç ôóíêöèé ũi(t), i ∈ I, îêàçûâàåòñÿ ýêâèâàëåíòíîé íà ∆

êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðèíèìàþùåé êðàéíèå çíà÷åíèÿ pi, qi,
ãäå i ∈ I, è èìåþùåé íå áîëåå 2-õ òî÷åê ðàçðûâà.

3. Ïðèìåð
Â êà÷åñòâå ïðèìåðà ïðèìåíåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ðàññìîò-

ðèì óïðàâëÿåìûé àíàëîã ìîäåëè Ë. Ðè÷àðäñîíà âîîðóæåíèé äâóõ ãî-
ñóäàðñòâ (ñì., íàïðèìåð, [6]). ×òîáû áûëà áîëåå ïîíÿòíà ôèçè÷åñêàÿ
ñóòü ýòîãî óïðàâëÿåìîãî àíàëîãà, ðàññìîòðèì ñíà÷àëà íåóïðàâëÿå-
ìûé íåñòàöèîíàðíûé àíàëîã ìîäåëè Ë. Ðè÷àðäñîíà âèäà

ẋ1 = a(t)x2 − bx1

ẋ2 = c(t)x1 − dx2,
(3.1)
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ãäå x1(t) > 0 � çàòðàòû íà âîîðóæåíèå, ñäåëàííûå ïåðâûì ãîñóäàð-
ñòâîì ê òåêóùåìó ìîìåíòó t > 0, âûðàæåííûå â äåíüãàõ, x2(t) > 0

� çàòðàòû íà âîîðóæåíèÿ, ñäåëàííûå âòîðûì ãîñóäàðñòâîì ê òåêó-
ùåìó ìîìåíòó t > 0, âûðàæåííûå â äåíüãàõ, a(t) è c(t) � èçìåðèìûå
ïî Ëåáåãó ïîëîæèòåëüíûå ôóíêöèè ïðè t > 0, b, d � ïîëîæèòåëü-
íûå êîíñòàíòû. ×ëåíû −bx1, −dx2 â (3.1) ìîäåëèðóþò óñòàðåâàíèå
è èçíîñ âîîðóæåíèé 1-ãî è 2-ãî ãîñóäàðñòâ, ñîîòâåòñòâåííî. ×ëåíû
a(t)x2, c(t)x1 ìîäåëèðóþò ñêîðîñòè âêëàäîâ â ñâîå âîîðóæåíèå 1-ãî
è 2-ãî ãîñóäàðñòâ, ñîîòâåòñòâåííî. Ýòè ÷ëåíû ïðîïîðöèîíàëüíû ñîîò-
âåòñòâåííî ðàñõîäàì íà âîîðóæåíèå äðóãîãî ãîñóäàðñòâà. Ñîáñòâåí-
íî, â ýòîì è ñîñòîèò îñíîâíàÿ èäåÿ ìîäåëè Ë. Ðè÷àðäñîíà, ïîäòâåð-
æäåííàÿ ñòàòèñòè÷åñêèìè äàííûìè (ñì. [6]). Êîýôôèöèåíòû b, d íå
çàâèñÿò îò ïîëèòèêè ãîñóäàðñòâ. Êîýôôèöèåíòû æå a(t), c(t) çàâèñÿò
ñîîòâåòñòâåííî îò ïîëèòèê 1-ãî è 2-ãî ãîñóäàðñòâ. Ìû îñòàíîâèìñÿ íà
ñëó÷àå, êîãäà ïîëèòèêè îáîèõ ãîñóäàðñòâ èìåþò ñîþçíûé õàðàêòåð
è îíè ñîãëàñîâàííî äîáèâàþòñÿ îïðåäåëåííîé öåëè. Â òàêîé ñèòóàöèè
ðàçóìíî ïîëîæèòü

a(t) = u2(t) ∈ [p2, q2], c(t) = u3(t) ∈ [p3, q3], (3.2)

ãäå 0 < p2 < q2, 0 < p3 < q3, ïðè÷åì ôóíêöèè u2(t), u3(t), t > 0,
èçìåðèìû ïî Ëåáåãó. Ìû ïðèøëè ê áèëèíåéíîé óïðàâëÿåìîé ñèñòåìå
âèäà

ẋ1 = −bx1 + u2x2

ẋ2 = u3x1 − dx2,
(3.3)

ãäå íà u2, u3 íàëîæåíû îãðàíè÷åíèÿ (3.2). Ïîëîæèì òàêæå u1 = −b,
[p1, q1] = {−b}, u4 = −d, [p4, q4] = {−d} è ïîëó÷èì óïðàâëÿåìóþ
ñèñòåìó âèäà (1.1), (1.2).

Äëÿ óïðàâëÿåìîé ñèñòåìû (3.3) ñ óêàçàííûìè îãðàíè÷åíèÿìè íà
óïðàâëÿþùèé âåêòîð u ∈ R4 ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî áûñò-
ðîäåéñòâèÿ (ñì. ðàçäåë 1) ñ êðàåâûìè óñëîâèÿìè

x(0) = x0, x(t1) = m,

ãäå x0 6= 0, x0 6= m è êîìïîíåíòû âåêòîðîâ x0, m íåîòðèöàòåëüíû,
â êëàññå èçìåðèìûõ ôóíêöèé u(t) ∈ U , t > 0.

Äëÿ ýòîé çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ âàæíîé ÿâëÿåòñÿ
ñëåäóþùàÿ ëåììà.
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Ëåììà 3.1. Ïðè ïðîèçâîëüíîì íà÷àëüíîì âåêòîðå x0 ñ íåîòðèöà-
òåëüíûìè êîìïîíåíòàìè x01, x02 è ïðîèçâîëüíîì èçìåðèìîì óïðàâ-
ëåíèè u(t) ∈ U , t > 0, äëÿ êîìïîíåíò ñîîòâåòñòâóþùåãî ðåøåíèÿ
x1(t, u(·)), x2(t, u(·)) ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (3.3)
ïðè t > 0 âûïîëíÿþòñÿ íåðàâåíñòâà

x1(t, u(·)) > 0, x2(t, u(·)) > 0. (3.4)

Åñëè äîáàâî÷íî x0 6= 0, òî ïðè t > 0 âûïîëíÿþòñÿ íåðàâåíñòâà

x1(t, u(·)) > 0, x2(t, u(·)) > 0. (3.5)

Äîêàçàòåëüñòâî. Îáîçíà÷èì x1(t) = x1(t, u(·)), x2(t) = x2(t, u(·)).
Òîãäà ñ ïîìîùüþ èçâåñòíîé ôîðìóëû Êîøè èç (3.3) ïîëó÷àåì ïðè

t > 0 ñëåäóþùèå èíòåãðàëüíûå óðàâíåíèÿ:

x1(t) = f1(t, 0)x01 +
t∫

0

f1(t, s)u2(s)x2(s) ds

x2(t) = g1(t, 0)x02 +
t∫

0

g1(t, s)u3(s)x1(s) ds,
(3.6)

ãäå èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà è (ñð. ñ (2.8), (2.14))

f1(t, s) = exp(−b(t− s)), g1(t, s) = exp(−d(t− s)). (3.7)

Ïðèìåíÿÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ê ñèñòåìå èíòå-
ãðàëüíûõ óðàâíåíèé (3.6), (3.7) è èñïîëüçóÿ íåðàâåíñòâà x01 > 0,
x02 > 0, p2 > 0, p3 > 0, íåòðóäíî îáîñíîâàòü èñêîìûå íåðàâåíñòâà
(3.4).

Åñëè äîáàâî÷íî x0 6= 0, òî ïî êðàéíåé ìåðå îäíà èç âåëè÷èí x01,
x02 áîëüøå íóëÿ. Ïóñòü, íàïðèìåð, x01 > 0. Òîãäà èç ñîîòíîøåíèé
(3.4), (3.6), (3.7) ïîëó÷àåì, ÷òî x1(t, u(·)) > 0 ïðè t > 0. Ó÷èòû-
âàÿ ýòî îáñòîÿòåëüñòâî, èç (3.6), (3.7) òåïåðü íåòðóäíî ïîëó÷èòü, ÷òî
x2(t, u(·)) > 0 ïðè t > 0. Àíàëîãè÷íî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà
x02 > 0. Èç ñêàçàííîãî âûòåêàþò íåðàâåíñòâà (3.5) ïðè t > 0.

Èç Ëåììû 3.1 ñëåäóåò, ÷òî â ðàññìàòðèâàåìîé â ýòîì ïóíêòå çà-
äà÷å îïòèìàëüíîãî áûñòðîäåéñòâèÿ ôàçîâûå îãðàíè÷åíèÿ x1 > 0,
x2 > 0, èìåþùèå ïîíÿòíûé ôèçè÷åñêèé ñìûñë, âûïîëíÿþòñÿ ïðè
x01 > 0, x02 > 0 è p2 > 0, p3 > 0 àâòîìàòè÷åñêè.



Î çàäà÷å îïòèìàëüíîãî áûñòðîäåéñòâèÿ 19

Ïåðåõîäèì ê èçó÷åíèþ êîìïîíåíò ũ2(t), ũ3(t) îïòèìàëüíîãî óïðàâ-
ëåíèÿ ũ(t) íà ∆. Â ñâÿçè ñ ñîîòíîøåíèÿìè ìàêñèìóìà (2.4), (2.5) ïî-
ëåçíî èçó÷èòü ðàñïðåäåëåíèå íóëåé ôóíêöèé x̃2(t)ψ̃1(t), x̃1(t)ψ̃2(t) íà
∆. Èç Ëåììû 3.1 è óñëîâèé x0 6= 0, x01 > 0, x02 > 0 âûòåêàåò, ÷òî
x̃2(t) > 0 ïðè t ∈ (0, τ ]. Èç Ëåììû 2.3 è óñëîâèé p2 > 0, p3 > 0 âûòåêà-
åò, ÷òî ôóíêöèÿ ψ̃1(t) íà ∆ èìååò íå áîëåå îäíîãî íóëÿ. Èç ñêàçàííîãî
ïîëó÷àåì, ÷òî ôóíêöèÿ x̃2(t)ψ̃1(t) èìååò ïðè t ∈ (0, τ ] íå áîëåå îäíî-
ãî íóëÿ. Îòñþäà è â ñèëó ñîîòíîøåíèÿ ìàêñèìóìà (2.4) ñëåäóåò, ÷òî
ôóíêöèÿ ũ2(t) ýêâèâàëåíòíà íà ∆ êóñî÷íî-ïîñòîÿííîé ôóíêöèè, èìå-
þùåé íà ∆ íå áîëåå îäíîé òî÷êè ðàçðûâà è ïðèíèìàþùåé çíà÷åíèÿ
èç ìíîæåñòâà {p2, q2}.

Àíàëîãè÷íûå ðàññóæäåíèÿ ìîæíî ïðîâåñòè è äëÿ ôóíêöèè ũ3(t)

è îáîñíîâàòü, ÷òî ôóíêöèÿ ũ3(t) ýêâèâàëåíòíà íà ∆ êóñî÷íî-ïîñòîÿí-
íîé ôóíêöèè, èìåþùåé íà ∆ íå áîëåå îäíîé òî÷êè ðàçðûâà è ïðè-
íèìàþùåé çíà÷åíèÿ èç ìíîæåñòâà {p3, q3}.
4. Çàêëþ÷åíèå

Â ýòîé ñòàòüå äëÿ çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ äëÿ îä-
íîãî êëàññà äâóìåðíûõ óïðàâëÿåìûõ ñèñòåì áûëè ïîëó÷åíû ýôôåê-
òèâíûå äîñòàòî÷íûå óñëîâèÿ, ãàðàíòèðóþùèå ýêâèâàëåíòíîñòü îï-
òèìàëüíîãî óïðàâëåíèÿ ũ(t) íà îòðåçêå ∆ êóñî÷íî-ïîñòîÿííîìó îï-
òèìàëüíîìó æå óïðàâëåíèþ û(t) ñ êîíå÷íûì ÷èñëîì òî÷åê ðàçðûâà
è ïðèíèìàþùåìó çíà÷åíèÿ â ìíîæåñòâå âåðøèí âûïóêëîãî ìíîãî-
ãðàííèêà U . Òàêîãî ðîäà ñâîéñòâî îïòèìàëüíîãî óïðàâëåíèÿ íàçû-
âàþò èíîãäà ñâîéñòâîì ðåëåéíîñòè. Îíî èçó÷àëîñü äëÿ ðàçëè÷íûõ
óïðàâëÿåìûõ ñèñòåì â ðàáîòàõ Ñ.À. Âàõðàìååâà (ñì., íàïðèìåð, [8]).
Îòìåòèì òàêæå, ÷òî ðåçóëüòàòû ïóíêòà 3 ðàçâèâàþò èññëåäîâàíèÿ
ïóíêòà 2 èç [4].
Áëàãîäàðíîñòè

Ïðèíîøó áëàãîäàðíîñòü Ô.Ï. Âàñèëüåâó, À.Ñ. Àíèòèïèíó, Í.Ë.
Ãðèãîðåíêî è Å.Í. Õàéëîâó çà èíòåðåñ è âíèìàíèå ê ìîåé ðàáîòå.

Ðàáîòà áûëà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðî-
åêòû 09-01-00633, 09-01-00378).

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
1. Àãðà÷¼â À.À., Ñà÷êîâ Þ.Ë. Ãåîìåòðè÷åñêàÿ òåîðèÿ óïðàâëå-

íèÿ. Ì.: Ôèçìàòëèò, 2004.



20 Ì.Ñ. Íèêîëüñêèé

2. Áîëòÿíñêèé Â. Ã.Ìàòåìàòè÷åñêèå ìåòîäû îïòèìàëüíîãî óïðàâ-
ëåíèÿ. Ì.: Íàóêà, 1969.

3. Ëè Ý.Á., Ìàðêóñ Ë. Îñíîâû îïòèìàëüíîãî óïðàâëåíèÿ. Ì.: Íà-
óêà, 1972.

4. Íèêîëüñêèé Ì.Ñ. Íåêîòîðûå çàäà÷è îïòèìàëüíîãî óïðàâëå-
íèÿ, ñâÿçàííûå ñ ìîäåëüþ Ë.Ðè÷àðäñîíà ãîíêè âîîðóæåíèÿ ãî-
ñóäàðñòâ // Ïðîáëåìû äèíàìè÷åñêîãî óïðàâëåíèÿ. Ñáîðíèê íà-
ó÷íûõ òðóäîâ. 2009. Âûï. 4. Ì.: Ìàêñ - Ïðåññ. Ñ. 113�123.

5. Ïîíòðÿãèí Ë.Ñ. è äð. Ìàòåìàòè÷åñêàÿ òåîðèÿ îïòèìàëüíûõ
ïðîöåññîâ. Ì.: Íàóêà, 1969.

6. Ñààòè Ò.Ï. Ìàòåìàòè÷åñêèå ìîäåëè êîíôëèêòíûõ ñèòóàöèé.
Ì.: Ñîâ. Ðàäèî, 1977.

7. Õàðòìàí Ô. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ì.:
Ìèð, 1970.

8. Vakhrameev S.A. Geometrical and Topological Methods in Optimal
Control Theory // J. on Mathematical Sciences. Contemporary
Mathematics and its Applications. Thematic Surveys. 1995. V. 76,
N 5.

ABOUT THE TIME-OPTIMAL PROBLEM FOR ONE
CLASS OF TWO-DIMENSIONAL BILINEAR
CONTROLLED SYSTEMS

Mikhail S. Nikolskii, Moscow State University, Moscow, Dr.Sc., Prof.
(mni@mi.ras.ru).

Abstract : In the paper one class of bilinear two-dimensional controlled
systems is considered. For these systems the bang-bang property of time-
optimal control is studied. The bang-bang property is very interesting for
applications, because bang-bang controls are very suitable for realization
in practice. In the paper some e�cient conditions for bang-bang property
of time-optimal controls are received. In the capacity as example, it was
considered some controlled analog of the L. Richardson model which is
well-known in political science.

Keywords : optimal control, bilinear controlled systems, bang-bang property
of control, model of L. Richardson.
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Â ðàáîòå ðàññìàòðèâàþòñÿ ñòîõàñòè÷åñêèå èãðû ñî ñëó÷àé-
íûì ìîìåíòîì îêîí÷àíèÿ â êëàññå ÷èñòûõ ñòàöèîíàðíûõ ñòðà-
òåãèé. Ïîñòðîåí êîîïåðàòèâíûé âàðèàíò äëÿ òàêîãî êëàññà ñòî-
õàñòè÷åñêèõ èãð, íàéäåíî êîîïåðàòèâíîå ðåøåíèå. Ïîëó÷åíû
óñëîâèÿ óñòîé÷èâîé êîîïåðàöèè äëÿ ñòîõàñòè÷åñêèõ èãð. Ïðèí-
öèïû óñòîé÷èâîé êîîïåðàöèè âêëþ÷àþò òðè óñëîâèÿ: ïîçèöè-
îííóþ ñîñòîÿòåëüíîñòü (äèíàìè÷åñêóþ óñòîé÷èâîñòü), ñòðàòå-
ãè÷åñêóþ óñòîé÷èâîñòü, çàùèòó îò èððàöèîíàëüíîãî ïîâåäå-
íèÿ. Â ðàáîòå ïðåäñòàâëåí ïðèìåð, äëÿ êîòîðîãî íàéäåíî êî-
îïåðàòèâíîå ñîãëàøåíèå, è ïðîâåðåíû óñëîâèÿ óñòîé÷èâîé êî-
îïåðàöèè.

Êëþ÷åâûå ñëîâà: êîîïåðàòèâíàÿ ñòîõàñòè÷åñêàÿ èãðà, ïîçèöèîííàÿ
ñîñòîÿòåëüíîñòü, äèíàìè÷åñêàÿ óñòîé÷èâîñòü, ïðîöåäóðà ðàñïðåäå-
ëåíèÿ äåëåæà, ñòðàòåãè÷åñêàÿ óñòîé÷èâîñòü, óñëîâèå çàùèòû îò èð-
ðàöèîíàëüíîãî ïîâåäåíèÿ.

1. Ââåäåíèå
Ñòîõàñòè÷åñêèå èãðû ïðåäñòàâëÿþò ñîáîé äèíàìè÷åñêèé èãðîâîé

ïðîöåññ. Åñëè â èãðå âîçìîæíà êîîïåðàöèÿ, òî âàæíûì å¼ ñâîéñòâîì
ÿâëÿåòñÿ óñòîé÷èâîñòü â äèíàìèêå. Â ðàáîòå [5] ðàññìàòðèâàþòñÿ òðè

c©2010 Å.Ì. Ïàðèëèíà
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ïðèíöèïà óñòîé÷èâîé êîîïåðàöèè: ñîñòîÿòåëüíîñòü âî âðåìåíè (äè-
íàìè÷åñêàÿ óñòîé÷èâîñòü), ñòðàòåãè÷åñêàÿ óñòîé÷èâîñòü è çàùèòà îò
èððàöèîíàëüíîãî ïîâåäåíèÿ.

Âïåðâûå ïîíÿòèå äèíàìè÷åñêîé óñòîé÷èâîñòè áûëî ââåäåíî Ë. À.
Ïåòðîñÿíîì â 1977 ã. äëÿ äèôôåðåíöèàëüíûõ èãð [2]. Ýòî óñëîâèå
îêàçàëîñü àêòóàëüíûì è äëÿ ñòîõàñòè÷åñêèõ èãð [13]. Â íàñòîÿùåé
ðàáîòå ðàññìàòðèâàþòñÿ ñòîõàñòè÷åñêèå èãðû â ñòàöèîíàðíûõ ñòðà-
òåãèÿõ ñ êîíå÷íûì ÷èñëîì èãðîâûõ ýëåìåíòîâ, ëþáîé èç êîòîðûõ
ìîæåò ðåàëèçîâàòüñÿ íà êàæäîì øàãå èãðû. Ïðè òàêîì ñïîñîáå çàäà-
íèÿ ñòîõàñòè÷åñêèõ èãð ñîñòîÿòåëüíîñòü êîîïåðàòèâíîãî ñîãëàøåíèÿ
äîëæíà âûïîëíÿòüñÿ â êàæäîé ïîçèöèè (èãðîâîì ýëåìåíòå) èãðîâî-
ãî ïðîöåññà. Òî åñòü äëÿ êîîïåðàòèâíîãî ñîãëàøåíèÿ ïðåäúÿâëÿåòñÿ
òðåáîâàíèå ïîçèöèîííîé ñîñòîÿòåëüíîñòè. Ïîçèöèîííàÿ ñîñòîÿòåëü-
íîñòü êîîïåðàòèâíîãî ñîãëàøåíèÿ ïîçâîëÿåò èãðîêàì íà êàæäîì øà-
ãå èãðû ðàññ÷èòûâàòü íà ïîëó÷åíèå äåëåæà, óäîâëåòâîðÿþùåãî îä-
íîìó è òîìó æå ïðèíöèïó îïòèìàëüíîñòè.

Óñëîâèå ñòðàòåãè÷åñêîé óñòîé÷èâîñòè ãàðàíòèðóåò íàëè÷èå ðàâ-
íîâåñèÿ ïî Íýøó â ðåãóëÿðèçîâàííîé èãðå ñ âûèãðûøàìè, êîòîðûå
èãðîêè ðàññ÷èòûâàþò ïîëó÷èòü â ðåçóëüòàòå êîîïåðàòèâíîãî ñîãëà-
øåíèÿ. Ðåãóëÿðèçàöèÿ èãðû ñòðîèòñÿ íà îñíîâå èñõîäíîé ñòîõàñòè-
÷åñêîé èãðû ñ ïîìîùüþ ïðîöåäóðû ðàñïðåäåëåíèÿ äåëåæà [4]. Óñëî-
âèÿ ñòðàòåãè÷åñêîé óñòîé÷èâîñòè äëÿ ñòîõàñòè÷åñêèõ èãð áûëè òàê-
æå ðàññìîòðåíû â ðàáîòàõ [1,11].

Â ñëó÷àå, êîãäà êîîïåðàöèÿ ðàñïàäàåòñÿ ïî êàêèì-ëèáî ïðè÷èíàì
(íàïðèìåð, êàêîé-ëèáî èç èãðîêîâ (ãðóïïà èãðîêîâ) ðåøàåò ðàñòîðã-
íóòü ñîãëàøåíèå íà íåêîòîðîì øàãå èãðû), òî èãðîêè ìîãóò ãàðàí-
òèðîâàòü ñåáå îæèäàåìûé âûèãðûø íå ìåíüøå, ÷åì, åñëè áû îíè
äåéñòâîâàëè ñàìîñòîÿòåëüíî ñ íà÷àëà èãðû, åñëè âûïîëíåíî óñëîâèå
çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ [15],

Âïåðâûå ïîíÿòèå ñòîõàñòè÷åñêèõ èãð áûëî ââåäåíîØåïëè â 1953 ã.
[14]. Â íàñòîÿùåå âðåìÿ èññëåäîâàíèåì ñòîõàñòè÷åñêèõ èãð ïîñâÿ-
ùåíî ìíîæåñòâî ðàáîò, íåêîòîðûå èç íèõ � ñì. [3,9,12,16]. Øèðîêîå
ïðèìåíåíèå ñòîõàñòè÷åñêèå èãðû íàøëè â îáëàñòè ìîäåëèðîâàíèÿ
òåëåêîììóíèêàöèîííûõ ñèñòåì [6,7] è â ýêîíîìèêå [8].
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2. Ñòîõàñòè÷åñêèå èãðû â ñòàöèîíàðíûõ ñòðàòåãèÿõ
Ñòîõàñòè÷åñêàÿ èãðà ïðîèñõîäèò ñëåäóþùèì îáðàçîì. Èãðà íà÷è-

íàåòñÿ ñî ñëó÷àéíîãî õîäà, ò. å. ñ âûáîðà íà÷àëüíîãî ñîñòîÿíèÿ èãðû
(èãðîâîãî ýëåìåíòà), ñ êîòîðîãî íà÷íåòñÿ èãðîâîé ïðîöåññ. Íà êàæ-
äîì øàãå ñòîõàñòè÷åñêîé èãðû ðåàëèçóåòñÿ îäèí èãðîâîé ýëåìåíò èç
êîíå÷íîãî ìíîæåñòâà, êîòîðûé ïðåäñòàâëÿåò ñîáîé îäíîâðåìåííóþ
èãðó n ëèö. Â èãðîâîì ýëåìåíòå ðåàëèçóåòñÿ íåêîòîðàÿ ñèòóàöèÿ, â
çàâèñèìîñòè îò êîòîðîé ñ íåêîòîðîé âåðîÿòíîñòüþ îñóùåñòâëÿåòñÿ
ïåðåõîä â ñëåäóþùèé èãðîâîé ýëåìåíò. Íà êàæäîì øàãå èãðà ìî-
æåò çàêîí÷èòüñÿ ñ íåêîòîðîé âåðîÿòíîñòüþ, ïðè óñëîâèè, ÷òî îíà íå
çàêîí÷èëàñü íà ïðåäûäóùåì øàãå. Ïðåäïîëàãàåòñÿ, ÷òî ýòà âåðîÿò-
íîñòü íå çàâèñèò îò íîìåðà øàãà.

Ââåäåì íåêîòîðûå îáîçíà÷åíèÿ:
N = {1, . . . , n} � ìíîæåñòâî èãðîêîâ;
Γj = 〈N, Xj

1 , . . . , X
j
n, K

j
1 , . . . , K

j
n〉 � j-ûé èãðîâîé ýëåìåíò (îäíîâðå-

ìåííàÿ èãðà n ëèö â íîðìàëüíîé ôîðìå), ìíîæåñòâî èãðîêîâ N îäè-
íàêîâî äëÿ âñåõ Γj, j = 1, . . . , t, Xj

i � êîíå÷íîå ìíîæåñòâî ñòðàòåãèé i

- ãî èãðîêà (i ∈ N) â Γj, Kj
i

(
xj

1, . . . , x
j
n

)
= Kj

i (x
j) � íåîòðèöàòåëüíàÿ

ôóíêöèÿ âûèãðûøà i-ãî èãðîêà â èãðîâîì ýëåìåíòå Γj, j = 1, . . . , t;
p(j, k; xj) � âåðîÿòíîñòü òîãî, ÷òî ðåàëèçóåòñÿ èãðîâîé ýëåìåíò

Γk, åñëè íà ïðåäûäóùåì øàãå (â èãðîâîì ýëåìåíòå Γj) ðåàëèçîâà-
ëàñü ñèòóàöèÿ xj = (xj

1, . . . , x
j
n). Î÷åâèäíî, ÷òî p(j, k; xj) > 0, è

t∑
k=1

p(j, k; xj) = 1 äëÿ âñåõ xj ∈ Xj =
∏
i∈N

Xj
i è äëÿ ëþáûõ j, k =

1, . . . , t;
q ∈ (0, 1] � âåðîÿòíîñòü îêîí÷àíèÿ ñòîõàñòè÷åñêîé èãðû íà øàãå

k ïðè óñëîâèè, ÷òî èãðà íå çàêîí÷èëàñü íà øàãå k − 1;
π0 = (π0

1, . . . , π
0
t ) � âåêòîð íà÷àëüíîãî ðàñïðåäåëåíèÿ âåðîÿòíî-

ñòåé íà ìíîæåñòâå èãðîâûõ ýëåìåíòîâ Γ1, . . . , Γt, ãäå π0
j (j = 1, . . . , t)

� âåðîÿòíîñòü òîãî, ÷òî íà ïåðâîì øàãå èãðû ðåàëèçóåòñÿ èãðîâîé
ýëåìåíò Γj,

t∑
j=1

π0
j = 1;

Ξi = {ηi} � ìíîæåñòâî ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèé i-ãî èã-
ðîêà. Ïðè èñïîëüçîâàíèè èãðîêàìè ñòàöèîíàðíûõ ñòðàòåãèé âûáîð
ñòðàòåãèè â êàæäîì èãðîâîì ýëåìåíòå èç ìíîæåñòâà {Γ1, . . . , Γt} íà
êàæäîì øàãå çàâèñèò òîëüêî îò òîãî, êàêîé èãðîâîé ýëåìåíò ðåàëè-
çóåòñÿ íà ýòîì øàãå, ò. å. ηi : Γj 7−→ xj

i ∈ Xj
i , j = 1, . . . , t.
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Îïðåäåëåíèå 2.1. Ñòîõàñòè÷åñêîé èãðîé G ñ êîíå÷íûì ÷èñëîì èã-
ðîâûõ ýëåìåíòîâ íàçîâåì íàáîð

G=

〈
N,

{
Γj

}t

j=1
, {Ξi}i∈N , q, π0,

{
p(j, k; xj)

}
j=1,t,k=1,t,xj∈

n∏
l=1

Xj
l

〉
. (2.1)

Îïðåäåëåíèå 2.2. Ñòîõàñòè÷åñêîé ïîäûãðîé Gj, j = 1, . . . , t, ñ
êîíå÷íûì ÷èñëîì èãðîâûõ ýëåìåíòîâ íàçîâåì ñòîõàñòè÷åñêóþ èã-
ðó (2.1) ñ âåêòîðîì π0 = (0, . . . , 0, 1, 0, . . . , 0) (ñ åäèíèöåé íà j-îì
ìåñòå), ò. å. ñòîõàñòè÷åñêóþ èãðó, ñ âåðîÿòíîñòüþ 1 íà÷èíàþùó-
þñÿ ñ èãðîâîãî ýëåìåíòà Γj.

Çàìå÷àíèå 2.1. Ñòîõàñòè÷åñêàÿ èãðà â Îïðåäåëåíèè 2.1 äëÿ ëþáîé
ñèòóàöèè â ñòàöèîíàðíûõ ñòðàòåãèÿõ (η1, . . . , ηn) ïðåäñòàâëÿåò ñîáîé
êîíå÷íûé ìàðêîâñêèé ïðîöåññ ñ êîíå÷íûì ìíîæåñòâîì ñîñòîÿíèé
{Γ1, . . . , Γt}, âåêòîðîì íà÷àëüíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé π0 è
ìàòðèöåé ïåðåõîäíûõ âåðîÿòíîñòåé {p(j, k; xj)}j=1,t,k=1,t,xj∈Xj .

Çàìå÷àíèå 2.2. Ìîìåíò îêîí÷àíèÿ ñòîõàñòè÷åñêîé èãðû ÿâëÿåòñÿ ñëó-
÷àéíûì è ïîä÷èíÿåòñÿ ãåîìåòðè÷åñêîìó çàêîíó ðàñïðåäåëåíèÿ âåðî-
ÿòíîñòåé. Ñëåäîâàòåëüíî, âåðîÿòíîñòü òîãî, ÷òî ñòîõàñòè÷åñêàÿ èãðà
G çàêîí÷èòñÿ íà øàãå k (k = 1, 2, . . .) ðàâíà (1− q)k−1q.

Â êà÷åñòâå âûèãðûøà èãðîêà áóäåì ðàññìàòðèâàòü ìàòåìàòè÷å-
ñêîå îæèäàíèå âûèãðûøà. Îáîçíà÷èì ÷åðåç Ei ìàòåìàòè÷åñêîå îæè-
äàíèå âûèãðûøà i-ãî èãðîêà â èãðå G è ÷åðåç Ej

i ìàòåìàòè÷åñêîå
îæèäàíèå âûèãðûøà i-ãî èãðîêà â ïîäûãðå Gj. Ñôîðìèðóåì âåêòîð
Ei(η) = (E1

i (η), . . . , Et
i (η)).

Äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ âûèãðûøà i-ãî èãðîêà â ïîäûãðå
Gj çàïèøåì ðåêóððåíòíîå óðàâíåíèå:

Ej
i (η) = Kj

i (x
j) + (1− q)

t∑

k=1

p(j, k; xj)Ek
i (η) (2.2)

ïðè óñëîâèè, ÷òî η(Γj) = xj, ò. å. η(·) = (η1(·), . . . , ηn(·)), ãäå ηi(Γ
j) =

xj
i ∈ Xj

i , xj = (xj
1, . . . , x

j
n) äëÿ âñåõ j = 1, . . . , t, i ∈ N .

Òàê êàê ñòîõàñòè÷åñêàÿ èãðà G ñ êîíå÷íûì ÷èñëîì èãðîâûõ ýëå-
ìåíòîâ ðàññìàòðèâàåòñÿ â êëàññå ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèé,
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îïðåäåëåííûõ âûøå, è ìíîæåñòâî îäíîâðåìåííûõ èãð {Γ1, . . . , Γt} êî-
íå÷íî, òî äîñòàòî÷íî ðàññìîòðåòü t ïîäûãð G1, . . . , Gt, íà÷èíàþùèõñÿ
ñ èãðîâûõ ýëåìåíòîâ Γ1, . . . , Γt ñîîòâåòñòâåííî.

Â äàëüíåéøåì ïîä η(·) = (η1(·), . . . , ηn(·)) áóäåì ïîíèìàòü ñèòóà-
öèþ â ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèÿõ, òàêóþ ÷òî ηi(Γ

j) = xj
i ∈ Xj

i

ãäå j = 1, . . . , t, i ∈ N . Î÷åâèäíî, ÷òî ñòàöèîíàðíàÿ ñòðàòåãèÿ i-ãî
èãðîêà â èãðå G áóäåò ÿâëÿòüñÿ ñòàöèîíàðíîé ñòðàòåãèåé â ëþáîé
ïîäûãðå G1, . . . , Gt.

Ìàòðèöà ïåðåõîäíûõ âåðîÿòíîñòåé â ñòîõàñòè÷åñêîé èãðå G ïðè
ðåàëèçàöèè ñòàöèîíàðíîé ñòðàòåãèè η(·) èìååò âèä

Π(η(·)) =




p(1, 1; x1) . . . p(1, t; x1)

p(2, 1; x2) . . . p(2, t; x2)

. . . . . . . . .

p(t, 1; xt) . . . p(t, t; xt)


 . (2.3)

Äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ âûèãðûøà i-ãî èãðîêà â ëþáîé
ïîäûãðå ñòîõàñòè÷åñêîé èãðû G ïðè ðåàëèçàöèè ñèòóàöèè â ÷èñòûõ
ñòàöèîíàðíûõ ñòðàòåãèÿõ η(·) ∈ ∏

i∈N

Ξi ìîæíî çàïèñàòü ðåêóððåíòíîå
óðàâíåíèå:

Ei(η(·)) = Ki(η(·)) + (1− q)Π(η(·))Ei(η(·)), (2.4)

ãäå Ki(η(·)) = (K1
i (x1), . . . , Kt

i (x
t)), ãäå Kj

i (x
j) � ýòî çíà÷åíèå ôóíê-

öèè âûèãðûøà i-ãî èãðîêà â èãðîâîì ýëåìåíòå Γj ïðè óñëîâèè, ÷òî â
ýòîì èãðîâîì ýëåìåíòå ðåàëèçîâàëàñü ñèòóàöèÿ xj ∈ Xj.

Óðàâíåíèå (2.4) ýêâèâàëåíòíî ñëåäóþùåìó óðàâíåíèþ:

Ei(η(·)) = (I− (1− q)Π(η(·)))−1 Ki(η(·)), (2.5)

ãäå I � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè t× t.
Äëÿ ñòîõàñòè÷åñêîé èãðû G ìàòåìàòè÷åñêîå îæèäàíèå âûèãðûøà

i-ãî èãðîêà, êîòîðîå îáîçíà÷èì ÷åðåç Ei(η(·)), ìîæåò áûòü íàéäåíî
ïî ôîðìóëå

Ei(η(·)) = π0Ei(η(·)). (2.6)
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3. Êîîïåðàöèÿ â ñòîõàñòè÷åñêèõ èãðàõ
Ïðåäïîëîæèì, ÷òî èãðîêè èç ìíîæåñòâà N ðåøèëè îáúåäèíèòü-

ñÿ ñ öåëüþ ïîëó÷åíèÿ ìàêñèìàëüíîãî ñóììàðíîãî âûèãðûøà. Îáî-
çíà÷èì ÷åðåç η(·) = (η1(·), . . . , ηn(·)) ñèòóàöèþ â ÷èñòûõ ñòàöèîíàð-
íûõ ñòðàòåãèÿõ, ìàêñèìèçèðóþùóþ ñóììó ìàòåìàòè÷åñêèõ îæèäà-
íèé âûèãðûøåé èãðîêîâ â ñòîõàñòè÷åñêîé èãðå G, ò. å.

max
η(·)∈ ∏

i∈N
Ξi

∑
i∈N

Ei(η(·)) =
∑
i∈N

Ei(η(·)). (3.1)

Ñèòóàöèþ η(·) áóäåì íàçûâàòü êîîïåðàòèâíûì ðåøåíèåì.
Äëÿ ïîñòðîåíèÿ êîîïåðàòèâíîãî âàðèàíòà ñòîõàñòè÷åñêîé èãðû

îïðåäåëèì õàðàêòåðèñòè÷åñêóþ ôóíêöèþ V (S) â ñòîõàñòè÷åñêîé èã-
ðå G ñëåäóþùèì îáðàçîì:

V (S) = π0V (S) (3.2)

äëÿ ëþáîé êîàëèöèè S ⊂ N , ãäå V (S) = (V 1(S), . . . , V t(S)), V j(S) �
çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè äëÿ êîàëèöèè S, ðàññ÷èòàí-
íîå äëÿ ïîäûãðû Gj.

Äëÿ çíà÷åíèÿ V (N) ìîæíî çàïèñàòü óðàâíåíèå Áåëëìàíà â âèäå:

V (N) = max
η(·)∈ ∏

i∈N
Ξi

[∑
i∈N

Ki(η(·)) + (1− q)Π(η(·))V (N)

]
=

=
∑
i∈N

Ki(η(·)) + (1− q)Π(η(·))V (N),

ãäå η(·) � ñèòóàöèÿ â ÷èñòûõ ñòàöèîíàðíûõ ñòðàòåãèÿõ, êîòîðàÿ óäî-
âëåòâîðÿåò óñëîâèþ (3.1).

Çíà÷åíèÿ V (N) ìîæíî íàéòè èç óðàâíåíèÿ

V (N) = (I− (1− q)Π(η(·)))−1
∑
i∈N

Ki(η(·)). (3.3)

Äëÿ âû÷èñëåíèÿ çíà÷åíèé õàðàêòåðèñòè÷åñêîé ôóíêöèè V j(S),
j = 1,. . .,t, äëÿ êàæäîé ïîäûãðû Gj îïðåäåëèì âñïîìîãàòåëüíóþ ñòî-
õàñòè÷åñêóþ èãðó Gj

S ñ íóëåâîé ñóììîé ìåæäó êîàëèöèåé S ⊂ N , âû-
ñòóïàþùåé â êà÷åñòâå ìàêñèìèçèðóþùåãî èãðîêà, è êîàëèöèåé N\S,
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âûñòóïàþùåé â êà÷åñòâå ìèíèìèçèðóþùåãî èãðîêà. Çíà÷åíèå ôóíê-
öèè V j(S) äëÿ ïîäûãðû Gj çàäàäèì êàê íèæíåå çíà÷åíèå àíòàãîíè-
ñòè÷åñêîé ñòîõàñòè÷åñêîé èãðû Gj

S, íàéäåííîå â ÷èñòûõ ñòðàòåãèÿõ
(ôàêòè÷åñêè, êàê íèæíåå çíà÷åíèå ìàòðè÷íîé èãðû):

V j(S) = max
ηS(·)

min
ηN\S(·)

∑
i∈S

Ej
i (ηS(·), ηN\S(·)), V j(∅) = 0, (3.4)

ãäå ïàðà (ηS(·), ηN\S(·)) îáðàçóåò íåêîòîðóþ ñèòóàöèþ â ÷èñòûõ ñòà-
öèîíàðíûõ ñòðàòåãèÿõ, à ηS(·) = (ηi1(·), . . . , ηik(·)) � âåêòîð ñòàöèî-
íàðíûõ ñòðàòåãèé èãðîêîâ i1, . . . , ik ∈ S, i1

⋃
. . .

⋃
ik = S, ηS(·) ∈

k∏
j=1

Ξij � ìíîæåñòâî ÷èñòûõ ñòðàòåãèé êîàëèöèè S ⊂ N , à ηN\S(·)
� âåêòîð ñòàöèîíàðíûõ ñòðàòåãèé èãðîêîâ ik+1, . . . , in ∈ N\S, ik+1⋃

. . .
⋃

in =N\S,
n∏

j=k+1

Ξij � ìíîæåñòâî ÷èñòûõ ñòðàòåãèé êîàëèöèè

N\S.
Êîîïåðàòèâíûé âàðèàíò ñòîõàñòè÷åñêîé ïîäûãðû Gj ñ êîíå÷íûì

÷èñëîì èãðîâûõ ýëåìåíòîâ îïðåäåëèì íàáîðîì 〈N, V j(·)〉, V j : S −→
R � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ, îïðåäåëåííàÿ ôîðìóëàìè (3.3) è
(3.4).

Êîîïåðàòèâíûé âàðèàíò ñòîõàñòè÷åñêîé èãðû G ñ êîíå÷íûì ÷èñ-
ëîì èãðîâûõ ýëåìåíòîâ îïðåäåëèì íàáîðîì 〈N, V (·)〉, ãäå N � ìíî-
æåñòâî èãðîêîâ, V : S −→ R � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ, îïðå-
äåëåííàÿ ôîðìóëîé (3.2).

Õàðàêòåðèñòè÷åñêèå ôóíêöèè V (S) è V j(S) ÿâëÿþòñÿ ñóïåðàääè-
òèâíûìè.

Äåëåæîì â êîîïåðàòèâíîé ñòîõàñòè÷åñêîé ïîäûãðå Gj (j = 1, . . .,
t) áóäåì íàçûâàòü âåêòîð αj = (αj

1, . . . , α
j
n), óäîâëåòâîðÿþùèé ñâîé-

ñòâàì:
1)

∑
i∈N

αj
i = V j(N),

2) αj
i > V j({i}) äëÿ âñåõ i ∈ N .
Ìíîæåñòâî äåëåæåé â êîîïåðàòèâíîé ïîäûãðå Gj îáîçíà÷èì ÷åðåç

Ij, j = 1, . . . , t.
Äåëåæîì â êîîïåðàòèâíîé ñòîõàñòè÷åñêîé èãðå G áóäåì íàçû-

âàòü âåêòîð α = (α1, . . . , αn), ãäå αi = π0αi, αi = (α1
i , . . . , α

t
i), ãäå

(αj
1, . . . , α

j
n) = αj ∈ Ij.



28 Å.Ì. Ïàðèëèíà

Ìíîæåñòâî äåëåæåé â êîîïåðàòèâíîé ñòîõàñòè÷åñêîé èãðå G îáî-
çíà÷èì ÷åðåç I.

Ïðåäïîëîæèì, ÷òî ìíîæåñòâî äåëåæåé â ëþáîé ïîäûãðå Gj, j =

1, . . . , t, íåïóñòî, ñëåäîâàòåëüíî, íåïóñòûì ÿâëÿåòñÿ è ìíîæåñòâî äå-
ëåæåé â êîîïåðàòèâíîé ñòîõàñòè÷åñêîé èãðå G.

4. Ïðèíöèïû óñòîé÷èâîé êîîïåðàöèè
Ïîçèöèîííàÿ ñîñòîÿòåëüíîñòü êîîïåðàòèâíîãî ñîãëàøå-

íèÿ. Ïðîâåäåì ðåãóëÿðèçàöèþ èãðû G (ïîäûãðû Gj) ñëåäóþùèì îá-
ðàçîì. Äîïóñòèì, ÷òî èãðîêè âûáðàëè äåëåæ α = (α1, . . . , αn), ãäå
αi = π0αi, αi = (α1

i , . . . , α
t
i), (αj

1, . . . , α
j
n) = αj ∈ Ij. Òîãäà äëÿ êàæäî-

ãî äåëåæà αj ∈ Ij (j = 1, . . . , t) îïðåäåëèì íåêîîïåðàòèâíóþ ïîäûãðó
Gj

α, êîòîðàÿ îòëè÷àåòñÿ îò ïîäûãðû Gj òîëüêî âûèãðûøàìè â ñè-
òóàöèÿõ xj, ãäå η(Γj) = xj, j = 1, . . . , t. Òàêèì îáðàçîì, çàäàäèì
ïåðåðàñïðåäåëåíèÿ âûèãðûøåé èãðîêîâ â ñèòóàöèè, êîòîðàÿ ðåàëè-
çóåòñÿ â èãðîâîì ýëåìåíòå Γj, j = 1, . . . , t, â ñëó÷àå, êîãäà èãðîêè
ïðèäåðæèâàþòñÿ êîîïåðàòèâíîãî ðåøåíèÿ η. Â ñèòóàöèÿõ xj 6= xj,
j = 1, . . . , t, âûèãðûøè èãðîêîâ îñòàþòñÿ ïðåæíèìè.

Äëÿ èãðîêà i (i ∈ N), êîòîðûé ðàññ÷èòûâàåò ïîëó÷èòü α = (α1,
. . .,αn), ãäå αi = π0αi, αi = (α1

i , . . . , α
t
i), αj

i � i-àÿ êîìïîíåíòà äå-
ëåæà αj ∈ Ij, îïðåäåëèì ïðîöåäóðó ðàñïðåäåëåíèÿ äåëåæà [4] êàê
âåêòîð-ôóíêöèþ βi = (β1

i , . . . , β
t
i) òàêóþ, ÷òî âûïîëíÿþòñÿ ñëåäóþ-

ùèå óñëîâèÿ
αi = E

α

i , äëÿ âñåõ i ∈ N, (4.1)
∑
i∈N

βj
i =

∑
i∈N

Kj
i (x

j), j = 1, . . . , t, (4.2)

ãäå E
α

i � îæèäàåìûé âûèãðûø i-ãî èãðîêà â ñòîõàñòè÷åñêîé èãðå Gα,
êîòîðàÿ ÿâëÿåòñÿ ðåãóëÿðèçàöèåé èãðû G.

Óñëîâèå (4.1) ãàðàíòèðóåò, ÷òî i-àÿ êîìïîíåíòà äåëåæà α ñîâïà-
äàåò ñ ìàòåìàòè÷åñêèì îæèäàíèåì âûèãðûøà èãðîêà i â ðåãóëÿðèçî-
âàííîé èãðå. Ðàâåíñòâî (4.2) óòâåðæäàåò, ÷òî â ëþáîì èãðîâîì ýëå-
ìåíòå ñóììà âûïëàò èãðîêàì â ñîîòâåòñòâèè ñ ÏÐÄ ðàâíà ñóììå âû-
èãðûøåé èãðîêîâ ïðè óñëîâèè, ÷òî èãðîêè ïðèäåðæèâàþòñÿ êîîïå-
ðàòèâíîãî ðåøåíèÿ η(·). Î÷åâèäíî, ÷òî åñëè èãðîêè ïðèäåðæèâàþòñÿ
êîîïåðàòèâíîãî ðåøåíèÿ η(·), îæèäàåìûé âûèãðûø i-ãî èãðîêà â èã-
ðå Gα (ïîäûãðå Gj

α) ñîâïàäàåò ñ îæèäàåìûì çíà÷åíèåì ñîîòâåòñòâó-
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þùåé êîìïîíåíòû äåëåæà â êîîïåðàòèâíîì âàðèàíòå ñòîõàñòè÷åñêîé
èãðû G.

Îïðåäåëåíèå 4.1. Íåêîîïåðàòèâíàÿ ñòîõàñòè÷åñêàÿ èãðà Gα (ïî-
äûãðà Gj

α, j = 1, . . . , t) íàçûâàåòñÿ α-ðåãóëÿðèçàöèåé (α-ðåãóëÿðèçà-
öèåé) ñòîõàñòè÷åñêîé èãðû G (ïîäûãðû Gj), åñëè äëÿ ëþáîãî èãðî-
êà i ∈ N â èãðîâîì ýëåìåíòå Γj, j = 1, . . . , t, ôóíêöèÿ âûèãðûøà
Kα,j

i (xj) îïðåäåëåíà ñëåäóþùèì îáðàçîì:

Kα,j
i (xj) =

{
βj

i , åñëè xj = xj;
Kj

i (x
j), åñëè xj 6= xj,

(4.3)

ãäå ïðîöåäóðà ðàñïðåäåëåíèÿ äåëåæà β = (β1, . . . , βn) (ñì.[9]) îïðåäå-
ëÿåòñÿ óðàâíåíèåì

βi = (I− (1− q)Π(η(·)))αi. (4.4)

Íåòðóäíî ïîêàçàòü, ÷òî βi, îïðåäåëåííàÿ ïî ôîðìóëå (4.4), óäî-
âëåòâîðÿåò óñëîâèÿì (4.1), (4.2). Ïîñêîëüêó E

α

i = π0Eα
i , ãäå Eα

i óäî-
âëåòâîðÿåò ôóíêöèîíàëüíîìó óðàâíåíèþ Eα

i = βi + (1− q)Π(η(·))Eα
i ,

òî Eα
i = (I−(1−q)Π(η))−1βi = (I−(1−q)Π(η))−1(I−(1−q)Π(η(·)))αi =

αi. Òàê êàê
∑
i∈N

βj
i = (I−(1−q)Π(η(·))) ∑

i∈N

αi = (I−(1−q)Π(η(·)))V (N),
è V (N) îïðåäåëÿåòñÿ èç óðàâíåíèÿ (3.3), òî èìååò ìåñòî ðàâåíñòâî
(4.2).

Óðàâíåíèå (4.4) ýêâèâàëåíòíî ñëåäóþùåìó ôóíêöèîíàëüíîìó óðàâ-
íåíèþ

αi = βi + (1− q)Π(η(·))αi. (4.5)
Â ïðàâîé ÷àñòè óðàâíåíèÿ (4.5) âòîðîå ñëàãàåìîå � îæèäàåìîå

çíà÷åíèå êîìïîíåíòû äåëåæà â ïîäûãðå, íà÷èíàþùåéñÿ ñî ñëåäóþ-
ùåãî øàãà. Ïðè÷åì, ïðåäïîëàãàåòñÿ, ÷òî äåëåæ äëÿ êàæäîé ïîäûãðû
âûáèðàåòñÿ, èñõîäÿ èç òîãî æå ïðèíöèïà îïòèìàëüíîñòè, ÷òî áûë âû-
áðàí èãðîêàìè ïåðåä íà÷àëîì èãðû. Â ñëó÷àå ñòîõàñòè÷åñêîé èãðû
ñ êîíå÷íûì ÷èñëîì èãðîâûõ ýëåìåíòîâ è ïðè èñïîëüçîâàíèè èãðîêà-
ìè ñòàöèîíàðíûõ ñòðàòåãèé â êàæäîé ïîäûãðå Gj âûáèðàåòñÿ îäèí è
òîò æå äåëåæ αj. Íàïðèìåð, åñëè èãðîêè ïåðåä íà÷àëîì èãðû äîãî-
âîðèëèñü î êîîïåðàöèè è ðåøèëè ðàçäåëèòü îæèäàåìûé ñóììàðíûé
âûèãðûø ïî âåêòîðó Øåïëè, òî â ëþáîé ïîäûãðå èãðîêè òàêæå â êà-
÷åñòâå äåëåæà îñòàâøåãîñÿ îæèäàåìîãî ñóììàðíîãî âûèãðûøà áóäóò
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âûáèðàòü âåêòîð Øåïëè. Ýòî óñëîâèå ãàðàíòèðóåò óðàâíåíèå (4.5). Â
êà÷åñòâå äåëåæà ìîæåò áûòü âûáðàí ëþáîé èç ïðèíöèïîâ îïòèìàëü-
íîñòè, ïðèìåíÿåìûõ â êîîïåðàòèâíîé òåîðèè èãð, íàïðèìåð, âûøå
óïîìÿíóòûé âåêòîð Øåïëè, N -ÿäðî, C-ÿäðî. Óñëîâèå (4.5) îïðåäåëÿ-
åò ïîçèöèîííóþ ñîñòîÿòåëüíîñòü (äèíàìè÷åñêóþ óñòîé÷èâîñòü) äåëå-
æà.

Ïðîöåäóðà ðåãóëÿðèçàöèè ñòîõàñòè÷åñêîé èãðû G ïðåäëàãàåò ñïî-
ñîá ïîñòðîåíèÿ ðåàëüíûõ âûïëàò èãðîêàì íà êàæäîì øàãå èãðû,
ïðè÷åì, ìîæíî óòâåðæäàòü, ÷òî èãðîêè çàèíòåðåñîâàíû â ïåðåðàñ-
ïðåäåëåíèè ñâîèõ âûèãðûøåé, ò. ê., ïîëó÷àÿ β1

i , . . . , β
t
i â èãðîâûõ ýëå-

ìåíòàõ Γ1, . . . , Γt ñîîòâåòñòâåííî, èãðîê i â èãðå Gα ïîëó÷èò ñòîëüêî
æå (ñ òî÷êè çðåíèÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ), ñêîëüêî è ïëàíèðî-
âàë ïîëó÷èòü â êîîïåðàòèâíîì âàðèàíòå èãðû G, è îæèäàåìàÿ ñóì-
ìà îñòàâøèõñÿ âûïëàò áóäåò ïðèíàäëåæàòü òîìó æå ïðèíöèïó îïòè-
ìàëüíîñòè, êîòîðûé áûë âûáðàí èãðîêàìè èçíà÷àëüíî. Â òàêîì ñëó-
÷àå ìîæíî ãîâîðèòü, ÷òî èìååò ìåñòî ïîçèöèîííàÿ ñîñòîÿòåëüíîñòü
(äèíàìè÷åñêàÿ óñòîé÷èâîñòü) âûáðàííîãî êîîïåðàòèâíîãî ñîãëàøå-
íèÿ.

Ñòðàòåãè÷åñêàÿ óñòîé÷èâîñòü êîîïåðàòèâíîãî ñîãëàøå-
íèÿ. Ââåäåì íåêîòîðûå äîïîëíèòåëüíûå îáîçíà÷åíèÿ. Îáîçíà÷èì ÷å-
ðåç Γ(k) èãðîâîé ýëåìåíò, ðåàëèçîâàâøèéñÿ íà øàãå k ñòîõàñòè÷åñêîé
èãðû G. Î÷åâèäíî, ÷òî Γ(k) ∈ {Γ1, . . . , Γt}. ×åðåç x(k) áóäåì îáîçíà-
÷àòü ñèòóàöèþ, ðåàëèçîâàâøóþñÿ â èãðîâîì ýëåìåíòå Γ(k). Ïîäûãðó
èãðû Gα, íà÷èíàþùóþñÿ ñ èãðîâîãî ýëåìåíòà Γ(k), îáîçíà÷èì ÷å-
ðåç G

Γ(k)
α . Ïðåäûñòîðèåé øàãà k áóäåì íàçûâàòü ïîñëåäîâàòåëüíîñòü

((Γ(1), x(1)), (Γ(2), x(2)), . . . , (Γ(k − 1), x(k − 1))), êîòîðóþ îáîçíà÷èì
÷åðåç h(k).

Ïóñòü T = {(Γ1, x1), (Γ2, x2), . . . , (Γt, xt)}.
Ñòîõàñòè÷åñêàÿ èãðà G è å¼ α-ðåãóëÿðèçàöèÿ Gα ÿâëÿåòñÿ èãðîé

ñ ñîâåðøåííîé èíôîðìàöèåé â òîì ñìûñëå, ÷òî íà êàæäîì øàãå k

(k = 1, 2, . . .) èãðîê i ∈ N çíàåò èãðîâîé ýëåìåíò Γ(k) è ïðåäûñòîðèþ
øàãà k.

Îïðåäåëåíèå 4.2. Ñèòóàöèÿ â ñòðàòåãèÿõ ïîâåäåíèÿ ϕ∗(·) =

(ϕ∗1(·),. . .,ϕ∗n(·)) íàçûâàåòñÿ ñèëüíûì òðàíñôåðàáåëüíûì ðàâíîâåñè-
åì â ðåãóëÿðèçîâàííîé èãðå Gα, åñëè äëÿ ëþáîé êîàëèöèè S ⊂ N ,
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S 6= ∅, ñïðàâåäëèâî íåðàâåíñòâî
∑
i∈S

E
α

i (ϕ∗(·)) >
∑
i∈S

E
α

i (ϕ∗(·) ‖ ϕS(·)) (4.6)

äëÿ ëþáîé ñòðàòåãèè ïîâåäåíèÿ êîàëèöèè S: ϕS(·) = {ϕi(·)}i∈S ∈∏
i∈S

Φi, E
α

i (·) � ìàòåìàòè÷åñêîå îæèäàíèå âûèãðûøà i-ãî èãðîêà â
ðåãóëÿðèçîâàííîé èãðå Gα.

Òåîðåìà 4.1. Åñëè â ðåãóëÿðèçîâàííîé èãðå Gα ñ äåëåæîì α äëÿ
ëþáîé êîàëèöèè S ⊂ N , S 6= ∅, ñïðàâåäëèâî íåðàâåíñòâî

∑
i∈S

βi > (I− (1− q)Π(η(·)))F (S), (4.7)

ãäå F (S) = (F 1(S), . . . , F t(S)),
F j(S) = max

xj
S∈

∏
i∈S

Xj
i

xj
S 6=xj

S

{∑
i∈S

Kj
i (x

j ‖ xj
S) + (1− q)

t∑
l=1

p(j, l; xj ‖ xj
S)V l (S)

}
,

òîãäà â ðåãóëÿðèçîâàííîé èãðå Gα ñóùåñòâóåò ñèëüíîå òðàíñôåðà-
áåëüíîå ðàâíîâåñèå ñ âûèãðûøàìè (α1, . . . , αn).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëåäóþùóþ ñèòóàöèþ â ñòðàòåãèÿõ ïî-
âåäåíèÿ ϕ̂(·) = (ϕ̂1(·), . . . , ϕ̂n(·)) â èãðå Gα:

ϕ̂i(h(k)) =





xj
i , åñëè Γ(k) = Γj, j = 1, t, h(k) ⊂ T ;

x̂j
i (S), åñëè Γ(k) = Γj, j = 1, t, ∃ l ∈ [1, k − 1]

è S ⊂ N , i /∈ S: h(l) ⊂ T ,
à (Γ(l), x(l)) /∈T , íî (Γ(l), (x(l)‖xS(l))∈T ,

ïðîèçâîëüíà â äðóãèõ ñëó÷àÿõ,
(4.8)

ãäå x̂j
i (S) � ÷èñòàÿ ñòðàòåãèÿ i-ãî èãðîêà â èãðîâîì ýëåìåíòå Γj, êî-

òîðàÿ âìåñòå ñî ñòðàòåãèÿìè xj
p(S), p 6= i, p /∈ S, îáðàçóåò ñòðàòå-

ãèþ êîàëèöèè {N\S} â àíòàãîíèñòè÷åñêîé èãðå ïðîòèâ êîàëèöèè S

â ïîäûãðå GΓ(j).
Äîêàçàòåëüñòâî òåîðåìû ïîâòîðÿåò äîêàçàòåëüñòâî ¾íàðîäíûõ òåî-

ðåì¿ (ñì. [10]), èñïîëüçóÿ ñòðóêòóðó ñòðàòåãèè ϕ̂i(h(k)), i ∈ N . Äî-
êàæåì, ÷òî ϕ̂(·) = (ϕ̂1(·), . . . , ϕ̂n(·)), îïðåäåëåííàÿ â (4.8), ÿâëÿåòñÿ
ñèëüíûì òðàíñôåðàáåëüíûì ðàâíîâåñèåì â èãðå Gα.
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Èç îïðåäåëåíèÿ (4.8) ñëåäóåò, ÷òî îæèäàåìûé âûèãðûø êîàëèöèè
S â ïîäûãðå Gj

α, j = 1, . . . , t, ïðè óñëîâèè, ÷òî âñå èãðîêè ïðèäåðæè-
âàþòñÿ êîîïåðàòèâíîãî ðåøåíèÿ η(·), ðàâåí

Ej
S(ϕ̂(·)) =

∑
i∈S

Ej
i (ϕ̂(·)) =

∑
i∈S

Ej
i (η(·)).

Ïóñòü ES(ϕ̂(·)) = (E1
S(ϕ̂(·)), . . . , Et

S(ϕ̂(·))), òîãäà äëÿ ëþáîé êîàëèöèè
S ⊂ N , S 6= ∅ èìååò ìåñòî ðàâåíñòâî

ES(ϕ̂(·)) = (I− (1− q)Π(η(·)))−1
∑
i∈S

βi. (4.9)

Ðàññìîòðèì ñèòóàöèþ (ϕ̂(·) ‖ ϕS(·)), S ⊂ N , S 6= ∅, êîãäà íåêîòîðàÿ
êîàëèöèÿ S îòêëîíÿåòñÿ îò ñâîåé ñòðàòåãèè ϕ̂S(·). Ïóñòü øàã k òàêîé,
÷òî ñóùåñòâóåò íîìåð l ∈ [1, k − 1] òàêîé, ÷òî ïðåäûñòîðèÿ h(l) ⊂ T ,
à ýëåìåíò (Γ(l), x(l)) /∈ T , íî (Γ(l), (x(l) ‖ xS(l))) ∈ T . Íå óìîëÿÿ
îáùíîñòè, ïðåäïîëîæèì, ÷òî Γ(k) = Γj. Âû÷èñëèì îæèäàåìûé âû-
èãðûø êîàëèöèè S â èãðå Gα â ñèòóàöèè (ϕ̂(·) ‖ ϕS(·)) ïî ôîðìóëå∑
i∈S

E
α

i (ϕ̂(·) ‖ ϕS(·)) = π0
∑
i∈S

Eα
i (ϕ̂(·) ‖ ϕS(·)), ãäå

∑
i∈S

Eα
i (ϕ̂(·) ‖ ϕS(·)) =

∑
i∈S

E
α,[1,k−1]
i (ϕ̂(·) ‖ ϕS(·))+

+ (1− q)k−1Πk−1(ϕ̂(·) ‖ ϕS(·))
∑
i∈S

E
α,[k,∞)
i (ϕ̂(·) ‖ ϕS(·)), (4.10)

ãäå ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè � îæèäàåìûé âûèãðûø êîàëè-
öèè S íà ïåðâûõ k−1 øàãàõ èãðû Gα, âî âòîðîì ñëàãàåìîì

∑
i∈S

E
α,[k,∞)
i

(ϕ̂(·) ‖ ϕS(·)) � îæèäàåìûé âûèãðûø êîàëèöèè S â ïîäûãðå èãðû Gα,
íà÷èíàþùåéñÿ ñ øàãà k. Òàê êàê äî øàãà k− 1 âêëþ÷èòåëüíî îòêëî-
íåíèÿ íèêàêîé èç êîàëèöèé îò êîîïåðàòèâíîãî ðåøåíèÿ η(·) íå áûëî,
òî, êàê áûëî ïîêàçàíî ðàíåå, äëÿ ýëåìåíòîâ èç ïðàâîé ÷àñòè (4.10)

èìåþò ìåñòî ðàâåíñòâà:
∑
i∈S

E
α,[1,k−1]
i (ϕ̂(·) ‖ ϕS(·)) =

∑
i∈S

E
α,[1,k−1]
i (η(·)),

Πk−1(ϕ̂(·) ‖ ϕS(·)) = Πk−1(η(·)).
Âî âòîðîì ñëàãàåìîì â ïðàâîé ÷àñòè (4.10) ïîä E

α,[k,∞)
i (ϕ̂(·) ‖ ϕS(·))

ïîíèìàåòñÿ âåêòîð (Eα,1
i (ϕ̂(·) ‖ ϕS(·)), . . . , Eα,t

i (ϕ̂(·) ‖ ϕS(·))), ãäå
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Eα,j
i (ϕ̂(·) ‖ ϕS(·)) � îæèäàåìûé âûèãðûø èãðîêà i ∈ S â ðåãóëÿðèçî-

âàííîé ïîäûãðå Gj
α, íà÷èíàþùåéñÿ ñ èãðîâîãî ýëåìåíòà Γj.

Âû÷èñëèì îæèäàåìûé âûèãðûø êîàëèöèè S â ïîäûãðå Gj
α, íà÷è-

íàþùåéñÿ ñ øàãà k, è Γ(k) = Γj. Èìååò ìåñòî ôîðìóëà:
∑
i∈S

Eα,j
i (ϕ̂(·) ‖ ϕS(·)) =

∑
i∈S

Kj
i (x

j ‖ xj
S) + (1− q)

t∑

l=1

p(j, l; xj ‖ xj
S)V l (S) , (4.11)

ïîñêîëüêó, ñîãëàñíî îïðåäåëåíèþ ñèòóàöèè ϕ̂(·), èãðîêè èç êîàëèöèè
N \ S áóäóò íàêàçûâàòü êîàëèöèþ S, èãðàÿ, íà÷èíàÿ ñ øàãà k + 1, â
àíòàãîíèñòè÷åñêóþ èãðó ïðîòèâ êîàëèöèè S.

Òàê êàê îæèäàåìûå âûèãðûøè êîàëèöèè S â ñèòóàöèÿõ ϕ̂(·) è
(ϕ̂(·) ‖ ϕS(·)) äî øàãà k − 1 ñîâïàäàþò, òî â ðåçóëüòàòå îòêëîíåíèÿ
êîàëèöèÿ S ìîæåò ãàðàíòèðîâàòü ñåáå óâåëè÷åíèå âûèãðûøà òîëüêî
çà ñ÷åò ÷àñòè èãðû Gα, íà÷èíàþùåéñÿ ñ øàãà k, ò. å. çà ñ÷åò îæèäà-
åìîãî âûèãðûøà â ïîäûãðå Gj

α, j = 1, . . . , t. Êîàëèöèÿ S â ñèòóàöèè
(ϕ̂(·) ‖ ϕS(·)) ìîæåò ãàðàíòèðîâàòü ñåáå ñ øàãà k ñëåäóþùèé îæèäà-
åìûé âûèãðûø :

max
xj

S∈
∏

i∈S
Xj

i

xj
S 6=xj

S

{∑
i∈S

Kj
i (x

j ‖ xj
S) + (1− q)

t∑

l=1

p(j, l; xj ‖ xj
S)V l (S)

}
. (4.12)

Îæèäàåìûé âûèãðûø êîàëèöèè S â ðåãóëÿðèçîâàííîé ïîäûãðå Gj
α

â ñèòóàöèè ϕ̂(·) ñîãëàñíî îïðåäåëåíèþ ÏÐÄ ìîæåò áûòü íàéäåí èç
óðàâíåíèÿ:

∑
i∈S

Eα
i (ϕ̂(·)) = (I− (1− q)Π(η(·)))−1

∑
i∈S

βi, (4.13)

ãäå Eα
i (ϕ̂(·)) = (Eα,1

i (ϕ̂(·)), . . . , Eα,t
i (ϕ̂(·)). Ó÷èòûâàÿ íåðàâåíñòâî (4.7),

èç (4.12), (4.13) è ðàññóæäåíèé, ïðèâåäåííûõ âûøå, ïîëó÷àåì ñïðà-
âåäëèâîñòü íåðàâåíñòâà:

Eα
S (ϕ̂(·)) > Eα

S (ϕ̂(·) ‖ ϕS(·)).
Ñëåäîâàòåëüíî, ñèòóàöèÿ ϕ̂(·) â ñòðàòåãèÿõ ïîâåäåíèÿ (4.8) ÿâëÿåòñÿ
ñèëüíûì òðàíñôåðàáåëüíûì ðàâíîâåñèåì â α-ðåãóëÿðèçàöèè èãðû G.
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Ïðè÷åì, îæèäàåìûé âûèãðûø i-ãî èãðîêà â èãðå Gα â ñèòóàöèè ϕ̂(·)
ðàâåí αi, ãäå αi = π0αi, âåêòîð αi = (α1

i , . . . , α
t
i) ñîñòîèò èç i-ûõ êîì-

ïîíåíò äåëåæåé α1, . . ., αt, ðàññ÷èòàííûõ äëÿ êîîïåðàòèâíûõ ïîäûãð
G1, . . ., Gt ñîîòâåòñòâåííî. Óòâåðæäåíèå òåîðåìû äîêàçàíî.

Ñëåäñòâèå 4.1. Åñëè â ðåãóëÿðèçîâàííîé èãðå Gα äëÿ ëþáîãî
èãðîêà i ∈ N ñïðàâåäëèâî íåðàâåíñòâî

βi > (I− (1− q)Π(η(·)))Wi,

ãäå Wi = (W 1
i , . . . , W t

i ),
W j

i = max
xj

i∈Xj
i

xj
i 6=xj

i

{
Kj

i (x
j ‖ xj

i ) + (1− q)
t∑

l=1

p(j, l; xj ‖ xj
i )V

l ({i})
}
, òîãäà â

ðåãóëÿðèçîâàííîé èãðå Gα ñóùåñòâóåò ñèòóàöèÿ ðàâíîâåñèÿ ïî Íý-
øó ñ âûèãðûøàìè (α1, . . . , αn).

Óñëîâèå çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ. Äëÿ çà-
ùèòû èãðîêîâ îò ïîòåðü â ñëó÷àÿõ, êîãäà êîîïåðàöèÿ ðàñïàäàåòñÿ íà
íåêîòîðîì øàãå èãðû, íåîáõîäèìî, ÷òîáû äëÿ âñåõ i ∈ N è ëþáîãî
k = 1, 2, . . . âûïîëíÿëîñü íåðàâåíñòâî:

V ({i}) 6 E
α,[1,k]
i + (1− q)kΠk(η(·))V ({i}), (4.14)

ãäå E
α,[1,k]
i � ìàòåìàòè÷åñêîå îæèäàíèå âûèãðûøà i-ãî èãðîêà íà ïåð-

âûõ k øàãàõ ðåãóëÿðèçîâàííîé èãðû Gα.
Ïðåäïîëàãàåòñÿ, ÷òî ïåðåä íà÷àëîì î÷åðåäíîãî øàãà èãðû èãðîêè

çíàþò î òîì, ðàñïàëàñü êîîïåðàöèÿ èëè íåò, ò. å. çàäåðæêè èíôîðìà-
öèè â òàêîé ïîñòàíîâêå íå ïðåäïîëàãàåòñÿ. Â ëåâîé ÷àñòè íåðàâåíñòâà
(4.14) � çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè V ({i}) = (V 1({i}), . . .,
V t({i})), ðàññ÷èòàííîå äëÿ èãðîêà i, ãäå V j({i}) � çíà÷åíèå õàðàêòå-
ðèñòè÷åñêîé ôóíêöèè äëÿ èãðîêà i â ïîäûãðå Gj. Â ïðàâîé ÷àñòè
íåðàâåíñòâà (4.14) ïåðâîå ñëàãàåìîå ðàâíî îæèäàåìîìó âûèãðûøó
èãðîêà i, åñëè íà ïåðâûõ k øàãàõ èãðû èãðîêè ïðèäåðæèâàþòñÿ êî-
îïåðàòèâíîãî ðåøåíèÿ η(·), âòîðîå ñëàãàåìîå � îæèäàåìûé âûèãðûø
i-ãî èãðîêà íà÷èíàÿ ñ (k + 1)-ãî øàãà, åñëè ñ ýòîãî øàãà èãðîê i äåé-
ñòâóåò ñàìîñòîÿòåëüíî.

Óòâåðæäåíèå 4.1. Â ñòîõàñòè÷åñêîé èãðå G äëÿ âûïîëíåíèÿ
óñëîâèÿ çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ äîñòàòî÷íî, ÷òîáû
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äëÿ âñåõ i ∈ N èìåëî ìåñòî íåðàâåíñòâî:

(I− (1− q)Π(η(·)))(αi − V ({i})) > 0, (4.15)

ãäå αi = (α1
i , . . . , α

t
i), αj

i � i-àÿ êîìïîíåíòà äåëåæà αj ∈ Ij.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî óñëîâèå (4.15) ÿâëÿåòñÿ äîñòàòî÷-
íûì äëÿ òîãî, ÷òîáû èìåëî ìåñòî íåðàâåíñòâî (4.14) äëÿ ëþáîãî
k = 1, 2, . . .. Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì ìàòåìàòè÷åñêîé èí-
äóêöèè.

Çàïèøåì íåðàâåíñòâî (4.14) äëÿ k = 1:

V ({i}) 6 βi + (1− q)Π(η(·))V ({i}). (4.16)

Ïðåîáðàçóåì íåðàâåíñòâî (4.15), ó÷èòûâàÿ îïðåäåëåíèå αi ÷åðåç ÏÐÄ
(4.4), ïîëó÷àåì íåðàâåíñòâî (4.16).

Ïðåäïîëîæèì, ÷òî èç ñïðàâåäëèâîñòè íåðàâåíñòâà (4.15) ñëåäóåò
ñïðàâåäëèâîñòü íåðàâåíñòâà (4.14) ïðè k = l. Çàïèøåì íåðàâåíñòâî
(4.14) äëÿ k = l:

V ({i}) 6 βi+ . . .+(1−q)l−1Πl−1(η(·))βi+(1−q)lΠl(η(·))V ({i}). (4.17)

Äîêàæåì óòâåðæäåíèå äëÿ k = l+1. Íåðàâåíñòâî (4.14) ïðè k = l+1

áóäåò èìåòü âèä:

V ({i}) 6 βi+ . . .+(1−q)lΠl(η(·))βi+(1−q)l+1Πl+1(η(·))V ({i}). (4.18)

Ïîñëå ïðåîáðàçîâàíèÿ ïðàâàÿ ÷àñòü íåðàâåíñòâà (4.18) ïðèìåò âèä:

βi + (1− q)Π(η(·)) {βi + (1− q)Π(η(·))βi + . . .

+ (1− q)l−1Πl−1(η(·))βi + (1− q)lΠl(η(·))V ({i})}

Ó÷èòûâàÿ íåðàâåíñòâî (4.17), âûðàæåíèå â ôèãóðíûõ ñêîáêàõ íå
ìåíüøå V ({i}), ñëåäîâàòåëüíî, ïðàâàÿ ÷àñòü íåðàâåíñòâà (4.18) íå
ìåíüøå, ÷åì βi + (1 − q)Π(η(·))V ({i}). Ó÷èòûâàÿ îïðåäåëåíèå ÏÐÄ
(4.4), ïîëó÷àåì íåðàâåíñòâî (4.15), êîòîðîå âûïîëíåíî ïî óñëîâèþ
óòâåðæäåíèÿ.
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5. Ïðèìåð
Ðàññìîòðèì ñòîõàñòè÷åñêóþ èãðó äâóõ ëèö. Ïàðàìåòðû ñòîõàñòè-

÷åñêîé èãðû ñëåäóþùèå:
1. Ìíîæåñòâî èãðîêîâ N = {1, 2}.
2. Ìíîæåñòâî èãðîâûõ ýëåìåíòîâ {Γ1, Γ2}, ãäå Γj = 〈N,Xj

1 , X
j
2 , K

j
1 , K

j
2〉

(j = 1, 2), ìíîæåñòâî ñòðàòåãèé ïåðâîãî èãðîêà � Xj
1 = {xj

11, x
j
12}, ìíî-

æåñòâî ñòðàòåãèé âòîðîãî èãðîêà � Xj
2 = {xj

21, x
j
22}, ôóíêöèè âûèãðû-

øåé çàïèøåì â âèäå áèìàòðèöû (èãðîê 1 âûáèðàåò ñòðîêè, èãðîê 2 �
ñòîëáöû). Äëÿ èãðîâîãî ýëåìåíòà Γ1 âûèãðûøè áóäóò ñëåäóþùèìè:

(
(3; 5) (1; 10)

(10; 4) (7; 6)

)
.

Äëÿ èãðîâîãî ýëåìåíòà Γ2 âûèãðûøè áóäóò ñëåäóþùèìè:
(

(2; 4) (2; 8)

(7; 3) (5; 4)

)
.

3. Âåðîÿòíîñòè ïåðåõîäà èç èãðîâîãî ýëåìåíòà Γ1 ìîæíî ïðåäñòàâèòü
â âèäå áèìàòðèöû (

(0,7; 0,3) (0,4; 0,6)

(0,4; 0,6) (0,3; 0,7)

)
,

ãäå ýëåìåíò (k, l) ìàòðèöû ñîäåðæèò âåðîÿòíîñòè ïåðåõîäà èç Γ1 â
èãðîâûå ýëåìåíòû Γ1, Γ2 ñîîòâåòñòâåííî, ïðè óñëîâèè, ÷òî èãðîê 1
âûáèðàåò ñòðàòåãèþ íîìåð k, à èãðîê 2 ñòðàòåãèþ íîìåð l â èãðîâîì
ýëåìåíòå Γ1.

Âåðîÿòíîñòè ïåðåõîäà èç èãðîâîãî ýëåìåíòà Γ2 ìîæíî ïðåäñòà-
âèòü â âèäå áèìàòðèöû

(
(0,9; 0,1) (0,4; 0,6)

(0,2; 0,8) (0,3; 0,7)

)
.

4. Âåðîÿòíîñòü îêîí÷àíèÿ èãðû q = 1/365.
5. Âåêòîð íà÷àëüíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé π0 = (1/2, 1/2).

Èñïîëüçóÿ (2.6) è (3.1), ïîëó÷àåì êîîïåðàòèâíîå ðåøåíèå η =

(η1, η2), ãäå η1(Γ
1) = x1

12, η1(Γ
2) = x2

11, η2(Γ
1) = x1

21, η2(Γ
2) = x2

22.
Âû÷èñëèì çíà÷åíèÿ õàðàêòåðèñòè÷åñêèõ ôóíêöèé äëÿ ïîäûãð ïî

ôîðìóëàì (3.3) è (3.4), ïîëó÷àåì

V ({1}) =

(
2045,4

2043,4

)
, V ({2}) =

(
1680,4

1678,4

)
, V ({1, 2}) =

(
4236,4

4232,4

)
.
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Èñïîëüçóÿ ôîðìóëó (3.2), íàõîäèì çíà÷åíèÿ õàðàêòåðèñòè÷åñêîé
ôóíêöèè V (·): V ({1}) = 2044,4; V ({2}) = 1679,4; V ({1, 2}) = 4234,4.
Â êà÷åñòâå äåëåæà âîçüìåì âåêòîð Øåïëè. Ðàññ÷èòàåì âåêòîð Øåï-
ëè äëÿ êàæäîé ïîäûãðû, ïîëó÷àåì

Sh1 =

(
2300,7

2298,7

)
, Sh2 =

(
1935,7

1933,7

)
,

ãäå Shi = (Sh1
i , Sh2

i ), Shj
i � ýòî i-àÿ êîìïîíåíòà âåêòîðà Øåïëè, ðàñ-

ñ÷èòàííîãî äëÿ ïîäûãðû Gj ïî õàðàêòåðèñòè÷åñêîé ôóíêöèè V j(·),
j = 1, 2, i ∈ N . Òîãäà, ó÷èòûâàÿ âåêòîð íà÷àëüíîãî ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé π0, íàõîäèì äåëåæ äëÿ èãðû G: Sh = (Sh1, Sh2) =

(2299,7; 1934,7).
Ïî ôîðìóëå (4.4) îïðåäåëèì êîìïîíåíòû ÏÐÄ:

β1 =

(
7,5

5,5

)
, β2 =

(
6,5

4,5

)
.

Ïðîâåäåì ðåãóëÿðèçàöèþ ñòîõàñòè÷åñêîé èãðû G, èñïîëüçóÿ ÏÐÄ
è îïðåäåëåíèå (4.3). Â Sh-ðåãóëÿðèçîâàííîé èãðå âûèãðûøè èãðîêîâ
â èãðîâîì ýëåìåíòå Γ1 áóäóò ñëåäóþùèìè:

(
(3; 5) (1; 10)

(7,5; 6,5) (7; 6)

)
,

â èãðîâîì ýëåìåíòå Γ2 âûèãðûøè áóäóò ñëåäóþùèìè:
(

(2; 4) (5,5; 4,5)

(7; 3) (5; 4)

)

Ìîæíî ñêàçàòü, ÷òî â Sh-ðåãóëÿðèçîâàííîé ñòîõàñòè÷åñêîé èãðå èìå-
åò ìåñòî ïîçèöèîííàÿ ñîñòîÿòåëüíîñòü âûáðàííîãî èãðîêàìè êîîïå-
ðàòèâíîãî ñîãëàøåíèÿ.

Ïðîâåðèì óñëîâèå ñòðàòåãè÷åñêîé óñòîé÷èâîñòè. Âûïèøåì íåðà-
âåíñòâà (4.7) èç Òåîðåìû 4.1. Âû÷èñëèì F (S) äëÿ âñåõ S ⊂ N , ïîëó-
÷àåì F ({1}) = (2042,2; 2043,4), F ({2}) = (1680,4; 1679,6). Òîãäà ïðî-
âåðêà ñïðàâåäëèâîñòè íåðàâåíñòâ (4.7) ñâîäèòñÿ ê ïðîâåðêå ñïðàâåä-
ëèâîñòè ñëåäóþùèõ íåðàâåíñòâ:

β1 =

(
7,5

5,5

)
>

(−0,72

0,48

)
= (I− (1− q)Π(η(·)))F ({1}),



38 Å.Ì. Ïàðèëèíà

β2 =

(
6.5

4.5

)
>

(
0.48

−0.32

)
= (I− (1− q)Π(η(·)))F ({2}).

Óñëîâèÿ Òåîðåìû 4.1 âûïîëíåíû, çíà÷èò, ìîæíî ãîâîðèòü î ñòðàòåãè-
÷åñêîé óñòîé÷èâîñòè âûáðàííîãî èãðîêàìè êîîïåðàòèâíîãî ðåøåíèÿ.

Ïðîâåðèì óñëîâèå çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ. Äîñòà-
òî÷íîå óñëîâèå äëÿ çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ èç Óòâåð-
æäåíèÿ 4.1 âûïîëíåíî, ïîñêîëüêó îíî ñâîäèòñÿ ê ïðîâåðêå ñïðàâåä-
ëèâîñòè ñëåäóþùèõ íåðàâåíñòâ:

(I− (1− q)Π(η(·)))(α1 − V ({1})) =

(
0.7

0.7

)
> 0,

(I− (1− q)Π(η(·)))(α2 − V ({2})) =

(
0.7

0.7

)
> 0.

Â ðàññìîòðåííîì ÷èñëåííîì ïðèìåðå ñòîõàñòè÷åñêîé èãðû ïðè óñëî-
âèè ïðîâåäåíèÿ ðåãóëÿðèçàöèè âûïîëíåíû òðè ïðèíöèïà óñòîé÷èâîé
êîîïåðàöèè.
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STABLE COOPERATION IN STOCHASTIC GAMES

Elena M. Parilina, Faculty of Applied Mathematics and Control
Processes, Saint-Petersburg State University, Saint-Petersburg,
Cand.Sc. (barlena@gmail.com).

Abstract : The paper considers stochastic games with random duration in
the class of stationary strategies. The cooperative version for such class
of the stochastic game is constructed. The cooperative solution is found.
Conditions of stable cooperation for stochastic games are obtained.
Principles of stable cooperation include three conditions: subgame
consistency, strategic stability and condition of irrational behavior
proofness of the cooperative agreement. Also the paper considers the
example for which the cooperative agreement is found and the conditions
of dynamic stability are checked.
Keywords : cooperative stochastic game, time consistency, subgame con-
sistency, payo� distribution procedure, strategic stability, condition of
irrational behavior proofness.
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8 � 8���$"���"��! ; (�|�² ¿,õ A .��N8�! $�8 (���! 'S:�; $"��|)O $��@! ��'�$�$�8 (C! ;±»�¬%´�² ¿,õ A ; ² ��-�?�$���­!���|kO &
6���?�:���|)8 � 8�:�8 ��?��z-�$�8�#z'�(C! O,� A 8 � 8���$"���"��'C! (�|)��'���'C�ú¹�ö A ;

÷ éÙ� ��ê���¢��Cè � ��¢��+ø�� � ��ù�����£,¢"� ñ/¡±� �����yú�¢����Cè å�ñ/¡±����:���?��"��! ?@8§û�ü�ý
¡�éÙ� ��ê ��$"����&
O,��'C! (�|}6"���"� (N, V ) .�5]x�' N ¶I-�$�8�#z'�(C! O 83��5���8 ?@8 O�.�� V ¶I-�$�8	­
5�8���$"����$�8 '¦8�! 8 � �"��#z'�$���'�.�?@8�! 8 ��8 '�(C!���O ��!�OL(�8 8�! O 'C! (C! O ��'7?���#zx�8 <�?@8,��:��9­
9���� S ⊂ N -�$�8�#z'�(C! O 8 V (S) .���x�8 O�:�'C! O 8 �,|��3¨N'�'
(S:�'yx����3¨N��-�� (S:�8 O ��|�-õ¶
� 8 � V (S) ⊂ R

[S] = {x ⊂ R
N : xi = 0, i /∈ S} ë

� A � V (S) ¶�$�'�6�� (C! 8 '�.�����-�?�$��@! 8 '�.���(���'���6�&
O,���3¨N'�'��Í8 5��"��$�����'�$�$�8 '
(�O '�� *��k-�$�8�#z'�(C! O 8 ;

� ´ � &
��$�8>6���'yx�6�8�:���5S��'C! (�|�.���! 8 V (∅) = ∅
; �

¹ ! 'S*�(S:"���"��|�*�.�?@8 5]x��N���I?@8 $�! '�?@(C!�������x�'C!N|�(�$�8�.�8N?���?@8 -�-�$�8�#z'�(C! O '
��5���8 ?@8 O��@x�'C!���'���;�.W-�&¯x":"|§?��"��! ?@8 (C! ������x�'�-Í8 � 8���$"���"��! ;���5����h��'���'C�
V .�� 'C����6�8 -���$"��$���|)-�$�8�#z'�(C! O,����5���8 ?@8 O ;

þ ��(C! 83� &
O,��'C!L��x�8 � $�8LO -�'�(C! 8�(�O 8 <�(C! O,�}� 8 ��! ��'�� 8 O,��! ;�.���! 8 � & V (S) ⊂

R
S. ­{'�5�?@8{O �@x�'C! ;�.,��! 8�'�(S:�� V (S) ⊂ R

S, ! 8 V̄ (S) = V (S)× í
N\S ⊂ R

[S].Ü 8 � �"��! $�8�.W'�(S:�� V (S) ⊂ R
[S], ! 8 VS(S) ⊂ R

S, 5]x�' VS(S) 8 � 8���$"���"��'C!
8 5��"��$�����'�$���' V (S) $"�

R
S. Ï7?�O ��O,��:�'�$�! $�8 (C! ;�=C! ��*�8 6���'yx�'S:�'�$���<�6�8���O 8	­

:���!�$"��-«��(�6�8�:�;���8 O,��! ;§8 �,��.�8�!�x���O,��|�6���'yx�6�8 ��! '�$���'�8�x�$�8 -[�±����$���*�O
����O ��(���-�8 (C! �§8�!k?@8 $�! '�?@(C!���.o6�������'�-�O (�'�5]x��k����x�'C!k|�(�$�8�.à8�?���?@8 -�8 6���'®­
x�'S:�'�$����)�@x�'C!%��'���; ;

� :�'yx�� 'C!%��6�8 -[|�$��@! ;%(S:�'yx����3¨N��'}(�6�'�9��"��:�; $�&
'}(S:"���"��� ;
ü�ýØ¡�éÙ� �³; 132Ë��5���� v -�8�#%$�8��"��(�(�-���! ����O,��! ;>?���?)0/132Ë��5����©(S:�'yx���­

�3¨N'�5�8%O �@x��<¶
V (S) = {x ∈ R

S : x(S) ≤ v(S)},
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5]x�' x(S) =
∑
i∈S

xi

;Åô �"��$���9"� V (S) ¶�5���6�'���6�:�8 (�?@8 (C! ;�O
R

S (�$�8 ��-���:�; �
eS

.�5]x�' e = (1, 1, . . . , 1)
;�4 ��?)� &7:�8>! 8�:�; ?@8%��! 8%8�! -�'���'�$�8�.�-�8�#%$�8>=�?�O �9­

O,��:�'�$�! $�8%8 6���'yx�'S:���! ;�0/132¯��5���� .�6�8�:���5S��|

V (S) = {x ∈ R
[S] : x(S) ≤ v(S)}.

ÿ � ù ¡ è � ����¢"� å � ò � ñ �³; ~ ��� ��! �"��#%$�8 <�(+*,'�-�8 < n :���9�$"����&
O,��'C! (�|�6"�Ê­
�"� (q, Q) .WO�?@8�! 8 ��8 < q ∈ R

N |�O�:"|�'C! (�|�! 8 ��?@8 <�ACBED�BGF,AkH�F"J�. Q ⊂ R
N �

N = {1, 2, . . . , n}
;�Ü $�! '���6���'C!���9���|�!���?@8 <�6"����&Þ(S:�'yx����3¨z��|�¶¦'�(S:�����5®­

��8 ?���x�'�<�(C! O����3!�(���-�8 (C! 8�|�! 'S:�; $�8�.L! 8�'yx���$�(C! O '�$�$�&
-�O 8���-�8�#%$�&
-¸��(®­
*,8�x�8 -¬|�O�:"|�'C! (�|�O '�?�! 8 � q .�x����3¨N��<�6�8�:�'C��$�8 (C! ;±��O &
��5���&�M�� qi ��5���8 ?��
i = 1, 2, . . . , n

;�º (S:�� 
���� ��5���8 ?��©?@8 8 6�'����������3! (�|�.�! 8N6�8�! '�$�9��"��:�; $�8zO 8��&­
-�8�#z'�$�:���� 8 <���(+*,8�xË����-�$�8�#z'�(C! O,� Q

; � ¹ (�'�6���8 -�'C#>�@! 8 ��$�&
'�?@8,��:��9­
9����z!���?�#z'
6�����O 8�x�|�!�! 8�:�; ?@8�?z��(+*,8�x�� q � ;,� 8 8�! O 'C! (C! O����3¨z��|�0/132���5��"�
8 6���'yx�'S:"|�'C! (�|�(S:�'yx����3¨N��-�8 � �"����8 -õ¶

V (N) = {x ∈ R
N : (C�@¨N'�(C! O�� 'C! y ∈ Q !���?@8 <�.���! 8 x ≤ y},

V (S) = {x ∈ R
[S] : xi ≤ qi

x":"|�:���� 8 5�8 i ∈ S}, S 6= N.

� e�ikmW¼�½W¼�mW¾WqW¼�wW¿�ÀoÁ�wWÂ�r��,pàn ¾Wj�n,n%v[ÀWÄ�Æ)Ç}i qWÉ�m
¹ =C! 8 -��"���Sx�'S:�'7-�&§$"��6�8 -�$���-�?��"��! ?@8I8 6���'yx�'S:�'�$���'�6���8 6�8 ��9���8 $"��:�;	­

$�8 5�8N=�?@(�9�'�(�(��{x":"|�(S:"���"��|©0/132Í��5�����6�����O 'yx�'�-�'�5�8N(�O 8 <�(C! O,����6�8�x���8 �	­
$�8 '����C:�8�#z'�$���'{-�8�#%$�8�$"��<�! �)Ok® 8 . A�° ."�N!���?�#z'{Ok® >�° � ;
� e s e����àwWpW¾WqWq	�,pàn ¾Wj�n,n ¿�q�½WmW¼�n�
�mW¿�won�
�u�¼

GN+

·k& �"��(�(�-���! ����O,��'�-Î6���8 (C! �"��$�(C! O 8
GN+

O (�'S*ªÐ�$�8 ��-���:�; $�8	­K6�8 ��8�#ñ­
x�'�$�$�&7*�Ñ±0/132���5���¶@5������ 8}5�8 O 8 �,|�����8 ��-���:�; $�8 '38 6���'yx�'S:�'�$���'�����x�'C!�x��Ê­
$�8k$���#z'��S.Å��5��"� V :�'C#%��!kO

GN+
.à'�(S:��h?���#zx�8 '�-�$�8�#z'�(C! O 8 V (S) ?@8 -�­

6"��?�! $�8h6�8 ��8�#zx�'�$�8�.�(�8�x�'��,#%��!�í = (0, . . . , 0) O�?�����'�(C! O '�8�! $�8 (���! 'S:�;	­
$�8zO $��@! ��'�$�$�'�<k! 8 ��?����©(�8 O 6"��x���'C!�(I��(���'���6�&
O,���3¨N'�<)8 � 8�:�8 ��?@8 <©(�O 8 '�<
Ð�6�8�:�8�#%��! 'S:�; $�8 <)�"��(C! ��Ñ V+(S) = V (S) ∩ R

[S]
+

;
2 :"|�*@���"��?�! '���������9�����(�8 8�! O 'C! (C! O����3¨N'�5�8�0/132�=�?@(�9�'�(�(��z-�&�O O 8�x���-

6�|�! ;>��?@(���8 -h¶%��?@(���8 -�&�$�'�6���'���&
O $�8 (C! ��.���$�O,�����"��$�! $�8 (C! �k8�! $�8 (���! 'S:�;	­
$�8§MN?���:Ø����:���-���(CM}!���� 8 O�����-�'���'�$���|�6�8�:�'C��$�8 (C! ���S.L��?@(���8 -�&
�����õ­��
�����z­K��$�O,�����"��$�! $�8 (C! ������?@(���8 -[��6���8 6�8 ��9���8 $"��:�; $�8 (C! ��x":"|±132Ó��5���.
?@8�! 8 ��&
'h8 6���(�&
O,���3!±#z'S:���! 'S:�; $�&
'�(�O 8 <�(C! O,�±�/��$�?�9�����=�?@(�9�'�(�(�� ; ~ ?9­
(���8 -���$�'�6���'���&
O $�8 (C! �¬�@! O '��,#zx���'C!�.I��! 8�=�?@(�9�'�(�(���?@8,��:���9������%x�8�:"#z'�$



c = d%egfhe[ikj@lWj@mon pWqWr

� &�! ;/$�'�6���'���&
O $�&
-�8�! $�8 (���! 'S:�; $�8 x � V ;�Ü $�O,�����"��$�! $�8 (C! ;�8�! $�8 (���! 'S:�;	­
$�8zMN?���:)! ��'���� 'C!�.���! 8 � &�=�?@(�9�'�(�(}$�'I����O ��(�'S:�8�!�! 8 5�8�.�?���?���|�MN?���:��zO &n­
� �"��$"�/x":"|©����-�'���'�$���|�6�8�:�'C��$�8 (C! � ; ~ ?@(���8 -�&������õ­��������z­K��$�O,�����"��$�!	­
$�8 (C! ���@! O '��,#zx����3!�.à��! 8�=�?@(�9�'�(�(�&�Ð���5���&n­K6�'���'�(�'���'�$���|�Ñ (V = V1 ∩ V2)�¬Ð���5���&n­K8 ���Å'yx���$�'�$���|�Ñ (V = V1 ∪ V2)

x�8�:"#%$�&Î8 6���'yx�'S:"|�! ; (�|�.7(�8 8�!	­
O 'C! (C! O '�$�$�8�.�-���$���-[��-�8 -��%-���?@(���-[��-�8 -�=�?@(�9�'�(�(�8 O���5��9­K?@8 -�6�8 $�'�$�! ; 0��Ê­
?@8 $�'�9�.���?@(���8 -��z6���8 6�8 ��9���8 $"��:�; $�8 (C! �©x":"|k132Ë��5���! ��'���� 'C!�.���! 8 � &�x":"|
0/132Í��5���&/.�(�8 8�! O 'C! (C! O����3¨N'�<)132Í��5���'�.�=�?@(�9�'�(�(/(�8 O 6"��x���:�(�6���8 6�8 ��9��9­
8 $"��:�; $�&
-�=�?@(�9�'�(�(�8 - ;

Ï¦! ��6�|�! ;h��?@(���8 -ª8�x�$�8���$"����$�8�����x����3!±��� � � � �� "¡ ��¢"����£,¢"��ê���ç@�   �����
hS(V, x) ."8 6���'yx�'S:"|�'�-�&
<���8 ��-[��:�8 <

hS(V, x) = 1/γ(V (S), xS),

5]x�' γ(W, .) ¶ ç,��� ¡ ù � ��
���	�¢"� å ø ó ¢"ç  "¡�åÍ����:�� ç,��� ¡ ù � ��
���	�¢"� å ø ó ¢"ç  "¡�å
� ¡ ¢"ç@��
��Cç@� é � ��-�$�8�#z'�(C! O,� W ¶

γ(W,x) = inf{λ > 0 : x ∈ λW}.

Ü !���?�.à8 6���'yx�'S:���-Í��$�! '���'�(C���3¨N'�'©$"��(>6���8 (C! �"��$�(C! O 8)��5��
GN+

��8 �9­
-���:�; $�8 ; 0/132Ú��5��"� V ∈ GN+

! 8 5]x�����! 8�:�; ?@8�! 8 5]x���.[?@8 5]x��)x":"|�O (�'S*
S ⊂ N

��°,� V (S) 6�8�:�8�#%��! 'S:�; $�8z6�8 ��8�#zx�'�$�8�.@! ; ' ; V (S) = (V (S)∩R
[S]
+ )−R

[S]
+� V+(S) = V (S) ∩ R

[S]
+

|�O�:"|�'C! (�|�?@8 -�6"��?�! $�&
-Ú-�$�8�#z'�(C! O 8 -
.L�
?���#zx�&
<�:"��� Lx = {λx : λ ≥ 0} . x 6= í�6�'���'�(�'�?���'C!�5��"��$���9��
-�$�8�#z'�(C! O,� V (S) $�'�� 8�:�'�'�8�x�$�8 5�8>�"����� ;

������í�|�O�:"|�'C! (�|{O $��@! ��'�$�$�'�<{! 8 ��?@8 <{-�$�8�#z'�(C! O,� V ∧(S) = V (S)+R
[N\S] ;

·k$�8�#z'�(C! O 8 V (S) ⊂ R
[S] ����x�'�-k$"����&
O,��! ;{¡�éÙ� ��
�� ñ�� ��� ñ ¢����Í���Cè�
�� ñ/.

'�(S:��)8 $�8���x�8 O�:�'C! O 8 �,|�'C!%� (S:�8 O ��|�-Ë��°,�7������� ; 2/��8 (C! �"��$�(C! O 8%O (�'S*k��5���8	­
O &7*§6�8�x�-�$�8�#z'�(C! O

R
[S] .Å��x�8 O�:�'C! O 8 �,|��3¨N��*§� (S:�8 O ��|�-¸��°,�/�������S.W����x�'�-

8 � 8���$"���"��! ;>��'���'C�
G

S
N+

;
´ ��'�O �@x�$�8�.L��! 8�?���#zx�8 '�-�$�8�#z'�(C! O 8 V+(S) |�O�:"|�'C! (�| ¢�� �@ñ ����£,¢"� ñ

-�$�8�#z'�(C! O 8 -�����:��{í<­K��(���'���6�&
O,���3¨N��-)-�$�8�#z'�(C! O 8 -¦�S.�! ; ' ; '�(S:�� x ∈ V+(S)��í ≤ y ≤ x ��O
R

[S] �S.�! 8 y ∈ V+(S)
;�Ü -�'�$�$�8�O�=C! 8 -�(�-�&
(S:�'N-�&Ë����x�'�-

5�8 O 8 ����! ;z8 �z��5���' V ∈ GN+
?���?©8 ¢�� �@ñ ����£,¢�� � � � �������C¢"¢���ê�;"» (�$�8N!���?9­

#z'�.[��! 8�?���#zx�8 ' U ∈ G
S
N+

|�O�:"|�'C! (�| ú�
��yú���¢"� ñ ; � Ü (�6�8�:�;���� '�-�8 '�$"��-��
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O���°,�>8 6���'yx�'S:�'�$���'�$�'�(�?@8�:�; ?@8±(���:�; $�'�'�8 � &
��$�8 5�8�8 6���'yx�'S:�'�$���|���O 'C�Sx�­
$�8 (C! ��¶o��O 'C�Sx�$�8 '©-�$�8�#z'�(C! O 8�O 'C¨N'�(C! O '�$�$�8 5�8�O '�?�! 8 ��$�8 5�8�6���8 (C! �"��$�(C! O,�
(�8�x�'��,#%��!�O &¦x�'S:�'�$�$�&
<�=S:�'�-�'�$�!�.�9�'�$�! ��.[?@8�! 8 ��&
<�-�8�#%$�8�(�8 'yx���$���! ;�(
:���� &
-§x�����5���-±=S:�'�-�'�$�! 8 -�=C! 8 5�8z-�$�8�#z'�(C! O,�z8�! ��'C��?@8 -
."?@8�! 8 ��&
<�9�'S:��9­
?@8 -�:�'C#%��!}O�=C! 8 -§-�$�8�#z'�(C! O '�� ; ² ��-�'C! ��-
.,��! 8/x":"|N:���� 8 5�8 V (S) ∈ G

S
N+��?���#zx�8 5�8 x ∈ R

[S]
+
. x 6= í�(C�@¨N'�(C! O�� 'C!�'yx���$�(C! O '�$�$�8 '�����(S:�8 λ > 0!���?@8 '�.���! 8 λx ∈ ∂V (S)

;
» (�$�8�.���! 83'�(S:�� V1, V2 ∈ GN+

.�! 8L��5���& V1∩V2
� V1∪V2

.�8 6���'yx�'S:�'�$�$�&
'
?���?

(V1 ∩ V2)(S) = V1(S) ∩ V2(S), (V1 ∪ V2)(S) = V1(S) ∪ V2(S),

!���?�#z'/:�'C#���!>O
GN+

;
2 ��:�'�'�.�'�(S:�� V (S) ∈ G

S
N+

. A ∈ R
[S]
++

� A∗V (S) = {A∗y : y ∈ V (S)} .! 8>� A ∗ V (S) ∈ G
S
N+

;
0/'C! ����x�$�8©6���8 O '�����! ;�.���! 8�'�(S:�����5��"� V !���?@8 O,��.���! 8�x":"|k:���� 8 <�?@8	­

��:���9���� S -�$�8�#z'�(C! O 8 V (S) $�8 ��-���:�; $�8>6�8 ��8�#zx�'�$�8�.���x�8 O�:�'C! O 8 �,|�'C!������
�k8 ��:���x���'C!�! �"��x���9���8 $�$�&
- ��
���ê��Cè�
�� ñ ù��yú ó�� ��
�¢���
����Cè ¡�¶

x, y ∈ ∂V (S) ∩ R
[S]
+ , x ≥ y ⇒ x = y,

! 8 V ∈ GN+

;
� :�'yx�� 'C!�8 (�8 � 8)8�! -�'C! ��! ;�(S:"���"��<�132Î��5���&Ø�§(�8 8�! O 'C! (C! O����3¨N'�<�'�<

0/132¯��5���& ;
Ç}i qWÉ�mW¿�; 2I� (C! ; v ¶)6�8�:�8�#%��! 'S:�; $"��|�132Ø��5��"��.�! ; ' ; v(S) > 0 x":"|

:���� 8 < S ; 1o8 5]x��%(�8 8�! O 'C! (C! O����3¨}���Þ0/132Ì��5���� V ∈ GN+
-�8�#%$�8%8 6���'®­

x�'S:���! ;%(S:�'yx����3¨N��-�8 � �"����8 -

V (S) = {x ∈ R
[S]
+ : x(S) ≤ v(S)} − R

[S]
+ .

0���6�8 -�$���-Ì8 6���'yx�'S:�'�$���'��/��$�?�9�����=�?@(�9�'�(�(��§6�8 4 ��:�����.¦��x���6�! ������|
'�5�8>?k$"��MN'�-[��(S:"���"��� ;�¹ �"��(C! $�8 (C! ��.�-�&�����-�'�$���-�(�O 8 <�(C! O 8��! 
���"��O '�$9­
(C! O,��$���:��Ú$"��5��"��$���9�'©'�5�8���$"��:�8 5�8 -Î� C ′ � ;�´ 6���'yx�'S:���- ø ó ¢"ç  "¡ �"��ç@�$#
  �����]� x":"|©?@8,��:���9���� S 6= ∅ ?���?©!���?����Ë�/��$�?�9���� ES : GN+ × R

N → R
.

��! 8�¶

(A)
º (S:�� x, y∈R

N � xi =yi
x":"|©:���� 8 5�8 i∈S .�! 8Nx":"|©:���� 8 <k��5���& V

ES(V, x) = ES(V, y). � ><;E8 �
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(B)
º (S:�� x, y ∈ R

N !���?@8 O &/.o��! 8 xi < yi
x":"|�:���� 8 5�8 i ∈ S .Å! 8�x":"|

:���� 8 <k��5���& V

ES(V, x) > ES(V, y). � ><;@A �
� C ′ � 2 :"|©:���� 8 <���5���& V .

'�(S:�� x ∈ ∂V (S), ! 8 ES(V, x) = 1. � ><; > �

� D � ES(V, x) $�'�6���'���&
O $"�>6�8>8 � '���-±6�'���'�-�'�$�$�&
- x � V ;

�Ù·k'C! ����?��k$"�
GN+

����x���'C! (�|h(�6�8 -�8�¨N; �Ø-�'C! ����?���µ/��� (]x�8 ���{�<¶�x":"|
V,W ∈ GN+

ρ(V,W ) = max
S

δS(V (S),W (S)),

6�������'�-)-�'C! ����?��
µ/��� (]x�8 ���{� δ 8 6���'yx�'S:"|�'C! (�|}(S:�'yx����3¨N��-�8 � �"����8 - ; 2I� (C! ;
A � B ¶N6�8�x�-�$�8�#z'�(C! O,�

R
S .,! 8 5]x�� δS(A,B) = max(l(A,B), l(B,A)) .,5]x�'

l(A,B) = sup{d(x,B) : x ∈ A},

� d ¶�'�O ?�:��@x�8 O,��-�'C! ����?��,� ;
B ��x�'�-¸5�8 O 8 ����! ;�.���! 8 ES

¢��kú�� 
 ¡ � ¡ è ��è%� ��ó@éy¡�ò ç@�y��� ¡" "¡ ê .�'�(S:��
x":"|k:���� &7*�x�O��,*���5�� V � W !���?���*�.���! 8 V (S) = W (S) .���x":"|k:���� 8 5�8
x ∈ R

N ��-�'�'C!%-�'�(C! 8%�"��O '�$�(C! O 8 ES(V, x) = ES(W,x)
;

·k&�8 5��"��$�������O,��'�-�(�|>�"��(�(�-�8�! ��'�$���'�-�! 8�:�; ?@8�$�'�8�! ����9"��! 'S:�; $�&7*>O '�?9­
! 8 ��8 O x .�6�8 (�?@8�:�; ?��z:���� 8 '3�"������-�$�8 '���'CMN'�$���'I��5���& V ∈ GN+

.@?@8 $�'���$�8
#z'�."x�8�:"#%$�8�� &�! ;©$�'�8�! ����9"��! 'S:�; $�&
- ; ·k&¯�"��(�(�-���! ����O,��'�-�! 8�:�; ?@8�=�?@(®­
9�'�(�(�&/.�$�')����O ��(�|�¨N��'�8�!�x�����5���*�?@8,��:���9���<�.7��6�8 =C! 8 -[� .76�����$���-���|�O 8
O $���-���$���'�(�O 8 <�(C! O 8)���/�S.�����x�'�-§x���:�'�'��"��(�(�-���! ����O,��! ;>�/��$�?�9����k=�?@(�9�'�(®­
(���."?���?k�/��$�?�9����)$"�

G
S
N+ × R

[S]
+

����:��
G

S
N+ × R

N
+
� ;

0���-Í6�8 $"��x�8 ��|�! (�|h!���?�#z'%(S:�'yx����3¨N��'©8 � 8���$"����'�$���|�¶ IR(V ) = {x ∈

V (N) : ∀i ∈ N xi ≥ yi
x":"|©?���#zx�8 5�8 y ∈ V (i)} ¶%-�$�8�#z'�(C! O 8���$@x���O �@x���­

��:�; $�8��"��9���8 $"��:�; $�&7*�! 8 ��'�?)O���5���' V ë
GR(V ) = {x ∈ V (N) ¶�$�'�(C�@¨N'�(C! O�� 'C! y ∈ V (N) !���?@8 5�8�.à��! 8 y > x} ¶
-�$�8�#z'�(C! O 8���(S:���� 8@�78 6�! ��-���:�; $�&7*k6�8>2�����'C! 8>! 8 ��'�?kO>��5���' V ë
C(V ) = {x ∈ V (N) ¶[$�'�(C�@¨N'�(C! O�� 'C! S . y ∈ V (S) !���?���*�.[��! 8 yi > xi

∀i ∈ S} ¶ c ­E|@x���8���5���& V
;

0���?@8 $�'�9�.�$"��6�8 -�$���-�8 6���'yx�'S:�'�$���' n ­E|@x��"�}�©6���'yx�­ n ­E|@x��"�}��5���&Ì��(�- ; .
$"��6�����-�'���.W® >�° � ;
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2I� (C! ; {ES}S
¶>$�'�?@8�! 8 ��8 '/(�'�-�'�<�(C! O 8>�/��$�?�9���<©=�?@(�9�'�(�(���."��6�� (C! ; X|�O�:"|�'C! (�|�����-�?�$��@! &
-�6�8�x�-�$�8�#z'�(C! O 8 -

R
N
;�2 :"|k:���� &7* x ∈ X ����5���&

V 8 6���'yx�'S:���-�O '�?�! 8 � θ(x) (S:�'yx����3¨N��-�8 � �"����8 -õ¶

θ(x) = θ(V, x) = (ES1(V, x), . . . , ES2n (V, x)),

5]x�'��"���C:�����$�&
'�=�?@(�9�'�(�(�&4�"��(�6�8�:�8�#z'�$�& O�6�8 �,|@x�?@'���� &
O,��$���|¯��$�'�O 8��&­
�"��(C!���$���|�� ;�4 8 -�6�8 $�'�$�! & θ(x) ?@8 ����'�?�! $�8�8 6���'yx�'S:�'�$�&ß�Í����-�'�$�|��3! (�|
$�'�6���'���&
O $�8)x":"|�Ð�*,8 ��8�MN��*�Ñª�/��$�?�9���<�=�?@(�9�'�(�(�� ;�B ��x�'�-Ë5�8 O 8 ����!�.[��! 8
θ(x) :�'�?@(���?@8 5��"��������'�(�?���-�'�$�;�MN'�.���'�- θ(y) . θ(x) ≺lex θ(y)

."'�(S:��)(C�@¨N'®­
(C! O�� 'C!�!���?@8 'N$"��!����"��:�; $�8 'z����(S:�8 q .���! 8 θi(x) = θi(y)

x":"|�O (�'S* i < q �
θq(x) < θq(y)

;
N ­E|@x���8 -±��5���& V ��8�! $�8 (���! 'S:�; $�8 X ��x���$�$�8 5�8�(�'�-�'�<�(C! O,�%�/��$�?�9���<

=�?@(�9�'�(�(�� {ES}S
�}¶�-�&�8 � 8���$"���"��'�-«'�5�8���'���'C� N(X, V ) ¶±$"����&
O,��'C! (�|

-�$�8�#z'�(C! O 8�O '�?�! 8 ��8 O�O X .àx":"|�?@8�! 8 ��&7*�(�8 8�! O 'C! (C! O����3¨N��'�O '�?�! 8 �"� θ|�O�:"|��3! (�|�:�'�?@(���?@8 5��"��������'�(�?���$"����-�'�$�;�MN��-���."! ; ' ;

N(X, V ) = {x ∈ X : θ(x) �lex θ(y)
x":"|�O (�'S* y ∈ X}.

º (S:�� X = IR(V ) ∩GR(V ) .�! 8 N(X, V ) := N(V ) $"����&
O,��'C! (�| n ­E|@x���8 -��5���& V
;�º (S:�� X = GR(V ) .,! 8 N(X, V ) := PN(V ) $"����&
O,��'C! (�|���� �$�&# n #å � � � ñÎ��5���& V

;
� e á e('�pàn qW¼*)/ÂÓq�½WmW¼�½W¼�mW¾WqW¼�wW¿�ÀoÁ�wWÂ�r��,pàn ¾Wj�n,n

Ü !���?�.�$"��Mz�
9�'S:�;7¶I8 � 8 ��¨N'�$���'�6���8 6�8 ��9���8 $"��:�; $�8 5�8L=�?@(�9�'�(�(�� v(S)/x(S)$"�}0/132���5���& ; 2I� (C! ; HS
¶��/��$�?�9���|%=�?@(�9�'�(�(���.�! ; ' ; HS : G

S
N+×R

[S]
+ →

R
;�¹ O 'yx�'�-�6�|�! ;z(S:�'yx����3¨N��*)��?@(���8 -�����! 8 � &�$�'�(�?@8�:�; ?@8z��6���8 (C! ��! ;>8 � 8	­

��$"����'�$���|�.�-�&�����x�'�-�6���(���! ; V O -�'�(C! 8 V (S) � ;Ækj@½WmWj@mWÂ�u�wW¼�n�
�Áo;
HS(V, x) $�'�6���'���&
O $"�k6�8�8 � '���-�6�'���'�-�'�$�$�&
- V� x 6= í ;

+kwWu�¿�mWqW¿�w,
�wW¼�n�
�Áª¼*
�wW¼�n q,
�j,ÀoÁ�wW¼¯Ã�p�¿�Àn;�º (S:�� V ∈ G
S
N+

. A ∈

R
[S]
++

� A ∗ V = {A ∗ y : y ∈ V } .�! 8

HS(A ∗ V,A ∗ x) = HS(V, x).

-/.1032�qWwWu�¿�mWqW¿�w,
�wW¼�n�
�Áo; 2I� (C! ; V1, V2 ∈ G
S
N+

.�! 8 5]x��

HS(V1 ∩ V2, x) = min{HS(V1, x), HS(V2, x)}.
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-547682�qWwWu�¿�mWqW¿�w,
�wW¼�n�
�Áo; 2I� (C! ; V1, V2 ∈ G
S
N+

.�! 8 5]x��

HS(V1 ∪ V2, x) = max{HS(V1, x), HS(V2, x)}.

ikmW¼�½W¼�mW¾WqW¼�wW¿�ÀoÁ�wW¼�n�
�Á�v[ÀWÄ¸Ç}i qWÉ�ml;¦º (S:�� V ∈ GN+
(�8 8�! O 'C!	­

(C! O�� 'C!©6�8�:�8�#%��! 'S:�; $�8 <k132¯��5���' v .�! ; ' ;

V (S) = {x ∈ R
[S]
+ : x(S) ≤ v(S)} − R

[S]
+ ,

! 8 5]x�� HS(V, x) = v(S)
x(S)

;
2I� (C! ; V ∈ GN+

¶�6���8 ����O 8�:�; $"��|���5��"� ;o´ 6���'yx�'S:���-Í�/��$�?�9���� hS :

G
S
N+ × R

N
+ → R

(S:�'yx����3¨N��-�8 � �"����8 -õ¶

hS(V, x) = 1/γ(V (S), xS), � ><; c �
5]x�' γ(W, y) = inf{λ > 0 : y ∈ λW} ¶�?���:���� ��8 O 8 ��$"��|h�/��$�?�9���|�����:��
?���:���� ��8 O 8 ��$"��|N�/��$�?�9���|�·k��$�?@8 O (�?@8 5�8@�W-�$�8�#z'�(C! O,� W ��(�- ; .�$"��6�����-�'���.
® c ° � ;
Ç7j@¼�mWj9)/¿ � e s e;: ó ð����Cè�
 ó �Cè �$� ¡ ¢��Cè�
��C¢"¢"� å ø ó ¢"ç  "¡�å ��ç@�   �����]� HS :

G
S
N+ × R

N
+ → R < ó ����
����Cè�
�� ��å �
ðz� å ��ç@� ¡ � ñ � ñ ¢�� ��� � � ��
�¢����Cè ¡ < ¡ ¢=#
�� ��¡ ��¢"èz¢����Cè ¡ ��èz¢���� ¡ è�����£,¢��I¤zç,��� <?>A@CB # <D>AEGF # ¡ ¢�
�� ��¡ ��¢"èz¢����Cè ¡%¡

��� � � � �� "¡ ��¢"����£,¢����Cè ¡ �C� å�ü�ýÍ¡�éÙ� < ����¡ 	�� ñ HS = hS < é ��� hS

� ��� �$�������C¢"�
� � � ñ ��ðz£,�IHKJ9L M�N�L

4 8 -�-�'�$�!��������{6�����O 'yx�'�$�$�&7*{O &�MN'¦��?@(���8 -
.Sx�8 ?�������! 'S:�; (C! O 8�=C! 8 </! '�8	­
��'�-�&/.[��!���?�#z'%(�O 8 <�(C! O,�)6���8 6�8 ��9���8 $"��:�; $�8 5�8�=�?@(�9�'�(�(���.o$�'�?@8�! 8 ��&
'©���
?@8�! 8 ��&7*)-�&���6�8 -���$"��'�-�$���#z'�."-�8�#%$�8�$"��<�! �kO)® A�° ��(�- ; !���?�#z'>® >�° � ;

� e � e¦d}u�¼�ron�
�u�¿�½WmW¼�½W¼�mW¾WqW¼�wW¿�ÀoÁ�wW¼�É�¼O�,pàn ¾Wj�n,n ¿
·k&�$�'�6�����O 8�x���-��Sx�'�(�;�(�8 8�! O 'C! (C! O����3¨N��<%6���8 6�8 ��9���8 $"��:�; $�8 -[�N=�?@(®­

9�'�(�(C�>��$"��:�8 57! '�8 ��'�-�& 4 ��:�����® =�° 6�8�:�$�8 (C! ; �}.@�I(���8 ��-[��:������ '�-�:���MN;/!��
'�'{�"��(C! ;�."?@8�! 8 �"��|k?���(���'C! (�| n ­E|@x��"����6���'yx�­ n ­E|@x��"� ;
Ç7j@¼�mWj9)/¿ � e á e ý{ó �Cèz£

{hS}S P ��� ñ �Cê��Cè�
�� ��� � � � �� "¡ ��¢"����£,¢"� ò ��ç@�   ���$#
����
 ¡ V ∈ GN+

L ü � é ���
Q NSR���� ¡ IR(V )∩GR(V ) 6= ∅ < è��

N(V ) 6= ∅ ¡ �����Cè�� ¡ è ¡ ú/ç@��¢��C	�¢�� é �
	 ¡ �����%è���	��CçTL
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U N3V�� å ���
ù���ê ¡�éÙ� � V PN(V )
¢�� �"ó �Cè�� ¡ �����Cè�� ¡ è ¡ úhç@��¢��C	�¢�� é �

	 ¡ �����%è���	��CçTL
� 6��"��O 'yx":���O &Í(S:�'yx����3¨N��'}6���'yx":�8�#z'�$���| ;

ikmWj�v[Ào¼TW�j@wWqWj � e s e ý{ó �Cèz£
V, V

′

∈ GN+ P èz��ç ¡ � û�ü�ýÈ¡�éÙ� � < 	�è��
V (N) = V

′

(N) ¡ V ′

(S) = aV (S), ∀S 6= N
�C� å ¢��Cç@��è�� � � é � a > 0

L ü � é ���
x ∈ PN(V ) ⇔ x ∈ PN(V

′

) < é ��� PN(V ) P ��� �$�&# n # å � � � ¡�éÙ� � V
L

ý
��¡�ñ � � ><;E89L 2I� (C! ; V ∈ GN+
¶z� 'C������8 O $�'�O,��|%����� ��! �"��#%$"��|>(+*,'�-���.@! ; ' ;

x":"|k$�'�?@8�! 8 ��8 5�8 q ∈ R
N
++

V (S) = {x ∈ R
S : xi ≤ qi

x":"|©:���� 8 5�8 i ∈ S},

x":"|§:���� 8 < S 6= N . q ∈ intV (N) .[6�������'�- V (N) 8 ��:���x���'C!�(�O 8 <�(C! O 8 -
� 'C������8 O $�'�O 8 (C! ��.���(C�@¨N'�(C! O�� 'C!�!���?@8 < x ∈ V (N) .L��! 8 x > q

; 1o8 5]x��
N(V ) = PN(V ) = λq ."5]x�' λ !���?@8 O 8�."��! 8 λq ∈ ∂V (N)

;
� :�'yx����3¨N'�'L6���'yx":�8�#z'�$���'�|�O�:"|�'C! (�|�6���8 (C! &
-�(S:�'yx�(C! O ��'�-h8 6���'yx�'S:�'®­

$���|�6���8 6�8 ��9���8 $"��:�; $�8 5�8N=�?@(�9�'�(�(��N���"��O '�$�(C! O,� γ(V, x) = γ(A ∗V,A ∗x)x":"|©:���� 8 5�8 A ∈ R
S
++

;
ikmWj�v[Ào¼TW�j@wWqWj � e á e

n
# å � � � ¡z��� �$�&# n # å � � �3ç@��
�� ��¡ ��¢"èz¢"����èz¢���� ¡ è�����£X#

¢�� ñ � �C¤zèz��ù���
 ¡ ú ñ � � �C¢ ¡�å§� �����yú�¢����Cè��Cê < èYL���L¦����� ¡ A ∈ R
N
++ < è��8�C� å

���
ù���ê
V ∈ GN+ < N(AV ) = A ∗ N(V ) < ¡ PN(AV ) = A ∗ PN(V ) < é ���¡�éÙ� � AV � ��� �$����� å �Cè�� å�� � 
��C¢��Cè�
�� ñ

AV (S) = A ∗ V (S)
�C� å ���
ù���ê

S.
Z e\[^]`_*]�aDbdcXa^e=2�½WmW¼�½W¼�mW¾WqW¼�wW¿�ÀoÁ�wW¼�j�mWj@Ã�j@wWqWj�v[ÀWÄ�¿�mWã�q,
�mW¿fW�wWÂzÊ
n�Ê�j9)

¹ 6�����O 'yx�'�$�$�8 -¯O &�MN'©6�����-�'���'©-�&Ø6�8 ?�������:���.o��! 8kx":"|�� 'C������8 O $�'®­
O 8 <§����� ��! �"��#%$�8 <h(+*,'�-�&¸(>6�8�:�8�#%��! 'S:�; $�8 <h! 8 ��?@8 <±ACBED�BGF,A�H�F"J n ­E|@x���8��6���'yx�­ n ­E|@x���8§6���'yx�(C!���O�:"|��3!�(�8 � 8 <�8 6�! ��-���:�; $����46�8�2�����'C! 8h! 8 ��?�� .
6���8 6�8 ��9���8 $"��:�; $����×! 8 ��?@'�ACBED�BGF,AhH�F"J ;LÔ ��(�(�-�8�! ����-Ú=C! 8������ ��! �"��#%$�8 '
��'CMN'�$���'}6�8�x���8 � $�8 ;

B ��x�'�-�(�����!���! ;%x���:�'�'�.���! 8�?���#zx���|������ ��! �"��#%$"��|)(+*,'�-�� (q, Q) ��x�8	­
O�:�'C! O 8 �,|�'C!�(S:�'yx����3¨N��-�� (S:�8 O ��|�-õ¶
��°,� Q ⊂ R

N
+

|�O�:"|�'C! (�|�?@8 -�6"��?�! $�&
-±�©$�8 �"��-���:�; $�&
-��Gí<­K��(���'���6�&
O,����­
¨N��-¦�[-�$�8�#z'�(C! O 8 -
. ! ; ' ; ��� x ∈ Q . y ∈ R

N
+
.,� x ≥ y (S:�'yx�� 'C! y ∈ Q;
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����� Q ¶�� 'C������8 O $�'�O 8 '{-�$�8�#z'�(C! O 8�.�! ; ' ;

x, y ∈ ∂Q, x ≥ y ⇒ x = y;

��¹�� q ≥ 0
�k(C�@¨N'�(C! O�� 'C!©!���?@8 < x ∈ Q ."��! 8 x > q

;
´ � 8���$"������-¬(�'�-�'�<�(C! O 8�O (�'S*������ ��! �"��#%$�&7*§(+*,'�-¯(%-�$�8�#z'�(C! O 8 -Ë��5®­

��8 ?@8 O N �k��x�8 O�:�'C! O 8 �,|��3¨N��*�(�O 8 <�(C! O,��-Ë��°,�Ù¶���¹��
��'���'C� ΩN
;�º (S:��)#z'�O

(�O 8 <�(C! O '§��¹��}! ��'���� 'C! (�| q > 0 .[! 8�(�8 8�! O 'C! (C! O����3¨N'�'�(�'�-�'�<�(C! O 8§����x�'�-
8 � 8���$"���"��! ;>��'���'C� ΩN

+

;
~ ��� ��! �"��#%$�&
-���'CMN'�$���'�- F $"� Σ ⊂ ΩN $"����&
O,��'C! (�|§8�! 8 � �"��#z'�$���'

F : Σ → R
N
+
.�?@8�! 8 ��8 ')(C!���O ��!§O�(�8 8�! O 'C! (C! O ��'�?���#zx�8 <������ ��! �"��#%$�8 <

(+*,'�-�' (q, Q) ��� Σ '�'���'CMN'�$���' F (q, Q)
;

2 :"|©����� ��! �"��#%$�8 <©(+*,'�-�& (q, Q) ∈ ΩN
+

8 6���'yx�'S:���-���'CMN'�$���' PS (S:�'®­
x����3¨N��-�8 � �"����8 -õ¶"6�� (C! ;

µ(q, Q) = max{t ∈ R+ : tq ∈ Q},

� PS(q, Q) = µ(q, Q)q
; Ï¦! 83��'CMN'�$���'¦����x�'�-k$"����&
O,��! ;IACBED�BGF,A
H�F"J ­K6���8 6�8 �9­

9���8 $"��:�; $�&
-���:���?��"��! ?@8 sq ­K6���8 6�8 ��9���8 $"��:�; $�&
-¯����! 8 � &Ë8�!�:����"��! ;�'�5�8
8�!���6�8 -[|�$��@! 8 5�8%O &�MN'{6���8 6�8 ��9���8 $"��:�; $�8 5�8>��'CMN'�$���| 4 ��:�����® :�° � ;

2I� (C! ; F ¶)����� ��! �"��#%$�8 '{��'CMN'�$���' ;àÔ ��(�(�-�8�! ����-�(S:�'yx����3¨N��'���?@(���8	­
-�& ;

â�½,
�q,)/¿�ÀoÁ�wW¼�n�
�Á�½W¼�ik¿�mWj9
�¼hgji;k7l�e
F (q, Q) ∈ πQ .W5]x�' πQ 8 � 8	­

��$"���"��'C!%-�$�8�#z'�(C! O 8%8 6�! ��-���:�; $�&7*k6�8>2�����'C! 8>! 8 ��'�?k-�$�8�#z'�(C! O,� Q ;
mk¼�u�¿�mWqW¿�w,
�wW¼�n�
�Á�¼*
�wW¼�n q,
�j,ÀoÁ�wW¼�Ã�p�¿�Àngpo,qrl�e 2I� (C! ; λ ∈ R

N
++

;
1o8 5]x��{x":"|©:���� 8 <)����� ��! �"��#%$�8 <�(+*,'�-�& (q, Q)

F (λ ∗ q, λ ∗Q) = λ ∗ F (q, Q),

5]x�' ∗ 8 � 8���$"���"��'C!%6�8 ?@8 8 ��x���$"��! $�8 '���-�$�8�#z'�$���' ;
'�wW¼�wWq,)/wW¼�n�
�Ásg`430tl�e�º (S:�� τ ¶©6���8 ����O 8�:�; $"��|k6�'���'�(C!���$�8 O ?���-�$�8	­

#z'�(C! O,� N ."! 8
F (τ ∗q, τ ∗Q) = τ ∗F (q, Q),

5]x�' τ ∗ ¶©=C! 8>6���'�8 � �"����8 O,��$���'
R

N ."��$@x���9�����8 O,��$�$�8 ' τ .�! ; ' ;

τ ∗(x) = (xτ(1), . . . , xτ(n)).

d}qÅÀoÁ�wW¿�Äu)/¼�wW¼*
�¼�wWwW¼�n�
�ÁvgpoD-hl�e�º (S:�� Q
′

⊃ Q .
! 8 F (q, Q
′

) ≥

F (q, Q)
;

� :�'yx����3¨N'�'}6���'yx":�8�#z'�$���'{(S:�'yx�� 'C!©$�'�-�'yx":�'�$�$�8%���{8 6���'yx�'S:�'�$���| ;
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ikmWj�v[Ào¼TW�j@wWqWj Z e s e
SQ
# ��� � � � �� "¡ ��¢"����£,¢���� � �C¤��C¢ ¡ � ó ����
����Cè�
�� ��å �Cè

��ç@� ¡ � ñ � ñhwyx <{z,|,<^@\F ¡ z}> L
Ç7j@¼�mWj9)/¿ Z e s e

SQ
# ��� � � � �� "¡ ��¢"����£,¢���� � �C¤��C¢ ¡ � å 
�� å �Cè�� å �$� ¡ ¢��Cè�
��C¢=#

¢"� ñ«� �C¤��C¢ ¡ � ñ ¢"�
ΩN

+ < ó ����
����Cè�
�� ��å �
ð ¡�ñ ��ç@� ¡ � ñ � ñnwyx <�z,|,<~@\F ¡
z}> L
V���ç,��ú���è�����£@�Cè�
���L 2I� (C! ; F ¶������ ��! �"��#%$�8 'k��'CMN'�$���'�.���x�8 O�:�'C! O 8 �,|���­
¨N'�'N��?�������$�$�&
-Í��?@(���8 -���- ;�Ô ��(�(�-�8�! ����-�6���8 ����O 8�:�; $����Ø����� ��! �"��#%$����
(+*,'�-[� (e, Q) .�5]x�' e = (1, 1, . . . , 1)

; 2I� (C! ; x = µe .�5]x�' µ = max{t ∈ R+ :

te ∈ Q} .��k6�� (C! ; F (e, Q) 6= x
;

Ô ��(�(�-�8�! ����-������ ��! �"��#%$����Ë(+*,'�-[� (e, QΠ) ."5]x�'

QΠ =
⋃

τ∈Π

τ ∗Q,

� Π 8 � 8���$"���"��'C!�-�$�8�#z'�(C! O 8�O (�'S*�6�'���'�(C!���$�8 O 8 ?k-�$�8�#z'�(C! O,� N ;�´ ��'�O �@x�­
$�8�.���! 8©-�$�8�#z'�(C! O 8 QΠ ��$�O,�����"��$�! $�8©8�! $�8 (���! 'S:�; $�8�:���� &7*�6�'���'�(C!���$�8	­
O 8 ?�-�$�8�#z'�(C! O,� N .�6�8 =C! 8 -[� F (e, QΠ) = λe x":"|�$�'�?@8�! 8 ��8 5�8 λ > 0

;�� :�'®­
x�8 O,��! 'S:�; $�8�. λe = x

;Ç2 '�<�(C! O ��! 'S:�; $�8�. (¦8�x�$�8 <}(C! 8 ��8 $�&/. x ∈ QΠ .��3([x�����­
5�8 <�.à$�'�-�8�#z'C!�� &�! ;�.à��! 8 � & F (e, QΠ) > x, 6�8 (�?@8�:�; ?�� F (e, QΠ) ∈ τ ∗Qx":"|�:���� 8 <�6�'���'�(C!���$�8 O ?�� τ .
$�8 µe ∈ τ ∗Q x":"|�:���� 8 < τ .3��6�8 =C! 8 -[�
µ 6= max{t ∈ R+ : te ∈ Q}

;
2/8 (�?@8�:�; ?�� QΠ ⊃ Q .Å! 8 x = F (e, QΠ) ≥ F (e, Q)

;o´ x�$"��?@8±��O)(���:"�
� 'C������8 O $�'�O 8 (C! ����=C! 8)O 8���-�8�#%$�8�! 8�:�; ?@8�.Å'�(S:�� F (e, Q) = x

; 2/8 (�?@8�:�; ?��
Q O &
� ���"��:�8 (�;�6���8 ����O 8�:�; $�8�.o! 8������} Ø(S:�'yx�� 'C!�x�8 ?�����&
O,��'�-�8 '©�@! O '��9­
#zx�'�$���' ;

­{'�5�?@8�O �@x�'C! ;�.I��! 8�O�6�����O 'yx�'�$�$�8 <Ë! 8�:�; ?@8���! 8�! '�8 ��'�-�'±��?@(���8 -[�
(���:�; $�8 <�-�8 $�8�! 8 $�$�8 (C! ���}�Ó-�8�#%$�8}����-�'�$���! ;%��?@(���8 -�8 <©$�'C����O ��(���-�8 (C! �
8�!>6�8 (C! 8 ��8 $�$���*���:�;�! '���$"��! ��O8�`�K� ;

Ækj,ä@¿�u�qon q,)/¼�n�
�Á>¼*
z½W¼�n�
�¼�mW¼�wWwWqÅÊk¿�ÀoÁf
�j@mWwW¿}
�qWutgj.�.14�l�e�2 :"|/:���­
� &7*������ ��! �"��#%$�&7*�(+*,'�- (q, Q), (q, Q′) ∈ ΩN .�'�(S:�� Q′ ⊂ Q � F (q, Q) ∈

Q′ .�! 8 F (q, Q′) = F (q, Q)
;

2/8 =C! 8 -[�©(�6��"��O 'yx":���O,��(S:�'yx����3¨z��|)! '�8 ��'�-�� ;
Ç7j@¼�mWj9)/¿ Z e á e

SQ
# ��� � � � �� "¡ ��¢"����£,¢���� � �C¤��C¢ ¡ � å 
�� å �Cè�� å �$� ¡ ¢��Cè�
��C¢=#

¢"� ñ«� �C¤��C¢ ¡ � ñ ¢"�
ΩN

+ < ó ����
����Cè�
�� ��å �
ð ¡�ñ ��ç@� ¡ � ñ � ñnwyx <�z,|,<~@\F ¡
E`E`@ L
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´ � �"��! ��-�O $���-���$���'7$"�3(S:�'yx����3¨N'�' ;,º (S:��z�"��(�(�-���! ����O,��! ;������ ��! �"��#ñ­
$�&
'z(+*,'�-�&ª( ¢ ó ����
�� ñ/¡�! 8 ��?���-��§ACBED�BGF,A>H�F"J�.�! 8©O©8 6���'yx�'S:�'�$����h����� ��!	­
�"��#%$�8 <�(+*,'�-�&�! 8 ��?��%ACBED�BGF,AIH�F"J/-�8�#%$�8/$�'���?�����&
O,��! ;}O 8 8 ��¨N'�. ��O/=C! 8 -
(S:"���"��'������ ��! �"��#%$"��|±(+*,'�-��h8 6���'yx�'S:"|�'C! (�|�! 8�:�; ?@8h-�$�8�#z'�(C! O 8 -Ëx�8 6���­
(C! ��-�&7*h��:�;�! '���$"��! ��O Q ; 2/����=C! 8 -������ ��! �"��#%$�8 'z��'CMN'�$���'>0/=CMz���Õx":"|
(�8 8�! O 'C! (C! O����3¨N��*%O &
6���?�:�&7*>�z?@8 -�6"��?�! $�&7*>����� ��! �"��#%$�&7*z(+*,'�- Q �W���Ê­
x���'C! (�|�.,?���?�����O '�(C! $�8�. ! 8 <z#z'�(���-�8 <z(���(C! '�-�8 <%��?@(���8 -
. �"������-�'�'C! (�|�.�x":"|
x�����5�8 5�8I(�'�-�'�<�(C! O,�/����� ��! �"��#%$�&7*}(+*,'�-±��(¦$���:�'�O &
-��}! 8 ��?���-��>ACBED�BGF,ALH�F"J
�kO &
6���?�:�&
-��)?@8 -�6"��?�! $�&
-���-�$�8�#z'�(C! O,��-�� Q � ;
Ç7j@¼�mWj9)/¿ Z e � e��¦�C¤��C¢ ¡ � F ó ����
����Cè�
�� ��å �CèÈ��ç@� ¡ � ñ � ñ�wyx <�z,|,<~@\F ¡
E`E`@ è�� é ��� ¡ è�����£,ç@�>è�� é ��� < ç@� é �����C� å ���
ù�� ò Q < F (Q) = NS(Q) < é ���
F\z P � � ù ¡ è � ����¢���� � �C¤��C¢ ¡ � û ��¤z� < èYL���L

NS(Q) = arg max{
∏

i∈N

xi : x ∈ Q}.

º (S:����"��(�(�-���! ����O,��! ;%6���8 ����O 8�:�; $�&
'I! 8 ?���ACBED�BGF,A}H�F"J�.�! 8}x":"|�*@���"��?9­
! '���������9���������� ��! �"��#%$�8 5�8z��'CMN'�$���|)0/=CMz�z$��@#%$�8{x�8 �,��O ��! ;�'C¨N'���?@(���8	­
-[�©?@8 O,�����"��$�! $�8 (C! ��8�! $�8 (���! 'S:�; $�8%(]x�O ��5S�Y�� ;
� � ñ �C	���¢ ¡ � c ;E89L�¹ 8 8 ��¨N'L5�8 O 8 �,|�. O (�'L(�?�������$�$�8 'LO &�MN'38 (C!���'C! (�|�O�(���:�'L�
x":"|)����� ��! �"��#%$�&7*�(+*,'�-
.�O>?@8�! 8 ��&7*k$�'�8 ��|�����! 'S:�; $�8>(C�@¨N'�(C! O�� 'C! x ∈ Q!���?@8 <�.Å��! 8 x > q

;àÔ ������-�'�'C! (�|�.oO�=C! 8 -�(S:"���"��'�! '��,|�'C! (�|§��$@x���O �@x��,��:�;	­
$"��|±�"��9���8 $"��:�; $�8 (C! ;���'CMN'�$���|�.¦�±6�8 =C! 8 -[���"��(�(�-���! ����O,��! ;§����� ��! �"��#ñ­
$�&
'�(+*,'�-�&«� 'C��=C! 8 5�8k� (S:�8 O ��|�x�8 (C!���! 8 ��$�8)� '�(�(�8�x�'��,#���! 'S:�; $�8 ;o´ x�$"��?@8
O{8 ��¨N'�-§(S:"���"��'I0/132���5��>� (S:�8 O ��|%=C! 8 5�8}! ��6"���@#z'3$�'L|�O�:"|��3! (�|%8 ��|����Ê­
! 'S:�; $�&
-�� ; 1[��?©O��"���Sx�'S:�' ì .�O>?@8�! 8 ��8 -�-�&��"��(�(�-���! ����O,��'�-�6���8�x�8�:"#z'®­
$���'�A�H�­K6���8 6�8 ��9���8 $"��:�; $�8 5�8���'CMN'�$���|h$"�©0/132Ø��5���&/.à$�'C!k8 5��"��$�����'�$���<
! ��6"����$@x���O �@x��,��:�; $�8>�"��9���8 $"��:�; $�8 <�-�8 $�8�! 8 $�$�8 (C! �)��5���& V ."�N��-�'�$�$�8�¶
V (S) × V (i) ⊂ V (S ∪ i).

� e�d}¼�É�Ào¿"n ¼�u�¿�wWwW¼�n�
�Á�b�]`_*]�aDb�cXa^e=2�½WmW¼�½W¼�mW¾WqW¼�wW¿�ÀoÁ�wW¼�É�¼ËmWj@Ã�j@wWqÅÄ
v[ÀWÄ�¿�mWã�q,
�mW¿fW�wWÂzÊ�n�Ê�j9)

² $"������! 'S:�; $"��|��"��(C! ;���?@(���8 -���! ����'�(�?@8 <�! '�8 �����±x":"|������ ��! �"��#%$�&7*
(+*,'�-¬�"����O ��O,��:���(�;kOk6���'yx�6�8�:�8�#z'�$����§����?@(�����8 O,��$�$�8 5�8)����(S:��k��5���8 ?@8 O ;
´ x�$"��?@8�.�-�8�x�'S:�;�(C�@¨N'�(C! O '�$�$�8©8 � 8 5S��! ��:���(�;%����(���'C!©O O 'yx�'�$���|)6�'���'�-�'�$9­
$�8 5�8�����(S:��©��5�'�$�! 8 O ; B &7:���(���8 ��-[��:�����8 O,��$�&¯��?@(���8 -�&/.à8 6���(�&
O,���3¨N��'
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?���?�-�8 5C�@!���:���?���?{x�8�:"#%$�&���'CMN'�$���|>��'���5�����8 O,��! ;�$"�I����-�'�$�'�$���|>����(S:��
��5�'�$�! 8 O�.��k! '�-�(���-�&
-�6�8�|�O ��:���(�;%$�8 O &
'{(���(C! '�-�&Ë��?@(���8 -
.�8 6���'yx�'S:"|���­
¨N��'%��'CMN'�$���| ; 1[��?�.�O)�"��(C! $�8 (C! ��.Å­{'�$�(�� '���5�® 8�>�° ��(�6�8�:�;���8 O,��:���?@(���8 -[�
(�8 5+:���(�8 O,��$�$�8 (C! ��x":"|�*@���"��?�! '���������9���������� ��! �"��#%$�8 5�8���'CMN'�$���|�0/=CMz� ;

2 :"|{��8 ��-[��:�����8 O ?��}(�8 8�! O 'C! (C! O����3¨N��*���'C����:�;�!���! 8 O/$"��-)6�8 $"��x�8 ��|�!	­
(�|�$�'�?@8�! 8 ��&
'�x�8 6�8�:�$���! 'S:�; $�&
'�8 6���'yx�'S:�'�$���|�.
?@8�! 8 ��&
'�-�& 6�����O 'yx�'�-
$���#z' ;
� e s e('�pàn qW¼*)/Â

2I� (C! ; N ¶I-�$�8�#z'�(C! O 83$"��!����"��:�; $�&7*}����(�'S:N�{6�� (C! ; P 8 � 8���$"���"��'C!3(�'®­
-�'�<�(C! O 8k$�'�6�� (C! &7*�.Å?@8 $�'���$�&7*�6�8�x�-�$�8�#z'�(C! O�-�$�8�#z'�(C! O,� N

; Ï�:�'�-�'�$�! &
P ����x�'�-�8 � 8���$"���"��! ;>��'���'C� N,N ′, . . .

; ·k$�8�#z'�(C! O 8 N -�8�#%$�8�6���'yx�(C!���O	­
:"|�! ;k(�'�� '�.à?���?�-�$�8�#z'�(C! O 8k6�8�! '�$�9��"��:�; $�&7*���5���8 ?@8 O�.Å� P ¶�=C! 8k(�'�-�'�<9­
(C! O 8�O (�'S*�6�8�x�-�$�8�#z'�(C! O�!���?���*���5���8 ?@8 O�.7?@8�! 8 ��&
'�6���'yx�6�8�:�8�#%��! 'S:�; $�8
-�8 5C�@!%(C!���! ;%���"��(C! $���?���-��)$�'�?@8�! 8 ��8 <������ ��! �"��#%$�8 <k(+*,'�-�&Ø����5���&3� ;

2I� (C! ; N ∈ P ¶�$�'�6�� (C! 8 '}?@8 $�'���$�8 '�-�$�8�#z'�(C! O 8>��5���8 ?@8 O ; 0���-±6�8 $"�Ê­
x�8 � ��! (�|�'C¨N'z8�x�$�8©8 � 8���$"����'�$���'³¶"x":"| x, y ∈ R

N ��'���'C� [x, y] ����:�� [y, x] �����x�'�-«8 � 8���$"���"��! ;§8�! ��'C��8 ?�O �@x�� [x, y] = {z ∈ R
N : z = λx + (1 −

λ)y, λ ∈ [0, 1]}
;

2 ��:�'�')-�&�����x�'�-«Oh8 (�$�8 O $�8 -«6����@x�'��,#%��O,��! ; (�|�8 � 8���$"����'�$���<�­{'�$9­
(�� '���5S��.�O $�8 (�|©ON$���*�(�8 8�! O 'C! (C! O����3¨N��'}-�8�x�������?���9�����.�6�8 (�?@8�:�; ?��%O�® 8�>�°
! 8 ��?���ACBED�BGF,ANH�F"J}¶�$���:�'�O &
' ;

2I� (C! ; N ∈ P
;�´ � 8���$"������-���'���'C� ΩN (�'�-�'�<�(C! O 8�O (�'S*������ ��! �"��#%$�&7*

(+*,'�-�(�-�$�8�#z'�(C! O 8 -���5���8 ?@8 O N .���x�8 O�:�'C! O 8 �,|��3¨N��*)(�O 8 <�(C! O,��-¬��°,�Ù¶���¹�� ;
ÿ � ù ¡ è � ����¢"� ñ�� �C¤��C¢ ¡ � ñ«$"����&
O,��'C! (�|)8�! 8 � �"��#z'�$���'

F :
⋃

N∈P

ΩN →
⋃

N∈P

R
N
+ ,

?@8�! 8 ��8 '}(C!���O ��!%O>(�8 8�! O 'C! (C! O ��'N?���#zx�8 -[� N ∈ P �k?���#zx�8 <)����� ��! �"��#ñ­
$�8 <�(+*,'�-�' (q, Q) ∈ ΩN ! 8 ��?�� F (q, Q) -�$�8�#z'�(C! O,� Q .�?@8�! 8 �"��|�$"����&
O,�Ê­
'C! (�|���'CMN'�$���'�-������ ��! �"��#%$�8 <k(+*,'�-�& (q, Q)

;
2/����O 'yx�'�-�! '�6�'���;���?@(���8 -�&/.Å?@8�! 8 ��&
'%����x��@!)��(�6�8�:�;���8 O,��! ; (�|h$���#z' ;

·k&Ë��8 ��-[��:������ '�-���*�O���8 ��-�'�.�6�8�x"*,8�x�|�¨N'�<)x":"|�(S:"���"��|�6�'���'�-�'�$�$�8 5�8
-�$�8�#z'�(C! O,�>��5���8 ?@8 O ;

â�½,
�q,)/¿�ÀoÁ�wW¼�n�
�ÁÌ½W¼¸ik¿�mWj9
�¼�gji;k7l�eC2 :"|�:���� 8 5�8 N ∈ P .¦x":"|
:���� 8 < (q, Q) ∈ ΩN ��� F (q, Q) = x (S:�'yx�� 'C!�.Å��! 8�$�'z(C�@¨N'�(C! O�� 'C! y ∈ Q!���?@8 5�8�.���! 8 y ≥ x, y 6= x

;
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2 :"|�:���� &7* N,N ′ ∈ P !���?���*�. ��! 8 |N | = |N ′| 8 � 8���$"������-���'���'C� ΓN,N ′

(�'�-�'�<�(C! O 8hO�������-�$�8	­K8�x�$�8���$"����$�&7*�8�! 8 � �"��#z'�$���< δ : N → N ′ ;�Ü $�8 5]x��
����x�'C!h��x�8 � $�8��"��(�(�-���! ����O,��! ; δ ∈ ΓN,N ′ ?���?��/��$�?�9���� ���

R
N O

R
N ′ .

8 6���'yx�'S:�'�$�$����ª��8 ��-[��:�8 < y = δ(x) ."'�(S:�� yδ(i) = xi
x":"|k?���#zx�8 5�8 i ∈ N

;
2 :"|©:���� 8 < (q, Q) ∈ ΩN 8 6���'yx�'S:���-�!���?�#z' δ(q, Q) ≡ (δ(q), δ(Q))

;
'�wW¼�wWq,)/wW¼�n�
�Á�g`430tl�e�2 :"|§:���� &7* N,N ′ ∈ P !���?���*�.���! 8 |N | =

|N ′| .@x":"|©:���� 8 5�8 δ ∈ ΓN,N ′ ��?���#zx�8 < (q, Q) ∈ ΩN

F (δ(q, Q)) = δ(F (q, Q)).

2 :"|©:���� 8 5�8 N ∈ P 8 � 8���$"������-���'���'C� ΛN (�'�-�'�<�(C! O 8�!���?���*�8�! 8 � �"�Ê­
#z'�$���<

R
N O

R
N ′ ."��! 8zx":"|©:���� 8 5�8 λ ∈ ΛN (C�@¨N'�(C! O�� 'C!�!���?@8 < a ∈ R

N
++

.
��! 8zx":"|�:���� 8 5�8 i ∈ N ��:���� 8 5�8 x ∈ R

N

λi(x) = aixi.

0���-¸����x�'C!±��x�8 � $�8�!���?�#z'���(�6�8�:�;���8 O,��! ;±(S:�'yx����3¨N��'§8 � 8���$"����'�$���|
x":"| λ ∈ ΛN � (q, Q) ∈ ΩN ¶

λ(q, Q) ≡ (λ(q), λ(Q)).

mk¼�u�¿�mWqW¿�w,
�wW¼�n�
�Á�¼*
�wW¼�n q,
�j,ÀoÁ�wW¼�Ã�p�¿�Àhgpo,qrl�e�2 :"|�:���� 8 5�8 N ∈

P .�:���� 8 <)����� ��! �"��#%$�8 <�(+*,'�-�& (q, Q) ∈ ΩN ��:���� 8 5�8 λ ∈ ΛN

F (λ(q, Q)) = λ(F (q, Q)).

Ækj,ä@¿�u�qon q,)/¼�n�
�Á>¼*
z½W¼�n�
�¼�mW¼�wWwWqÅÊk¿�ÀoÁf
�j@mWwW¿}
�qWutgj.�.14�l�e�2 :"|/:���­
� 8 5�8 N ∈ P .�x":"|�:���� &7* (q, Q), (q, Q′) ∈ ΩN .�'�(S:�� Q′ ⊂ Q � F (q, Q) ∈

Q′ .�! 8 F (q, Q′) = F (q, Q)
;

2 :"|�:���� &7* N,N ′ ∈ P !���?���*�.[��! 8 N ⊂ N ′ � x ∈ R
N 8 � 8���$"������-

��'���'C� Hx
N

5���6�'���6�:�8 (�?@8 (C! ;�O
R

N O �@x��

Hx
N = {y ∈ R

N : yN ′\N = xN ′\N}.

·k&ª8 � 8���$"���"��'�-�!���?�#z'}x":"|�:���� &7* N,N ′ ∈ P !���?���*�.Å��! 8 N ⊂ N ′

� x ∈ R
N ′ .o8 5��"��$�����'�$���' x $"�

R
N ��'���'C� xN

;o2 :"| Q ⊂ R
N ′ � x ∈ Q8 � 8���$"������- txN (Q) 6���8 '�?�9����¯-�$�8�#z'�(C! O,� Hx

N ∩Q $"�
R

N
;

1o'�6�'���;}-�&�-�8�#z'�-§(���8 ��-[��:�����8 O,��! ;N��?@(���8 -�&�(�8 5+:���(�8 O,��$�$�8 (C! ��.�?@8	­
! 8 ��&
'���$"��:�8 5�����$�&«��?@(���8 -���-�­{'�$�(�� '���5S�h® 8�>�° .à$�8k��(�6�8�:�;������3!�$�'�$���:�'®­
O &
'/! 8 ��?���ACBED�BGF,ANH�F"J ;
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��u=��n�
�¼�mW¼�wWwÅÄ�Äs��n�
�¼�rWlWqWu�¼�n�
�Á�g`��e�oD��43�Yl�e"2 :"|):���� &7* N,N ′ ∈

P !���?���*�.¦��! 8 N ⊂ N ′ � |N | = 2 .Wx":"|�:���� 8 < (q, Q) ∈ ΩN ��:���� 8 <
(r, R) ∈ ΩN ′ .�'�(S:�� q = rN

� Q = txN (R) .�5]x�' x = F (r, R) ."! 8 F (q, Q) =

xN

;
� :�'yx����3¨z��|���?@(���8 -���6���'yx�(C!���O�:"|�'C!�(�8 � 8 <�� (���:�'�$���'}6���'yx�&¦x��@¨N'�< ;
�¬wW¼�É�¼�n�
�¼�mW¼�wWwÅÄ�Ä���n�
�¼�rWlWqWu�¼�n�
�Á�g`-«e�oD��43�Yl�e	2 :"|{:���� &7* N,N ′

∈ P !���?���*�.à��! 8 N ⊂N ′ .�x":"|):���� 8 < (q, Q)∈ΩN ��:���� 8 < (r, R) ∈ ΩN ′

'�(S:�� q = rN
� Q = txN(R) ."5]x�' x = F (r, R) .�! 8 F (q, Q) = xN

;
B ��x�'�-Ì8 � 8���$"���"��! ;�x":"|�:���� 8 5�8 N ∈ P ��'���'C� ΩN

0
(�'�-�'�<�(C! O 8§O (�'S*

����� ��! �"��#%$�&7*�(+*,'�-Ø��� ΩN .���x�8 O�:�'C! O 8 �,|��3¨N��*�(�O 8 <�(C! O,��- ��°,�z�Ë��¹���(
O &
6���?�:�&
-�� Q � q = 0

;�¹ =C! 8 -�(S:"���"��'N?���#zx����Ì����� ��! �"��#%$����Ì(+*,'�-[�
(q, Q) -�8�#%$�8�8 � 8���$"���"��! ;I6���8 (C! 8I��'���'C� Q ;�þ '���'C� ΩN

+
����x�'�-
.�?���?N�N�"��$�;	­

MN'�.�8 � 8���$"���"��! ;3(�'�-�'�<�(C! O 8������ ��! �"��#%$�&7*{(+*,'�-�O ΩN .���x�8 O�:�'C! O 8 �,|��3¨N��*
(�O 8 <�(C! O,��-Ë��°,�Ù¶���¹��7� q > 0

;
·k&�$�'�6�����O 8�x���-k�Sx�'�(�;38 ����5���$"��:�; $�&
'¦��?@(���8 -�&�­{'�$�(�� '���5S��.�6�8 (�?@8�:�;	­

?��N8 $��{:�'�5�?@8�6�8�:"���"���3! (�|����
6�����O 'yx�'�$�$�&7*�6���8 (C! 8 <N����-�'�$�8 <z$�'�$���:�'�O 8 <
! 8 ��?���ACBED�BGF,ANH�F"J q $"�

0
(/����'C! 8 -�! 8 5�8�."��! 8 λi(0) = 0.

� e á e¦d}¼�É�Ào¿"n ¼�u�¿�wWwW¼�n�
�Á
´ (�$�8 O $�8 <{��'C����:�;�!���!I­{'�$�(�� '���5S�36���'yx�(C!���O�:"|�'C!/(S:�'yx����3¨z��|{! '�8 ��'�-��N® 8�>�°�;
Ç7j@¼�mWj9)/¿ � e s e��¦�C¤��C¢ ¡ ��¢"� Ω0

ó ����
����Cè�
�� ��å �CèÞ��ç@� ¡ � ñ � ñ�wyx <�@\F�<^z,|¡ > L z(�9@\� è�� é ��� ¡ è�����£,ç@�3è�� é ��� < ç@� é ���{��¢�� å 
�� å �Cè�� å � � ù ¡ è � ����¢"� ñ
� �C¤��C¢ ¡ � ñªû ��¤z�XL

´ � �"��! ��-�(�|�! '�6�'���;%?�A�H�­K6���8 6�8 ��9���8 $"��:�; $�8 -[����'CMN'�$���� ;
ikmWj�v[Ào¼TW�j@wWqWj � e s e A�H # ��� � � � �� "¡ ��¢"����£,¢���� � �C¤��C¢ ¡ �N¢"�

Ω+
ó �������Cè�
���#

��å �Cè���ç@� ¡ � ñ � ñhwyx <(z,|,<^@\F ¡ > L z(�9@\� L
V���ç,��ú���è�����£@�Cè�
���L\��� .&�} ����y�§(S:�'yx����3!�����8 6���'yx�'S:�'�$���|zA�H�­K6���8 6�8 ��9���8	­
$"��:�; $�8 5�8>��'CMN'�$���| ; 2/��8 O '�����-�O &
6�8�:�$�'�$���'�� ; �T�,�y� ;

1[��?%?���?)A�H�­K6���8 6�8 ��9���8 $"��:�; $�8 '���'CMN'�$���'/��x�8 O�:�'C! O 8 �,|�'C!8�} �.�-�&�-�8	­
#z'�-¯�"��(�(�-���! ����O,��! ;�x":"|�?���#zx�8 5�8 N ∈ P ����� ��! �"��#%$�&
'�(+*,'�-�&ÞO �@x��
(eN , Q)

; 1o8 5]x�� PS(eN , Q) = µeN
x":"|k$�'�?@8�! 8 ��8 5�8>����(S:�� µ > 0

;
2I� (C! ;�! '�6�'���; N,N ′ ∈ P !���?@8 O &/.���! 8 N ⊂ N ′ � (eN ′ , R) ∈ ΩN ′

+

;
´ 6���'yx�'S:���-ª����� ��! �"��#%$����Î(+*,'�-[� (q, Q) (S:�'yx����3¨N��-ª8 � �"����8 -õ¶ q = eN� Q = t

µeN′

N (R) .
5]x�' µeN ′ = PS(eN ′, R)
;
» (�$�8�.
��! 8 µeN ∈ t

µeN′

N (R)8 6�! ��-���:�; $�8%6�8>2�����'C! 8>��."(S:�'yx�8 O,��! 'S:�; $�8�. µeN = PS(eN , Q).
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d{Àoj�v�n�
�u�qWj � e s e �}� # ��� � � � �� "¡ ��¢"����£,¢���� � �C¤��C¢ ¡ � ó ����
����Cè�
�� ��å �Cè
� L z(�9@\� L
ikmWj�v[Ào¼TW�j@wWqWj � e á e�R���� ¡{� �C¤��C¢ ¡ � F ¢"�

Ω+
ó ����
����Cè�
�� ��å �Cè wyx <?@\F�<

z,| ¡ � L z(�9@\��< è����C� å ���
ù�� ò N ∈ P
�
|N | = 2 ¡ ���
ù�� ò (q, Q) ∈

ΩN
+ , F (q, Q) = PS(q, Q)

L
V���ç,��ú���è�����£@�Cè�
���L 2I� (C! ; N ∈ P ( |N | = 2 .Å�§6�� (C! ; (q, Q) ∈ ΩN

+

; 0/'
��-���:"|�|�8 ��¨N$�8 (C! ��.�-�&�-�8�#z'�-k(�����!���! ;z��6�8L��?@(���8 -�'{�y�I�S.���! 8 N = {1, 2}�§��O�(���:"���} 
����! 8 q = eN

;
·k&Ë6�8 (C! ��8 ��-�!���?����Ø����� ��! �"��#%$����«(+*,'�-[� (r, R) ∈ ΩN ′

+
( |N ′| = 3 .��! 8 r = eN ′, PS(r, R) = µeN ′

x":"|k$�'�?@8�! 8 ��8 5�8 µ � tµeN′

N (R) = Q
;

¹ (���:"���y�Ó-�& -�8�#z'�-«(�����!���! ;�.
��! 8 N ′ = {1, 2, 3}
;¦Ô ��(�(�-�8�! ����-

-�$�8�#z'�(C! O 8 Q ⊂ R
N
+

; 2/8�(�O 8 <�(C! O��h��¹��7$"��<@x�'C! (�|)!���?@8 < x ∈ ∂Q ."��! 8 x =

µeN
.@6�������'�- µ > 1

; 2/8�:�8�#%��- ε = µ−1
; 1o8 5]x�� x = (1+ ε, 1+ ε), ε > 0

;
¹ (���:"�±� (S:�8 O ��|�� 'C������8 O $�'�O 8 (C! ��-�$�8�#z'�(C! O 8 ∂Q -�8�#%$�8§6���'yx�(C!���O ��! ;
(S:�'yx����3¨N��-�8 � �"����8 -õ¶

∂Q = {(x1, x2) ∈ R
N
+ : x2 = f(x1)}

x":"|k$�'�?@8�! 8 ��8 <)$�'�6���'���&
O $�8 <)(C! ��8 5�8>��� &
O,���3¨N'�<)�/��$�?�9���� f ;
2I� (C! ; f(0) = α � f−1(0) = β

; 0/'���-���:"|�|�8 ��¨N$�8 (C! ��.�-�&¸-�8�#z'�-
(�����!���! ;�.���! 8 α ≤ β

; ² ��-�'C! ��-�!���?�#z'�.���! 8�.�O>(���:"�k� 'C������8 O $�'�O 8 (C! � α >
1+ε

; 2I� (C! ;3! '�6�'���; γ : {1, 2} → {2, 3} � γ ′ : {2, 3} → {3, 1}
;�´ � 8���$"������-

Q23 = γ(Q) � Q31 = γ′(Q23)
; 2I� (C! ; R1 ⊂ R

N ′

+
8 6���'yx�'S:"|�'C! (�|�?���? R1 =

Q1 ∪Q2 ∪Q3
.�5]x�'

Q1 = Q23 × {µe{1}}, Q2 = Q31 × {µe{2}}, Q3 = Q× {µe{3}}.

2/8�6�8 (C! ��8 '�$���� µeN ′ ∈ R1
��(�- ;�Ô ��( ;o8 � ;

0���Mz��9�'S:�;L(�8 (C! 8 ��!�O
6�8 (C! ��8 '�$����}-�$�8�#z'�(C! O,� R ?���?�$�'�?@8�! 8 ��8 <�Ð�8 � 8	­
:�8 ��?���Ñ�-�$�8�#z'�(C! O,� R1

;�2 :"|�=C! 8 5�8>�"��(�(�-�8�! ����-�(�$"���"��:���6���8 ����O 8�:�; $�8 '
a ∈ [0, 1+ε]

; 1o8 5]x��/=C! 8 a 8 6���'yx�'S:"|�'C!©��O�(���:"�z� 'C������8 O $�'�O 8 (C! ����O/! 8 ��$�8	­
(C! �%x�O '3! 8 ��?�� y(a) ∈ ∂Q1

� z(a) ∈ ∂Q3
��-�&��"��(�(�-���! ����O,��'�- Q1, Q2, Q3?���?§x�O���-�'���$�&
'k-�$�8�#z'�(C! O,�,�}!���?���'�.���! 8 y2(a) = z2(a) = a ������-�'C! ��-
.

��! 8 y(a) = z(a) x":"| a = 1 + ε � ; 2I� (C! ;>! '�6�'���;

P2 =
⋃

a∈[0,1+ε]

P (a),
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5]x�' P (a) ¶�=C! 8%8�! ��'C��8 ? [z(a), y(a)]
;

~ $"��:�8 5�����$�8>8 6���'yx�'S:"|�'�-�-�$�8�#z'�(C! O,� P1
� P3

;

( ,1+ ,0)

P2

v

( ,0,0)

. 1. R

x1

( ,0,0)

(1+ ,1+ ,1+ )

x2

(1+ , ,0)

(0, ,1+ )

(0,1+ , )

(1+ ,0, )

( ,0,1+ )

x3

2 ��:�; $�'�<�MN'�'{6�8 (C! ��8 '�$���'{�"����� ��O,��'C! (�|)$"�z! ����Mz��5S� ;

� 8 � Ô ��(�(�-�8�! ����-�x":"|h?���#zx�8 5�8 b ∈ [1 + ε, α] ��$"��6�8 -�$���-
.Å��! 8)O)(���:"�
� 'C������8 O $�'�O 8 (C! � α > 1 + ε �
x�O '�! 8 ��?�� z(b) ∈ ∂Q3

� w(b) ∈ ∂Q2��8 $��h8 6���'yx�'S:"|��3! (�|§8�x�$�8���$"����$�8@��( z1(a) = w1(b) = b
; 2/8�:�8�#%��-

E(b) = [z(b), w(b)]
;

� A ��1[��?}?���? α > 1+ε ��OI(���:"�{� 'C������8 O $�'�O 8 (C! ���S.�! 8 f(α) < 1+ε
; 2I� (C! ;

v = (β, f(α), 0).
Ô ��(�(�-�8�! ����-�8�! ��'C��8 ? S3 = [(α, 1 + ε, 0), v]

; 1o8 5]x��
?���#zx�&
< b ∈ [α, β] 8 6���'yx�'S:"|�'C!�x�O '}! 8 ��?�� z(b) ∈ ∂Q3

� w(b) ∈ S3( z1(b) = w1(b)
; 2/8�:�8�#%��- E(b) = [z(b), w(b)]

;
º (S:�� α = β .�! 8�-�&§8 6�� (�?���'�-�=C! 8�!�Mz��5¦�}6�8�:���5S��'�- v = (α, 1+ε, 0)

;

� > � ¹ 8���; -�'�-Í! '�6�'���;�! 8 ��?�� h = (δ, 0, 0) ( δ > β .Å�§�"��(�(�-�8�! ����-�x�O,�
8�! ��'C��?�� S ′

3 = [v, h] � S2 = [(β, 0, 1+ε), h]
; 1o8 5]x���?���#zx�&
< b ∈ [β, δ]8 6���'yx�'S:"|�'C!�x�O '�! 8 ��?�� z(b) ∈ S2

� w(b) ∈ S ′
3
( z1(b) = w1(b)

�Õx":"|
b = δ 8 $��k(�8 O 6"��x����3!@� ; 2/8�:�8�#%��- E(b) = [z(b), w(b)]

;
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´ 6���'yx�'S:���-�! '�6�'���; E1 =
⋃

b∈[1+ε,δ]

E(b).
~ $"��:�8 5�����$�8>8 6���'yx�'S:"|�'�-�-�$�8�#z'�(C! O,� E2

� E3
;

´ 6���'yx�'S:���-
.�$"��?@8 $�'�9�. R ?���?N$�8 ��-���:�; $�����8 � 8�:�8 ��?��{-�$�8�#z'�(C! O,� P1∪

P2 ∪ P3 ∪ E1 ∪ E2 ∪ E3

;
2/��8 O '�����-§! '�6�'���;�.���! 8 R 8 ��:���x���'C!zO (�'�-���(�O 8 <�(C! O,��-���.�! ��'���� '�-�&
-��

x":"|k6�����$"��x":�'C#%$�8 (C! ������� ��! �"��#%$�8 <k(+*,'�-�& (eN ′ , R) (�'�-�'�<�(C! O�� ΩN ′

+

;
0/8 ��-���:�; $�8 (C! ;��Gí<­K��(���'���6�&
O,��'�-�8 (C! ;@�I(S:�'yx�� 'C!k���z6�8 (C! ��8 '�$���| ; 2/��8	­

O '�����-Í� 'C������8 O $�'�O 8 (C! ; ;oÔ ��(�(�-�8�! ����-¬(�$"���"��:��k-�$�8�#z'�(C! O 8 P2
;W¹ 8���; -�'�-

6���8 ����O 8�:�; $�&
< x2 = a < 1 + ε
;�» (�$�8�.���! 8�8�! ��'C��8 ? P (a) = [y(a), z(a)] ⊂

P2
."�k8 $k6"���"��:�:�'S:�'�$�6�:�8 (�?@8 (C! � x2 = 0

;92 ��:�'�'�. y1(a) = 1 + ε � z3(a) =

1 + ε x":"|�:���� 8 5�8 a ;"4 ��#zx����Ë! 8 ��?��)O P (a) -�8�#%$�8%'yx���$�(C! O '�$�$�&
-�8 �	­
�"����8 -�6���'yx�(C!���O ��! ;©O%O �@x�' u(a) = λy(a) + (1 − λ)z(a) x":"|�$�'�?@8�! 8 ��8 5�8
λ ∈ [0, 1]

; 2/8 =C! 8 -[��:���� &
'�x�O '��"���C:�����$�&
'©! 8 ��?�� u1(a), u2(a) ∈ P (a)8�!�:����"���3! (�|���6�'���O &
-���.��±! ��'C! ; ��-���?@8 8 ��x���$"��!���-�� ;
� :�'yx�8 O,��! 'S:�; $�8�.
$�'�(C�@¨N'�(C! O�� 'C!�8�! ��'C��?��>O P2

."6"���"��:�:�'S:�; $�8 5�8>8 (�� x1
��:�� x3

;
2/��'yx�6�8�:�8�#%��-�! '�6�'���;�.���! 8>(C�@¨N'�(C! O�� 'C!�8�! ��'C��8 ? I O P2

.�6"���"��:�:�'S:�;	­
$�&
<�8 (�� x2

; Ï¦! 8±8���$"���"��'C!�.
��! 8§x":"|�:���� 8 <�! 8 ��?�� v ∈ I -�& ��-�'�'�-
v1 = c1

� v3 = c3
x":"|)$�'�?@8�! 8 ��&7*�����(�'S: c1, c3 > 1 + ε

;�Ô ��(�(�-�8�! ����-±x�O '
�"���C:�����$�&
'{! 8 ��?�� v1, v2 ∈ I

; 1o8 5]x��

v1 = λ1y(a1) + (1 − λ1)z(a1), v
2 = λ2y(a2) + (1 − λ2)z(a2)

x":"|k$�'�?@8�! 8 ��&7* λ1, λ2 ∈ [0, 1] � a1, a2 > 1 + ε
;

2/��'yx�6�8�:�8�#%��- a1 < a2
; 1[��?�?���? f (C! ��8 5�8���� &
O,��'C!�.
! 8 y3(a1) >

y3(a2)
. y1(a1) = y1(a2) = 1 + ε, z1(a1) > z1(a2)

� z3(a1) = z3(a2) = 1 + ε
;

1o8 5]x��

c1 = λ1(1 + ε) + (1 − λ1)z1(a1) = λ2(1 + ε) + (1 − λ2)z1(a2),

c3 = λ1y3(a1) + (1 − λ1)(1 + ε) = λ2y3(a2) + (1 − λ2)(1 + ε).
Ü �I6�'���O 8 5�8N�"��O '�$�(C! O,�N(S:�'yx�� 'C!�.���! 8 λ2 < λ1

.��}���IO�! 8 ��8 5�8�.���! 8 λ2 > λ1
.

��-�&¯6�����*,8�x���-�?�6���8�! ��O 8 ��'������ ;WÔ ������-�'�'C! (�|�.ÅO (�'z(�?�������$�$�8 '�O '���$�8��
x":"|k-�$�8�#z'�(C! O P1

� P3
;

2 8 ?�������! 'S:�; (C! O 8k! 8 5�8�.Å��! 8 E1
�G�©!���?�#z' E2

� E3
�I$�'�(�8�x�'��,#%��!�8�!	­

��'C��?@8 O�.�6"���"��:�:�'S:�; $�&7*�8 (�|�-
.
��$"��:�8 5�����$�8§! 8�:�; ?@8���! 8�6�����O 'yx�'�$�$�8 -[� .
8�x�$"��?@8%�Sx�'�(�;©(S:�'yx�� 'C!©����'�(C! ;�$�'{! 8�:�; ?@8�-�8 $�8�! 8 $�$�8 (C! ;©�/��$�?�9���� f .�$�8!���?�#z'{��6�8 (C! ��8 '�$���'}8�! ��'C��?@8 O S2, S3

� S ′
3
��(�- ; Mz��5��§� A �7�§� > �7O &�MN'�� ;
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1[��?���-�8 � �"����8 -
.�-�$�8�#z'�(C! O 8 R !���?@8 O 8�.���! 83����� ��! �"��#%$"��|�(+*,'�-�� (eN ′ ,R)

∈ ΩN ′

+
��$"��6�8 -�$���-
."��! 8�! 8 ��?�� x = (1 + ε, 1 + ε, 1 + ε) :�'C#%��!>O R � ;

1[��?�?���? R ��$�O,�����"��$�! $�8>8�! $�8 (���! 'S:�; $�8�6�8 O 8 ��8�! 8 O�8 (�'�<�. F (eN ′ , R)=x
;

2/��8 O '�����-«! '�6�'���;�.
��! 8 t
µeN′

N (R) = Q
; 0���-ªx�8 (C!���! 8 ��$�8�6�8 ?�������! ;�.

��! 8k?���#zx�&
< v ∈ ∂Q3
8 6�! ��-���:�'�$�6�8)2�����'C! 8�O R ;"2 :"|�=C! 8 5�8kO 8���; -�'�-

6���8 ����O 8�:�; $�����! 8 ��?�� v ∈ ∂Q3

;�º (S:�� x1 > 1 + ε .o! 8 y1 ≤ 1 + ε x":"|
:���� 8 5�8 y ∈ E2 ∪R1 ∪E3.

2 :"|>:���� 8 5�8 y ∈ (E1 ∪R3)
-�&���-�'�'�- y3 < x3��:�� y3 = x3

.�$�8�O�6�8 (S:�'yx�$�'�-Ì(S:"���"��' y1 < x1
.[��:��±'�(S:�� y1 > x1

.[! 8
y2 < x2

��!���?k?���? f (C! ��8 5�8���� &
O,��'C!@� ;
Ô ��(�(�-�8�! ����-
.
$"��?@8 $�'�9�.
6���8 ����O 8�:�; $�&
< y ∈ R2, y 6= x

; 1o8 5]x�� y ∈

[y(a), z(a)] x":"|)$�'�?@8�! 8 ��8 5�8 a ∈ [0, 1 + ε]
;�º (S:�� y = z(a) ."! 8 z1(a) < x1

.
��:�� z1(a) > x1

."$�8 z2(a) < x2

;
2I� (C! ;�! '�6�'���; y 6= z(a)

;Wº (S:�� a > x2
.�! 8 y2 < x2

;àº (S:�� a ≤ x2
.�! 8

z1(a) ≤ x1, y1(a) = 1 + ε
; 1o8 5]x��

y1 = λy1(a) + (1 − λ)z1(a) = λ(1 + ε) + (1 − λ)z1(a) < x1

x":"|©:���� 8 5�8 λ ∈ (0, 1] ��6�8 (�?@8�:�; ?�� x1 > 1 + ε � ;� :"���"��< x1 < 1 + ε ��$"��:�8 5�����'�$ ;
4 ��?��@#z'75�8 O 8 ����:�8 (�;�O &�MN'�. F (eN ′, R) = µeN ′

; 1o8 5]x��3O3(���:"��� ; �T�,�y�
F (eN , Q) = F (eN , t

µeN′

N (R)) = µeN

;
1[��?���-±8 � �"����8 -
.�(�6��"��O 'yx":���O,��(S:�'yx����3¨z��|k! '�8 ��'�-�� ;

Ç7j@¼�mWj9)/¿ � e á e��¦�C¤��C¢ ¡ � F ¢"�
Ω+

ó ����
����Cè�
�� ��å �Cè wyx <f@\F�<�z,| ¡ � L z(�9@\��<è�� é ��� ¡ è�����£,ç@�3è�� é ��� < ç@� é ������¢�� å 
�� å �Cè�� å�ACBED�BGF,A3H�F"J # ��� � � � �� "¡ ��¢"����£X#
¢"� ñ�� �C¤��C¢ ¡ � ñ L
V���ç,��ú���è�����£@�Cè�
���L�Ô ��(�(�-�8�! ����-§6���8 ����O 8�:�; $�8 ' N ′ ∈ P .,�>6�� (C! ; (r, R) ∈

ΩN ′

+

;�¹ (���:"���y�Ú-�&Î-�8�#z'�-ª(�����!���! ; q = eN ′

; 2I� (C! ; x = F (eN ′ , R)
;

1o8 5]x���./O�(���:"�5� ; �T�,�y��.3x":"|¬:���� 8 5�8 N ⊂ N ′, |N | = 2 -�&ß��-�'�'�-
F (eN , Q) = xN

.75]x�' Q = txN(R)
;
Ü ��2/��'yx":�8�#z'�$���| 69;@A (S:�'yx�� 'C!�.L��! 8

F (eN , Q) = PS(eN , Q) = µeN
x":"|�$�'�?@8�! 8 ��8 5�8 µ ;à� :�'yx�8 O,��! 'S:�; $�8 xi =

xj = µ x":"| i, j ∈ N ��?���#zx�8 5�8 N ⊂ N ′ ;Å� :�'yx�8 O,��! 'S:�; $�8 xi = xj = µx":"|kO (�'S* i, j ∈ N ′, �z6�8 =C! 8 -[� x = µeN ′

;
´ ��'�O �@x�$�8�.���! 8h��?@(���8 -[�O� ; �T�,�y�Ø-�8�#%$�8�����-�'�$���! ;h� 8�:�'�'�(���:�; $�8 <

��?@(���8 -�8 <t� ; �T�,�y� ;�¹ =C! 8 -�(S:"���"��'N����� ��! �"��#%$�8 '���'CMN'�$���'z0/=CMz�>��A�H�­
6���8 6�8 ��9���8 $"��:�; $�8 '���'CMN'�$���'z*@���"��?�! '����������3! (�|�8�x�$�8 <���! 8 <�#z'z(���(C! '®­
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-�8 <���?@(���8 - ;"Ô ���C:�������'�(�8 (C! 8 ��!>ON! 8 -
.���! 8�6�'���O 8 '/8 6���'yx�'S:�'�$�8�$"� Ω0
.��

O�! 8 ��8 '�$"� Ω+

;
� e¦d}¼�É�Ào¿"n ¼�u�¿�wWwW¼�j�½WmW¼�½W¼�mW¾WqW¼�wW¿�ÀoÁ�wW¼�j�mWj@Ã�j@wWqWjkv[ÀWÄ�Æ)Ç}iÈqWÉ�m

¹ =C! 8 -��"���Sx�'S:�'}-�&Í�"��(�(�-�8�! ����-�(�8 5+:���(�8 O,��$�$�8 '{��'CMN'�$���'�x":"|)0/132
��5���.�?@8�! 8 ��8 '�x":"|}(S:"���"��|/x�O��,*}��5���8 ?@8 O�(�8 O 6"��x���'C!I(�8�ACBED�BGF,ALH�F"JÊ­K6���8 6�8 �9­
9���8 $"��:�; $�&
-���'CMN'�$���'�- ;

2 :"|�$"���"��:��h-�&�$"��6�8 -�$���-«8 6���'yx�'S:�'�$���'���'yx���9�����8 O,��$�$�8 <���5���&�O
(�-�&
(S:�'{µ/����!���¶�·)��(®­ 4 8�:�'S:�:��k® ì °�;

2 :"|%:���� 8 5�8z��'CMN'�$���|§��$"�N$�'�?@8�! 8 ��8 -�(�'�-�'�<�(C! O '{0/132Ë��5���� ϕ .���5���&
(N, V ) .à�h6�8�x�-�$�8�#z'�(C! O,� T ⊂ N .Å��'yx���9�����8 O,��$�$"��|h��5��"� (T, V ϕ

T ) 8 6���'®­
x�'S:"|�'C! (�|�(S:�'yx����3¨N��-�8 � �"����8 -õ¶

V ϕ
T (S) = {x ∈ R

S
+ : (x, ϕi(S ∪ (N\T ), V )i∈N\T ) ∈ V (S ∪ (N\T ))}

x":"|�:���� &7* S ⊂ T
; 1[��?���-¸8 � �"����8 -
. V ϕ

T (S) 6���'yx�(C!���O�:"|�'C!�(�8 � 8 < S ­
(�'���'�$���' V (S ∪ (N\T )) .à?@8 5]x���?@8 8 ��x���$"��! &���O &
��5���&�MN���/O (�'S*���5���8 ?@8 O
O $�' T ��������?@(�����8 O,��$�&�$"������8 O $�'3O &
��5���&�MN'�<�.�6���'yx�6���(�&
O,��'�-�&7*���'CMN'®­
$���'�-�O�6�8�x�&
5���' S ∪ (N\T )

;
Ô 'CMN'�$���' ϕ $"����&
O,��'C! (�| ��� é ��� ����
���¢"¢"� ñ/."'�(S:��

ϕj(T, V
ϕ
T ) = ϕj(N, V )

x":"|kO (�'S*���5�� (N, V ) �kO (�'S* j ∈ T ⊂ N
;

´ ! -�'C! ��-
.���! 8A� ; �T�,�y��¶)=C! 8©?@8 $�'���$�8�#z'�.�(�8 5+:���(�8 O,��$�$�8 (C! ;�O�=C! 8 -
(�-�&
(S:�' ;

­{'�5�?@8�O �@x�'C! ;�.[��! 8�'�(S:�� (N, V ) ∈ G
nl
N+

.Å! 8���'yx���9�����8 O,��$�$�&
'©��5���&
!���?�#z'[:�'C#���!3O
(�8 8�! O 'C! (C! O����3¨N'�-�(�'�-�'�<�(C! O '¦��5�� ; ² x�'�(�;LO '�� *�$���<{��$@x�'�?@(
nl 8���$"���"��'C!�.���! 8>x":"|��"��(�(�-���! ����O,��'�-�&7*�0/132Ì��5���O &
6�8�:�$�'�$�8�� (S:�8 O ��'
� 'C������8 O $�'�O 8 (C! � ;

´ 6���'yx�'S:���-���(�?@8 -�8 '{��'CMN'�$���' P ��$@x���?�! ��O $�8 ; 2I� (C! ; (N, V ) ∈ G
nl
N+¶©6���8 ����O 8�:�; $"��|���5��"� ; 2/8�:�8�#%��-§x":"| i ∈ N

vi = max{x : x ∈ V (i)}.

2 :"|�x���:�; $�'�<�MN'�5�8%���C:�8�#z'�$���|k$"��-�����x�'C!���x�8 � $�8�6�8�:�8�#%��! ;�!���?�#z'
µi = 1 x":"|�?���#zx�8 5�8 i ;1o'�6�'���;}x":"|k?���#zx�&7* i, j ∈ N 8 6���'yx�'S:���-

µij = max{µ > 0 : µ(µivi, µjvj) ∈ V (i, j)},
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� wij = µij(µivi, µjvj) ∈ ∂V (i, j) .�! ; ' ; wij |�O�:"|�'C! (�|�A�H�­K6���8 6�8 ��9���8 $"��:�;	­
$�&
-���'CMN'�$���'�-������ ��! �"��#%$�8 <k(+*,'�-�& ((vi, vj), V (i, j))

;
2 ��:�'�'�.�x":"|©:���� &7* i, j, k ∈ N 8 6���'yx�'S:���-

µijk = max{µ > 0 : µ(µiµijµikvi, µjµijµjkvj, µkµikµjkvk) ∈ V (i, j, k)}.

1o8 5]x��

wijk = µijk(µiµijµikvi, µjµijµjkvj, µkµikµjkvk) ∈ ∂V (i, j, k).

2 :"|�6���8 ����O 8�:�; $�8 5�8>6�8�x�-�$�8�#z'�(C! O,� S ⊂ N 8 6���'yx�'S:"|�'�-

µS = max{µ > 0 : µ((
∏

T 6=S:i∈T⊂S

µTvi)i∈S) ∈ V (S)},

�
wS = µS((

∏

T 6=S:i∈T⊂S

µTvi)i∈S) ∈ ∂V (S).

2/8�:�8�#%��-
.�$"��?@8 $�'�9�. P (N, V ) = wN
;

ikmWj�v[Ào¼TW�j@wWqWj � e s e��¦�C¤��C¢ ¡ � P ��ùy������� �Cèß��
���ê��Cè�
�� ñ ��� é ��� ����
���¢"¢���#
�Cè ¡ L
V���ç,��ú���è�����£@�Cè�
���L 0���-%x�8 (C!���! 8 ��$�836���8 O '�����! ;3(�8 5+:���(�8 O,��$�$�8 (C! ;�x":"| T =

N\{m} x":"|�6���8 ����O 8�:�; $�8 5�8©��5���8 ?�� m ∈ N
;�¹ =C! 8 -�(S:"���"��'z��'yx���9�����8	­

O,��$�$"��|���5��"��8 6���'yx�'S:"|�'C! (�|�(S:�'yx����3¨N��-�8 � �"����8 -õ¶

V P
T (S) = {x ∈ R

S
+ : (x, Pm(S ∪ {m}, V )) ∈ V (S ∪ {m})}

x":"|©:���� &7* S ⊂ N\{m}
;

2/8�8 6���'yx�'S:�'�$����

Pm(S ∪ {m}, V ) =
∏

K:m∈K⊂S∪{m}

µKvm.

­{'�5�?@8�O �@x�'C! ;�.���! 8zx":"|)6���8 O '���?��)(�8 5+:���(�8 O,��$�$�8 (C! � P x�8 (C!���! 8 ��$�8©6���8	­
O '�����! ;�.���! 8

x = (
∏

K:i∈K⊂S∪{m}

µKvi)i∈S ∈ V (S ∪ {m}).

Ï¦! 8�.�8�x�$"��?@8�."$�'�-�'yx":�'�$�$�8%(S:�'yx�� 'C!©���{8 6���'yx�'S:�'�$���|)��'CMN'�$���| ;
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´ ��'�O �@x�$�8�!���?�#z'�. ��! 8/��'CMN'�$���' P ?@8 O,�����"��$�! $�8/8�! $�8 (���! 'S:�; $�8/MN?���: ;
Ç7j@¼�mWj9)/¿ � e s e;: ó ð����Cè�
 ó �Cè«�$� ¡ ¢��Cè�
��C¢"¢�������� é ��� ����
���¢"¢���� � �C¤��C¢ ¡ �L¢"�
G

nl
N+ < ����
 � �������
ð����

���� ó 	�� � û�ü�ý�¡�éÙ� ��
 ó�ò � ¡"  � A�H # ��� � � � �� "¡ ��¢"����£,¢"� ñ

� �C¤��C¢ ¡ � ñ L{�¦è ¡�ñ�� �C¤��C¢ ¡ � ñËå 
�� å �Cè�� å P L
V���ç,��ú���è�����£@�Cè�
���Ln2 8 ?�������! 'S:�; (C! O 8�6��"��?�! ����'�(�?��}6�8 O�! 8 �,|�'C!�x�8 ?�������! 'S:�;	­
(C! O 8�­{'�-�-�& ì ; = O�® ì ° .�?���(����3¨N'�<�(�|���'CMN'�$���| 4 ��:����9­ � ��-�'C!�����-�&¬8 (C!��Ê­
$�8 O ��-�(�|�$"�>=C! 8 -���'CMN'�$�����$���#z'{O%�"���Sx�'S:�' = � ; 2I� (C! ; P � R ¶%x�O,�>��'®­
MN'�$���|�.���x�8 O�:�'C! O 8 �,|��3¨N��*�! ��'���� '�-�&
-Î(�O 8 <�(C! O,��- ; 2/��'yx�6�8�:�8�#%��-
.76�8
��$@x���?�9�����.L��! 8±8 $���(�8 O 6"��x����3!§x":"|�O (�'S*���5���(�$�'�� 8�:�'�'�.
��'�- n − 1��5���8 ?���-�� ; 2I� (C! ; (N, V ) ¶���5��"� n :���9�."��6�� (C! ; i, j ∈ N, i 6= j

;
Ô ��(�(�-�8�! ����-©x�O '���'yx���9�����8 O,��$�$�&
'¦��5���& ({i, j}, V P

{i,j})
� ({i, j}, V R

{i,j})
;

2 :"|N��6���8�¨N'�$���|�8 � 8���$"����'�$���<�. 8 � 8���$"������-���*N��'���'C� V P � V R
; » (�$�8�.���! 8

8 $��©(�8 O 6"��x����3!�x":"|©8�x�$�8 =S:�'�-�'�$�! $�&7*�?@8,��:���9���<���6�8N��$@x���?�9�����.�! ; ? ; (C��­
¨N'�(C! O '�$�$�&�! 8�:�; ?@8 n−1 ��5���8 ?@8 O@� ;�� :�'yx�8 O,��! 'S:�; $�8�.�6�8 (�?@8�:�; ?�� P |�O�:"|9­
'C! (�|�A�H�­K6���8 6�8 ��9���8 $"��:�; $�&
-�x":"|���5���x�O��,*�:���9�. Pi(V

P )>
< Pi(V

R) ! 8 5]x��
��! 8�:�; ?@8�! 8 5]x���.�?@8 5]x�� Pj(V

P )>
< Pj(V

R)
;

2 ��:�'�'�. P = R x":"|���5��kx�O��,*k:���9�.��%?���8 -�'{! 8 5�8�.�� P .�� R (�8 5+:���(�8	­
O,��$�& ; 2/8 =C! 8 -[�

Pi(V ) = Pi(V
P )>

< Pi(V
R) = Ri(V

R) = Ri(V )

! 8 5]x��/�N! 8�:�; ?@8/! 8 5]x���. ?@8 5]x�� Pj(V )>
<Rj(V )

; Ï¦! 8�O '���$�83x":"|}:���� &7*{x�O��,*
��5���8 ?@8 O�.�6�������'�-¯� P (V ) .[� R(V ) 8 6�! ��-���:�; $�&Þ6�8�2�����'C! 8 ;�� :�'yx�8 O,�Ê­
! 'S:�; $�8�. P (V ) = R(V )

;
B ��x�'�-)$"����&
O,��! ;���'CMN'�$���' P ��� é ��� ����
���¢"¢"� ñ���� � � � �� "¡ ��¢"����£,¢"� ñ�� �$#

¤��C¢ ¡ � ñ ;
2/��'C#zx�'{��'�-�(���8 ��-[��:�����8 O,��! ;�(S:�'yx�(C! O ��'N���N=C! 8 <�! '�8 ��'�-�&/.�$"��6�8 -�­

$���-k��8 ��-[��:�����8 O ?��{��?@(���8 -���$�8 $���-�$�8 (C! ��.�?@8 O,�����"��$�! $�8 (C! �{8�! $�8 (���! 'S:�;	­
$�8§MN?���:Í��(���:�; $�8 <�-�8 $�8�! 8 $�$�8 (C! ��x":"|�(S:"���"��|�0/132×��5�� ; � ~ ?@(���8 -��
8 6�! ��-���:�; $�8 (C! ��6�8>2�����'C! 8>8 ��'�O �@x�$"�,� ; 2I� (C! ; F ¶©��'CMN'�$���'{$"�

G
nl
N+

;
'�wW¼�wWq,)/wW¼�n�
�ÁSg`430tl�e 2I� (C! ; τ ¶}6���8 ����O 8�:�; $"��|�6�'���'�(C!���$�8 O ?��{-�$�8	­

#z'�(C! O,� N ; 1o8 5]x�� τ ��$@x���9������ 'C!�6���'�8 � �"����8 O,��$���'%6���8 (C! �"��$�(C! O,�
R

N .W�
��$"������!>����5���& (N, V ) : τx = (xτ−1(i))i∈N .

Ô 'CMN'�$���' F $"����&
O,��'C! (�|k��$�8	­
$���-�$�&
-
.à'�(S:���x":"|�:���� 8 <�6�'���'�(C!���$�8 O ?�� τ -�$�8�#z'�(C! O,� N ��-�'�'C!k-�'�(C! 8
�"��O '�$�(C! O 8

τ(F (V,N)) = F (N, τV ).
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mk¼�u�¿�mWqW¿�w,
�wW¼�n�
�Áª¼*
�wW¼�n q,
�j,ÀoÁ�wW¼ªÃ�p�¿�À�gpo,qrl�e3Ô 'CMN'�$���' F $"�Ê­
��&
O,��'C! (�|�?@8 O,�����"��$�! $�&
-Ø8�! $�8 (���! 'S:�; $�8�MN?���:Å.7'�(S:��±x":"|�:���� 8 <���5���&
(N, V ) ��-�'�'C!k-�'�(C! 8��"��O '�$�(C! O 8 F (N, λ ∗ V ) = λ ∗ F (N, V ) x":"|):���� &7*
λ ∈ R

N
++.d}qÅÀoÁ�wW¿�Ä�)/¼�wW¼*
�¼�wWwW¼�n�
�Á�gpoD-hl�eàº (S:��©x�O '���5���& (N, V ) � (N,W )!���?@8 O &/.L��! 8 V (N) ⊃ W (N) � V (S) = W (S) x":"|�O (�'S* S 6= N .�! 8

F (V ) ≥ F (W ).

d{Àoj�v�n�
�u�qWj � e s e��¦�C¤��C¢ ¡ � P å 
�� å �Cè�� å �$� ¡ ¢��Cè�
��C¢"¢"� ñ ��� é ��� ����
���¢"¢"� ñ
� �C¤��C¢ ¡ � ñ ¢"�

G
nl
N+ < ó ����
����Cè�
�� ��å �
ð ¡�ñ ��ç@� ¡ � ñ � ñhwyx <^@\F�<�z,| ¡ z}> L

2 8 ?�������! 'S:�; (C! O 8>$�'�-�'yx":�'�$�$�8�(S:�'yx�� 'C!����/(�8 5+:���(�8 O,��$�$�8 (C! ��.�2/��'yx":�8	­
#z'�$���| 69;@A �k1o'�8 ��'�-�& ì ;E8?;
  e~¡Ij@Ã�j@wWqWj�v[ÀWÄ¬Æ)Ç}i qWÉ�m�¢
qWwWu�¿�mWqW¿�w,
�wW¼�j�¼*
�wW¼�n q,
�j,ÀoÁ�wW¼�½WmW¼}2
½W¼�mW¾WqW¼�wW¿�ÀoÁ�wW¼�É�¼O�,pàn ¾Wj�n,n ¿

¹ ® >�°�ºõ;o» $�8 O (�?���|h8 6���'yx�'S:���:��)��$"����'�$���'�x":"|§6�8�:�8�#%��! 'S:�; $�&7*§132
��5���.���$�O,�����"��$�! $�8 '
8�! $�8 (���! 'S:�; $�8�6���8 6�8 ��9���8 $"��:�; $�8 5�8/=�?@(�9�'�(�(���.,��$"��:�8	­
5�����$�8�! 8 -[� .�?���?�8 6���'yx�'S:"|��3! (�|�?@8 O,�����"��$�! $�&
'�8�! $�8 (���! 'S:�; $�8h(]x�O ��5�8 O
��'CMN'�$���| ;�¹ x���$�$�8 -��"���Sx�'S:�'}-�&Í8 � 8 ��¨N��-�8�x�$�8%���}!���?���*k��$"����'�$���<�$"�
(S:"���"��<�0/132¯��5�� ;

0���6�8 -�$���-§8 6���'yx�'S:�'�$���'/��$�'�?@8�! 8 ��&
'/(�O 8 <�(C! O,�{��$"����'�$���|>x":"|�6�8�:�8	­
#%��! 'S:�; $�&7*{132���5���.���$�O,�����"��$�! $�8 5�838�! $�8 (���! 'S:�; $�8�6���8 6�8 ��9���8 $"��:�; $�8 5�8
=�?@(�9�'�(�(�� ;o´ � 8���$"������-�?�:���(�(N6�8�:�8�#%��! 'S:�; $�&7*�132«��5�����'���'C� G+.

þ '���'C�
GN+ ⊂ G+

����x�'�-§8 � 8���$"���"��! ;{?�:���(�(�6�8�:�8�#%��! 'S:�; $�&7*%��5���(L-�$�8�#z'�(C! O 8 -
��5���8 ?@8 O N.

² $"����'�$���' Φ x":"|�?�:���(�(�� GN+
$"����8 O '�-±¡ ¢�
�� ��¡ ��¢"èz¢"� ñ ��èz¢���� ¡ è�����£X#

¢�� ��� � � � �� "¡ ��¢"����£,¢�� é ����ç@�   �����]� .�'�(S:��Ix":"|�x�O��,*/6���8 ����O 8�:�; $�&7*���5�� (N, v) .
(N,w) ∈ GN+

�}:���� &7*NO '�?�! 8 ��8 O/O &
��5���&�MN'�< x ∈ X(N, v), y ∈ X(N,w)���{�"��O '�$�(C! O
v(S)

x(S)
=
w(S)

y(S)
x":"|kO (�'S* S ⊂ N

(S:�'yx�� 'C!
x = Φ(N, v) ⇐⇒ y = Φ(N,w). �ÙÖ ;E8 �

� ² x�'�(�; X(N, v) = {x ∈ R
N
++ : x(N) = v(N)} � ;´ ��'�O �@x�$�8�.���! 8�8 6���'yx�'S:�'�$���'}�ÙÖ ;E8 �W=�?�O ��O,��:�'�$�! $�8�8 6���'yx�'S:�'�$�����?@8 O,�Ê­

���"��$�! $�8 (C! �k8�! $�8 (���! 'S:�; $�8>(]x�O ��5S��x":"|©(S:"���"��|©?�:���(�(�����'�(�?@8 5�8>=�?@(�9�'�(�(�� ;
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´ ��'�O �@x�$�8�.���! 8�x":"|���$"����'�$���<�.���$�O,�����"��$�! $�&7*}8�! $�8 (���! 'S:�; $�8�6���8 6�8 �9­
9���8 $"��:�; $�8 5�8I=�?@(�9�'�(�(���.�(�O 8 <�(C! O 83:���$�'�<�$�8 (C! �z$�'7O &
6�8�:�$�|�'C! (�| ; 2/8 =C! 8 -[�
����-�'�$���-�'�5�8>� 8�:�'�'�(S:���� 8 <k��?@(���8 -�8 < ;

â�É�mW¿�wWqWlWj@wWwW¿�Ä�ÀoqWwWj@rWwW¼�n�
�ÁÅe ² $"����'�$���' Ψ x":"|�$�'�?@8�! 8 ��8 5�8�?�:���(®­
(�����5�� GN

$"����&
O,��'C! (�| � éÙ� ��¢ ¡ 	��C¢"¢���� ¡ ¢��Cê"¢"� ñ/.['�(S:��hx":"|§:���� &7*���5��
(N, vk) ∈ GN

x":"| k = 1, . . . , m (L8�x�$���-§��! '�-h#z'
��$"����'�$���'�- Ψ(N, vk) =

x ���N! 8 5�8�.���! 8©��*k:���$�'�<�$"��|�?@8 -�� ��$"��9���| (N,
m∑

k=1

αkvk),
5]x�' m∑

k=1

αk = 1,

6�����$"��x":�'C#%��!I=C! 8 -[��#z'¦?�:���(�(C� GN ,
(S:�'yx�� 'C!�.���! 8I8 $"�L��-�'�'C!�! 83#z'¦(���-�8 '

��$"����'�$���'³¶
Ψ(N,

m∑

k=1

αkvk) = x.

� O 8 <�(C! O 8{8 5��"��$�����'�$�$�8 <�:���$�'�<�$�8 (C! �%��$"����'�$���| Ψ 8���$"���"��'C!�.@��! 8Ix":"|
?���#zx�8 5�8kO '�?�! 8 �"�kO &
��5���&�MN'�< x ∈ R

N =C! 8k��$"����'�$���'>:���$�'�<�$�8)$"��6�8�x�­
?�:���(�(�'{��5�� V x (�6�8 (C! 8�|�$�$�&
-���$"����'�$���'�- x :

V x = {(N, v) ∈ GN : Ψ(N, v) = x}.

0�����8 O '�-±6�8�x�?�:���(�(}��5�� G ′
N ⊂ GN

ú�� ñ ç,¢ ó èz� ñ ��èz¢���� ¡ è�����£,¢��zç@��
���#
��¡ ��¢"èz¢"� ò)��� ����ù � ��ú���
���¢ ¡ ê .�'�(S:��%x":"|%:���� 8 <©��5���& (N, v) ∈ G ′ ���/=C! 8 5�8
?�:���(�(��)��5���& (N, av + b) !���?�#z'%6�����$"��x":�'C#���!�=C! 8 -[�h?�:���(�(C��x":"|hO (�'S*
a > 0, b ∈ R.� :�'yx����3¨z��|§:�'�-�-��)6���8�|�(�$�|�'C!�(�O�|���;�-�'C#zx���(�O 8 <�(C! O,��-��h:���$�'�<�$�8	­
(C! �)�k8 5��"��$�����'�$�$�8 <�:���$�'�<�$�8 (C! � ;
f)j9)£)/¿   e s e\R���� ¡ ú�¢"��	��C¢ ¡ � Ψ

�C� å ç���� ���]� ¡�éÙ� G ′
N ,

ú�� ñ ç,¢ ó è�� é �N��èz¢���#
� ¡ è�����£,¢��Iç@��
�� ��¡ ��¢"èz¢"� ò���� ����ù � ��ú���
���¢ ¡ ê < ó ����
����Cè�
�� ��å �Cè¸��
���ê��Cè�
�� ñ
� éÙ� ��¢ ¡ 	��C¢"¢���êk� ¡ ¢��Cê"¢����Cè ¡�¡ ç@��
�� ��¡ ��¢"èz¢����Cè ¡ < è��z��¢��{� ¡ ¢��Cê"¢���L

� 6�8 -�8�¨N; �Þx�O��,*�6�8 (S:�'yx�$���*���?@(���8 -Ì6�����O 'yx�'�-Ø��?@(���8 -���! ����'�(�?����
*@���"��?�! '���������9����Ì8�x�$�8 5�8z��$"����'�$���|©x":"|k?�:���(�(���6�8�:�8�#%��! 'S:�; $�&7*k��5�� ;
Ç7j@¼�mWj9)/¿   e s e � » $�8 O (�?���|�.�® >�° � L�V�� å è�� é �3	�è���ù���ú�¢"��	��C¢ ¡ � Ψ

�C� å ç���� �$#
�]� � ������� ¡ è�����£,¢"� ò§¡�éÙ� GN+

ó ����
����Cè�
�� ��å ���k��ç@� ¡ � ñ � ñ �CøÅø��Cç,è ¡ 
�¢���#
�Cè ¡ < ��¢���¢ ¡�ñ ¢����Cè ¡ < � éÙ� ��¢ ¡ 	��C¢"¢���ê�� ¡ ¢��Cê"¢����Cè ¡ < � ������� ¡ è�����£,¢���ê����&#
¢�� � ����¢����Cè ¡�¡z¡ ¢�
�� ��¡ ��¢"èz¢����Cè ¡ ��èz¢���� ¡ è�����£,¢�� ��� � � � �� "¡ ��¢"����£,¢�� é �¤��ç@�$#
  �����]� < ¢�����ù ò ��� ¡�ñ � ¡ �����Cèz��è���	�¢�� < 	�è���ù���¢"��¤�� ¡ �C£kèz��ç ¡ �N¢�����è ��¡"  ��#
è�����£,¢"��� ¡ ¢��Iè����������Cè�
��C¢"¢�� � � 
�¢"���/¢ ó ����	 ¡ ����� w(s), s ≤ n− 1, n =
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|N |,
	�è��;�C� å ç,��������ê ¡�éÙ� � (N, v) ∈ GN+

Ψ(N, v) = arg max
x∈X(N,v)

∏

S$N

x(S)w(s)v(S). �ÙÖ ;@A �

² ��-�'C! ��-
.���! 8>�/��$�?�9���|)O>6��"��O 8 <k�"��(C! ���ÙÖ ;@A �7$�'�6���'���&
O $"�%�kO 8 5�$���­
!���.�'�(S:�� w(s)v(S) ≥ 0, �k=C! 8>$�'��"��O '�$�(C! O 8%(C! ��8 5�8 '/*,8�!�|)� &�x":"|k8�x�$�8 5�8
s = 1, . . . , n−1.

� :�'yx�8 O,��! 'S:�; $�8�.@-���?@(���-[��-§O%�ÙÖ ;@A �àx�8 (C! ��5S��'C! (�|©O�'yx���$9­
(C! O '�$�$�8 <%� ������� ¡ è�����£,¢���ê ! 8 ��?@'�.�����$"����'�$���' Ψ 8 6���'yx�'S:�'�$�83?@8 ����'�?�! $�8 ;

·k8�#%$�8z6�8 ?�������! ;)��(�- ; ��6�8 -[|�$��@! 8 '{O &�MN'3x�8 ?�������! 'S:�; (C! O 8@�S.���! 8}x":"|
?���#zx�8 <k��5���& (N, v) ∈ GN+

��$"����'�$���' Ψ -�8�#%$�8�6���'yx�(C!���O ��! ;�O�O �@x�'

Ψ(N, v) = arg max
x∈X(N,v)

∑

S$N

w(s)v(S) lnx(S), �ÙÖ ; > �

��.L(S:�'yx�8 O,��! 'S:�; $�8�.LO '�?�! 8 � x = Ψ(N, v) x�8�:"#z'�$�|�O�:"|�! ; (�|���'CMN'�$���'�-
(S:�'yx����3¨N'�<�(���(C! '�-�&Í���"��O $�'�$���<�¶

∑

S:S3i

w(s)
v(S)

x(S)
=

∑

S:S3j

w(s)
v(S)

x(S)
x":"|�O (�'S* i, j ∈ N. �ÙÖ ; c �

¹ (S:"���"��' w(S) = 1 ∀S ����x�'�-�$"����&
O,��! ;�!���?@8 'z��'CMN'�$���'�6���8 6�8 ��9��9­
8 $"��:�; $�8k��$�O,�����"��$�! $�&
-Ë��:��h?��"��! ?@8¢¸ ; ² ­K��'CMN'�$���'�-
.o��Ok8 ��¨N'�-Í(S:"���"��'
(���(C! '�-�&¬O '�(�8 O w ¶Ô¸ ; ²K� w ��­K��'CMN'�$���'�- ;

1o'�6�'���;N-�&�-�8�#z'�-�6�'���'�<�! ��?©8 6���'yx�'S:�'�$����¯��$"��:�8 5S�}=C! 8 5�8���'CMN'�$���|
x":"|)0/132¯��5�� ;
â�½WmWj�v�j,Àoj@wWqWj   e s e\�¦�C¤��C¢ ¡ � ψ HK
���ú ñ ����¢�� < ñ ¢�� é ��ú�¢"��	�¢����KN�¢"�

GN+¢"��ú���
�� ñ«¡ ¢�
�� ��¡ ��¢"èz¢"� ñ ��èz¢���� ¡ è�����£,¢�� ��� � � � �� "¡ ��¢"����£,¢�� é ����ç@�   �����]� <����� ¡ �C� å ���
ù�� ò ��
 ó�ò)¡�éÙ� (N, V ), (N,W ) ∈ GN+
¡ ���
ù�� ò x ∈ ∂V+(N) <

y ∈ ∂W+(N) ¡ ú � � 
��C¢��Cè�


hS(V, x) = hS(W, y) ∀S ⊂ N

�����$� ó �Cè
x ∈ ψ(N, V ) ⇐⇒ y ∈ ψ(N,W ).

2/��'C#zx�'L��'�-§6�'���'�<�! ��?%O 8 6���8 (C��(C�@¨N'�(C! O 8 O,��$���|���$�O,�����"��$�! $�8 5�8}8�!	­
$�8 (���! 'S:�; $�8k6���8 6�8 ��9���8 $"��:�; $�8 5�8©=�?@(�9�'�(�(�����'CMN'�$���|)x":"|�0/132«��5���.�6�8	­
?���#z'�-
.���! 8�A�H�­K6���8 6�8 ��9���8 $"��:�; $�8 '���'CMN'�$���'7|�O�:"|�'C! (�|}!���?@8 O &
-�O�(S:"���"��'
����� ��! �"��#%$�&7*k(+*,'�- ;
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ikmWj�v[Ào¼TW�j@wWqWj   e s e z BED�BGF,A§H�F"J # ��� � � � �� "¡ ��¢"����£,¢���� � �C¤��C¢ ¡ �¥�C� å � � #
ù ¡ è � ����¢"� ò � ò � ñ�¡ ¢�
�� ��¡ ��¢"èz¢��L��èz¢���� ¡ è�����£,¢�� ��� � � � �� "¡ ��¢"����£,¢�� é �¤��ç@�$#
  �����]�XL
V���ç,��ú���è�����£@�Cè�
���L 2I� (C! ; (q, Q) � (q1, Q1) ¶©x�O '������ ��! �"��#%$�&
'�(+*,'�-�&/.
V � V 1 ¶�(�8 8�! O 'C! (C! O����3¨N��')0/132Î��5���& ������-�'C! ��-
.[��! 8 VS = PqS

.W5]x�'
Pz = {y ∈ R

S : y ≤ z} x":"| z ∈ R
S
++

� ; 2I� (C! ; x ∈ ∂Q . y ∈ ∂Q1 .
x = µ(q, Q)q � hS(V, x) = hS(V 1, y) x":"|�:���� 8 < S ⊂ N

;
» (�$�8�.¦��! 8
hS(V, x) = 1/µ(q, Q)

; 1o8 5]x�� hS(V 1, y) = 1/µ(q, Q) x":"|�?���#zx�8 5�8 S ⊂ N
;

¹ �"��(C! $�8 (C! ��. y1 = µ(q, Q)q1
1
. ;%;%; . yn = µ(q, Q)q1

n

; 1[��?)?���? y ∈ ∂Q1 .�! 8
µ(q, Q) = µ(q1, Q1) .�� y |�O�:"|�'C! (�| sq ­K6���8 6�8 ��9���8 $"��:�; $�&
-���'CMN'�$���'�-kx":"|
����� ��! �"��#%$�8 <k(+*,'�-�& (q1, Q1)

;
¹ 8 (�$�8 O���8 6���'yx�'S:�'�$���|Í��$�O,�����"��$�! $�8 5�8�8�! $�8 (���! 'S:�; $�8�6���8 6�8 ��9���8	­

$"��:�; $�8 5�8�=�?@(�9�'�(�(�����'CMN'�$���|�x":"|Ë0/132 ��5��¬-�&×6�8�:�8�#%��-Ú�"��O '�$�(C! O 8
�ÙÖ ; c � ;
Ç7j@¼�mWj9)/¿   e á e¦V�� å ���
ù���ê ¡�éÙ� � (N, V ) ∈ GN+

� ó ð����Cè�
 ó �Cè x ∈ ∂V+(N),å 
�� å �
ð ¡ ê�� å©� �C¤��C¢ ¡ � ñ � ¡ �Cè�� ñ �
∑

S:i∈S

hS(V, x) =
∑

S:j∈S

hS(V, x) ∀i, j ∈ N, �ÙÖ ;@6 �

��ú�¢"��	 ¡ è < � ó ð����Cè�
 ó �Cè ¡�¡ ¢�
�� ��¡ ��¢"èz¢����k��èz¢���� ¡ è�����£,¢�� ��� � � � �� "¡ ��#
¢"����£,¢�� é ����ç@�   �����]� � �C¤��C¢ ¡ � ¡�éÙ� � V

L
V���ç,��ú���è�����£@�Cè�
���L�´ ! -�'C! ��-
.���! 8�'�(S:�� x |�O�:"|�'C! (�|±��'CMN'�$���'�-ª��?�������$9­
$�8 <)(���(C! '�-�&Þ��6����)=C! 8 -�$�'{8 ��|�����! 'S:�; $�8zx���#z'�."��! 8 � & x ∈ ∂V+(N) �S."! 8
λx !���?�#z'�|�O�:"|�'C! (�|k'�'���'CMN'�$���'�-±x":"|©:���� 8 5�8 λ > 0

;
2/8 =C! 8 -[� .,$�'���-���:"|�|�8 ��¨N$�8 (C! ��.,-�&�-�8�#z'�-�(�����!���! ;�.@��! 8�-�$�8�#z'�(C! O 8

∂V+(N) 6���'yx�(C!���O�:"|�'C!©(�8 � 8 <�(C!���$@x�����! $�&
<�(���-�6�:�'�?@(�.�! ; ' ;

∂V+(N) = T n−1 = {y ∈ R
n
+ :

∑

i

yi = 1}.

Ô ��(�(�-�8�! ����-«6���8 ����O 8�:�; $���� ��5���� (N, V ) ∈ GN+
;�2 :"|�:���� 8 5�8�O '�?�! 8	­

�"� y ∈ T n−1 ��:���� 8 <h?@8,��:���9���� S 6= ∅ $"��<@x�'C! (�|�'yx���$�(C! O '�$�$�8 '©6�8�:�8	­
#%��! 'S:�; $�8 ')����(S:�8 λ

(S)
y

!���?@8 '�.7��! 8 λ(S)
y y ∈ ∂V (S)

; ² ��-�'C! ��-
.¦��! 8 λ(S)
y$�'�6���'���&
O $�8>����O ��(���!%8�! y ;2I� (C! ; y ∈ ∂V+(N)

;�´ 6���'yx�'S:���-Ú6�8�:�8�#%��! 'S:�; $����ß132È��5���� Vy ∈

GN+
.�O>?@8�! 8 ��8 <�x":"|©:���� 8 <�?@8,��:���9���� S 6= ∅
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∂Vy(S) = {z ∈ R
S
+ : eS(z − λ(S)

y y) = 0} − R
S
+.

�G0���6�8 -�$���-
.���! 8�-�&Í��-�'�$�$�8%!���?�8 6���'yx�'S:"|�:���0/132ª��5���� .�(�8 8�! O 'C! (C! O���­
�3¨}���Ë132Ë(S:"���"����x":"|���5������

GN+
; � Ü $�&
-���(S:�8 O,��-���.��"��(C! ;�5��"��$���9�&

-�$�8�#z'�(C! O,� Vy(S) .�:�'C#���¨z��|�O
R

S
+
.,6���'yx�(C!���O�:"|�'C!N(�8 � 8 <�6�'���'�(�'���'�$���'�5��9­

6�'���6�:�8 (�?@8 (C! �hO
R

S (N'yx���$�����$�8 <�$�8 ��-���:�; �}.�6���8�*,8�x�|�¨N'�<���'���'C�z! 8 ��?��
λ

(S)
y y .W�§6�8�:�8�#%��! 'S:�; $�8 5�8�8 ��!���$�!��

R
S
+

;[» (�$�8�.W��! 8 Vy
-�8�#%$�8��"��(�(�-���!	­

����O,��! ;�?���?�=S:�'�-�'�$�!�6���8 (C! �"��$�(C! O,�
R

2n

+
.o6�������'�- Vy

?���?�=S:�'�-�'�$�!�6���8	­
(C! �"��$�(C! O,�

R
2n

+
$�'�6���'���&
O $�8>����O ��(���!%8�! y ;¹ =C! 8 -�(S:"���"��'�x":"|N��5���& Vy

8 6���'yx�'S:�'�$�8/'yx���$�(C! O '�$�$�8 'õ¸ ; ² ; ­E��$"����'�$���'�.
?@8�! 8 ��8 '{-�&�8 � 8���$"������-���'���'C� Ψ(Vy)

;
¹ (�8 8�! O 'C! (C! O ����(��ÙÖ ; > � Ψ(Vy)

|�O�:"|�'C! (�|�'yx���$�(C! O '�$�$�&
-Þ��'CMN'�$���'�-
����x������)-���?@(���-�������9����)�/��$�?�9����

Q(N, Vy) =
∑

S$N

Vy(S) ln z(S)

$"�%-�$�8�#z'�(C! O ' X(N, Vy) = {z : z ∈ T n−1}
; ² ��-�'C! ��-
.���! 8�'�(S:��)*,8�!�|�� &

x":"|k8�x�$�8 5�8 i ∈ N zi → 0 .�! 8 Q(N, Vy) → −∞
;

2 ��:�'�'�.Å6�8 (�?@8�:�; ?��)x":"|�:���� 8 5�8 z ∈ T n−1 ��:���� 8 <�?@8,��:���9���� S -�&
��-�'�'�- z(S) ≤ 1 .�! 8�O (�'�(S:���5S��'�-�&
'hO±=C! 8 <Í(C��-�-�'�$�'�6�8�:�8�#%��! 'S:�; $�&
��6�8 (�?@8�:�; ?�����5��"� Vy

6�8�:�8�#%��! 'S:�; $"�,� ; 2/8 =C! 8 -[�hx":"|�:���� 8 5�8 y ∈ T n−1

-�&���-�'�'�-

max
z∈T n−1

∑

S$N

Vy(S) ln z(S) ≥ max
z∈T n−1

∑

S$N

( max
y∈T n−1

Vy(S)) ln z(S) ≥

≥ max
z∈T n−1

∑

S$N

v(S) ln z(S) ≥
∑

S$N

v(S) ln(s/n) = a,

5]x�' v(S) = max
y∈T n−1

Vy(S) > 0, s =| S |
;

� :�'yx�8 O,��! 'S:�; $�8�.�x":"|�:���� 8 5�8 y ∈ T n−1 ��'CMN'�$���'{����x������k-���?@(���-������Ê­
9����k�/��$�?�9���� Q(N, Vy)

:�'C#%��!>O)��O &
6���?�:�8 -¦�
?@8 -�6"��?�! '

Ta = {z ∈ T n−1 :
∑

S$N

v(S) ln z(S) ≥ a} ⊂ T n−1
o ,

5]x�' T n−1
o

8 � 8���$"���"��'C!%8�! $�8 (���! 'S:�; $����ªO $��@! ��'�$�$�8 (C! ;©-�$�8�#z'�(C! O,� T n−1 ;
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0/'C! ����x�$�8�����-�'C! ��! ;�.���! 8>=C! 8>��'CMN'�$���'�.�?���?k��'CMN'�$���'}(�8 8�! O 'C! (C! O�����­
¨N'�<)(���(C! '�-�&¸�ÙÖ ; c �S.�$�'�6���'���&
O $�8>����O ��(���!%8�! y $"� Ta

;
1[��?���-)8 � �"����8 -�-�&�6�8 (C! ��8 ��:��N$�'�6���'���&
O $�8 '�8�! 8 � �"��#z'�$���'7(���-�6�:�'�?9­

(�� T n−1 Oh(�'���|�¶ y 7→ Ψ(Vy)
;7� :�'yx�8 O,��! 'S:�; $�8�.76�8�! '�8 ��'�-�' B �"����=��"�h8

$�'�6�8�x�O ��#%$�8 <�! 8 ��?@'{$"��<@x�'C! (�|)!���?@8 < y .���! 8 y = Ψ(Vy)
;

2/8 ?���#z'�-Ë! '�6�'���;�.���! 8�! 8 ��?�� y 8 6���'yx�'S:"|�'C!§��$�O,�����"��$�! $�8 'k8�! $�8 (��9­
! 'S:�; $�8�6���8 6�8 ��9���8 $"��:�; $�8 5�83=�?@(�9�'�(�(�����'CMN'�$���'7��5���& V

;&2 '�<�(C! O ��! 'S:�; $�8�.
(%8�x�$�8 <§(C! 8 ��8 $�&/. γS(V (S), y) = 1/λ

(S)
y

.W$�8�.W(Nx�����5�8 <�.o6�8 (�?@8�:�; ?���x":"|
6���8 6�8 ��9���8 $"��:�; $�8 5�8§=�?@(�9�'�(�(���O &
6�8�:�$�'�$"�§��?@(���8 -���6���8 6�8 ��9���8 $"��:�; $�8	­
(C! �kx":"|�132ª��5���.�! 8 hS(Vy(S), y) =

eSλ
(S)
y y

eSy
, ����$"������! y |�O�:"|�'C! (�|���'CMN'®­

$���'�-�(���(C! '�-�&¸�ÙÖ ;@6 � ;

1[��?���-�8 � �"����8 -�-�&Í6�8 (C! ��8 ��:�����'CMN'�$���' ψ $"�
GN+

.�(C!���O�|�¨N'�'NO%(�8	­
8�! O 'C! (C! O ��'�?���#zx�8 <���5���' V -�$�8�#z'�(C! O 8 ψ(V ) ��'CMN'�$���<§(���(C! '�-�&Ó�ÙÖ ;@6 �S.
?@8�! 8 ��8 '3-�&§x���:�'�'L����x�'�-�!���?�#z'L$"����&
O,��! ;|¸ ; ² ­K��'CMN'�$���'�- ;�´ � �"��! ��-hO $��9­
-���$���'%$"��! 8�.Å��! 8�=C! 8���'CMN'�$���'�.oO)8�!�:�������'�8�!)132Þ(S:"���"��|�.W$�'>8 ��|�����$�8
� &�! ;�8�x�$�8�! 8 ��'���$�&
- ; � ~ $"��:�8 5�����$�8�132Ë(S:"���"���¬��'CMN'�$���'�.�(�8 8�! O 'C! (C! O���­
�3¨N'�'L(���(C! '�-�'3O '�(�8 O w .�?@8�! 8 ��8 '
!���?�#z'�.,8 ��'�O �@x�$�8�. (C�@¨N'�(C! O�� 'C!�.�$"����8 O '�-
¸ ; ²K� w ��­K��'CMN'�$���'�-¦� ;

� :�'yx����3¨N��'>6���'yx":�8�#z'�$���|�$�'�-�'yx":�'�$�$�8)(S:�'yx����3!)����8 6���'yx�'S:�'�$���|h�
6���'yx�&¦x��@¨N'�<�! '�8 ��'�-�& ;
ikmWj�v[Ào¼TW�j@wWqWj   e á e�R���� ¡ V ∈ GN+

������è�
��Cè��Cè�
 ó �Cè ü�ýÈ¡�éÙ� � < è��
ψ(V ) = Ψ(v)

L
ikmWj�v[Ào¼TW�j@wWqWj   e � e w L¨§©# � �C¤��C¢ ¡ � ψ ��ùy������� �CèÌ��
���ê��Cè�
�� ñ/¡ �CøÅø��Cç,è ¡ 
�#
¢����Cè ¡ < ��¢���¢ ¡�ñ ¢����Cè ¡�¡�� ������� ¡ è�����£,¢���ê�����¢�� � ����¢����Cè ¡ L

2 :"|z! 8 5�8�. ��! 8 � &�(���8 ��-[��:�����8 O,��! ;{(�O 8 <�(C! O 8�.@��$"��:�8 5�����$�8 'L(�O 8 <�(C! O��
8 5��"��$�����'�$�$�8 <):���$�'�<�$�8 (C! �)x":"|�132Ì��5�����(�- ; O &�MN'��S.�O O 'yx�'�-�8 6�'��"��9����
$"�

GN+
.o?@8�! 8 �����Ú-�&Ø8 � 8���$"������-Ë��'���'C� ⊕d

��8 6���'yx�'S:���-¯(S:�'yx����3¨N��-
8 � �"����8 - ; 2I� (C! ; A,B ∈ G

S
N+

; 1o8 5]x��©x":"|�:���� 8 5�8 x ∈ R
S
+

(C�@¨N'�(C! O�� 'C!
��8 O $�8�x�O '}! 8 ��?�� y ∈ ∂A � z ∈ ∂B !���?���'�.���! 8 y = λxx

� z = µxx
x":"|

$�'�?@8�! 8 ��&7*>6�8�:�8�#%��! 'S:�; $�&7*>����(�'S: λx
� µx

; 1o8 5]x��I8 6���'yx�'S:���- � ó�ñ3ñ/óN� �
¢"� ��� � 
����C¢ ¡�å�ñØ-�$�8�#z'�(C! O A � B ?���?k-�$�8�#z'�(C! O 8

A⊕d B = comp{
⋃

x

(λx + µx)x},
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5]x�' compF 8 � 8���$"���"��'C!N����-�?�$��@!����¬��(���'���6�&
O,���3¨}���Ë8 � 8�:�8 ��?��%-�$�8�#z'®­
(C! O,� F ; � ² ��-�'C! ��-
.���! 8�6�8 (�?@8�:�; ?�� λtx = λx/t

.�! 8�8 ���Å'yx���$�'�$���'z-�8�#%$�8
� �"��! ;>$�'�6�8>O (�'�- x ∈ R+

."�z! 8�:�; ?@8>6�8 x ∈ T n−1 ; �
2I� (C! ;}! '�6�'���; V,W ∈ GN+

;�´ 6���'yx�'S:���-���5���� V ⊕dW
.,6�8�:�8�#%��OIx":"|

:���� 8 <k?@8,��:���9���� S
(V ⊕d W )(S) = V (S) ⊕d W (S).

´ ��'�O �@x�$�8�."��! 8 V ⊕d W ∈ GN+

; ­{'�5�?@8%O �@x�'C! ;>!���?�#z'�."��! 8%O�(S:"���"��'
132Ó��5��±(C��-�-���6�8�$"��6��"��O�:�'�$���|�-ª(�8 8�! O 'C! (C! O�� 'C!±(S:�8�#z'�$�������$"����'�$���<
*@���"��?�! '�����(C! ����'�(�?���*©�/��$�?�9���< ; 0���?@8 $�'�9�.����L8 6���'yx�'S:�'�$���|>(S:�8�#z'�$���|z6�8
$"��6��"��O�:�'�$���|�-�(S:�'yx�� 'C!�.���! 8

hS(V ⊕d W,x) = hS(V, x) + hS(W,x).

� � ñ �C	���¢ ¡ � Ö ;E89L¦� :�'yx�� 'C!±6�8�x���'���?�$��@! ;�.
��! 8��"��(�(�-���! ����O,��'�-�8 '�(S:�8�#z'®­
$���'36�8{$"��6��"��O�:�'�$���|�-§8�!�:����"��'C! (�|�8�!%¡ ¢�
�� � �C¢���ê�� ó�ñ3ñ � ��O 'C�Sx�$�&7*%-�$�8	­
#z'�(C! O�.�6����±?@8�! 8 ��8 <�6���8 ��(+*,8�x���!§(S:�8�#z'�$���'k?���:���� ��8 O 8 ��$�&7*±�/��$�?�9���<
(�8 8�! O 'C! (C! O����3¨N��*�-�$�8�#z'�(C! O ;7´ 6���'yx�'S:�'�$���')��$�O '���(�$�8 <�(C��-�-�&Î-�8�#%$�8
$"��<�! ��.�$"��6�����-�'���.�Ok® >�°�;

1o'�6�'���;I-�&�-�8�#z'�-�(���8 ��-[��:�����8 O,��! ;/��$"��:�8 57(�O 8 <�(C! O,�I8 5��"��$�����'�$�$�8 <
:���$�'�<�$�8 (C! ��.�6����%=C! 8 -§$"��(3����x��@!N��$�! '���'�(�8 O,��! ;z(C��-�-�&�O �@x�� aV ⊕d (1−

a)W x":"| 0 < a < 1
;

ikmWj�v[Ào¼TW�j@wWqWj   e Z e ý{ó �Cèz£
V,W ∈ GN+ < ¡��"ó �Cèz£

x ∈ ψ(V )
⋂
ψ(W )

L
ü � é ��� x ∈ ψ(aV ⊕d (1 − a)W )

�C� å ���
ù�� é � 0 < a < 1
L

2 8 ?�������! 'S:�; (C! O 8�$�'�-�'yx":�'�$�$�8h(S:�'yx�� 'C!§���k8 6���'yx�'S:�'�$���<�����6�8 -[|�$���­
! &7*)O &�MN'�(�O 8 <�(C! O%(S:�8�#z'�$���|k6�8�$"��6��"��O�:�'�$���|�- ;

ª e�f)¼�É�¿�mWq̂ «�)/qWlWj�n p�¼�j§½WmWj@¼�ã�mW¿�ä@¼�u�¿�wWqWj�½W¼"Àoj,ä@wW¼�n�
�j@r¬qÍwWj@p�¼*
�¼}2
mWÂ�j�n ¼�¼*
�wW¼�Ã�j@wWqÅÄ�)/jXW�v¦�±mWj@Ã�j@wWqÅÄD)/q

¹ ����?�:�����'�$���'3-�&�?��"��! ?@8�.,��(�6�8�:�;�����|z:�8 5S��������-�����'�(�?@8 '36���'�8 � �"����8	­
O,��$���'>6�8�:�'C��$�8 (C! '�<���5���8 ?@8 O�.W�"��(�(�-�8�! ����-¬$�'�?@8�! 8 ��&
'�6���8 (C! &
'%(�8 8�! $�8	­
MN'�$���|)-�'C#zx�������� ��! �"��#%$�&
-��k��'CMN'�$���|�-��)�k��'CMN'�$���|�-���0/132¯��5�� ;

2I� (C! ; N = {1, 2, . . . , n} ����?@(�����8 O,��$�8{� x ∈ R
N
++

;�´ � 8���$"������-h��'���'C�

LN(x) = (ln(x1), ln(x2), . . . , ln(xn)).
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·k&Í-�8�#z'�-±8 6���'yx�'S:���! ;%! '�6�'���;������ ��! �"��#%$����Ë(+*,'�-[�

LN(q, Q) = (LN(q), LN(Q)),

6�8�:���5S��|

LN(Q) = {(y1, y2, . . . , yn) : ∃x ∈ Q : y ≤ LN(x)}.

² ��-�'C! ��-
.���! 8Lx":"|}! 8 5�8�.���! 8 � &�(�8�*��"��$���! ;�6�8�:�8�#%��! 'S:�; $�8 (C! ;�.�-�&�x�8�:"#ñ­
$�&h8 5��"��$�������! ; (�|N����� ��! �"��#%$�&
-���(+*,'�-���-�� (q, Q) ( q ≥ eN

� q ­K��(���'���6�&n­
O,���3¨N��-��N-�$�8�#z'�(C! O,��-�� Q ; 2/8 =C! 8 -[��'�(S:��N-�&§8 � 8���$"������- Q+

q = comp(Q

∩ (q + R
N
+ )), 8 6���'yx�'S:���- LN(q, Q) = (r, R) .
5]x�' r = LN(q) � R =

LN(Q+
q )

∩ R
N
+
.�! 8>-�&������ 'C#%��-±O 8���$���?����3¨N'�<�6���8 ��:�'�-�& ;

´ x�$"��?@8Ix":"|>$"��MN'�5�8{8 � (C�@#zx�'�$���|>=C! 8}$�'
|�O�:"|�'C! (�|%9�'�$�! �"��:�; $�&
-�O 8	­
6���8 (�8 -
.�6�8 (�?@8�:�; ?��)?@8 O,�����"��$�! $�8 (C! ;�8�! $�8 (���! 'S:�; $�8©MN?���:h��'CMN'�$���|�0/=®­
Mz����A�H�­K6���8 6�8 ��9���8 $"��:�; $�8 5�8���'CMN'�$���|±6�8���O 8�:"|��3!��"��(�(�-���! ����O,��! ;h���9­
� ��! �"��#%$�&
'%(+*,'�-�&/.o8 ��:���x����3¨N��'>! 8�:�; ?@8)��! 8)��6�8 -[|�$��@! &
-���(�O 8 <�(C! O,�Ê­
-�� ;Ê4 ��8 -�'�! 8 5�8�.�$"����� 8�:�;�MN��<{��$�! '���'�(�x":"|{$"��(�6���'yx�(C!���O�:"|�'C!I(C! ����?�!����"�
(�8 8�! $�8�MN'�$���<�-�'C#zx��©��'CMN'�$���|�-�� ;

Ô ��(�(�-�8�! ����-���'CMN'�$���'N0/=CMz� ;�´ ��'�O �@x�$�8�."��! 8Nx":"|©:���� 8 5�8 Q ∈ ΩN
0

LN(NS(Q)) = US(LN(Q)),

5]x�' US ¶>��(���-�-�'C! ������$�8 '��à�@! ��:���!�����$�8 '���'CMN'�$���'�.�! ; ' ; ��'CMN'�$���'�.�?@8�! 8 ��8 '
(C!���O ��!kO©(�8 8�! O 'C! (C! O ��'>?���#zx�8 <������ ��! �"��#%$�8 <�(+*,'�-�'z! 8 ��?���-�$�8�#z'�(C! O,�
x�8 (C! ��#%��-�&7*�O '�?�! 8 ��8 Oh6�8�:�'C��$�8 (C! '�<�.¦-���?@(���-������������3¨}���Ý(C��-�-�����$����
6�8�:�'C��$�8 (C! ;%��5���8 ?@8 O ;

� ² x�'�(�;�����-�'C! ��-�(S:�'yx����3¨N'�' ; ~ ��� ��! �"��#%$�8 '{��'CMN'�$���'N0/=CMz�>8 6���'yx�'®­
:�'�$�83x":"|z����� ��! �"��#%$�&7*}(+*,'�-�(7O &
6���?�:�&
-���-�$�8�#z'�(C! O,��-�� Q ����(���:�; $�8@�
8 6�! ��-���:�; $�8©6�8©2�����'C! 8>x":"|�?���#zx�8 <������ ��! �"��#%$�8 <�(+*,'�-�& ; 2/8 =C! 8 -[� .�O
(���:"�hO 8 5�$��@! 8 (C! � ln .ÅO (�'���(���:�; $�8@�/8 6�! ��-���:�; $�&
'�6�8)2�����'C! 8)! 8 ��?��§6�'®­
��'S*,8�x�|�!§O�?��"��<�$���'©! 8 ��?���-�$�8�#z'�(C! O,� LN(Q)

; 2/8 =C! 8 -[���@! ��:���!�����$�8 '
��'CMN'�$���'}����x�'C!%8 6���'yx�'S:"|�! ; (�|)8�x�$�8���$"����$�8 ; �

0���6�8 -�$���-�!���?�#z'�.���! 8%�@! ��:���! �"��$�8 '���'CMN'�$���'�$�'{����O ��(���!�8�!%! 8 ��?��
ACBED�BGF,A>H�F"J>��-�8�#z'C!©� &�! ;�8�*@���"��?�! '�������8 O,��$�8�(}6�8 -�8�¨N; �Ì��?@(���8 -�8 6�! �9­
-���:�; $�8 (C! ��6�8�2�����'C! 8�.�(���-�-�'C! ������$�8 (C! ��.76�8�:�8�#%��! 'S:�; $�8 <±8�x�$�8 ��8�x�$�8	­
(C! �)�)��x�x���! ��O $�8 (C! ����(�- ; ."$"��6�����-�'���.Å® 8Ê6�° � ;
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Ô ��(�(�-�8�! ����-�! '�6�'���;�A�H�­K6���8 6�8 ��9���8 $"��:�; $�8 '/��'CMN'�$���' ; ­{'�5�?@8>O �@x�'C! ;�.
��! 8

LN(PS(q, Q)) = ES(LN(q, Q)),

5]x�' ES ¶/=�5S��:���!�����$�8 '���'CMN'�$���'�.�8 6���'yx�'S:�'�$�$�8 '�x":"|}����� ��! �"��#%$�8 <{(+*,'�-�&
(r, R) ?���?

ES(r, R) = r + δeN ,

5]x�' δ = max{t > 0 : r + teN ∈ R}.2 '�<�(C! O ��! 'S:�; $�8�.�6�� (C! ; x = PS(q, Q)
; Ï¦! 8N8���$"���"��'C!�.���! 8 x = µq .@5]x�'

µ = max{t > 0 : tq ∈ Q}. 1o8 5]x�� ln xi = lnµ + ln qi
x":"|�:���� 8 5�8 i ;2/8 =C! 8 -[� z = LN(x) = LN(q) + δeN

."5]x�' δ = lnµ
;

Ï75S��:���!�����$�8 ')��'CMN'�$���'�x":"|������ ��! �"��#%$�&7*�(+*,'�-Ì( q = 0
�±O &
6���?9­

:�&
-�����(���'���6�&
O,���3¨N��-���-�$�8�#z'�(C! O,��-�� Q *@���"��?�! '�������� 'C! (�|���?@(���8 -���-��
��(S:���� 8 <���8 6�! ��-���:�; $�8 (C! �h6�8k2�����'C! 8�.�(���:�; $�8 <�-�8 $�8�! 8 $�$�8 (C! ��.à(���-�-�'C!	­
������$�8 (C! �)��6�8�:�8�#%��! 'S:�; $�8 <k8�x�$�8 ��8�x�$�8 (C! ����(�- ; ® :�° � ; � ´ 6���'yx�'S:�'�$���'{��'®­
MN'�$���|�0/=CMz�§��=�5S��:���! �"��$�8 5�8���'CMN'�$���|�x":"| q 6= 0

! ��'���� 'C!���?@(���8 -�&
(]x�O ��5S�,� ;

·k&Ø�@#z'�8�! -�'��"��:��±O &�MN'�.[��! 8������ ��! �"��#%$�8 '©��'CMN'�$���'k0/=CMz����A�H�­
6���8 6�8 ��9���8 $"��:�; $�8 '���'CMN'�$���'z*@���"��?�! '����������3! (�|�8�x�$�8 <���! 8 <�#z'z(���(C! '®­
-�8 <)��?@(���8 -
."$�8Nx":"|��"���C:�����$�&7*)(�'�-�'�<�(C! O������ ��! �"��#%$�&7*k(+*,'�- ;

´ � �"��! ��-�(�|�! '�6�'���;�?�O O 'yx�'�$�$�8 -[��O &�MN'I(�8 5+:���(�8 O,��$�$�8 -[�%6���8 6�8 ��9��9­
8 $"��:�; $�8 -[�{��'CMN'�$���� ; 0/'C! ����x�$�8I6���8 O '�����! ;�.���! 8I6�����:�8 5S��������-�����'�(�?@8 -
6���'�8 � �"����8 O,��$����{6�8�:�'C��$�8 (C! '�<}8 $�8L6�'���'S*,8�x���!IO
(���-�-�'C! ������$�8 '7=�5S��:���!����9­
$�8 '���'CMN'�$���' 4 ��:����9­ � ��-�'C!�� ;

~ ��-�'�$�$�8�.�x":"|):���� 8 <���5���& (N, V ) ∈ G
nl
N+

-�&Ë-�8�#z'�-�8 6���'yx�'S:���! ;
0/132¯��5���� LN(V ) (S:�'yx����3¨N��-�8 � �"����8 -õ¶

LN(V )(S) = {y ∈ R
S : ∃x ∈ V++(S) : y ≤ LN(x)}.

0���6�8 -�$���-�8 6���'yx�'S:�'�$���'%(���-�-�'C! ������$�8 5�8�=�5S��:���!�����$�8 5�8���'CMN'�$���| E��(�- ; ® 8 ï ° � ;
2 :"|�x���$�$�8 <©��5���& V 8 6���'yx�'S:���-±O $"���"��:�' D(V, ∅) = 0 � Z(V, ∅) = 0

;
2 ��:�'�'�x":"|k?���#zx�8 <�?@8,��:���9���� S

Z(V, S) =
∑

T⊂
6= S

D(V, T )

�
D(V, S) = eS max{t : (Z(V, S) + teS) ∈ V (S)}.
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0���?@8 $�'�9�."8 6���'yx�'S:���-

E(V ) =
∑

S⊂N

D(V, S).

� :�'yx����3¨N'�'N6���'yx":�8�#z'�$���'N$�'�-�'yx":�'�$�$�8�(S:�'yx�� 'C!����}8 6���'yx�'S:�'�$���<�(�8	­
5+:���(�8 O,��$�$�8 5�8%6���8 6�8 ��9���8 $"��:�; $�8 5�8>��'CMN'�$���|)�k��'CMN'�$���| 4 ��:����9­ � ��-�'C!��
�k�"��O '�$�(C! O,� LN(PS(q, Q)) = ES(LN(q, Q)).

ikmWj�v[Ào¼TW�j@wWqWj ª e s e�¬ F H w H&­fNpNX®~¯yH°¬ F H&­fNpN�L
� :�'yx����3¨N��'}(�O 8 <�(C! O,�z!���?�#z'{(S:�'yx����3!����{8 6���'yx�'S:�'�$���< ;

,

, Q; q=0
,

, Q; q>0

PO, SC, AN,

IIA

PO, SC, AN,

M.STAB

sq- .

LN LN

PO, SYMM,

PosHom,

ADD

(

q)

PO, SYMM,

PosHom,

SM

(

Q, q=0)

. 2. 

-

sq-
.

LN
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ikmWj�v[Ào¼TW�j@wWqWj ª e á e±H Q N	:�� é ��� ����
���¢"¢���� ��� � � � �� "¡ ��¢"����£,¢���� � �C¤��C¢ ¡ �
��ùy������� �CèÝ��
���ê��Cè�
�� ñ � ¡ ��£,¢���êh¢��yú�� 
 ¡ � ¡�ñ ���Cè ¡ ��è � ���Cè�� � ��¢"¢ ¡�ò
����£,è�� � ¢"��è ¡ 
 < èYL���L;�C� å ��
 ó�òÌ¡�éÙ� V < W ¡ ç@�y��� ¡" "¡"¡ S < ����� ¡
V (T ) = W (T )

�C� å ���
ù���ê
T 6= S,W (S) ⊂ V (S) < ¡ P (S, V ) ∈

W (S) < è��
P (V ) = P (W )

L
H U NSR���� ¡ V (N)=W (N) ¡ �C� å ���
ù�� é � i∈N,P (N\{i},V )=P (N\{i},W ) <è��

P (V ) = P (W )
L

¹ ����?�:�����'�$���'I-�&�6�����O 'yx�'�-�(+*,'�-[����(�- ;�Ô ��( ;�A �S.@��:�:���(C! ���������3¨}���
6�����O 'yx�'�$�$�&
'�(�O�|�����-�'C#zx�������� ��! �"��#%$�&
-�����'CMN'�$���|�-����%��?�������$�$�&
-��
��'CMN'�$���|�-���0/132Ë��5�� ;

� 2 Ü{�
´�4 ­ Ü 1 º�Ô ~ 1 1/Ô{²

8?; 2/'���'���(�?���< �t; ­ ;�³ ó ¢"ç  "¡"¡ ��ç@�   �����]���C� å ç@��� � � � ��è ¡ 
�¢"� ò§¡�éÙ� ù��yú
� ��ù���	�¢"� ò�� ����è��´�Í�Cê�µ���ç@� ¡ � ñ ��è ¡ 	����Cç ¡ ê � ��� ò ���Ê; Ï7?@8 $�8 -���?@8	­K-���! '®­
-���! ����'�(�?���'z��(�(S:�'yx�8 O,��$���|�¶�-���! '�-���! ����'�(�?���'z-�8�x�'S:����)��$���8 ��-��Ê­
9���8 $�$�&
'�! 'S*�$�8�:�8 5���� ;�A ï ï ï ;�� 2/��¶ 0�����?�� ;  ; ì 6 ¶ =�A9;

A9; 2/'���'���(�?���< �t; ­ ; . �{��� ¡ ù � ��
���	�¢"��êA��ç@�   �����¶�C� å�¡�éÙ� ��¢��Cè � ��¢��+ø��$#
� ��ù�����£,¢"� ñ/¡�� �����yú�¢����Cè å�ñ/¡ µ�����£,è�� � ¢"��è ¡ 
�¢"��ê � ��� ò ���Ê; Ï7?@8 $�8 -��9­
��'�(�?���'}��(�(S:�'yx�8 O,��$���|�¶"! '�8 ����|)�k6�����:�8�#z'�$���| ;�A ï ï A9;�� 2/��¶ Ü �Sx�­KO 8
º O ��8 6�'�<�(�?@8 5�8>��$���O '���(���! 'C!���O � ��$�?�!	­�2/'C! '���������5�' ;  ;"A?A³: ¶ A?6³=<;

><; 2/'���'���(�?���< �t; ­ ; . » $�8 O (�?���| ºõ; Bt;��}��� � � � ��è ¡ 
�¢"��� ¡�éÙ� ��µ � �C¤��C¢ ¡�å
¡ ��ç@� ¡ � ñ ��;�� 2/��¶ Ü �Sx�­KO 8 º O ��8 6�'�<�(�?@8 5�8���$���O '���(���! 'C!��hO � ��$�?�!	­
2/'C! '���������5�' ;�A ï ï c ;

c ;LÔ 8 ?�����'S:�:���� Ô�; 1 ;�æL� �"ó ç�����ê���¢"��� ¡ ú	; ·u¶�·k��� ; 8�: Ö ><;
69;C· ¬%´¨¸�¯±° ¿ � ; . �?¹=º¤»�¼ J » J ¼ B § J�½�D�¾�¿�D�¾ F º J�À/D7ÁyJ�J »=º$¼ D�B § ¿ ºCÂ D�Ã º ; ��²µ¯¾¬�ö ;
�9¬%Á}¸}�̧¬%»\Ä�¬%¯¾¸"¬%»~� ¿XÅ ¬%· õ ¯¾¬ ¿,õ ·�.D nº�²µ¹Ç°�Æ ö ;�8�:?:?:<;

ì ;CÇ °³» õ � ; .}�¢°³·�­j 7ö?´µ¬%´µ=́� ; wLJ�B º ½"B § D�¾ < ¿�D�¾ F ºp< D�½�È8ÁyJ�½�A § ACB º ½ÉÁ$ÊrË�Ë¶Ì�¹�ö ¿ ö	­
¯¾¬ õ »�²µ¹Ç° ;�8�:?=?:�ÍØ;"6 Ö ;=��;"6³=?: ¶ ì 8 c ;

Ö ;CÇ ¬%»�»�¬%»+ö\ ; . Í ²µ´µ´.°³»*� ; �?¹=º�¼ § Â&¹ B�A ºÎÂ D�¾ § BED ¼ § D�½{A�J�¾ F�B § J�½�À�J ¼^F8��Ï A ¹ D ¼ § ½ Â
»�¼ J�Ð1¾ º Ã�Ë�Ë�� ¿,õÇ;�Ñ<; ö�Ò(Ów°³¯¾¬£�õº�¬�ö?»jÔ ;"A ï ï :<;fÍØ;�>?:<;=��; 8�> Ö�¶ 8Ê6 ï ;
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Ðàáîòà ïîñâÿùåíà èçó÷åíèþ ïðîáëåìû äèíàìè÷åñêîé óñòîé-
÷èâîñòè êîîïåðàòèâíûõ ðåøåíèé, âïåðâûå ñôîðìóëèðîâàííîé
Ïåòðîñÿíîì Ë.À. â 1977 ã. äëÿ äèôôåðåíöèàëüíûõ èãð ñ ïðåä-
ïèñàííîé ïðîäîëæèòåëüíîñòüþ. Â äàííîé ðàáîòå ðàññìàòðè-
âàåòñÿ ìîäèôèêàöèÿ äèôôåðåíöèàëüíîé èãðû ñ ïðåäïèñàííîé
ïðîäîëæèòåëüíîñòüþ, à èìåííî, ïðåäïîëàãàåòñÿ, ÷òî èãðà çà-
êàí÷èâàåòñÿ â íåêîòîðûé ñëó÷àéíûé ìîìåíò âðåìåíè. Êðîìå
òîãî, â êà÷åñòâå êîîïåðàòèâíîãî ðåøåíèÿ èñïîëüçóåòñÿ âåêòîð
Øåïëè. Äëÿ òàêîé ïîñòàíîâêè çàäà÷è ñôîðìóëèðîâàíî ïîíÿ-
òèå ïðîöåäóðû ðàñïðåäåëåíèÿ äåëåæà, è ïîëó÷åíà àíàëèòè÷å-
ñêàÿ ôîðìóëà äëÿ ïðîâåðêè äèíàìè÷åñêîé óñòîé÷èâîñòè âåê-
òîðà Øåïëè. Òàêæå â ðàáîòå èçó÷àåòñÿ óñëîâèå çàùèòû îò èð-
ðàöèîíàëüíîãî ïîâåäåíèÿ ó÷àñòíèêîâ (óñëîâèå Ä.ßíãà, 2006) è
ïðåäëîæåí ìåõàíèçì ïðîâåðêè âûïîëíåíèÿ ýòîãî ñâîéñòâà, îñ-
íîâàííûé íà ïðîöåäóðå ðàñïðåäåëåíèÿ äåëåæà. Òåîðåòè÷åñêèå
ðåçóëüòàòû äåìîíñòðèðóþòñÿ íà ïðèìåðå äèôôåðåíöèàëüíîé
èãðû ðàçðàáîòêè íåâîçîáíîâëÿåìûõ ðåñóðñîâ.

c©2010 Å.Â. Øåâêîïëÿñ
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Êëþ÷åâûå ñëîâà: äèíàìè÷åñêàÿ óñòîé÷èâîñòü, óñòîé÷èâàÿ êîîïåðà-
öèÿ, çàùèòà îò èððàöèîíàëüíîãî ïîâåäåíèÿ, ðàçðàáîòêà íåâîçîáíîâ-
ëÿåìûõ ðåñóðñîâ, äèôôåðåíöèàëüíàÿ èãðà ñî ñëó÷àéíîé ïðîäîëæè-
òåëüíîñòüþ.

1. Ââåäåíèå

Èññëåäîâàíèå â äàííîì íàïðàâëåíèè áûëî íà÷àòî â 1998 ã. ïîä
ðóêîâîäñòâîì Ë.À. Ïåòðîñÿíà, êîòîðûì áûëà ñôîðìóëèðîâàíà òåìà
ðàáîòû � ¾Êîîïåðàòèâíûå äèôôåðåíöèàëüíûå èãðû ñî ñëó÷àéíîé
ïðîäîëæèòåëüíîñòüþ¿. Ë.À. Ïåòðîñÿí ïðåäëîæèë èçó÷èòü ïðîáëå-
ìó äèíàìè÷åñêîé óñòîé÷èâîñòè ïðèíöèïîâ îïòèìàëüíîñòè, ñôîðìó-
ëèðîâàííóþ èì â êîíöå 1970�õ ãîäîâ äëÿ äèôôåðåíöèàëüíûõ èãð ñ
ïðåäïèñàííîé ïðîäîëæèòåëüíîñòüþ (ñì. [2], [1]), äëÿ íîâîãî êëàññà
äèôôåðåíöèàëüíûõ èãð, à èìåííî äèôôåðåíöèàëüíûõ èãð ñî ñëó-
÷àéíîé ïðîäîëæèòåëüíîñòüþ. Â 1966 ãîäó â ðàáîòå [4] èçó÷àëàñü àí-
òàãîíèñòè÷åñêàÿ èãðà ïðåñëåäîâàíèÿ äâóõ ëèö ñ òåðìèíàëüíûìè âû-
èãðûøàìè â ïîñëåäíèé ìîìåíò âðåìåíè, êîòîðûé ÿâëÿëñÿ ñëó÷àé-
íîé âåëè÷èíîé ñ èçâåñòíîé ôóíêöèåé ðàñïðåäåëåíèÿ. Ë. À. Ïåòðîñÿí
ïðåäëîæèë àâòîðó ðàññìîòðåòü îáùóþ ïîñòàíîâêó äèôôåðåíöèàëü-
íîé èãðû, çàêàí÷èâàþùåéñÿ â ñëó÷àéíûé ìîìåíò âðåìåíè. Êðîìå
òîãî, âûèãðûøè èãðîêîâ â íîâîé çàäà÷å ïðåäïîëàãàëèñü èíòåãðàëü-
íûìè.

Äàííîå èññëåäîâàíèå ïåðåðîñëî â äèïëîì, à çàòåì â êàíäèäàòñêóþ
äèññåðòàöèþ. Êðîìå ïðîáëåìû äèíàìè÷åñêîé óñòîé÷èâîñòè, èçó÷åí-
íîé â ðàáîòå [5], áûëî âûâåäåíî óðàâíåíèå òèïà Áåëëìàíà, ïîçâîëÿþ-
ùåå íàõîäèòü óïðàâëåíèÿ ñ îáðàòíîé ñâÿçüþ äëÿ çàäà÷è ñî ñëó÷àéíîé
ïðîäîëæèòåëüíîñòüþ [6].

Â äàííîé ðàáîòå ñîáðàíû, ïåðåðàáîòàíû è äîïîëíåíû ìàòåðèàëû,
êàñàþùèåñÿ ïðîáëåìû óñòîé÷èâîé êîîïåðàöèè â äèôôåðåíöèàëüíûõ
èãðàõ ñî ñëó÷àéíîé ïðîäîëæèòåëüíîñòüþ.

Â ðàçäåëå 2 äàåòñÿ îïðåäåëåíèå èãðû. Â ðàçäåëå 3 íà ïðèìåðå âåê-
òîðà Øåïëè ôîðìóëèðóåòñÿ ïðîáëåìà äèíàìè÷åñêîé óñòîé÷èâîñòè
ïðèíöèïîâ îïòèìàëüíîñòè äëÿ äèôôåðåíöèàëüíûõ èãð ñî ñëó÷àéíîé
ïðîäîëæèòåëüíîñòüþ. Â ðàçäåëå 4 ôîðìóëèðóåòñÿ óñëîâèå çàùèòû
îò èððàöèîíàëüíîãî ïîâåäåíèÿ ó÷àñòíèêîâ. Â ðàçäåëå 5 ïðèâîäèò-
ñÿ ïðèìåð äèôôåðåíöèàëüíîé èãðû ðàçðàáîòêè íåâîçîáíîâëÿåìûõ
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ðåñóðñîâ, ïðè÷åì ìîìåíò îêîí÷àíèÿ èãðû ÿâëÿåòñÿ ñëó÷àéíîé âåëè-
÷èíîé, ðàñïðåäåëåííîé ïî çàêîíó Âåéáóëëà.

2. Ìîäåëü èãðû

Â èññëåäîâàíèÿõ â îáëàñòè äèôôåðåíöèàëüíûõ èãð, êàê ïðàâèëî,
èçó÷àþòñÿ äèôôåðåíöèàëüíûå èãðû ñ ïðåäïèñàííîé ïðîäîëæèòåëü-
íîñòüþ. Ýòî îçíà÷àåò, ÷òî èãðà ðàçâèâàåòñÿ âî âðåìåíè íà ôèêñè-
ðîâàííîì âðåìåííîì ïðîìåæóòêå [t0, T ], ïðè÷åì ìîìåíò îêîí÷àíèÿ
èãðû T èçâåñòåí çàðàíåå.

Â äàííîé ðàáîòå èçó÷àåòñÿ ìîäèôèêàöèÿ äèôôåðåíöèàëüíîé èã-
ðû n ëèö ñ ïðåäïèñàííîé ïðîäîëæèòåëüíîñòüþ, à èìåííî, ïðåäïîëà-
ãàåòñÿ, ÷òî èãðà ðàçâèâàåòñÿ íà ïðîìåæóòêå [t0, T ], ãäå T � ñëó÷àéíàÿ
âåëè÷èíà ñ èçâåñòíîé ôóíêöèåé ðàñïðåäåëåíèÿ F (t), t ∈ [t0,∞) [4],
[5]. Òàêèì îáðàçîì, ïîñòàíîâêà äèôôåðåíöèàëüíîé èãðû ñî ñëó÷àé-
íîé ïðîäîëæèòåëüíîñòüþ ÿâëÿåòñÿ îáîáùåíèåì ïîñòàíîâêè äèôôå-
ðåíöèàëüíîé èãðû ñ ïðåäïèñàííîé ïðîäîëæèòåëüíîñòüþ [2].

Èòàê, ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó n ëèö Γ(x0, t0) ñî ñëó-
÷àéíîé ïðîäîëæèòåëüíîñòüþ (T − t0) è íà÷àëüíûì ñîñòîÿíèåì x0

[5]. Äèíàìèêà èãðû çàäàåòñÿ ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé:

ẋ = g(x, u1, . . . , un), x ∈ Rm, ui ∈ U ⊆ compRl, (2.1)
x(t0) = x0.

Ïðåäïîëàãàåì, ÷òî âåêòîð-ôóíêöèÿ g(x, u1, . . . , un) íåïðåðûâíà íà
Rm×U1× . . .×Un, óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ïî x è ñóùåñòâó-
åò λ > 0, òàêîå ÷òî ||g(x, u1, . . . , un)|| ≤ λ(1 + ||x||) äëÿ âñåõ x ∈ Rm,
ui ∈ U [2].

Èãðà íà÷èíàåòñÿ â ìîìåíò t0 èç ñîñòîÿíèÿ x0, îäíàêî, ìîìåíò åå
îêîí÷àíèÿ íå ôèêñèðîâàí çàðàíåå, à ÿâëÿåòñÿ ðåàëèçàöèåé íåêîòîðîé
ñëó÷àéíîé âåëè÷èíû T . Áóäåì ïîëàãàòü, ÷òî äëÿ ñëó÷àéíîé âåëè÷è-
íû T çàäàíà ôóíêöèÿ ðàñïðåäåëåíèÿ F (t), êîòîðàÿ îïðåäåëåíà ïðè
t ∈ [t0,∞) è óäîâëåòâîðÿåò óñëîâèþ íîðìèðîâêè:

∞∫

t0

dF (t) = 1.
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Êðîìå òîãî, äàëåå áóäåì ïðåäïîëàãàòü ñóùåñòâîâàíèå ôóíêöèè ïëîò-
íîñòè f(t) = F ′(t) äëÿ ñëó÷àéíîé âåëè÷èíû T .

Ôóíêöèÿ ¾ìãíîâåííîãî¿ âûèãðûøà èãðîêà i â ìîìåíò âðåìåíè τ ,
τ ∈ [t0,∞) çàâèñèò îò âðåìåíè τ è ôàçîâîé ïåðåìåííîé x(t0, x0, u(·)),
ãäå u(·) = {u1(·), . . . , un(·)} � n�íàáîð äîïóñòèìûõ ïðîãðàììíûõ
óïðàâëåíèé èãðîêîâ. Ïîä äîïóñòèìûìè ïðîãðàììíûìè óïðàâëåíèÿ-
ìè ïîíèìàþòñÿ èçìåðèìûå ïî Ëåáåãó ïðîãðàììíûå óïðàâëåíèÿ ui(·) :

t → ui(t) ∈ Rl, òàêèå ÷òî ui(t) ∈ U . Äëÿ êðàòêîñòè îáîçíà÷èì ìãíî-
âåííóþ ôóíêöèþ âûèãðûøà êàê hi(τ, x(τ), u(τ)).

Ïðåäïîëàãàåòñÿ, ÷òî hi ÿâëÿþòñÿ íåïðåðûâíûìè ôóíêöèÿìè íà
Rm. Òîãäà îæèäàåìûé èíòåãðàëüíûé âûèãðûø èãðîêà i èìååò âèä:

Ki(x0, t0, u1, . . . , un)=

∫ ∞

t0

[∫ t

t0

hi(τ, x(τ), u(τ))dτ

]
f(t)dt, i=1, . . . , n. (2.2)

Èçâåñòíî, ÷òî ïî òåîðåìå Ôóáèíè�Òîíåëëè î ïåðåñòàíîâêå èíòå-
ãðàëîâ ïðè òðåáîâàíèè íåîòðèöàòåëüíîñòè ôóíêöèé hi(τ, x(τ), u(τ)),
ôóíêöèîíàëû âèäà (2.2) â ôîðìå ïîâòîðíûõ èíòåãðàëîâ ìîãóò áûòü
ñâåäåíû ê ôóíêöèîíàëàì, èìåþùèì ñòàíäàðòíûé äëÿ äèíàìè÷åñêî-
ãî ïðîãðàììèðîâàíèÿ âèä. Åñëè æå íåëüçÿ ãàðàíòèðîâàòü íåîòðèöà-
òåëüíîñòü ôóíêöèè ìãíîâåííîãî âûèãðûøà hi, íî ïðè ýòîì âûïîëíå-
íî óñëîâèå àáñîëþòíîé ñõîäèìîñòè êðàòíîãî èíòåãðàëà

∫∫

[0,+∞)×[0,+∞)

|f(t)hi(τ, x(τ), u(τ))|dtdτ < +∞,

òî âñå ðàâíî ìîæíî èñïîëüçîâàòü òåîðåìó Ôóáèíè�Òîíåëëè è òàêæå
èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ [6].

Òîãäà èìååì:

Ki(x0, t0, u1, . . . , un)=

∫ ∞

t0

[∫ t

t0

hi(τ, x(τ), u(τ))dτ

]
f(t)dt =

=

∫ ∞

t0

(1− F (τ))hi(τ, x(τ), u(τ))dτ. (2.3)

Ïðè ðàçâèòèè èãðû âî âðåìåíè â íåêîòîðûé ïðîìåæóòî÷íûé ìî-
ìåíò ϑ, ϑ ∈ (t0;∞), èãðîêè ïîïàäàþò â ïîäûãðó Γ(x(ϑ)) ñ íà÷àëü-
íûì ñîñòîÿíèåì x(ϑ) = x. Î÷åâèäíî, ÷òî èãðà ìîæåò è çàêîí÷èòüñÿ
äî ìîìåíòà ϑ ñ âåðîÿòíîñòüþ F (ϑ), à âåðîÿòíîñòü ïðîäîëæèòü èãðó
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ïîñëå ìîìåíòà ϑ ðàâíà (1− F (ϑ)). Òîãäà ïîä âûèãðûøåì â ïîäûãðå
Γ(x(ϑ)) áóäåì ïîíèìàòü óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå âûèãðû-
øà, à èìåííî:

Ki(x, ϑ, u1, . . . , un)=
1

1− F (ϑ)

∫ ∞

ϑ

(1− F (τ))hi(τ, x(τ), u(τ))dτ. (2.4)

3. Ïðîáëåìà äèíàìè÷åñêîé óñòîé÷èâîñòè êîîïåðàòèâíûõ ðå-
øåíèé
3.1. Êîîïåðàòèâíàÿ èãðà

Ðàññìîòðèì êîîïåðàòèâíóþ ôîðìó èãðû Γ(x0, t0). Ïåðåä íà÷àëîì
èãðû èãðîêè äîãîâàðèâàþòñÿ îá èñïîëüçîâàíèè èìè òàêèõ äîïóñòè-
ìûõ ïðîãðàììíûõ óïðàâëåíèé, êîòîðûå áóäóò ìàêñèìèçèðîâàòü ñî-
âîêóïíûé îæèäàåìûé âûèãðûø èãðîêîâ:

max
u1,...,un

n∑
i=1

Ki(x0, t0, u1, . . . , un) =

= max
u1,...,un

n∑
i=1

∫ ∞

t0

(1− F (τ))hi(τ, x(τ), u(τ))dτ. (3.1)

Óïðàâëåíèÿ {u∗1(t), . . . , u∗n(t)}, äîñòàâëÿþùèå ìàêñèìóì (3.1), áóäåì
íàçûâàòü îïòèìàëüíûìè, à òðàåêòîðèþ x∗(t), ñîîòâåòñòâóþùóþ îï-
òèìàëüíûì óïðàâëåíèÿì, � óñëîâíî-îïòèìàëüíîé. Äàëüíåéøåå èç-
ëîæåíèå ïðåäïîëàãàåò, ÷òî óñëîâíî�îïòèìàëüíàÿ òðàåêòîðèÿ åäèí-
ñòâåííà.

Âàæíûì âîïðîñîì, êîòîðûé ðåøàåòñÿ â êîîïåðàòèâíîé òåîðèè
èãð, ÿâëÿåòñÿ âîïðîñ î âûáîðå êîíêðåòíîãî ïðèíöèïà îïòèìàëüíî-
ñòè êàê ñïðàâåäëèâîãî ñïîñîáà ðàçäåëà çàðàáîòàííîãî ñîâìåñòíûìè
óñèëèÿìè âûèãðûøà. Îäíàêî ìû íå áóäåì îñòàíàâëèâàòüñÿ íà äàí-
íîì àñïåêòå è äëÿ îïðåäåëåííîñòè äàëåå áóäåì ïîëàãàòü, ÷òî èãðîêè
äîãîâîðèëèñü èñïîëüçîâàòü âåêòîð Øåïëè äëÿ ðàçäåëà ñóììû (3.1):

Shi =
∑
S⊂N
i∈S

(n−s)!(s−1)!

n!
[V(x0, t0, S)−V(x0, t0, S\{i})], i = 1, . . . , n. (3.2)

Õàðàêòåðèñòè÷åñêîé ôóíêöèåé V (x0, t0, S), S⊆N , |N | = n, â èã-
ðå Γ(x0, t0) áóäåì íàçûâàòü ôóíêöèþ ìíîæåñòâà, óäîâëåòâîðÿþùóþ
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óñëîâèÿì:

V (x0, t0, ∅) = 0, (3.3)
V (x0, t0, S1∪S2)≥V (x0, t0, S1) + V (x0, t0, S2), ∀S1, S2⊂ N, S1 ∩ S2 =∅,

ãäå V (x0, t0, S) èíòåðïðåòèðóåòñÿ êàê ìàêñèìàëüíîå çíà÷åíèå ìàòå-
ìàòè÷åñêîãî îæèäàíèÿ âûèãðûøà, êîòîðîå ìîæåò îáåñïå÷èòü ñåáå
êîàëèöèÿ S â èãðå Γ(x0, t0), äåéñòâóÿ ñàìîñòîÿòåëüíî. Ñëåäîâàòåëü-
íî, V (x0, t0, N) îïðåäåëÿåòñÿ ïî ôîðìóëå (3.1).

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿåòñÿ õàðàêòåðèñòè÷åñêàÿ ôóíê-
öèÿ â ïîäûãðå Γ(xt, t), íà÷èíàþùåéñÿ â ìîìåíò âðåìåíè t èç ñîñòî-
ÿíèÿ xt. Îòìåòèì, ÷òî ïîä õàðàêòåðèñòè÷åñêîé ôóíêöèåé â ïîäûãðå
ïîíèìàåòñÿ ìàêñèìàëüíîå çíà÷åíèå óñëîâíîãî ìàòåìàòè÷åñêîãî îæè-
äàíèÿ âûèãðûøà, ãäå óñëîâèåì ÿâëÿåòñÿ ¾äîæèòèå¿ äî ìîìåíòà t.
Ñëåäîâàòåëüíî, V (xt, t, N) îïðåäåëÿåòñÿ êàê max

u

n∑
i=1

Ki(xt, t, u1, . . . , un).
Íå áóäåì ïîäðîáíî îñòàíàâëèâàòüñÿ íà ñïîñîáå ïîñòðîåíèÿ õà-

ðàêòåðèñòè÷åñêîé ôóíêöèè V (x0, t0, S) â äèôôåðåíöèàëüíûõ èãðàõ
ñî ñëó÷àéíîé ïðîäîëæèòåëüíîñòüþ. Äàííûé âîïðîñ áûë ïîäðîáíî
èññëåäîâàí â ðàáîòå [10]. Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìîæåò áûòü
ïîñòðîåíà êàê ñòàíäàðòíûì ñïîñîáîì � ñ èñïîëüçîâàíèåì çíà÷åíèÿ
âñïîìîãàòåëüíîé àíòàãîíèñòè÷åñêîé èãðû ΓS, N\S, òàê è êàêèì-ëèáî
äðóãèì îáðàçîì ïðè óñëîâèè ïðîâåðêè âûïîëíåíèÿ ñâîéñòâà ñóïåðàä-
äèòèâíîñòè (3.1). Â ðàáîòå [9] ïðåäëàãàåòñÿ ñëåäóþùèé àëãîðèòì
ïîñòðîåíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè V (x0, t0, S) â äèôôåðåíöè-
àëüíûõ èãðàõ: êîàëèöèÿ S ìàêñèìèçèðóåò ñâîé âûèãðûø, à îñòàëü-
íûå èãðîêè, íå âõîäÿùèå â S, èñïîëüçóþò ðàâíîâåñíûå ïî Íýøó ñòðà-
òåãèè.

Èòàê, ïðåäïîëîæèì, ÷òî èãðîêè â íà÷àëüíûé ìîìåíò t0 äîãîâîðè-
ëèñü èñïîëüçîâàòü îïòèìàëüíûå óïðàâëåíèÿ {u∗1, . . . , u∗n}, ÷òîáû ïî-
ëó÷èòü îæèäàåìûé âûèãðûø (3.1), à çàòåì ðàçäåëèòü åãî ñîãëàñíî
ïðèíöèïó îïòèìàëüíîñòè (âåêòîðó Øåïëè). Òîãäà, êàê è â ëþáîé
äèôôåðåíöèàëüíîé èãðå, âîçíèêàåò âîïðîñ î ðåàëèçóåìîñòè âåêòîðà
Øåïëè âî âðåìåíè èëè ïðîáëåìà äèíàìè÷åñêîé óñòîé÷èâîñòè âû-
áðàííîãî èãðîêàìè ïðèíöèïà îïòèìàëüíîñòè [2], [1].
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3.2. Äèíàìè÷åñêàÿ óñòîé÷èâîñòü âåêòîðà Øåïëè

Ðàçâèòèþ èãðû âî âðåìåíè ñîîòâåòñòâóåò äâèæåíèå âäîëü óñëîâíî�
îïòèìàëüíîé òðàåêòîðèè x∗(t), íà êîòîðîé ïî îïðåäåëåíèþ èãðîêè
ïîëó÷àþò íàèáîëüøèé îæèäàåìûé äåëåæ. Îäíàêî äâèæåíèå âäîëü
îïòèìàëüíîé òðàåêòîðèè åùå íå îáåñïå÷èâàåò ñîõðàíåíèå êîîïåðà-
öèè. Äåéñòâèòåëüíî, ïðè äâèæåíèè âäîëü x∗(t) èãðîêè ïîïàäàþò â
ïîäûãðû ñ òåêóùèìè íà÷àëüíûìè ñîñòîÿíèÿìè, â êîòîðûõ îäèí è
òîò æå èãðîê èìååò ðàçëè÷íûå âîçìîæíîñòè. Ñëåäîâàòåëüíî, â íåêî-
òîðûé ìîìåíò ϑ ìîæåò âîçíèêíóòü ñèòóàöèÿ, êîãäà ðåøåíèå òåêó-
ùåé èãðû Γ(x∗(ϑ), ϑ) áóäåò íåîïòèìàëüíûì â ñìûñëå ïåðâîíà÷àëü-
íî âûáðàííîãî ïðèíöèïà îïòèìàëüíîñòè (â íàøåì ñëó÷àå � âåêòîðà
Øåïëè). Òîãäà ïåðåä èãðîêàìè âñòàíåò âîïðîñ î öåëåñîîáðàçíîñòè
ïðèäåðæèâàòüñÿ äàëåå íàìå÷åííîãî ïåðåä íà÷àëîì èãðû ñîãëàøåíèÿ
äåéñòâîâàòü ¾ñîâìåñòíî îïòèìàëüíî¿. Ïîñëåäíåå áóäåò îçíà÷àòü äè-
íàìè÷åñêóþ íåóñòîé÷èâîñòü âåêòîðà Øåïëè è, ñîîòâåòñòâåííî, ñàìî-
ãî äâèæåíèÿ ïî òðàåêòîðèè x∗(t).

Îïðåäåëåíèå 3.1. Ðàññìîòðèì âåêòîð-ôóíêöèþ β(t) = {βi(t) ≥
0}i=1,...,n, òàêóþ ÷òî êîìïîíåíòû âåêòîðà Øåïëè Sh = {Shi}i=1,...,n

â èãðå Γ(x0, t0) ïðåäñòàâèìû â âèäå

Shi =

∫ ∞

t0

(1− F (t))βi(t)dt, i = 1, . . . , n. (3.4)

Âåêòîð-ôóíêöèþ β(t) = {βi(t)} áóäåì íàçûâàòü ïðîöåäóðîé ðàñïðå-
äåëåíèÿ äåëåæà (ÏÐÄ).

Îïðåäåëåíèå ÏÐÄ äëÿ èãð ñ ôèêñèðîâàííîé ïðîäîëæèòåëüíîñòüþ
áûëî ââåäåíî â ðàáîòå [1]. Â íàøåé ïîñòàíîâêå ÏÐÄ îïðåäåëÿåò ïðà-
âèëî, ïî êîòîðîìó êîìïîíåíòû îæèäàåìîãî äåëåæà ðàñïðåäåëÿþòñÿ
âî âðåìåíè [t0,∞). Îòìåòèì, ÷òî ïîçäíåå â ðàáîòàõ Ïåòðîñÿíà Ë.À.
òðåáîâàíèå íåîòðèöàòåëüíîñòè êîìïîíåíò βi(t), ∀ t ≥ t0, áûëî îòìå-
íåíî (ñì., íàïðèìåð, [9], [3]), îäíàêî â äàííîé ðàáîòå áóäåì ïðèäåð-
æèâàòüñÿ èçíà÷àëüíîé ôîðìóëèðîâêè.

Îïðåäåëåíèå 3.2. Áóäåì íàçûâàòü âåêòîð Øåïëè ¯{Shi} äèíàìè-
÷åñêè óñòîé÷èâûì âåêòîðîì Øåïëè, åñëè ñóùåñòâóåò òàêàÿ ÏÐÄ
{βi(t) ≥ 0}, t ∈ [t0,∞), ÷òî âåêòîð S̄h

ϑ
= {S̄h

ϑ
i }, ∀ϑ ∈ [t0,∞),
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âû÷èñëåííûé ïî ôîðìóëå

S̄h
ϑ
i =

1

(1− F (ϑ))

∫ ∞

ϑ

(1− F (t))βi(t)dt, i = 1, . . . , n, (3.5)

òàêæå ÿâëÿåòñÿ âåêòîðîì Øåïëè â ñîîòâåòñòâóþùåé ïîäûãðå
Γ(x∗(ϑ), ϑ), ϑ ∈ [t0,∞).

Îïðåäåëåíèå 3.2 îçíà÷àåò, ÷òî ïðè ðàñïðåäåëåíèè äåëåæà ¯{Shi}
âî âðåìåíè ïðè ïîìîùè âûïëàò ñîãëàñíî ÏÐÄ {βi(τ)}, â êàæäûé
òåêóùèé ìîìåíò âðåìåíè ϑ, ϑ ∈ [t0,∞), îæèäàåìûé äåëåæ {S̄h

ϑ
i }

â îñòàâøåéñÿ ïîäûãðå Γ(x∗(ϑ), ϑ) òàêæå ÿâëÿåòñÿ âåêòîðîì Øåïëè.
Òàêèì îáðàçîì, èãðîêè íå èìåþò îñíîâàíèé äëÿ íàðóøåíèÿ ñîãëà-
øåíèÿ î êîîïåðàöèè, çàêëþ÷åííîãî ïåðåä íà÷àëîì èãðû. Ïîñëåäíåå
îçíà÷àåò äèíàìè÷åñêóþ óñòîé÷èâîñòü èëè, ñîãëàñíî òåðìèíîëîãèè â
àíãëîÿçû÷íîé ëèòåðàòóðå, âðåìåííóþ ñîñòîÿòåëüíîñòü âûáðàííîãî
ïðèíöèïà îïòèìàëüíîñòè (âåêòîðà Øåïëè).

Ïðèíèìàÿ âî âíèìàíèå (3.5), çàìåòèì, ÷òî äèíàìè÷åñêè óñòîé÷è-
âûé âåêòîð Øåïëè ¯{Shi} â èãðå Γ(x0, t0) ìîæåò áûòü ïðåäñòàâëåí â
ñëåäóþùåì âèäå:

S̄hi =

∫ ϑ

t0

(1−F (τ))βi(τ)dτ +(1−F (ϑ))S̄hi
ϑ
, ∀ϑ∈ [t0,∞), i = 1, . . . , n.

(3.6)
Ïåðâîå ñëàãàåìîå â (3.6) ñîîòâåòñòâóåò ñóììå, êîòîðóþ èãðîê ïîëó-
÷èò ïðè äâèæåíèè âäîëü óñëîâíî�îïòèìàëüíîé òðàåêòîðèè x∗(t) ïðè
t ∈ [t0, ϑ]. Âòîðîå ñëàãàåìîå ÿâëÿåòñÿ ìàòåìàòè÷åñêèì îæèäàíèåì
âûèãðûøà â ïîäûãðå Γ(x∗(ϑ), ϑ) ïðè óñëîâèè, ÷òî èãðà íå çàêîí÷è-
ëàñü äî ìîìåíòà ϑ.

Äèôôåðåíöèðóÿ (3.6) ïî ϑ, ïîëó÷àåì àíàëèòè÷åñêóþ ôîðìóëó
äëÿ âû÷èñëåíèÿ ÏÐÄ:

βi(ϑ) =
f(ϑ)

(1− F (ϑ))
S̄hi

ϑ−(S̄hi
ϑ
)′, ϑ ∈ [t0,∞), i = 1, . . . , n. (3.7)

Î÷åâèäíî, ÷òî â èãðå Γ(x0, t0) ìû âñåãäà ìîæåì ðàñïðåäåëèòü âî
âðåìåíè âåêòîð Øåïëè {Shi}, èñïîëüçóÿ ôîðìóëó äëÿ âûïëàò (3.7).
Îäíàêî â îáùåì ñëó÷àå íåëüçÿ ãàðàíòèðîâàòü íåîòðèöàòåëüíîñòè
êîìïîíåíò βi(ϑ),∀ϑ ∈ [t0,∞). Ñëåäîâàòåëüíî, â ðàìêàõ Îïðåäåëåíèÿ
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3.2 âåêòîðØåïëè íå ÿâëÿåòñÿ äèíàìè÷åñêè óñòîé÷èâûì â îáùåì ñëó-
÷àå. Àëãîðèòì ïðîâåðêè äèíàìè÷åñêîé óñòîé÷èâîñòè âåêòîðà Øåïëè
ÿâëÿåòñÿ ñëåäóþùèì: âû÷èñëèòü êîìïîíåíòû ÏÐÄ ïî ôîðìóëå (3.7)
è ïðîâåðèòü âûïîëíåíèå óñëîâèÿ {βi(ϑ) ≥ 0}, ∀ϑ ∈ [t0,∞). Åñëè
íåîòðèöàòåëüíîñòü âûïîëíåíà, òî âåêòîð Øåïëè {Shi}, ðàñïðåäåëåí-
íûé âî âðåìåíè â èãðå Γ(x0, t0) ñîãëàñíî (3.7), ÿâëÿåòñÿ äèíàìè÷åñêè
óñòîé÷èâûì.

Â ïðîòèâíîì ñëó÷àå âåêòîðØåïëè íå ÿâëÿåòñÿ äèíàìè÷åñêè óñòîé-
÷èâûì ïðèíöèïîì îïòèìàëüíîñòè. Òîãäà, ïðè âûïîëíåíèè ñâîéñòâà
íåîòðèöàòåëüíîñòè ôóíêöèè ìãíîâåííîãî âûèãðûøà hi(τ, x(τ), u(τ)) ≥
0, i = 1, . . . , n, äëÿ ïîëó÷åíèÿ íîâîãî äèíàìè÷åñêè óñòîé÷èâîãî (ðå-
ãóëÿðèçîâàííîãî) ïðèíöèïà îïòèìàëüíîñòè íà îñíîâå ïåðâîíà÷àëü-
íî âûáðàííîãî èãðîêàìè äèíàìè÷åñêè íåóñòîé÷èâîãî ïðèíöèïà îï-
òèìàëüíîñòè, ìîæåò áûòü èñïîëüçîâàíà íîâàÿ ïðîöåäóðà ðàñïðåäå-
ëåíèÿ äåëåæà, à èìåííî:

β̄i(ϑ) =

Shϑ
i

n∑
i=1

hi(ϑ, x∗(ϑ), u∗(ϑ))

V (x∗(ϑ), ϑ, N)
, ϑ ∈ [t0,∞). (3.8)

Íà îñíîâå β̄i(ϑ) ≥, 0 i = 1, . . . , n, ìîæíî ñôîðìèðîâàòü òàê íàçû-
âàåìûé ðåãóëÿðèçîâàííûé âåêòîð Øåïëè ïî ôîðìóëå (3.4), êîòîðûé
áóäåò óäîâëåòâîðÿòü óñëîâèþ (3.6) (ñì. [5]).

3.3. Ôîðìóëà äëÿ âû÷èñëåíèÿ ÏÐÄ
Çàìåòèì, ÷òî ìíîæèòåëü f(ϑ)

1−F (ϑ)
(ôóíêöèÿ ïëîòíîñòè äëÿ ñëó÷àé-

íîãî ìîìåíòà îêîí÷àíèÿ èãðû T ïðè óñëîâèè, ÷òî èãðà íå çàêîí÷è-
ëàñü äî ìîìåíòà ϑ), ïîÿâèâøèéñÿ â ïðàâîé ÷àñòè óðàâíåíèÿ (3.7),
ÿâëÿåòñÿ ñòàíäàðòíîé äëÿ òåîðèè íàäåæíîñòè ôóíêöèåé èíòåíñèâ-
íîñòè îòêàçîâ:

λ(t) =
f(t)

(1− F (t))
. (3.9)

Òîãäà, ó÷èòûâàÿ îáîçíà÷åíèå (3.9), âûðàæåíèå äëÿ ÏÐÄ (3.7) ìî-
æåò áûòü ïåðåïèñàíî â ñëåäóþùåì âèäå:

βi(ϑ) = λ(ϑ)S̄hi
ϑ − (S̄hi

ϑ
)′, ϑ ∈ [t0,∞), i = 1, . . . , n. (3.10)

Êðîìå òîãî, â äàííîé òåðìèíîëîãèè (1−F (ϑ)) ÿâëÿåòñÿ ôóíêöèåé
¾äîæèòèÿ¿ äî ìîìåíòà ϑ, äëÿ êîòîðîé ñïðàâåäëèâà ôîðìóëà:

1− F (ϑ) = e
− ∫ ϑ

t0
λ(t)dt

.
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Òîãäà ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå äëÿ èíòåãðàëüíîãî âû-
èãðûøà èãðîêà (2.3):∫ ∞

t0

(1−F (τ))hi(τ, x(τ), u(τ))dτ =

∫ ∞

t0

hi(τ, x(τ), u(τ))e−λ(τ−t0)dτ, (3.11)

à äèíàìè÷åñêè óñòîé÷èâûé âåêòîð Øåïëè (3.6) ìîæåò áûòü ïðåä-
ñòàâëåí ñëåäóþùèì îáðàçîì:

S̄hi =

∫ ϑ

t0

βi(τ)e−λ(τ−t0)dτ + e−λ(ϑ−t0)S̄hi
ϑ
. (3.12)

Ñëåäîâàòåëüíî, çàäà÷à ñî ñëó÷àéíîé ïðîäîëæèòåëüíîñòüþ ÿâëÿ-
åòñÿ íå òîëüêî îáîáùåíèåì çàäà÷è ñ ïðåäïèñàííîé ïðîäîëæèòåëüíî-
ñòüþ, íî è îáîáùåíèåì çàäà÷è íà áåñêîíå÷íîì âðåìåííîì ïðîìåæóò-
êå ñ äèñêîíòèðîâàíèåì ìãíîâåííûõ âûèãðûøåé èãðîêîâ (ïîäðîáíåå
ñì. [6]).

Î÷åâèäíî, ÷òî ïîñëåäíåå óòâåðæäåíèå ðàñïðîñòðàíÿåòñÿ è íà ðå-
çóëüòàòû îòíîñèòåëüíî âû÷èñëåíèÿ ÏÐÄ â èãðàõ ñ ïðåäïèñàííîé ïðî-
äîëæèòåëüíîñòüþ [1], [2] è â èãðàõ ñ äèñêîíòèðîâàíèåì ñ áåñêîíå÷-
íûì âðåìåííûì ãîðèçîíòîì [9]. Ïðè f(ϑ) = 0 (λ(ϑ) = 0) ôàêòè÷å-
ñêè ðàññìàòðèâàåòñÿ äåòåðìèíèðîâàííûé ñëó÷àé, îäíàêî íåîáõîäèìî
äîïîëíèòåëüíî òðåáîâàòü ñõîäèìîñòü íåñîáñòâåííûõ èíòåãðàëîâ, ñî-
îòâåòñòâóþùèõ èíòåãðàëüíûì âûèãðûøàì èãðîêîâ. Òîãäà èç (3.10)
ïîëó÷àåì ñëåäóþùåå âûðàæåíèå äëÿ ÏÐÄ:

βi(ϑ) = −(S̄hi
ϑ
)′, i = 1, . . . , n,

êîòîðîå áûëî ïîëó÷åíî â ðàáîòå [1].
Êðîìå òîãî, ôóíêöèÿ èíòåíñèâíîñòè îòêàçîâ λ(t) ÿâëÿåòñÿ êîí-

ñòàíòîé òîãäà è òîëüêî òîãäà, êîãäà ñëó÷àéíàÿ âåëè÷èíà T ðàñïðå-
äåëåíà ïî ýêñïîíåíöèàëüíîìó çàêîíó:

f(t) = λe−λ(t−t0); F (t) = 1− e−λ(t−t0), ∀ t ≥ t0;

f(t)

1− F (t)
= λ.

Òîãäà èíòåãðàëüíûé âûèãðûø (3.11) â òî÷íîñòè ñîâïàäàåò ñ èíòå-
ãðàëüíûì âûèãðûøåì äëÿ ïîñòàíîâêè çàäà÷è ñ áåñêîíå÷íûì âðåìåí-
íûì ãîðèçîíòîì è äèñêîíòèðîâàíèåì ìãíîâåííûõ âûèãðûøåé ýêñïî-
íåíöèàëüíîé ôóíêöèåé ñ äèñêàóíò-ôàêòîðîì λ:∫ ∞

t0

hi(τ, x(τ), u(τ))e−λ·(τ−t0)dτ,
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à ôîðìóëà äëÿ ÏÐÄ (3.10) â òî÷íîñòè ñîâïàäàåò ñ ôîðìóëîé, ïîëó-
÷åííîé â ðàáîòå [9]:

βi(ϑ) = λShiϑi − (Shϑ
i )′. (3.13)

Îòìåòèì, ÷òî ýòîò ðåçóëüòàò áûë ïîëó÷åí åùå â ðàáîòå [5].

4. Çàùèòà îò èððàöèîíàëüíîãî ïîâåäåíèÿ èãðîêîâ
Ïðîáëåìà äèíàìè÷åñêîé óñòîé÷èâîñòè ïðèíöèïîâ îïòèìàëüíîñòè,

êîòîðàÿ áûëà èçó÷åíà âûøå íà ïðèìåðå ïðîáëåìû äèíàìè÷åñêîé
óñòîé÷èâîñòè âåêòîðà Øåïëè, ïðåäïîëàãàë ðàöèîíàëüíîå ïîâåäåíèå
âñåõ ó÷àñòíèêîâ äèôôåðåíöèàëüíîé èãðû. Â ýòîì ñëó÷àå, èñïîëüçóÿ
ìåõàíèçì ÏÐÄ, ìîæíî áûëî äîáèòüñÿ òîãî, ÷òîáû ó ðàöèîíàëüíûõ
ó÷àñòíèêîâ íå âîçíèêëî ìîòèâàöèè íàðóøèòü ñîãëàøåíèå î êîîïåðà-
öèè.

Îäíàêî â íàñòîÿùåå âðåìÿ â òåîðèè èãð íà÷àëî óäåëÿòüñÿ âíèìà-
íèå è ìîäåëèðîâàíèþ èððàöèîíàëüíûõ ïîñòóïêîâ èãðîêîâ.

Ïðåäïîëîæèì, ÷òî â íåêîòîðûé ìîìåíò âðåìåíè ϑ èãðîê èððàöè-
îíàëüíî íàðóøàåò ñîãëàøåíèå î êîîïåðàöèè, ÷òî ïðèâîäèò ê ðàñïà-
äó áîëüøîé êîàëèöèè N . Äëÿ îïðåäåëåííîñòè áóäåì ïîëàãàòü, ÷òî
èçíà÷àëüíî èãðîêè äîãîâîðèëèñü ðàçäåëèòü çàðàáîòàííûé ñîâìåñò-
íûìè óñèëèÿìè ìàêñèìàëüíûé îæèäàåìûé âûèãðûø ñîãëàñíî âåê-
òîðó Øåïëè. Ðàñïàä êîàëèöèè áóäåò îçíà÷àòü, ÷òî âåêòîð Øåïëè íå
ðåàëèçóåì âî âðåìåíè. Ñëåäîâàòåëüíî, òðåáóåòñÿ âûïîëíåíèå íåêî-
òîðîãî óñëîâèÿ äëÿ çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ èãðîêîâ.
Ýòî óñëîâèå âïåðâûå áûëî ñôîðìóëèðîâàíî â ðàáîòå [11] äëÿ èãð ñ
ïðåäïèñàííîé ïðîäîëæèòåëüíîñòüþ.

Èòàê, äëÿ êîîïåðàòèâíîé äèôôåðåíöèàëüíîé èãðû ñî ñëó÷àéíîé
ïðîäîëæèòåëüíîñòüþ óñëîâèå çàùèòû îò èððàöèîíàëüíîãî ïîâåäå-
íèÿ ìîæåò áûòü ñôîðìóëèðîâàíî ñëåäóþùèì îáðàçîì:

V (x0, t0, {i})≤
∫ ϑ

t0

(1− F (τ))βi(τ)dτ + (1− F (ϑ))V (x∗(ϑ), ϑ, {i}),

i = 1, . . . , n, θ ∈ [t0;∞). (4.1)

Óñëîâèå (4) îçíà÷àåò, ÷òî äàæå åñëè â íåêîòîðûé ìîìåíò âðåìåíè
ϑ èãðîê (ëèáî ãðóïïà èãðîêîâ) èððàöèîíàëüíî íàðóøèë ñîãëàøåíèå



90 Å.Â. Øåâêîïëÿñ

äåéñòâîâàòü ñîâìåñòíî îïòèìàëüíî, òî âûáîðîì ÏÐÄ ìîæíî ãàðàí-
òèðîâàòü, ÷òî îæèäàåìûé âûèãðûø èãðîêà i âî âñåé èãðå âñå ðàâíî
áóäåò íå ìåíüøå, ÷åì âûèãðûø â ñëó÷àå, åñëè áû èãðîê ñ ñàìîãî íà÷à-
ëà äåéñòâîâàë ñàìîñòîÿòåëüíî è ïîëó÷èë ãàðàíòèðîâàííûé âûèãðûø
V (x0, t0, {i}).

Äèôôåðåíöèðóÿ (4), ïðè ïðåäïîëîæåíèè äèôôåðåíöèðóåìîñòè
ôóíêöèè V (x∗(ϑ), ϑ, {i}) ïî ϑ, ïîëó÷àåì óñëîâèå íà ÏÐÄ, îáåñïå÷è-
âàþùåå çàùèòó îò èððàöèîíàëüíîãî ïîâåäåíèÿ:

βi(t) ≥ λ(t)V (x̄(t), t, {i})− d

dt
V (x̄(t), t, {i}), i = 1, . . . , n, (4.2)

ãäå λ(t) îïðåäåëÿåòñÿ ïî ôîðìóëå (3.9).
Î÷åâèäíî, ÷òî äëÿ ñëó÷àÿ λ(t) = 0 ìû ôàêòè÷åñêè èìååì ïîëíî-

ñòüþ äåòåðìèíèðîâàííóþ çàäà÷ó. Òîãäà ïðè äîïîëíèòåëüíîì òðåáî-
âàíèè ñóùåñòâîâàíèÿ âñåõ íåñîáñòâåííûõ èíòåãðàëîâ òèïà (3.11), èç
óñëîâèÿ (4.2) èìååì íåðàâåíñòâà, ïîëó÷åííûå â ðàáîòå [3] äëÿ äèô-
ôåðåíöèàëüíûõ èãð ñ ïðåäïèñàííîé ïðîäîëæèòåëüíîñòüþ:

βi(t) ≥ − d

dt
V (x̄(t), t, {i}), i = 1, . . . , n, (4.3)

Îòìåòèì, ÷òî ñâîéñòâî äèíàìè÷åñêîé óñòîé÷èâîñòè ïðèíöèïà îï-
òèìàëüíîñòè íèêàê íå ñâÿçàíî ñ âûïîëíåíèåì óñëîâèÿ çàùèòû îò
èððàöèîíàëüíîãî ïîâåäåíèÿ. Â ñëåäóþùåì ðàçäåëå ïðèâåäåí ïðèìåð,
êîãäà âåêòîð Øåïëè ÿâëÿåòñÿ äèíàìè÷åñêè óñòîé÷èâûì, íî óñëîâèå
çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ íå âûïîëíåíî, è íàîáîðîò.
Îäíàêî îáà ýòèõ óñëîâèÿ ÿâëÿþòñÿ âàæíûìè àñïåêòàìè êîîïåðàöèè
â äèíàìè÷åñêèõ èãðàõ [3]. Â òîì ñëó÷àå, êîãäà ÏÐÄ óäîâëåòâîðÿåò
è óðàâíåíèþ (3.10), è íåðàâåíñòâó (4.2), áóäåì ãîâîðèòü, ÷òî âåêòîð
Øåïëè, ðàñïðåäåëåííûé âî âðåìåíè ñîãëàñíî ÏÐÄ (3.4), ÿâëÿåòñÿ
óñòîé÷èâûì ïðèíöèïîì êîîïåðàöèè.

Â äàííîé ðàáîòå ìû íå çàòðàãèâàåì òàêîé àñïåêò óñòîé÷èâîñòè
êîîïåðàòèâíîãî ñîãëàøåíèÿ, êàê ñòðàòåãè÷åñêàÿ ïîääåðæêà (ñì. [3]).
Îäíàêî îòìåòèì, ÷òî ñòðàòåãè÷åñêàÿ ïîääåðæêà â êîîïåðàòèâíîé
äèôôåðåíöèàëüíîé èãðå ñî ñëó÷àéíîé ïðîäîëæèòåëüíîñòüþ, ò.å. ñó-
ùåñòâîâàíèå ñïåöèàëüíî ñêîíñòðóèðîâàííîãî ðàâíîâåñèÿ ïî Íýøó,
ìîæåò áûòü êîíñòðóêòèâíî äîêàçàíà äëÿ íåçàâèñèìûõ äâèæåíèé èã-
ðîêîâ â (2.1).
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Ïðîäîëæèì ðàññìàòðèâàòü ïîëíîñòüþ äåòåðìèíèðîâàííóþ çàäà-
÷ó, ò.å. ïóñòü λ(t) = 0. Â òîì ñëó÷àå, êîãäà âåêòîð Øåïëè ÿâëÿåòñÿ
äèíàìè÷åñêè óñòîé÷èâûì ïðèíöèïîì îïòèìàëüíîñòè, ò.å. ñóùåñòâóåò
{βi(t) ≥ 0}, òàêàÿ ÷òî βi(t) = −(Sht

i)
′, è ïðè ýòîì âûïîëíåíî óñëîâèå

çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ (4.3), ïîëó÷àåì ñëåäóþùåå
óñëîâèå óñòîé÷èâîñòè:

(Sht
i)
′ ≤ d

dt
V (x∗(t), t, {i}), i = 1, . . . , n. (4.4)

Íàïîìíèì, ÷òî êëàññè÷åñêîå óñëîâèå èíäèâèäóàëüíîé ðàöèîíàëüíî-
ñòè èìååò âèä:

Sht
i ≥ V (x∗(t), t, {i}), i = 1, . . . , n. (4.5)

Òàêèì îáðàçîì, óñëîâèå (4.4) íàêëàäûâàåò îãðàíè÷åíèÿ íà ïåðâûå
ïðîèçâîäíûå äëÿ âåëè÷èí, ïðèñóòñòâóþùèõ â íåðàâåíñòâàõ (4.5).

Òåïåðü ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó ñî ñëó÷àéíîé ïðî-
äîëæèòåëüíîñòüþ (λ(t) 6= 0). Òîãäà îäíîâðåìåííîå âûïîëíåíèå óñëî-
âèÿ äèíàìè÷åñêîé óñòîé÷èâîñòè âåêòîðà Øåïëè è çàùèòû îò èððà-
öèîíàëüíîãî ïîâåäåíèÿ ó÷àñòíèêîâ îçíà÷àåò âûïîëíåíèå ñëåäóþùèõ
íåðàâåíñòâ:

λ(t)[Sht
i − V (x̄(t), t, {i})] ≥ [(Sht

i)
′ − d

dt
V (x̄(t), t, {i})], (4.6)

∀ t ∈ [t0,∞), i = 1, . . . , n.

Î÷åâèäíî, ÷òî èç (4.6) ñëåäóåò âûïîëíåíèå (4.4) ïðè λ(t) = 0. Òàêèì
îáðàçîì, ðåçóëüòàò, ïîëó÷åííûé äëÿ èãð ñî ñëó÷àéíîé ïðîäîëæèòåëü-
íîñòüþ, ïîêðûâàåò ðåçóëüòàò, ïîëó÷åííûé äëÿ äåòåðìèíèðîâàííûõ
èãð.

5. Ïðèìåð
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì òåîðåòèêî-èãðîâóþ ìîäåëü [7]

ðàçðàáîòêè íåâîçîáíîâëÿåìûõ ðåñóðñîâ (â ÷àñòíîñòè, íåôòè) ñèììåò-
ðè÷íûìè èãðîêàìè. Îñîáî îòìåòèì, ÷òî ñïåöèôèêîé äîáû÷è íåôòè,
îñîáåííî íà êîíòèíåíòàëüíîì øåëüôå, ÿâëÿåòñÿ ïðÿìàÿ çàâèñèìîñòü
óáûòêîâ îò àâàðèéíîñòè äàííîãî ïðåäïðèÿòèÿ. Àâàðèè íà ñêâàæèíàõ
ïðèâîäÿò ê ïðîñòîþ ïðîèçâîäñòâà âî âðåìÿ çàìåíû è ðåìîíòà îáîðó-
äîâàíèÿ, à òàêæå ê òÿæåëûì ýêîëîãè÷åñêèì ïîñëåäñòâèÿì, çàòðàòû
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íà óñòðàíåíèå êîòîðûõ ÷àñòî ïðèâîäÿò ê êîëîññàëüíûì óáûòêàì. Â
áîëüøèíñòâå èçâåñòíûõ òåîðåòèêî-èãðîâûõ ìîäåëåé, îïèñûâàþùèõ
äèíàìè÷åñêèé ïðîöåññ äîáû÷è íåôòè íåñêîëüêèìè èãðîêàìè, òàêæå
êàê è â ðàáîòå [7] ïðåäïîëàãàåòñÿ, ÷òî èãðà ðàçâèâàåòñÿ íà áåñêîíå÷-
íîì ïðîìåæóòêå âðåìåíè ñ ïîñòîÿííûì äèñêîíòèðîâàíèåì ìãíîâåí-
íûõ âûèãðûøåé. Â äàííîé ðàáîòå áóäåì ïðåäïîëàãàòü, ÷òî ìãíîâåí-
íûå âûèãðûøè èãðîêîâ íå äèñêîíòèðóþòñÿ, íî èãðà çàêàí÷èâàåòñÿ â
ñëó÷àéíûé ìîìåíò âðåìåíè T , ðàñïðåäåëåííûé ïî çàêîíó Âåéáóëëà.
Âûáîð ðàñïðåäåëåíèÿ Âåéáóëëà, êàê îäíîãî èç îñíîâíûõ ðàñïðåäå-
ëåíèé, îïèñûâàþùèõ æèçíåííûé öèêë ðàáîòû òåõíè÷åñêèõ ñèñòåì,
ïîäðîáíî îáîñíîâàí â ðàáîòå [6].

Ðàñïðåäåëåíèå Âåéáóëëà èìååò ôóíêöèþ èíòåíñèâíîñòè îòêàçîâ
ñëåäóþùåãî âèäà:

λ(t) = λδtδ−1; (5.1)
t ≥ 0; λ > 0; δ > 0.

Çäåñü λ è δ � ïàðàìåòðû, îïðåäåëÿþùèå äàííîå ðàñïðåäåëåíèå. λ �
ýòî ïàðàìåòð ìàñøòàáà, à ïàðàìåòð ôîðìû δ ñîîòâåòñòâóåò îäíîé
èç òðåõ ôàç, â êîòîðîé ìîæåò íàõîäèòüñÿ ñèñòåìà. Çíà÷åíèå δ < 1

ñîîòâåòñòâóåò ¾íîâîðîæäåííîìó¿ ñöåíàðèþ èãðû (ïåðèîä ïðèðàáîò-
êè). Çäåñü ôóíêöèÿ èíòåíñèâíîñòè îòêàçîâ λ(t) ÿâëÿåòñÿ óáûâàþùåé
ôóíêöèåé. Ïðè δ = 1 ñèñòåìà íàõîäèòñÿ â ðåæèìå íîðìàëüíîé ýêñ-
ïëóàòàöèè, λ(t) ðàâíà êîíñòàíòå λ. Îòìåòèì, ÷òî ïðè δ = 1 ðàñïðå-
äåëåíèå Âåéáóëëà ñîîòâåòñòâóåò ýêñïîíåíöèàëüíîìó ðàñïðåäåëåíèþ.
Ïðè δ > 1 ñèñòåìà íàõîäèòñÿ â ñîñòîÿíèè èçíîñà, λ(t) ÿâëÿåòñÿ âîç-
ðàñòàþùåé ôóíêöèåé.

Èòàê, ñîãëàñíî ìîäåëè [7], â èãðå ó÷àñòâóþò n èãðîêîâ � ôèðìû
èëè ñòðàíû, êîòîðûå ðàçðàáàòûâàþò íåêîòîðûé íåâîçîáíîâëÿåìûé
ïðèðîäíûé ðåñóðñ, íàïðèìåð, íåôòü. Ìíîæåñòâî âñåõ èãðîêîâ îáî-
çíà÷èì êàê N = {1, 2, . . . , n}. Ïóñòü x(t) � ýòî ïîòîê íåâîçîáíîâëÿ-
åìîãî ðåñóðñà. Óïðàâëåíèÿìè èãðîêîâ ÿâëÿþòñÿ òåìïû ðàçðàáîòêè
ðåñóðñà, êîòîðûå îáîçíà÷èì êàê {ui(t)}. Äèíàìèêà èçìåíåíèé ïîòîêà
ðåñóðñà x(t) îïèñûâàåòñÿ ñëåäóþùèì äèôôåðåíöèàëüíûì óðàâíåíè-
åì:

ẋ(t) = −
n∑

i=1

ui(t); ui ≥ 0, x(t0) = x0, x0 > 0. (5.2)



Êîîïåðàöèÿ â äèôôåðåíöèàëüíûõ èãðàõ 93

Îæèäàåìûé âûèãðûø (2.2) èãðîêà i, i = 1, . . . , n, ïðè óñëîâèè,
÷òî ìîìåíò îêîí÷àíèÿ èãðû îïèñûâàåòñÿ çàêîíîì Âåéáóëëà, ïðèíè-
ìàåò âèä:

Ki(x0, t0, u1, . . . , un) =

∫ ∞

0

hi(t, x(t), u(t))e−λtδdt. (5.3)

Â äàííîì ïðèìåðå êàæäûé èãðîê i èìååò ôóíêöèþ ïîëåçíîñòè
hi(t, x, u) (ôóíêöèþ ìãíîâåííîãî âûèãðûøà) â âèäå hi = h(ui), îïðå-
äåëåííóþ äëÿ âñåõ ui > 0, êîòîðàÿ çàâèñèò îò ìàðãèíàëüíîé ïîëåç-
íîñòè η:

h(ui) = A ln(ui) + B, η = 1; (5.4)
h(ui) = A

u1−η
i

1−η
+ B, η 6= 1. (5.5)

Ïðè ui = 0 ïî îïðåäåëåíèþ ïîëàãàåì h(ui) = 0. Íå óìàëÿÿ îáùíîñòè,
äàëåå áóäåì ñ÷èòàòü, ÷òî A = 1, B = 0. Êðîìå òîãî, ïîëîæèì t0 = 0.

Òîãäà îáùèé îæèäàåìûé âûèãðûø èãðîêîâ âû÷èñëÿåòñÿ ïî ôîð-
ìóëå

n∑
i=1

Ki(x0, t0, u1, . . . , un) =

∫ ∞

0

n∑
i=1

h(ui)e
−λtδdt. (5.6)

Î÷åâèäíî, ÷òî â äàííîé ìîäåëè ðàññìàòðèâàþòñÿ òîëüêî ñèììåòðè÷-
íûå èãðîêè, ïîýòîìó ïîëîæèì ui = uj = u.

Çàäà÷à ìàêñèìèçàöèè îáùåãî îæèäàåìîãî âûèãðûøà (5.6) ïðè
óñëîâèè (5.2) ìîæåò áûòü ðåøåíà ïðè ïîìîùè óðàâíåíèÿ òèïà Áåëë-
ìàíà, âûâåäåííîãî â ðàáîòå [6]:

λ(t)W (x, t)=
∂W (x, t)

∂t
+max

u

(
n∑

i=1

hi(x, u, t) +
∂W (x, t)

∂x
g(x, u)

)
. (5.7)

Êðîìå òîãî, ýòî óðàâíåíèå áóäåò èñïîëüçîâàòüñÿ è äëÿ âû÷èñ-
ëåíèÿ çíà÷åíèé õàðàêòåðèñòè÷åñêîé ôóíêöèè V (x, t, S). Ïîäðîáíîå
ïîñòðîåíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè îïèñàíî â ðàáîòå [10].

5.1. Ëîãàðèôìè÷åñêàÿ ôóíêöèÿ ïîëåçíîñòè
Ðàññìîòðèì ôóíêöèþ ïîëåçíîñòè âèäà h(ui) = ln(ui). Áóäåì èñ-

êàòü ôóíêöèþ Áåëëìàíà â âèäå W (x, t) = A(t)lnx + B(t),
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lim
t→∞

W (x, t) = 0. Òîãäà ÷àñòíûå ïðîèçâîäíûå W (x, t) âû÷èñëÿþòñÿ
ïî ôîðìóëå

∂W (x, t)

∂x
=

A(t)

x
;

∂W (x, t)

∂t
= Ȧ(t)ln(x) + Ḃ(t). (5.8)

Ó÷èòûâàÿ (5.8), èç óñëîâèÿ ìàêñèìèçàöèè ïðàâîé ÷àñòè óðàâíåíèÿ
(5.7) ñëåäóåò, ÷òî îïòèìàëüíûå óïðàâëåíèÿ èìåþò âèä u = x

A(t)
. Ïðè-

ìåíÿÿ ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ â óðàâíåíèè (5.7), ïî-
ëó÷àåì ñëåäóþùóþ ñèñòåìó óðàâíåíèé äëÿ êîýôôèöèåíòîâ A(t),B(t):

Ȧ(t)− λ(t)A(t) + n = 0;

Ḃ(t)− λ(t)B(t)− nln(A(t))− n = 0,

è êðàåâûìè îãðàíè÷åíèÿìè

lim
t→∞

A(t) = 0, lim
t→∞

B(t) = 0.

Îêîí÷àòåëüíî, ïîëó÷àåì ñëåäóþùèå îïòèìàëüíûå óïðàâëåíèÿ äëÿ
çàäà÷è ðàçðàáîòêè íåâîçîáíîâëÿåìûõ ðåñóðñîâ ñî ñëó÷àéíîé ïðîäîë-
æèòåëüíîñòüþ:

u∗i = u∗ =
x · e−λ(t)t

n
∫∞

t
e−λ(s)sds

, (5.9)

ãäå λ(t) óäîâëåòâîðÿåò (5.1). Òîãäà ïðè δ = 1, ñîîòâåòñòâóþùåì ýêñ-
ïîíåíöèàëüíîìó ðàñïðåäåëåíèþ ìîìåíòà îêîí÷àíèÿ èãðû, ôàêòè÷å-
ñêè ðàññìàòðèâàåòñÿ óæå èçó÷åííàÿ ìîäåëü ñ äèñêîíòèðîâàííûìè
âûèãðûøàìè íà áåñêîíå÷íîì âðåìåííîì ïðîìåæóòêå [7]. Íåïîñðåä-
ñòâåííî èç (5.9) ñëåäóåò, ÷òî ïðè δ = 1 îïòèìàëüíûìè ñòðàòåãèÿìè
èãðîêîâ ÿâëÿþòñÿ

u∗i = u∗ =
λ

n
x, i = 1, . . . , n.

Òîãäà îïòèìàëüíûå óïðàâëåíèÿ è òðàåêòîðèÿ âû÷èñëÿþòñÿ ïî ôîð-
ìóëå

x∗(t) = x0 · e−λt; u∗i (t) =
λ

n
x0 · e−λt.
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Ýòîò ðåçóëüòàò ñîâïàäàåò ñ ðåçóëüòàòîì, ïîëó÷åííûì â ðàáîòå
Äîêíåðà è äð.[7] äëÿ ñëó÷àÿ äèñêîíòèðîâàííûõ âûèãðûøåé íà áåñêî-
íå÷íîì âðåìåííîì ïðîìåæóòêå äëÿ åäèíè÷íîé ýëàñòè÷íîñòè ìàðãè-
íàëüíîé ïîëåçíîñòè èãðîêîâ, ïðè÷åì âûïîëíåíî ñëåäóþùåå óñëîâèå:

lim
t→∞

x(t) = 0.

Îòìåòèì, ÷òî òðàåêòîðèÿ x∗(t) óäîâëåòâîðÿåò óñëîâèþ óñòîé÷èâîñòè
ïî Ëÿïóíîâó.

Çíà÷åíèþ õàðàêòåðèñòè÷åñêîé ôóíêöèè V (x∗(ϑ), ϑ, N) ñîîòâåò-
ñòâóåò çíà÷åíèå ôóíêöèè Áåëëìàíà W (x∗(ϑ), ϑ):

V (x∗(ϑ), ϑ, N) = W (x∗(ϑ), ϑ) = n
λ

ln(x∗)− n
λ
− n ln(n)

λ
+ n ln(λ)

λ
=

= n
λ

ln(x0)− n(ϑ)− n
λ
− n ln(n)

λ
+ n ln(λ)

λ
.

Ïîëîæèì ϑ = 0. Òîãäà

V (x0, 0, N) = W (x0, 0) =
n

λ
ln(x0)− n

λ
− n ln(n)

λ
+

n ln(λ)

λ
. (5.10)

Äàëåå, äëÿ δ = 2, êîòîðîå ñîîòâåòñòâóåò ðàñïðåäåëåíèþ Ðýëåÿ äëÿ
ñòàðåþùåé ñèñòåìû, èç (5.9) ïîëó÷àåì

u∗i =
x · e−2λt2

n
∫∞

t
e−2λs2ds

.

Òîãäà îïòèìàëüíûé ñïîñîá ïîâåäåíèÿ ïðè ðàçðàáîòêå ðåñóðñà äîë-
æåí îïðåäåëÿòüñÿ ñîãëàñíî ñëåäóþùåé ôîðìóëå

u∗i =
2
√

2
√

λ · e−2λt2

n(1− erf(
√

2λt))
x =

2
√

2
√

λ · e−2λt2

n(1− 2Φ0(2
√

λt))
x,

ãäå erf(t) =
2√
π

∫ t

0

e−s2

ds, Φ0(t)− èíòåãðàëüíàÿ ôóíêöèÿ Ëàïëàñà.

Äëÿ ïåðèîäà ïðèðàáîòêè (ðàííåãî ïåðèîäà) âîçüìåì δ = 1
2
. Òîãäà

èç óðàâíåíèÿ (5.9) ïîëó÷àåì

u∗i =
x · e−λ

2
t1/2

n
∫∞

t
e−

λ
2
s1/2

ds
.
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Ñëåäîâàòåëüíî, ïîëó÷àåì îïòèìàëüíûå ñòðàòåãèè â óïðàâëåíèÿõ ñ
îáðàòíîé ñâÿçüþ:

u∗i =
λ2

4n(λ
√

t + 2)
x.

Òàêèì îáðàçîì, äëÿ ìîäåëè ðàçðàáîòêè íåâîçîáíîâëÿåìûõ ðåñóðñîâ
óäàëîñü ïîëó÷èòü îïòèìàëüíûå ðåøåíèÿ äëÿ âñåõ òðåõ ñöåíàðèåâ èã-
ðû. Ãðàôè÷åñêîå èçîáðàæåíèå u∗i (x, t) ïðè ôèêñèðîâàííîì ïàðàìåòðå
ìàñøòàáà λ = 1 è ïàðàìåòðàõ ôîðìû δ = 1/2; 1; 2 ïðèâåäåíî íà ðèñ.1.

Ðèñóíîê 1. Îïòèìàëüíàÿ ñêîðîñòü ðàçðàáîòêè u∗i äëÿ òðåõ
ñöåíàðèåâ èãðû

Èíòåðåñíî, ÷òî â ðàìêàõ íàøåé ìîäåëè ìû ïîëó÷èëè, ÷òî îïòè-
ìàëüíîå ïîâåäåíèå èãðîêîâ êîðåííûì îáðàçîì îòëè÷àåòñÿ äëÿ ðàç-
ëè÷íûõ ñöåíàðèåâ èãðû. Äëÿ ôàçû ïðèðàáîòêè, ò.å. êîãäà îáîðóäî-
âàíèå è îáùàÿ êîîðäèíàöèÿ åùå íå íàëàæåíû, ñêîðîñòü ðàçðàáîòêè
äîëæíà áûòü íàèìåíüøåé, ÷òî ñîîòâåòñòâóåò îñòîðîæíîñòè èãðîêîâ.
Â ðåæèìå íîðìàëüíîé ýêñïëóàòàöèè èãðîêè äîëæíû ¾êîïàòü¿ ñ ïî-
ñòîÿííîé ñêîðîñòüþ. Â ðåæèìå èçíîñà îáîðóäîâàíèÿ (âïðî÷åì, ýòî
òàêæå êàñàåòñÿ è ¾èçíîñà¿ íå òîëüêî òåõíè÷åñêèõ ýëåìåíòîâ), êîãäà
ôóíêöèÿ èíòåíñèâíîñòè îòêàçîâ âîçðàñòàåò, íåîáõîäèìî óâåëè÷èòü
òåìïû ðàçðàáîòêè ìåñòîðîæäåíèé.

Êðîìå òîãî, áûëî ÷èñëåííî ïðîàíàëèçèðîâàíî ïîâåäåíèå óñëîâíî
- îïòèìàëüíûõ òðàåêòîðèé äëÿ âñåõ òðåõ ôàç èãðû. Êà÷åñòâåííîå
ðàçëè÷èå óáûâàíèÿ íåâîçîáíîâëÿåìûõ ðåñóðñîâ ïðåäñòàâëåíî íà Ðèñ.
2 è Ðèñ. 3.
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Ðèñóíîê 2. Îïòèìàëüíàÿ òðàåêòîðèÿ x∗(t) äëÿ ðåæèìà íîðìàëüíîé
ýêñïëóàòàöèè è ôàçû èçíîñà

Ðèñóíîê 3. Îïòèìàëüíàÿ òðàåêòîðèÿ x∗(t) äëÿ ôàçû ïðèðàáîòêè è
ðåæèìà íîðìàëüíîé ýêñïëóàòàöèè

Çàìåòèì, ÷òî áûñòðåå âñåãî óáûâàåò ðåñóðñ ïðè δ = 2, ÷òî ñîîò-
âåòñòâóåò èíòåíñèâíûì ðàçðàáîòêàì â ñîñòîÿíèè èçíîñà. Ìåäëåííåå
âñåãî óáûâàåò ðåñóðñ ïðè δ = 1/2, ÷òî ñîîòâåòñòâóåì îñòîðîæíûì
äåéñòâèÿì èãðîêîâ â ñîñòîÿíèè ïðèðàáîòêè.

Äàëåå, çàìåíèâ
n∑

i=1

hi â óðàâíåíèè (5.7) íà hi, ìîæíî íàéòè ðàâ-
íîâåñíûå ïî Íýøó óïðàâëåíèÿ {unc

i } â êëàññå óïðàâëåíèé ñ îáðàòíîé
ñâÿçüþ, ëèíåéíûõ ïî ôàçîâîé ïåðåìåííîé (ñì. [10]). Â äàííîé ðàáî-
òå íå îáñóæäàåòñÿ âîïðîñ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ
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óðàâíåíèÿ (5.7). Ïðîâîäÿ àíàëîãè÷íûå âû÷èñëåíèÿ, ïîëó÷àåì

unc
i =

e−λ(t)t

∞∫
t

e−λ(s)sds

x, i = 1, . . . , n (5.11)

Äàëåå â äàííîì ðàçäåëå âî èçáåæàíèå èçëèøíåãî íàãðîìîæäåíèÿ
ôîðìóë áóäóò ïðåäñòàâëåíû ðåçóëüòàòû òîëüêî äëÿ ðåæèìà íîð-
ìàëüíîé ýêñïëóàòàöèè ìåñòîðîæäåíèÿ, ò.å. äëÿ δ = 1.

Èòàê, ïðè δ = 1 âûïîëíåíî λ(t) = λ. Ïîëó÷àåì óïðàâëåíèÿ, ðàâ-
íîâåñíûå ïî Íýøó, à òàêæå ñîîòâåòñòâóþùèå èì òðàåêòîðèþ è çíà-
÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè.

unc
i = λx, i = 1, . . . , n; (5.12)

xnc(t) = x∗(ϑ)e−nλ(t−ϑ);

unc
i (t) = λx∗(ϑ)e−nλ(t−ϑ);

V (x∗(ϑ), ϑ, {i}) = Wi(x
∗(ϑ)) =

ln(x∗(ϑ))

λ
− n

λ
+

ln(λ)

λ
. (5.13)

Ïîëîæèì ϑ = 0. Òîãäà

V (x0, 0, {i}) = Wi(x0, 0) =
ln(x0)

λ
− n

λ
+

ln(λ)

λ
. (5.14)

Äëÿ ïîñòðîåíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè V (x, t, S), S ⊆ N ,
èñïîëüçóåì ïîäõîä, ïðåäëîæåííûé â ðàáîòå [9]. Áóäåì ïðåäïîëàãàòü,
÷òî åñëè s èãðîêîâ îáúåäèíÿþòñÿ â êîàëèöèþ S, òî îñòàâøèåñÿ èãðî-
êè N \S íå îáðàçóþò àíòèêîàëèöèþ ñ öåëüþ ìèíèìèçàöèè ñîâìåñòíî-
ãî âûèãðûøà èãðîêîâ èç S, à èñïîëüçóþò ðàâíîâåñíûå ïî Íýøó ñòðà-
òåãèè unc

j , j ∈ N \ S. Òîãäà, ïðèìåíÿÿ ïîëó÷åííûé âûøå ðåçóëüòàò
(5.12) äëÿ ðàâíîâåñèÿ ïî Íýøó, è èñïîëüçóÿ â óðàâíåíèè (5.7)

∑
i∈S

hi

âìåñòî
n∑

i=1

hi, ïîëó÷àåì ñëåäóþùèå ðåçóëüòàòû [10]. Êîîïåðàòèâíàÿ
òðàåêòîðèÿ, óïðàâëåíèÿ è õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ èìåþò ñëå-
äóþùèé âèä:

xS(t) = x∗(ϑ)e−(n−s+1)λ(t−ϑ);

uS
i (t) =

λ

s
x∗(ϑ)e−(n−s+1)λ(t−ϑ), i ∈ S;

uS
j (t) = unc

j (t), i ∈ N \ S,
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V (x∗(ϑ), ϑ, S) = WS(x∗(ϑ), ϑ) =

=
s

λ
ln(x∗(ϑ))− s

λ
− k(n− s)

λ
− s

λ
ln(s) +

s ln(λ)

λ
.

Ïîëîæèì ϑ = 0. Òîãäà

V (x0, 0, S) = WS(x0, 0) =

=
s

λ
ln(x0)− s

λ
− s(n− s)

λ
− s

λ
ln(s) +

s ln(λ)

λ
. (5.15)

Òàêèì îáðàçîì, ìû ïîñòðîèëè õàðàêòåðèñòè÷åñêóþ ôóíêöèþV(x0,0,S),
S ⊆ N (ñì. (5.10),(5.15)), èñïîëüçóÿ ïîäõîä, îïèñàííûé â ðàáîòå [9].
Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 5.1. Ïóñòü ôóíêöèÿ V (x0, 0, S), S ⊆ N îïðåäåëÿ-
åòñÿ ïî ôîðìóëàì (5.10), (5.15). Òîãäà V (x0, 0, S) óäîâëåòâîðÿåò
ñâîéñòâó ñóïåðàääèòèâíîñòè (3.1).

Äëÿ äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèÿ áóäåì èñïîëüçîâàòü ñëå-
äóþùóþ ëåììó.

Ëåììà 5.1. Ïóñòü s1 ≥ 1, s2 ≥ 1. Òîãäà

s1 ln(s1) + s2 ln(s2) + 2s1s2 ≥ (s1 + s2) ln(s1 + s2). (5.16)

Äàííàÿ ëåììà äîêàçûâàåòñÿ ñòàíäàðòíûìè ìåòîäàìè ìàòåìàòè-
÷åñêîãî àíàëèçà. Íåòðóäíî ïðîâåðèòü, ÷òî ëåâàÿ ÷àñòü íåðàâåíñòâà
ðàñòåò áûñòðåå, ÷åì ïðàâàÿ.

Äîêàçàòåëüñòâî Óòâåðæäåíèÿ 5.1 íåïîñðåäñòâåííî ñëåäóåò èç Ëåì-
ìû 5.1 [10].

Èñïîëüçóÿ ïîñòðîåííóþ õàðàêòåðèñòè÷åñêóþ ôóíêöèþ, ïîëó÷àåì
çíà÷åíèå âåêòîðà Øåïëè â ïîäûãðå Γ(x∗(t), t) è âñåé èãðå Γ(x0, t0):

Shi(x
∗(t)) = V (x∗(t),t,N)

n
= ln(x∗(t))

λ
− 1

λ
− ln(n)

λ
+ ln(λ)

λ
= (5.17)

= ln(x0)
λ

− (t− t0)− 1
λ
− ln(n)

λ
+ ln(λ)

λ
,

Shi(x0) = V (x0,0,N)
n

= ln(x0)
λ

− 1
λ
− ln(n)

λ
+ ln(λ)

λ
.

Âû÷èñëèì çíà÷åíèÿ ÏÐÄ ïî ôîðìóëå (3.10), êîòîðàÿ äëÿ ñëó÷àÿ
δ = 1 â òî÷íîñòè ñîâïàäàåò ñ ôîðìóëîé (3.13). Ïîëó÷àåì

βi(ϑ) = ln(x0)− λϑ + ln(λ)− ln(n). (5.18)

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
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Óòâåðæäåíèå 5.2. Âåêòîð Øåïëè {Shi(x0)} (5.17) íå ÿâëÿåòñÿ äè-
íàìè÷åñêè óñòîé÷èâûì ïðèíöèïîì îïòèìàëüíîñòè.

Äîêàçàòåëüñòâî Óòâåðæäåíèÿ 5.2 îñíîâàíî íà Îïðåäåëåíèè 3.2.
Î÷åâèäíî, ÷òî â (5.18) íåëüçÿ ãàðàíòèðîâàòü íåîòðèöàòåëüíîñòü êîì-
ïîíåíò ÏÐÄ.

Îòìåòèì, ÷òî, ïîñêîëüêó hi = lnui íå ÿâëÿåòñÿ íåîòðèöàòåëüíîé
ôóíêöèåé, ìû íå ìîæåì âîñïîëüçîâàòüñÿ ðåãóëÿðèçàöèåé âåêòîðà
Øåïëè (3.8).

Ïðîâåðèì âûïîëíåíèå óñëîâèÿ çàùèòû îò èððàöèîíàëüíîãî ïîâå-
äåíèÿ ó÷àñòíèêîâ (4), èñïîëüçóÿ íåðàâåíñòâî äëÿ ÏÐÄ (4.2). Â äàí-
íîì ïðèìåðå ñ ëîãàðèôìè÷åñêîé ôóíêöèåé ìãíîâåííîãî âûèãðûøà
äëÿ ïàðàìåòðà δ = 1, ïîëó÷åíî çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíê-
öèè V (x∗(ϑ), ϑ, {i}) (5.13). Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 5.3. Äëÿ ÏÐÄ (5.18) è õàðàêòåðèñòè÷åñêîé ôóíê-
öèè V (x∗(ϑ), ϑ, {i}) (5.13) âûïîëíåíî óñëîâèå çàùèòû îò èððàöèî-
íàëüíîãî ïîâåäåíèÿ (4.2).

Óòâåðæäåíèå 5.3 äîêàçûâàåòñÿ íåïîñðåäñòâåííîé ïðîâåðêîé íåðà-
âåíñòâà (4.2) ïðè λ(t) = λ.

Òàêèì îáðàçîì, â äàííîì ïðèìåðå ñ ëîãàðèôìè÷åñêîé ôóíêöèåé
ïîëåçíîñòè áûëî ïîêàçàíî, ÷òî ïðè ýêñïîíåíöèàëüíîì ðàñïðåäåëåíèè
ìîìåíòà îêîí÷àíèÿ èãðû (δ = 1, λ(t) = λ) âåêòîð Øåïëè íå ÿâëÿ-
åòñÿ äèíàìè÷åñêè óñòîé÷èâûì ïðèíöèïîì îïòèìàëüíîñòè, à óñëîâèå
çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ ó÷àñòíèêîâ âûïîëíåíî.

5.2. Èçîýëàñòè÷íàÿ ôóíêöèÿ ïîëåçíîñòè
Ðàññìîòðèì òîò æå ñàìûé ïðèìåð èãðû, òîëüêî ñ èçîýëàñòè÷íîé

ôóíêöèåé ïîëåçíîñòè hi, ò.å.

h(ui) =
u1−η

i

1− η
, η 6= 1.

Âñå âû÷èñëåíèÿ ïðîâîäÿòñÿ àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëà-
íî â ðàçäåëå 5.1 äëÿ ëîãàðèôìè÷åñêîé ôóíêöèè ïîëåçíîñòè. Ãëàâ-
íûì îòëè÷èåì ÿâëÿåòñÿ âèä ôóíêöèè Áåëëìàíà, êîòîðàÿ èùåòñÿ êàê
W (x, t) = A(t)x1−η + B(t) [10]. Ïîëó÷àåì îïòèìàëüíóþ ñêîðîñòü ðàç-
ðàáîòêè ðåñóðñîâ äëÿ ïðîèçâîëüíîé ôóíêöèè èíòåíñèâíîñòè îòêàçîâ
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λ(t) (ñì. [8]):

u∗i =
e−

λ(t)t
η

n
∞∫
t

e−
λ(s)s

η ds

x.

Òîãäà äëÿ ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ äëÿ ñëó÷àéíîé âåëè÷è-
íû T , êîòîðîìó ñîîòâåòñòâóåò λ(t) = λ, èìååì:

u∗i =
λ

ηn
x, i = 1, . . . , n.

Ñëåäîâàòåëüíî, îïòèìàëüíàÿ òðàåêòîðèÿ è îïòèìàëüíûå óïðàâëåíèÿ
âû÷èñëÿþòñÿ ñîãëàñíî ñëåäóþùèì ôîðìóëàì:

x∗(t) = x0 e−
λt
η ;

u∗i (t) =
x0 λ

nη
e−

λt
η .

Îòìåòèì, ÷òî òðàåêòîðèÿ x∗(t) óäîâëåòâîðÿåò óñëîâèþ óñòîé÷èâîñòè
ïî Ëÿïóíîâó.

Äàëåå ïîëó÷àåì âûðàæåíèå äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè äëÿ
ìàêñèìàëüíîé êîàëèöèè N :

V (x∗(ϑ), ϑ, N)=
(nη

λ

)η 1

1−η
x∗(ϑ)1−η =

(nη

λ

)η 1

1−η
x1−η

0 e−
λ(1−η)ϑ

η . (5.19)

Äëÿ ðàâíîâåñèÿ ïî Íýøó èìååì ñëåäóþùèå ðåçóëüòàòû:

unc
i =

λx

(1− n + nη)
, i = 1, . . . , n; (5.20)

xnc(t) = x∗(ϑ) e−
nλ

(1−n+nη)
(t−ϑ);

unc
i (t) = λx∗(ϑ)

(1−n+nη)
e−

nλ
(1−n+nη)

(t−ϑ).

Î÷åâèäíî, ÷òî òðåáîâàíèå íåîòðèöàòåëüíîñòè ñêîðîñòè ðàçðàáîòêè
unc

i ≥ 0 âûïîëíåíî òîëüêî ïðè η > (1 − 1/n). Â ïðîòèâíîì ñëó÷àå
ðàâíîâåñèÿ ïî Íýøó íå ñóùåñòâóåò.
Èòàê, âû÷èñëÿåì çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè V(x∗(ϑ), ϑ, {i}):

V (x∗(ϑ), ϑ, {i}) =
(

(1−n+nη)
λ

)η
1

1−η
x∗(ϑ)1−η =

=
(

(1−n+nη)
λ

)η
1

1−η
x1−η

0 e−
λ(1−η)

η
ϑ. (5.21)
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Îïèñàííûì â ïðåäûäóùåì ðàçäåëå ñïîñîáîì, ïîëó÷àåì âûðàæå-
íèå äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè V (x∗(ϑ), ϑ, S),S ⊂ N .

uS
i =

λ(1− s + sη)x

sη(1− n + nη)
, i ∈ S;

uS
j (t) = unc

j (t), i ∈ N \ S,

V (x∗(ϑ), ϑ, S) =

(
sη(1− n + nη)

λ(1− s + sη)

)η
1

1− η
x(ϑ)1−η; (5.22)

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 5.4. Ïóñòü ôóíêöèÿ V (x0, 0, S), S ⊆ N îïðåäåëÿ-
åòñÿ ïî ôîðìóëàì (5.19), (5.22). Òîãäà V (x0, 0, S) óäîâëåòâîðÿåò
ñâîéñòâó ñóïåðàääèòèâíîñòè (3.1).

Äîêàçàòåëüñòâî Óòâåðæäåíèÿ 5.4 îñíîâàíî íà ñëåäóþùåé ëåììå.

Ëåììà 5.2. Ïóñòü s1 ≥ 1, s2 ≥ 1, η ∈ (0, 1). Òîãäà

(s1 + s2)
η

(1−(s1 + s2)+(s1 + s2)η)η
≥ sη

1

(1−s1 + s1η)η
+

sη
2

(1−s2 + s2η)η
. (5.23)

Íåòðóäíî ïðîâåðèòü, ÷òî ëåâàÿ ÷àñòü íåðàâåíñòâà ðàñòåò áûñòðåå,
÷åì ïðàâàÿ.

Îêîí÷àòåëüíî ïîëó÷àåì ñëåäóþùåå âûðàæåíèå äëÿ âåêòîðà Øå-
ïëè:

Shi(x(t)) = 1
1−η

(
x(t)
n

)1−η (
λ
η

)−η

; (5.24)

Shi(x0) = 1
1−η

(
x0

n

)1−η
(

λ
η

)−η

. (5.25)

Âû÷èñëèì ÏÐÄ ñîãëàñíî (3.13). Òîãäà

βi(ϑ) = λ(
nη

λ
)ηx1−η

0 e−
λϑ
η

1

η(1− η)
. (5.26)

Ñëåäóþùèå óòâåðæäåíèÿ äîêàçûâàþòñÿ àíàëîãè÷íî òîìó, êàê ýòî
áûëî ñäåëàíî âûøå â ðàçäåëå äëÿ ëîãàðèôìè÷åñêîé ôóíêöèè ïî-
ëåçíîñòè. Îäíàêî ðåçóëüòàò ïðîâåðêè äèíàìè÷åñêîé óñòîé÷èâîñòè è
óñëîâèÿ çàùèòû îò èððàöèîíàëüíîãî ïîâåäåíèÿ îêàçûâàåòñÿ ïðîòè-
âîïîëîæíûì ïðåäûäóùåìó.
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Óòâåðæäåíèå 5.5. Âåêòîð Øåïëè {Shi(x0)} (5.24) ÿâëÿåòñÿ äè-
íàìè÷åñêè óñòîé÷èâûì ïðèíöèïîì îïòèìàëüíîñòè ïðè ìàðãèíàëü-
íîé ïîëåçíîñòè η ∈ (0; 1).

Äîêàçàòåëüñòâî Óòâåðæäåíèÿ 5.5 îñíîâàíî íà Îïðåäåëåíèè 3.2.
Î÷åâèäíî, ÷òî â (5.26) ìîæíî ãàðàíòèðîâàòü íåîòðèöàòåëüíîñòü êîì-
ïîíåíò ÏÐÄ ïðè η ∈ (0; 1).

Óòâåðæäåíèå 5.6. Äëÿ ÏÐÄ (5.26) è õàðàêòåðèñòè÷åñêîé ôóíê-
öèè V (x∗(ϑ), ϑ, {i}) (5.21) íå âûïîëíåíî óñëîâèå çàùèòû îò èððàöè-
îíàëüíîãî ïîâåäåíèÿ (4.2).

Óòâåðæäåíèå 5.6 äîêàçûâàåòñÿ íåïîñðåäñòâåííîé ïðîâåðêîé íåðà-
âåíñòâà (4.2) ïðè λ(t) = λ.

Òàêèì îáðàçîì, â äàííîì ïðèìåðå ñ èçîýëàñòè÷íîé ôóíêöèåé ïî-
ëåçíîñòè áûëî ïîêàçàíî, ÷òî ïðè ýêñïîíåíöèàëüíîì ðàñïðåäåëåíèè
ìîìåíòà îêîí÷àíèÿ èãðû (δ = 1, λ(t) = λ) âåêòîð Øåïëè ÿâëÿåò-
ñÿ äèíàìè÷åñêè óñòîé÷èâûì ïðèíöèïîì îïòèìàëüíîñòè ïðè ìàðãè-
íàëüíîé ïîëåçíîñòè η ∈ (0; 1), à óñëîâèå çàùèòû îò èððàöèîíàëüíîãî
ïîâåäåíèÿ ó÷àñòíèêîâ íå âûïîëíåíî.

Ñëåäîâàòåëüíî, ñîãëàñíî ðåçóëüòàòàì ðàçäåëîâ 5.1, 5.2, ïîñòðîåí-
íûé âåêòîð Øåïëè íå ÿâëÿåòñÿ óñòîé÷èâûì êîîïåðàòèâíûì ñîãëà-
øåíèåì íè äëÿ ñëó÷àÿ ëîãàðèôìè÷åñêîé ôóíêöèè ïîëåçíîñòè, íè
äëÿ ñëó÷àÿ èçîýëàñòè÷íîé ôóíêöèè ïîëåçíîñòè èãðîêîâ. Ïðè ýòîì â
îáîèõ ñëó÷àÿõ óñëîâíî�îïòèìàëüíàÿ òðàåêòîðèÿ èãðû óäîâëåòâîðÿåò
óñëîâèþ óñòîé÷èâîñòè ïî Ëÿïóíîâó.
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STABLE COOPERATION IN DIFFERENTIAL GAMES
WITH RANDOM DURATION

Ekaterina V. Shevkoplyas, Faculty of Applied Mathematics and
Control Processes, St.Petersburg State University, Saint-Petersburg,
Cand.Sc. (katya_shev@mail.ru).

Abstract : The problem of time-consistency of cooperative solutions is
investigated in the paper. This problem was stated by Petrosyan L.A.
in 1977 for di�erential games with �nite time horizon. In the paper the
modi�cation of the game with �nite time horizon is considered in the
sense that the game has random time horizon. The Shapley value is used
as an optimality principle under cooperative behavior of the players. For
this formulation the de�nition of the imputation distribution procedure
(IDP) is given and the analytic formula for IDP is derived. Moreover
in the paper the irrational behavior proofness condition by D.W.K.
Yeung (2006) is modi�ed for problem with random duration. The tool is
based on using IDP. Theoretical results are illustrated by an example of
di�erential game of non-renewable resource extraction.

Keywords : time-consistency, stable cooperation, irrational behavior proof-
ness, non-renewable resource extraction, di�erential game with random
duration.
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Ðàññìàòðèâàþòñÿ êîîïåðàòèâíûå èãðû ñ îãðàíè÷åííîé êî-
îïåðàöèåé, çàäàâàåìîé ïðîèçâîëüíûì íàáîðîì äîïóñòèìûõ êî-
àëèöèé, âêëþ÷àþùèì áîëüøóþ êîàëèöèþ âñåõ èãðîêîâ. Äëÿ
ýòîãî êëàññà èãð îïðåäåëÿåòñÿ óðàâíèâàþùåå ðåøåíèå (ESOS)
[1] òàêèì æå ñïîñîáîì, êàê è äëÿ ïðîèçâîëüíûõ èãð ñ òðàíñ-
ôåðàáåëüíûìè ïîëåçíîñòÿìè. Ïîêàçûâàåòñÿ, ÷òî åñëè óðàâíè-
âàþùåå ðåøåíèå ñáàëàíñèðîâàííîé èãðû ñ îãðàíè÷åííîé êî-
îïåðàöèåé ïåðåñåêàåòñÿ ñ åå ñ-ÿäðîì, òî îíî ÿâëÿåòñÿ îäíî-
òî÷å÷íûì è äîìèíèðóåò ïî Ëîðåíöó âñå îñòàëüíûå âåêòîðû
èç ñ-ÿäðà, ò. å. Ëîðåíö-ìàêñèìàëüíûì ðåøåíèåì.
Áîëåå äåòàëüíî èññëåäóåòñÿ êëàññ èãð ñ êîàëèöèîííîé ñòðóê-
òóðîé, â êîòîðûõ äîïóñòèìûìè êîàëèöèÿìè ÿâëÿþòñÿ êîàëè-
öèè íåêîòîðîãî ðàçáèåíèÿ ìíîæåñòâ èãðîêîâ, èõ îáúåäèíåíèÿ
è âñå ïîäêîàëèöèè êàæäîé êîàëèöèè ðàçáèåíèÿ. Äëÿ òàêèõ
èãð îïðåäåëÿåòñÿ ïîíÿòèå âûïóêëîñòè è îïðåäåëÿåòñÿ äâà òè-
ïà ýãàëèòàðíûõ ðåøåíèé � Ëîðåíö-ìàêñèìàëüíîå è Ëîðåíö-
ìàêñèìàëüíîå òèïà Êàìèéî � äëÿ âûïóêëûõ èãð ñ êîàëèöèîí-
íîé ñòðóêòóðîé. Ïðèâîäÿòñÿ àêñèîìàòè÷åñêèå õàðàêòåðèçàöèè
îáîèõ ýãàëèòàðíûõ ðåøåíèé.

c©2010 Å.Á. ßíîâñêàÿ
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Êëþ÷åâûå ñëîâà: êîîïåðàòèâíàÿ èãðà, îãðàíè÷åííàÿ êîîïåðàöèÿ, óðàâ-
íèâàþùåå ðåøåíèå, ýãàëèòàðíîå ðåøåíèå Äóòòà�Ðýÿ, Ëîðåíö-ìàêñè-
ìàëüíîå ðåøåíèå.

1. Ââåäåíèå
Â êëàññè÷åñêèõ êîîïåðàòèâíûõ èãðàõ ñ òðàíñôåðàáåëüíûìè ïî-

ëåçíîñòÿìè (N, v) õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ v îïðåäåëåíà íà ìíî-
æåñòâå âñåõ êîàëèöèé, ò. å. ïîäìíîæåñòâ ìíîæåñòâà èãðîêîâ N. Íà
ïðàêòèêå, îäíàêî, íå âñå êîàëèöèè ìîãóò áûòü îáðàçîâàíû ïî òåì
èëè èíûì ïîëèòè÷åñêèì, ýêîíîìè÷åñêèì èëè òåõíè÷åñêèì ïðè÷èíàì.
Íàèáîëåå ïîïóëÿðíîé ÿâëÿåòñÿ ñèòóàöèÿ, â êîòîðîé çàäàíî ðàçáèåíèå
ìíîæåñòâà èãðîêîâ, è ïîäêîàëèöèè ðàçëè÷íûõ êîàëèöèé ýòîãî ðàçáè-
åíèÿ íå ìîãóò áûòü îáðàçîâàíû. Îáîáùåíèåì ýòîé ñèòóàöèè ÿâëÿåòñÿ
èåðàðõèÿ óïðàâëåíèé, çàäàâàåìàÿ ðàçáèåíèÿìè ìíîæåñòâà èãðîêîâ,
ñîäåðæàùèìèñÿ äðóã â äðóãå.

Òàêèì îáðàçîì, îäíèì èç äàëüíåéøèõ íàïðàâëåíèé èññëåäîâàíèÿ
êîîïåðàòèâíûõ èãð ñëåäóåò ðàññìàòðèâàòü èõ ðàñøèðåíèÿ íà ñëó÷àé
çàäàíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè íà ïðîèçâîëüíîì íàáîðå êîà-
ëèöèé ìíîæåñòâà èãðîêîâ. Òàêîé êëàññ èãð áóäåò íàçûâàòüñÿ èãðàìè
ñ îãðàíè÷åííîé êîîïåðàöèåé.

Òåîðèÿ ðåøåíèé äëÿ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé íà÷àëàñü ñ
èññëåäîâàíèÿ èãð ñ êîàëèöèîííîé ñòðóêòóðîé, îïðåäåëÿåìîé íåêî-
òîðûì ðàçáèåíèåì ìíîæåñòâà èãðîêîâ. Äëÿ òàêèõ èãð áûëè îïðåäå-
ëåíû ðåøåíèÿ, îáîáùàþùèå çíà÷åíèå Øåïëè ([11], [9] è äð.). Îäíàêî
õàðàêòåðèñòè÷åñêèå ôóíêöèè îïðåäåëÿëèñü íà ìíîæåñòâå âñåõ êîà-
ëèöèé, õîòÿ è íå âñå êîàëèöèè ó÷àñòâîâàëè â îïðåäåëåíèè ðåøåíèé.

Â ñòàòüå ïðåäëàãàåòñÿ äðóãîé ïîäõîä. Ðàññìàòðèâàþòñÿ ïðîèç-
âîëüíûå íàáîðû äîïóñòèìûõ êîàëèöèé, è òîëüêî íà íèõ îïðåäåëÿåòñÿ
õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ. Ïðèâåäåì ôîðìàëüíîå îïðåäåëåíèå.

Îïðåäåëåíèå 1.1. Èãðîé ñ îãðàíè÷åííîé êîîïåðàöèåé íàçûâàåòñÿ
òðîéêà (N, v, Ω), ãäå N � êîíå÷íîå ìíîæåñòâî èãðîêîâ, Ω ⊂ 2N , N ∈
Ω � íàáîð äîïóñòèìûõ êîàëèöèé, v : Ω → R � õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ.

Èç ýòîãî îïðåäåëåíèÿ ñëåäóåò, ÷òî åñëè Ω = 2N , òî èãðà (N, v, Ω) =

(N, v) ÿâëÿåòñÿ êëàññè÷åñêîé êîîïåðàòèâíîé èãðîé ñ òðàíñôåðàáåëü-
íûìè ïîëåçíîñòÿìè (ÒÏ).
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Ðåøåíèÿ êëàññè÷åñêèõ ÒÏ èãð ìîæíî àäàïòèðîâàòü äëÿ èãð ñ
îãðàíè÷åííîé êîîïåðàöèåé äâóìÿ ñïîñîáàìè: èëè ïðÿìûì ïåðåíîñîì
îïðåäåëåíèé íà èãðû ñ îãðàíè÷åííîé êîîïåðàöèåé, åñëè ýòî âîçìîæ-
íî, èëè äîîïðåäåëåíèåì õàðàêòåðèñòè÷åñêîé ôóíêöèè íà âñåõ íåäî-
ïóñòèìûõ êîàëèöèÿõ è çàòåì ïðèìåíåíèåì êëàññè÷åñêîãî ðåøåíèÿ
äëÿ ïîëó÷èâøåéñÿ ÒÏ èãðû.
Äëÿ çíà÷åíèÿ Øåïëè è äðóãèõ ëèíåéíûõ çíà÷åíèé ïåðâûé ïîäõîä
íåâîçìîæåí, òàê êàê îïðåäåëÿþùèå èõ ôîðìóëû äëÿ êàæäîé èãðû
çàâèñÿò îò çíà÷åíèé õàðàêòåðèñòè÷åñêîé ôóíêöèè íà âñåõ êîàëèöè-
ÿõ.

Ñ äðóãîé ñòîðîíû, ïðåä n-ÿäðî è ðåøåíèå Äóòòà-Ðýÿ äîïóñêàþò
ïåðåôîðìóëèðîâêè íà ñëó÷àé èãð ñ îãðàíè÷åííîé êîîïåðàöèåé.

Ýãàëèòàðíîå ðåøåíèå Äóòòà-Ðýÿ [5] îïðåäåëÿëîñü àâòîðàìè êàê
îòîáðàæåíèå, ñîïîñòàâëÿþùåå ÒÏ èãðå ïîäìíîæåñòâî íåäîìèíèðóå-
ìûõ ïî Ëîðåíöó âåêòîðîâ âûèãðûøåé èç Ëîðåíö-ÿäðà. Ëîðåíö-ÿäðî
èãðû ñáàëàíñèðîâàííîé èãðû ñîäåðæèò ñ-ÿäðî, íî â îáùåì ñëó÷àå
ìîæåò îêàçàòüñÿ ïóñòûì. Íå âäàâàÿñü â îïðåäåëåíèå Ëîðåíö-ÿäðà, â
êîòîðîå çàëîæåíà êîíöåïöèÿ ýãàëèòàðèçìà, îòìåòèì òîëüêî, ÷òî äëÿ
êëàññà âûïóêëûõ ÒÏ èãð îíî îêàçûâàåòñÿ âåñüìà íàãëÿäíûì. Êàæ-
äîé âûïóêëîé ÒÏ èãðå îíî ñîïîñòàâëÿåò åäèíñòâåííûé âåêòîð èç ñ-
ÿäðà, äîìèíèðóþùèé ïî Ëîðåíöó âñå îñòàëüíûå âåêòîðû èç ñ-ÿäðà.
Îäíàêî íå ëþáàÿ ñáàëàíñèðîâàííàÿ èãðà îáëàäàåò òàêèì âåêòîðîì â
ñ-ÿäðå, õîòÿ ìîæåò îáëàäàòü ýãàëèòàðíûì ðåøåíèåì Äóòòà-Ðýÿ, íå
ïðèíàäëåæàùèì ñ-ÿäðó.

Â äàííîé ðàáîòå ýãàëèòàðíàÿ êîíöåïöèÿ ðåøåíèé ÒÏ èãð áó-
äåò ðàññìàòðèâàòüñÿ òîëüêî â ñâÿçè ñ ñ-ÿäðîì: à èìåííî, ýãàëèòàð-
íûì ðåøåíèåì ñáàëàíñèðîâàííîé èãðû áóäåò íàçûâàòüñÿ âåêòîð èç
ñ-ÿäðà, äîìèíèðóþùèé ïî Ëîðåíöó îñòàëüíûå âåêòîðû èç ñ-ÿäðà.
Îáëàñòü ñóùåñòâîâàíèÿ òàêîãî ðåøåíèÿ îêàçûâàåòñÿ áîëåå øèðîêîé,
÷åì êëàññ âûïóêëûõ ÒÏ èãð, íî óæå, ÷åì êëàññ âñåõ ñáàëàíñèðîâàí-
íûõ èãð. Ñëåäóÿ òåðìèíîëîãèè ñòàòüè [8], ìû áóäåì äàëåå íàçûâàòü
ðàññìàòðèâàåìîå ðåøåíèå Ëîðåíö-ìàêñèìàëüíûì.

Îêàçûâàåòñÿ, ÷òî ýòî ðåøåíèå ìîæíî îïðåäåëèòü è äëÿ èãð ñ îãðà-
íè÷åííîé êîîïåðàöèåé, ìíîãèå åãî ñâîéñòâà ñîõðàíÿþòñÿ è äëÿ òàêîé
ìîäåëè. Äåéñòâèòåëüíî, äëÿ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé ïîíÿ-
òèå ñ-ÿäðà óæå áûëî îïðåäåëåíî,(ñì., íàïð, [10]), òî íà êëàññ èãð ñ
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îãðàíè÷åííîé êîîïåðàöèåé è äëÿ èãð ñ íåïóñòûì ñ-ÿäðîì îïðåäåëå-
íèå Ëîðåíö-ìàêñèìàëüíîãî ðåøåíèÿ ïåðåíîñèòñÿ íåïîñðåäñòâåííî.

Ïîýòîìó íàõîæäåíèå êëàññîâ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé,
äëÿ êîòîðûõ Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå íå ïóñòî, ÿâëÿåòñÿ îñ-
íîâíîé öåëüþ äàííîé ñòàòüè. Ýòà çàäà÷à ðåøàåòñÿ ñ ïîìîùüþ óðàâ-
íèâàþùåãî ðåøåíèÿ (Equal Split-O� Set � ESOS [1]), ÿâëÿþùåãîñÿ
ðåçóëüòàòîì ïðèìåíåíèÿ àëãîðèòìà Äóòòà�Ðýÿ [4] äëÿ ëþáîé ÒÏ èã-
ðû, è, ñîâïàäàþùåãî ñ Ëîðåíö-ìàêñèìàëüíûì ðåøåíèåì è ñ ðåøåíè-
åì Äóòòà�Ðýÿ íà êëàññå âûïóêëûõ èãð.

Óïîìÿíóòûé àëãîðèòì ìîæåò áûòü ïðèìåíåí è ê ïðîèçâîëüíûì
èãðàì ñ îãðàíè÷åííîé êîîïåðàöèåé, åãî ðåçóëüòàòîì ÿâëÿåòñÿ íåêîòî-
ðîå, âîîáùå ãîâîðÿ, ìíîãîçíà÷íîå ðåøåíèå. Îäíàêî äàæå åñëè óðàâ-
íèâàþùåå ðåøåíèå îêàçûâàåòñÿ îäíîòî÷å÷íûì, îíî ìîæåò íå ïðèíàä-
ëåæàòü ñ-ÿäðó. Ñ äðóãîé ñòîðîíû, åñëè ñ-ÿäðî (êëàññè÷åñêîé) ñáà-
ëàíñèðîâàííîé ÒÏ èãðû ñîâïàäàåò ñ ñ-ÿäðîì íåêîòîðîé âûïóêëîé
èãðû, òî äëÿ òàêîé èãðû Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå ñóùåñòâóåò.
Òàêèì îáðàçîì, îáëàñòü îïðåäåëåíèÿ ðåøåíèÿ Äóòòà-Ðýÿ â êëàññè÷å-
ñêîì ñëó÷àå øèðå, ÷åì êëàññ âûïóêëûõ èãð. Ïîýòîìó ñëåäóåò îæè-
äàòü, ÷òî è äëÿ íåêîòîðûõ êëàññîâ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé
è íåïóñòûì ñ-ÿäðîì Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå ñóùåñòâóåò.

Ïîíÿòèå âûïóêëîñòè äëÿ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé íå îïðå-
äåëåíî, ââèäó òîãî ÷òî äëÿ äîïóñòèìûõ êîàëèöèé S, T èõ îáúåäè-
íåíèå èëè ïåðåñå÷åíèå ìîãóò îêàçàòüñÿ íå äîïóñòèìî. Ïîýòîìó äëÿ
êëàññà èãð ñ îãðàíè÷åííîé êîîïåðàöèåé è íåïóñòûì ñ-ÿäðîì èñïîëü-
çóåòñÿ ïîäõîä îïðåäåëåíèÿ Ëîðåíö-ìàêñèìàëüíîãî ðåøåíèÿ ñ ïîìî-
ùüþ óðàâíèâàþùåãî ðåøåíèÿ. Èìåííî, â ýòîì êëàññå íàõîäÿòñÿ òå
èãðû, äëÿ êîòîðûõ óðàâíèâàþùåå ðåøåíèå ñîñòîèò èç åäèíñòâåííî-
ãî âåêòîðà, ïðèíàäëåæàùåãî ñ-ÿäðó (ðàçäåë 3). Ïîêàçûâàåòñÿ, ÷òî
äëÿ ýòîãî íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ðåçóëüòàò àëãîðèòìà äëÿ
ðàññìàòðèâàåìîé èãðû ïåðåñåêàëñÿ ñ åå ñ-ÿäðîì.

Áîëåå äåòàëüíî èññëåäóþòñÿ èãðû ñ êîàëèöèîííûìè ñòðóêòóðà-
ìè, â êîòîðûõ íàáîð äîïóñòèìûõ êîàëèöèé ñîñòîèò èç êîàëèöèé ðàç-
áèåíèÿ ìíîæåñòâà èãðîêîâ, èõ îáúåäèíåíèé è âñåõ ïîäêîàëèöèé êî-
àëèöèé ðàçáèåíèÿ. Êàæäàÿ èãðà ñ êîàëèöèîííîé ñòðóêòóðîé îïðå-
äåëÿåò âíåøíþþ ÒÏ èãðó, èãðîêàìè êîòîðîé ÿâëÿþòñÿ êîàëèöèè
ðàçáèåíèÿ è âíóòðåííèå ÒÏ èãðû, ÿâëÿþùèåñÿ ïîäûãðàìè èñõîäíîé
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èãðû íà êîàëèöèÿõ ðàçáèåíèÿ. Ïîêàçûâàåòñÿ, ÷òî åñëè âñå ýòè èã-
ðû âûïóêëûå, â èñõîäíîé èãðå ñóùåñòâóåò Ëîðåíö-ìàêñèìàëüíîå ðå-
øåíèå. Ïðèâîäèòñÿ åãî àêñèîìàòè÷åñêàÿ õàðàêòåðèçàöèÿ ñ ïîìîùüþ
ñâîéñòâ ñîãëàñîâàííîñòè ïî Äýâèñó�Ìàøëåðó è ñîâïàäåíèÿ ðåøåíèÿ
äëÿ èãð äâóõ ëèö ñ ðåøåíèåì îãðàíè÷åííîãî ýãàëèòàðèçìà. Ýòîò ðå-
çóëüòàò ÿâëÿåòñÿ íåïîñðåäñòâåííûì îáîáùåíèåì îäíîé èç àêñèîìà-
òèçàöèé ðåøåíèÿ ýãàëèòàðíîãî Äóòòà�Ðýÿ äëÿ âûïóêëûõ ÒÏ èãð [4].

Äëÿ èãð ñ êîàëèöèîííûìè ñòðóêòóðàìè ñòðîèòñÿ åùå îäíî ýãàëè-
òàðíîå ðåøåíèå, ïðèíèìàþùåå â ðàñ÷åò íåðàâíîïðàâíîå çíà÷åíèå êî-
àëèöèé ðàçáèåíèÿ (âåðõíèé óðîâåíü) è èõ ïîäêîàëèöèé (íèæíèé óðî-
âåíü). Ïîñòðîåíèå ýòîãî ðåøåíèÿ àíàëîãè÷íî îáîáùåíèþ Êàìèéî [9]
çíà÷åíèÿØåïëè íà èãðû ñ êîàëèöèîííûìè ñòðóêòóðàìè. Ïîñòðîåíèå
ðåøåíèÿ äëÿ êàæäîé èãðû ñîñòîèò èç äâóõ ýòàïîâ: íà ïåðâîì øàãå
íàõîäèòñÿ Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå âíåøíåé èãðû, à íà âòî-
ðîì øàãå íàõîäÿòñÿ òàêèå æå ðåøåíèÿ ïîäûãð íà êàæäîé êîàëèöèè
ðàçáèåíèÿ, â êîòîðûõ çíà÷åíèÿ áîëüøèõ êîàëèöèé çàìåíåíû íà ñî-
îòâåòñòâóþùóþ êîìïîíåíòó Ëîðåíö-ìàêñèìàëüíîãî ðåøåíèÿ âíåø-
íåé èãðû. Íàáîð ýòèõ ðåøåíèé îïðåäåëÿåò ðåøåíèå èñõîäíîé èãðû.
Ïðèâîäèòñÿ àêñèîìàòè÷åñêàÿ õàðàêòåðèçàöèÿ ýãàëèòàðíîãî ðåøåíèÿ
òèïà Êàìèéî. Îäíà èç àêñèîì, õàðàêòåðèçóþùèõ ðåøåíèå, ÿâëÿåòñÿ
îñëàáëåíèåì ñâîéñòâà ñîãëàñîâàííîñòè, à âòîðàÿ, íàîáîðîò, óñèëèâà-
åò àêñèîìó îãðàíè÷åííîãî ýãàëèòàðèçìà, ðàñïðîñòðàíÿÿ åå íà èãðû
çíà÷åíèÿ âûèãðûøåé êîàëèöèé äëÿ èãð ñ êîàëèöèîííûìè ñòðóêòó-
ðàìè, ñîñòîÿùèìè èç äâóõ êîàëèöèé.

Äîêàçàòåëüñòâà âñïîìîãàòåëüíûõ óòâåðæäåíèé è îäèí èç ïðèìå-
ðîâ ïîìåùåíû â Ïðèëîæåíèè.

2. Ýãàëèòàðíûå ðåøåíèÿ êîîïåðàòèâíûõ èãð
2.1. Êîîïåðàòèâíûå èãðû ñ òðàíñôåðàáåëüíûìè ïîëåçíîñòÿ-
ìè

Êîîïåðàòèâíîé èãðîé ñ òðàíñôåðàáåëüíûìè ïîëåçíîñòÿìè (ÒÏ)
íàçûâàåòñÿ ïàðà (N, v), ãäå N � êîíå÷íîå ìíîæåñòâî èãðîêîâ, v :

2N → R � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ
v(∅) = 0.

Äëÿ êàæäîé ÒÏ èãðû (N, v) ìíîæåñòâî äîïóñòèìûõ âåêòîðîâ âû-
èãðûøåé îáîçíà÷èì ÷åðåç
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X(N, v) = {x ∈ RN |x(N) ≤ v(N)}, (2.1)
à ìíîæåñòâî ýôôåêòèâíûõ âåêòîðîâ âûèãðûøåé ÷åðåç

X∗(N, v) = {x ∈ RN |x(N) = v(N)}. (2.2)
Îáîçíà÷èì ÷åðåç GN êëàññ âñåõ ÒÏ èãð ñ ìíîæåñòâîì èãðîêîâ N.

Îïðåäåëåíèå 2.1. Ðåøåíèåì äëÿ êëàññà GN íàçûâàåòñÿ òàêîå îòîá-
ðàæåíèå σ : GN → RN , ÷òî èç (N, v) ∈ GN ñëåäóåò σ(N, v) ⊂
X(N, v, Ω).

Îáîçíà÷èì ÷åðåç Gb
N êëàññ âñåõ ñáàëàíñèðîâàííûõ ÒÏ èãð ñ ìíî-

æåñòâîì èãðîêîâ N, è ïóñòü Gb =
⋃

N⊂N
Gb

N . Ñ-ÿäðî èãðû (N, v) ∈ Gb
N

îáîçíà÷èì ÷åðåç C(N, v).

Îïðåäåëåíèå 2.2. Ðåøåíèå íà êëàññå ñáàëàíñèðîâàííûõ èãð Gb íà-
çûâàåòñÿ Ëîðåíö-ìàêñèìàëüíûì ðåøåíèåì (Lmax), åñëè îíî ñîïî-
ñòàâëÿåò èãðå (N, v) ∈ Gb

N âåêòîð x = Lmax(N, v) ∈ C(N, v), äîìè-
íèðóþùèé ïî Ëîðåíöó âñå îñòàëüíûå âåêòîðû èç ñ-ÿäðà.

Î÷åâèäíî, ÷òî Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå ñóùåñòâóåò íå äëÿ
âñåõ ñáàëàíñèðîâàííûõ èãð, íî åñëè îíî ñóùåñòâóåò, òî ÿâëÿåòñÿ îä-
íîòî÷å÷íûì.

Â ðàáîòå [5] àâòîðû îïðåäåëèëè ýãàëèòàðíîå ðåøåíèå äëÿ ÒÏ èãð,
êîòîðîå òàêæå ìîæåò îêàçàòüñÿ ïóñòûì äëÿ íåêîòîðûõ èãð:

Îïðåäåëåíèå 2.3. ([4], [5]) Ýãàëèòàðíûì ðåøåíèåì ÒÏ èãðû íà-
çûâàåòñÿ ìíîæåñòâî åå âåêòîðîâ âûèãðûøåé èç Ëîðåíö-ÿäðà1, íå
äîìèíèðóåìûõ ïî Ëîðåíöó îñòàëüíûìè âåêòîðàìè èç ýòîãî ÿäðà.

Â ýòîé æå ñòàòüå îíè ïîêàçàëè, ÷òî åñëè ýãàëèòàðíîå ðåøåíèå ñó-
ùåñòâóåò, òî îíî îäíîòî÷å÷íî, è íà êëàññå âûïóêëûõ èãð îíî ñîâïà-
äàåò ñ Ëîðåíö-ìàêñèìàëüíûì ðåøåíèåì, êîòîðîå ñóùåñòâóåò è åäèí-
ñòâåííî â ýòîì êëàññå.

Êðîìå òîãî, îíè ïîñòðîèëè àëãîðèòì íàõîæäåíèÿ ýãàëèòàðíîãî
ðåøåíèÿ â êëàññå âûïóêëûõ èãð. Ýòîò àëãîðèòì ìîæåò áûòü ïðè-
ìåíåí ê ïðîèçâîëüíîé ÒÏ èãðå, è ðåçóëüòàò ðàáîòû ýòîãî àëãîðèòìà

1Îïðåäåëåíèå Ëîðåíö-ÿäðà èìååòñÿ â öèòèðóåìûõ ñòàòüÿõ. Çäåñü îíî íå ïðè-
âîäèòñÿ, òàê êàê äàëåå óïîòðåáëÿòüñÿ íå áóäåò.
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ïðèâîäèò ê åùå îäíîìó ýãàëèòàðíîìó ðåøåíèþ, êîòîðîå óæå íå ïóñòî
äëÿ âñåõ ÒÏ èãð, íî, â îáùåì ñëó÷àå ÿâëÿåòñÿ ìíîãîçíà÷íûì:

Îïðåäåëåíèå 2.4. Óðàâíèâàþùåå ðåøåíèå (Equal Split O� Set) äëÿ
êëàññà G ñîïîñòàâëÿåò êàæäîé ÒÏ èãðå (N, v) ìíîæåñòâî ESOS(N, v)

⊂ X∗(N, v), òàêîå ÷òî x ∈ ESOS(N, v) â òîì è òîëüêî òîì ñëó÷àå,
åñëè

x = (a1, . . . , a1︸ ︷︷ ︸
T1

, a2, . . . , a2,︸ ︷︷ ︸
T2

. . . ak . . . , am︸ ︷︷ ︸
Tm

), (2.3)

ãäå a1 =max
S⊂N

v(S)

|S| =
v(T1)

|T1| , aj = max
S⊂N\∪j−1

i=1 Ti

vj(S)

|S| =
vj(Tj)

|Tj| , j = 2, . . . , m,

ãäå

vj(S) = v

(
j−1⋃
i=1

Ti ∪ S

)
− v

(
j−1⋃
i=1

Ti

)
(2.4)

äëÿ S ⊂ N \
j−1⋃
i=1

Ti.

Òàêèì îáðàçîì, Äóòòà è Ðýé â [5] äîêàçàëè ñîâïàäåíèå íà êëàññå
âûïóêëûõ ÒÏ èãð òðåõ ðåøåíèé: ýãàëèòàðíîãî, Ëîðåíö-ìàêñèìàëüíîãî
ðåøåíèÿ è óðàâíèâàþùåãî ðåøåíèÿ.

Â äàííîé ñòàòüå ìû áóäåì ðàññìàòðèâàòü Ëîðåíö-ìàêñèìàëüíîå
ðåøåíèå íà ïîäêëàññàõ ñáàëàíñèðîâàííûõ íå âûïóêëûõ èãð, è íà
êëàññå âûïóêëûõ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé.

Íà÷íåì ñ îïðåäåëåíèÿ êëàññà âûïóêëûõ èãð. ÒÏ èãðà (N, v) íà-
çûâàåòñÿ âûïóêëîé, åñëè äëÿ ëþáûõ êîàëèöèé S, T ⊂ N ñïðàâåäëèâî
íåðàâåíñòâî

v(S) + v(T ) ≤ v(S ∪ T ) + v(S ∩ T ). (2.5)

Êëàññ âñåõ âûïóêëûõ ÒÏ èãð c ïðîèçâîëüíûì óíèâåðñàëüíûì ìíî-
æåñòâîì èãðîêîâ N îáîçíà÷èì ÷åðåç Gc. Åñëè íåðàâåíñòâà (2.5) âû-
ïîëíÿþòñÿ òîëüêî äëÿ íåïåðåñåêàþùèõñÿ êîàëèöèé S ∩ T = ∅, ìû
ïîëó÷àåì êëàññ ñóïåðàääèòèâíûõ èãð. Î÷åâèäíî äëÿ èãð äâóõ ëèö
ýòè êëàññû ñîâïàäàþò. Äëÿ êëàññà ñóïåðàääèòèâíûõ èãð èçâåñòíî ðå-
øåíèå îãðàíè÷åííîãî ýãàëèòàðèçìà (CE) Ýòî ðåøåíèå ñîïîñòàâëÿåò
êàæäîé ñóïåðàääèòèâíîé èãðå äâóõ ëèö (N, v), N = {i, j} áëèæàéøèé
ê äèàãîíàëè âåêòîð èç ñ-ÿäðà:

x=(xi, xj)=CE(N, v) ⇐⇒ x ∈ C(N, v), xi < xj → xj =v({j}). (2.6)
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Èç Oïðåäåëåíèÿ 2.2 ñëåäóåò, ÷òî Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå
çàâèñèò òîëüêî îò ñ-ÿäðà èãðû. Ïîýòîìó îíî ñóùåñòâóåò è äëÿ áîëåå
øèðîêèõ êëàññîâ èãð, ÷åì êëàññ âûïóêëûõ èãð. Ïðèìåðîì òàêèõ èãð
ÿâëÿþòñÿ k-âûïóêëûå èãðû [3]. Êðîìå òîãî, ñóùåñòâóþò ñáàëàíñèðî-
âàííûå èãðû ñ îäíîòî÷å÷íûì ñ-ÿäðîì, ïî îïðåäåëåíèþ ÿâëÿþùèìñÿ
Lmax-ðåøåíèåì, íî äëÿ êîòîðûõ óðàâíèâàþùåå ðåøåíèå íå ïåðåñåêà-
åòñÿ ñ ñ-ÿäðîì.

Çàäà÷ó îïèñàíèÿ ïîäêëàññîâ êëàññà ñáàëàíñèðîâàííûõ ÒÏ èãð,
äëÿ êîòîðûõ ñóùåñòâóåò Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå ìîæíî ñôîð-
ìóëèðîâàòü è äëÿ èãð ñ îãðàíè÷åíèÿìè íà êîîïåðàöèþ è íåïóñòûìè
ñ-ÿäðàìè. Îíà îêàçûâàåòñÿ áîëåå ñëîæíîé, òàê êàê õàðàêòåðèñòè÷å-
ñêàÿ ôóíêöèÿ çàäàåòñÿ íà ïðîèçâîëüíîì íàáîðå êîàëèöèé, è ðåøåíèå
çàâèñèò íå òîëüêî îò çíà÷åíèé õàðàêòåðèñòè÷åñêîé ôóíêöèè, íî è îò
ñàìîãî íàáîðà äîïóñòèìûõ êîàëèöèé. Åå ÷àñòè÷íîå ðåøåíèå áóäåò
ïðèâåäåíî â ñëåäóþùåì ïàðàãðàôå.

2.2. Èãðû ñ îãðàíè÷åííîé êîîïåðàöèåé
Îáîçíà÷èì ÷åðåç Gr

N êëàññ âñåõ èãð ñ îãðàíè÷åííîé êîîïåðàöè-
åé è ìíîæåñòâîì èãðîêîâ N. Ïóñòü N � ïðîèçâîëüíîå óíèâåðñàëüíîå
ìíîæåñòâî èãðîêîâ. Êàê è äëÿ ÒÏ èãð, ýòî îçíà÷àåò, ÷òî åñëè èãðà
(N, v, Ω) ∈ Gr, òî N ⊂ N . Òàê êàê âñå ïîñëåäóþùèå ðåçóëüòàòû (êðî-
ìå ðàçäåëà 4) áóäóò ñïðàâåäëèâû äëÿ ïðîèçâîëüíîãî óíèâåðñàëüíîãî
ìíîæåñòâà èãðîêîâ, áóäåì îáîçíà÷àòü êëàññ èãð Gr =

⋃
N⊂N

Gr
N íå âû-

äåëÿÿ óíèâåðñàëüíîå ìíîæåñòâî èãðîêîâ N .

Äëÿ êàæäîé èãðû (N, v, Ω) ñ îãðàíè÷åííîé êîîïåðàöèåé ìíîæå-
ñòâà äîïóñòèìûõ âåêòîðîâ è ýôôåêòèâíûõ âåêòîðîâ âûèãðûøåé îïðå-
äåëÿþòñÿ òàê æå, êàê è äëÿ ÒÏ èãð (2.1),(2.2), òàê êàê ýòè îïðå-
äåëåíèÿ íå çàâèñÿò îò íàáîðîâ äîïóñòèìûõ êîàëèöèé. Àíàëîãè÷íî
êëàññè÷åñêîìó ñëó÷àþ ÒÏ èãð îïðåäåëÿþòñÿ è ðåøåíèÿ èãð ñ îãðà-
íè÷åííîé êîîïåðàöèåé.

c-ÿäðîì èãðû ñ îãðàíè÷åííîé êîîïåðàöèåé (N, v, Ω) [10] íàçûâàåòñÿ
ìíîæåñòâî

C(N, v, Ω) = {x ∈ X∗(N, v) |x(S) ≥ v(S) äëÿ âñåõ S ∈ Ω}.

Åñëè â èãðå ñ îãðàíè÷åííîé êîîïåðàöèåé è íåïóñòûì ñ-ÿäðîì ñó-
ùåñòâóåò âåêòîð, äîìèíèðóþùèé ïî Ëîðåíöó âñå îñòàëüíûå âåêòîðû
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èç ñ-ÿäðà, ìû áóäåì íàçûâàòü ýòîò âåêòîð Ëîðåíö-ìàêñèìàëüíûì
ðåøåíèåì Lmax, êàê è äëÿ êëàññè÷åñêèõ ÒÏ èãð.

Óðàâíèâàþùåå ðåøåíèå äëÿ êëàññà èãð ñ îãðàíè÷åííîé êîîïåðà-
öèåé îïðåäåëÿåòñÿ àíàëîãè÷íî Îïðåäåëåíèþ 2.5 äëÿ ÒÏ èãð, îäíàêî
íà êàæäîì øàãå àëãîðèòìà èçìåíÿåòñÿ íàáîð äîïóñòèìûõ êîàëèöèé,
ïîýòîìó ïðèâåäåì âåðñèþ Îïðåäåëåíèÿ 2.5 äëÿ èãð ñ îãðàíè÷åííîé
êîîïåðàöèåé.

Îïðåäåëåíèå 2.5. Óðàâíèâàþùåå ðåøåíèå (Equal Split O� Set) äëÿ
êëàññà Gr

N ñîïîñòàâëÿåò êàæäîé èãðå (N, v, Ω) èç ýòîãî êëàññà ìíî-
æåñòâî ESOS(N, v, Ω) ⊂ X∗(N, v), òàêîå ÷òî x ∈ ESOS(N, v, Ω) â
òîì è òîëüêî òîì ñëó÷àå, åñëè

x = (a1, . . . , a1︸ ︷︷ ︸
T1

, a2, . . . , a2,︸ ︷︷ ︸
T2

. . . ak . . . , am︸ ︷︷ ︸
Tm

), (2.7)

ãäå a1 =max
S∈Ω

v(S)

|S| =
v(T1)

|T1| , aj = max
S⊂N\∪j−1

i=1
Ti

∪j−1
i=1 Ti∪S∈Ω

vj(S)

|S| =
vj(Tj)

|Tj| , j = 2, . . . , m,

vj(S) =





v(S), åñëè
j−1⋃
i=1

Ti ∪ S /∈ Ω,

v

(
j−1⋃
i=1

Ti ∪ S

)
− v

(
j−1⋃
i=1

Ti

)
, åñëè

j−1⋃
i=1

Ti ∪ S ∈ Ω.

(2.8)

äëÿ S ∈ Ω, S ⊂ N \
j−1⋃
i=1

Ti.

Çàìåòèì, ÷òî ââèäó ïðåäïîëîæåíèÿ N ∈ Ω, Îïðåäåëåíèå 2.5 êîð-
ðåêòíî, è äëÿ êàæäîé èãðû (N, v, Ω) ∈ Gr

N àëãîðèòì (2.7) äàåò îïðå-
äåëåíèå íåïóñòîãî êîíå÷íîçíà÷íîãî ðåøåíèÿ.

Îäíàêî, êàê è äëÿ êëàññè÷åñêîãî ñëó÷àÿ ÒÏ èãð, íå äëÿ âñåõ
èãð ñ îãðàíè÷åííîé êîîïåðàöèåé è íåïóñòûì ñ-ÿäðîì óðàâíèâàþùåå
ðåøåíèå ïåðåñåêàåòñÿ ñ ñ-ÿäðîì.

Â ñëåäóþùåì ðàçäåëå äëÿ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé è ñ
íåïóñòûì ñ-ÿäðîì áóäóò äàíû äâà ñïîñîáà ïðîâåðêè ñîâïàäåíèÿ óðàâ-
íèâàþùåãî ðåøåíèÿ ñ Ëîðåíö-ìàêñèìàëüíûì ðåøåíèåì.
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3. Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå äëÿ èãð ñ îãðàíè÷åííîé
êîîïåðàöèåé

3.1. Îïðåäåëåíèå è ñóùåñòâîâàíèå Ëîðåíö-ìàêñèìàëüíîãî
ðåøåíèÿ äëÿ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé

Â ýòîì ïàðàãðàôå ìû áóäåì ðàññìàòðèâàòü êëàññ èãð ñ Gr
c îãðà-

íè÷åííîé êîîïåðàöèåé è íåïóñòûìè ñ-ÿäðàìè.
Èçâåñòíî, ÷òî íå âñå ñáàëàíñèðîâàííûå ÒÏ èãðû îáëàäàþò Ëîðåíö-

ìàêñèìàëüíûì ðåøåíèåì. Î÷åâèäíî, àíàëîãè÷íûé ðåçóëüòàò èìååò
ìåñòî è äëÿ èãð ñ îãðàíè÷åíèÿìè è íåïóñòûìè ñ-ÿäðàìè. Ñëåäî-
âàòåëüíî, ðåøåíèå, çàäàâàåìîå Îïðåäåëåíèåì 2.2, íå óäîâëåòâîðÿ-
åò óñëîâèþ íåïóñòîòû. Áóäåì ïûòàòüñÿ íàéòè ïîäêëàññ êëàññà Gr

c ,

äëÿ êîòîðîãî Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå ñóùåñòâóåò, ñ ïîìîùüþ
óðàâíèâàþùåãî ðåøåíèÿ äëÿ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé, à èìåí-
íî, âûÿñíåíèåì óñëîâèé, ïðè êîòîðûõ îíî ñîâïàäàåò ñ Ëîðåíö-ìàê-
ñèìàëüíûì ðåøåíèåì.

Îïðåäåëèì ñëåäóþùèé êëàññ Gr
ec ⊂ Gr

c èãð ñ îãðàíè÷åííîé êîîïå-
ðàöèåé:

(N, v, Ω) ∈ Gr
ec ⇐⇒ ESOS(N, v, Ω) ∩ C(N, v, Ω) 6= ∅,

è, ñîîòâåòñòâåííî,îáîçíà÷èì ÷åðåç Gr
ecN

⊂ Gr
ec åãî ïîäêëàññ ñ ìíîæå-

ñòâîì èãðîêîâ N.

Íàïîìíèì îïðåäåëåíèå äîìèíèðîâàíèÿ ïî Ëîðåíöó. Äëÿ ïðîèç-
âîëüíîãî âåêòîðà x ∈ RN ÷åðåç x∗ îáîçíà÷èì âåêòîð, êîìïîíåíòû
êîòîðîãî ñîâïàäàþò ñ êîìïîíåíòàìè x, íî ðàñïîëîæåííûìè â ïîðÿä-
êå âîçðàñòàíèÿ: x∗1 ≤ x∗2 ≤ . . . ≤ x∗n, n = |N |. Êðèâîé Ëîðåíöà âåê-
òîðà x íàçûâàåòñÿ âåêòîð L(x) ∈ RN , êîìïîíåíòû êîòîðîãî ðàâíû
Lk(x) =

k∑
i=1

x∗i , k = 1, . . . , n.

Ïóñòü x, y ∈ RN . Âåêòîð x äîìèíèðóåò ïî Ëîðåíöó âåêòîð y,

x ÂLor y, åñëè L(x) ≥ L(y), è L(x) 6= L(y).

Ïðèâåäåì íåñêîëüêî ñâîéñòâ äîìèíèðîâàíèÿ ïî Ëîðåíöó.

Ïðåäëîæåíèå 3.1. Ïóñòü y ∈ RN � ïðîèçâîëüíûé âåêòîð, è äëÿ
íåêîòîðûõ 1 ≤ j1 < j2 ≤ |N | Lj1(y) = a < b = Lj2(y). Òîãäà äëÿ âñåõ
j ∈ (j1, j2) Lj(y) ≤ a + (b− a) · j−j1

j2−j1
.



116 Å.Á. ßíîâñêàÿ

Ëåììà 3.1. Ïóñòü (N, v, Ω) ∈ Gr
N � ïðîèçâîëüíàÿ èãðà, x ∈ ESOS

(N, v, Ω). Òîãäà x ÂLor y äëÿ âñåõ y ∈ X(N, v), òàêèõ ÷òî L(y) 6= L(x)

è y(Rk) ≥ v(Rk) äëÿ k = 1, . . . , m, ãäå âåêòîð x èìååò ïðåäñòàâëåíèå
(2.7), à Rk =

k⋃
j=1

Tj.

Ñëåäñòâèå 3.1. Åñëè äëÿ èãðû (N, v, Ω) ∈ Gr
ec âåêòîð x∈ESOS(N, v, Ω)

∩C(N, v, Ω), òî x ÂLor y äëÿ âñåõ y ∈ C(N, v, Ω), y 6= x

Ñëåäñòâèå 3.1 ïîêàçûâàåò, ÷òî â êëàññå Gr
ec óðàâíèâàþùåå ðåøåíèå

ñîâïàäàåò ñ Lmax-ðåøåíèåì, è â ýòîì êëàññå Ëîðåíö-ìàêñèìàëüíîå
ðåøåíèå íå ïóñòî.

Ïóñòü x ∈ RN � ïðîèçâîëüíûé âåêòîð. Îáîçíà÷èì ÷åðåç Grx
N ⊂

Gr
ecN

êëàññ èãð, äëÿ êîòîðûõ x = Lmax(N, v, Ω).

Ïðåäñòàâèì x â âèäå

x = (a1, . . . , a1︸ ︷︷ ︸
T1

, a2, . . . , a2,︸ ︷︷ ︸
T2

. . . ak . . . , am︸ ︷︷ ︸
Tm

), (3.1)

ãäå a1 > a2 > . . . > am, è îáîçíà÷èì Rj =
j⋃

l=1

Tl, j = 1, . . . , m.

Òîãäà êëàññû Grx
N ìîæíî îõàðàêòåðèçîâàòü ñëåäóþùèì îáðàçîì:

Ïðåäëîæåíèå 3.2. Äëÿ òîãî ÷òîáû èãðà (N, v, Ω) ïðèíàäëåæàëà
êëàññó Grx

N íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå ðàâåíñòâ v(Rj) =

x(Rj), j = 1, . . . , m, è íåðàâåíñòâ v(S) ≤
m∑

j=1

ajsj äëÿ îñòàëüíûõ êî-

àëèöèé S ∈ Ω, ãäå Sj = S ∩ Tj, sj = |Sj|, à êîàëèöèè Rj, Tj, è ÷èñëà
aj, j = 1, . . . , m îïðåäåëåíû â ïðåäñòàâëåíèè (3.1).

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü (N, v, Ω) ∈ Grx
N . Òîãäà x =

Lmax(N, v, Ω), è x ∈ C(N, v, Ω). Èç ðàâåíñòâà x = Lmax(N, v) ñëåäóþò
ðàâåíñòâà x(Rj) = v(Rj), j = 1, . . . , m, à èç x ∈ C(N, v, Ω) ñëåäóåò
ðàâåíñòâî x(S) =

m∑
j=1

ajsj ≥ v(S), S ∈ Ω.

Äîñòàòî÷íîñòü. Ïóñòü (N, v, Ω)� ïðîèçâîëüíàÿ èãðà, óäîâëåòâîðÿ-
þùàÿ óñëîâèÿì òåîðåìû. Òîãäà x ∈ C(N, v, Ω) è ïî Ñëåäñòâèþ 3.1
âåêòîð x äîìèíèðóåò ïî Ëîðåíöó âñå îñòàëüíûå âåêòîðû èç ñ-ÿäðà.
Ñëåäîâàòåëüíî, x = L(N, v, Ω) è (N, v, Ω) ∈ Grx

N .
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Òàêèì îáðàçîì, êëàññ Gr
ec èãð ñ îãðàíè÷åíèÿìè, äëÿ êîòîðûõ óðàâ-

íèâàþùåå ðåøåíèå ñîâïàäàåò ñ Ëîðåíö-ìàêñèìàëüíûì ðåøåíèåì, îïè-
ñûâàåòñÿ ñëåäóþùèì îáðàçîì:

Gr
ec =

⋃
N⊂U

{
(N, v, Ω) |x∈ESOS(N, v, Ω) ⇐⇒x(Rj)=v(Rj), i, j =1,. . .,m,

m∑
j=1

ajsj ≥ v(S)∀S ∈ Ω

}
,

(3.2)
â ïðåäñòàâëåíèè (3.1) âåêòîðà x.

Ôîðìóëà (3.2) îïèñûâàåò êëàññ èãð Gr
ec íå ñòîëü ÿâíî, êàê íà-

ïðèìåð, îïðåäåëåíèå êëàññà âûïóêëûõ èãð. Îäíàêî èç Óòâåðæäåíèÿ
3.2 ñëåäóåò, ÷òî äëÿ òîãî ÷òîáû ïðîâåðèòü, ïðèíàäëåæèò ëè èãðà
(N, v, Ω) ê ýòîìó êëàññó, äîñòàòî÷íî íàéòè ìíîæåñòâî ESOS(N, v, Ω)

è, â ñëó÷àå åñëè îíî îäíîòî÷å÷íî, ESOS(N, v, Ω) = x, ïðîâåðèòü ñáà-
ëàíñèðîâàííîñòü ÒÏ èãðû (N, vx), ãäå

vx(S) =

{
v(S) åñëè S ∈ Ω,

x(S) åñëè S /∈ Ω.
(3.3)

Ýòà ïðîöåäóðà íå ñëîæíåå, ÷åì ïðîâåðêà âûïóêëîñòè ÒÏ èãðû. Ñëå-
äîâàòåëüíî, êëàññ Gr

ec èãð ñ îãðàíè÷åííîé êîîïåðàöèåé, äëÿ êîòîðûõ
óðàâíèâàþùåå ðåøåíèå ñîâïàäàåò ñ Ëîðåíö-ìàêñèìàëüíûì ðåøåíè-
åì, îïðåäåëåí êîððåêòíî. Áîëåå òîãî, äëÿ ÷àñòíîãî ñëó÷àÿ êëàññè÷å-
ñêèõ ÒÏ èãð, êîãäà íàáîð Ω ñîñòîèò èç âñåõ êîàëèöèé, ñîîòâåòñòâó-
þùèé ïîäêëàññ êëàññà Gr

ec îêàçûâàåòñÿ øèðå, ÷åì êëàññ âûïóêëûõ
èãð.

Çàìå÷àíèå 3.1. Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå ìîæåò ñóùåñòâîâàòü
è â èãðàõ ñ îãðàíè÷åííîé êîîïåðàöèåé, íå ïðèíàäëåæàùèõ êëàññó
Gr

ec. Ïðèìåðîì ÿâëÿåòñÿ ñëåäóþùàÿ èãðà (N, v, Ω) òðåõ ëèö: Ω =

N, {1, 2}, {1, 3}, v(N) = v(1, 2) = v(1, 3) = 1. Â ýòîé èãðå ñ-ÿäðî ñîñòî-
èò èç åäèíñòâåííîãî äåëåæà x = (1, 0, 0), ÿâëÿþùåãîñÿ DR-ðåøåíèåì.
Îäíàêî ESOS(N, v, Ω) = (1/2, 1/2, 0), (1/2, 0, 1/2). Íàõîæäåíèå êëàñ-
ñà âñåõ èãð, îáëàäàþùèõ Ëîðåíö-ìàêñèìàëüíûì ðåøåíèåì, ÿâëÿåòñÿ
îòêðûòîé çàäà÷åé.
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3.2. Ñîãëàñîâàííîñòü Ëîðåíö-ìàêñèìàëüíîãî-ðåøåíèÿ äëÿ
èãð ñ îãðàíè÷åííîé êîîïåðàöèåé

Â ýòîì ïóíêòå ìû ïðîâåðèì, êàêèå ñâîéñòâà Ëîðåíö-ìàêñèìàëü-
íîãî ðåøåíèÿ, êîòîðûìè îíî îáëàäàåò â êëàññå âûïóêëûõ ÒÏ èãð,
ñîõðàíÿþòñÿ è äëÿ èãð ñ îãðàíè÷åííîé êîîïåðàöèåé. Áóäåì ðàññìàò-
ðèâàòü ñâîéñòâà Ëîðåíö-ìàêñèìàëüíîãî ðåøåíèÿ âî âñåì êëàññå Gr

c ,
õîòÿ îíî ìîæåò îêàçàòüñÿ ïóñòûì äëÿ íåêîòîðûõ èãð èç ýòîãî êëàññà.
Î÷åâèäíî, ÷òî Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå â èãðàõ ñ îãðàíè÷åí-
íîé êîîïåðàöèåé àíîíèìíî.

Ïîêàæåì, ÷òî Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå â êëàññå Gr
ec óäîâëå-

òâîðÿåò ñâîéñòâó ñîãëàñîâàííîñòè â îïðåäåëåíèè Äýâèñà�Ìàøëåðà
[2] äëÿ ïðîèçâîëüíîãî óíèâåðñàëüíîãî ìíîæåñòâà èãðîêîâ N .

Äëÿ çàäàííîé èãðû (N, v, Ω) ñ îãðàíè÷åííîé êîîïåðàöèåé ðåäóöè-
ðîâàííîé èãðîé íà ìíîæåñòâî èãðîêîâ S ⊂ N îòíîñèòåëüíî âåêòîðà
âûèãðûøåé x ∈ X(N, v) íàçûâàåòñÿ èãðà (S, vx

S, ΩS) ∈ Gr
S, ãäå

vx
S(T ) =





v(N)− x(N \ S) åñëè T = S,

max
Q:T∪Q∈Ω

Q⊂N\S
(v(T ∪Q)− x(Q)), åñëè T $ S, (3.4)

ãäå ΩS = {T ⊂ S |T ∈ Ω èëè ∃Q ⊂ N \ S, T ∪Q ∈ Ω}.
Ðåøåíèå σ íàçûâàåòñÿ ñîãëàñîâàííûì â îïðåäåëåíèè Äýâèñà�Ìàø-

ëåðà äëÿ êëàññà Cr ⊂ Gr, åñëè äëÿ ëþáûõ èãðû (N, v, Ω) ∈ Cr, âåêòîðà
x ∈ σ(N, v, Ω) è êîàëèöèè S ⊂ N ðåäóöèðîâàííàÿ èãðà (S, vx

S, ΩS) ∈
Cr è âûïîëíÿåòñÿ ñîîòíîøåíèå xS ∈ σ(S, vx

S, ΩS).

Äëÿ ÒÏ èãð èìååòñÿ óñèëåíèå ñâîéñòâà ñîãëàñîâàííîñòè: åñëè ðå-
øåíèå ϕ äëÿ íåêîòîðîãî êëàññà ÒÏ èãð G ÿâëÿåòñÿ ñîãëàñîâàííûì è
äëÿ ëþáûõ èãðû (N, v) ∈ G, êîàëèöèè S ⊂ N, è âåêòîðà x ∈ ϕ(N, v)

âûïîëíÿåòñÿ ðàâåíñòâî (ϕ(N, v))|xN\S
= ϕ(S, vx

S), ãäå

ϕ(N, v)|xN\S
= {y ∈ RS | (yS, xN\S) ∈ ϕ(N, v),

òî ðåøåíèå íàçûâàåòñÿ ñèëüíî ñîãëàñîâàííûì.
Îáðàòíûì ê ñâîéñòâó ñîãëàñîâàííîñòè ðåøåíèé ÒÏ èãð ÿâëÿåò-

ñÿ ñëåäóþùåå: ðåøåíèå ϕ íàçûâàåòñÿ îáðàòíî ñîãëàñîâàííûì [12] íà
êëàññå ÒÏ èãð G, òàêîì ÷òî äëÿ ëþáîé èãðû èç ýòîãî êëàññà âñå åå
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ðåäóöèðîâàííûå èãðû îòíîñèòåëüíî âåêòîðîâ âûèãðûøåé, ïðèíàäëå-
æàùèõ ðåøåíèþ ϕ, ïðèíàäëåæàò ýòîìó æå êëàññó, íàçûâàåòñÿ îáðàò-
íî ñîãëàñîâàííûì, åñëè äëÿ ëþáîé èãðû (N, v) ∈ G è ëþáûõ èãðîêîâ
i, j ∈ N äëÿ íåêîòîðîãî âåêòîðà x ∈ RN ñïðàâåäëèâû ñîîòíîøåíèÿ
(xi, xj) ∈ ϕ({i, j}, vx

i,j), òî âåêòîð x ∈ ϕ(N, v).

Òåîðåìà 3.1. Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå ñîãëàñîâàíî â îïðåäå-
ëåíèè Äýâèñà�Ìàøëåðà â êëàññå Gr

c

Äîêàçàòåëüñòâî. Ïóñòü (N, v, Ω) ∈ Gr
c � ïðîèçâîëüíàÿ èãðà, äëÿ êî-

òîðîé ñóùåñòâóåò Ëîðåíö- ìàêñèìàëüíîå ðåøåíèå x = Lmax(N, v, Ω) ∈
C(N, v, Ω) = C(N, vx), ãäå õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ vx îïðåäå-
ëåíà â (3.3). Òîãäà x ÂLor y äëÿ âñåõ y ∈ C(N, v, Ω) \ {x}. Ïóñòü
i ∈ N � ïðîèçâîëüíûé èãðîê. Ðàññìîòðèì ðåäóöèðîâàííóþ èãðó
(N \ {i}, vx

N\{i}, ΩN\{i}) íà ìíîæåñòâî èãðîêîâ N \ {i} îòíîñèòåëüíî
x.

Òàê êàê ñ-ÿäðî ÒÏ èãð ñîãëàñîâàíî ïî Äýâèñó�Ìàøëåðó [12], xi ∈
C(N \ {i}, vxi

x ), ãäå (N \ {i}, vxi
x ) � ðåäóöèðîâàííàÿ èãðà èãðû (N, vx)

íà ìíîæåñòâî èãðîêîâ N \ {i} îòíîñèòåëüíî x.

Ïî îïðåäåëåíèþ ðåäóöèðîâàííîé èãðû (3.4)

C(N \ {i}, vxi
x ) = C(N \ {i}, vxi

N\{i}, ΩS). (3.5)

Ïîêàæåì, ÷òî xi ÂLor yi äëÿ âñåõ yi ∈ C(N \ {i}, vxi

N\{i}, ΩS).

Èç ñèëüíîé ñîãëàñîâàííîñòè ñ-ÿäðà [14] íà êëàññå ñáàëàíñèðîâàí-
íûõ ÒÏ èãð è èç ðàâåíñòâà (4.4) ñëåäóåò(yi, xi) ∈ C(N, vx), îòêóäà
ìû ïîëó÷àåì

x ÂLor (yi, xi). (3.6)

Èç ðàâåíñòâà (3.6) ñëåäóåò xi ÂLor yi (ñì. Çàìå÷àíèå 2 â ñòàòüå
[8]). Ñëåäîâàòåëüíî, xi = Lmax(N \ {i}, vxi

x , ΩN\{i}).

Îäíàêî, â îòëè÷èå îò âûïóêëûõ ÒÏ èãð, Ëîðåíö-ìàêñèìàëüíîå
ðåøåíèå íà êëàññå ñáàëàíñèðîâàííûõ èãð íå óäîâëåòâîðÿåò ñâîéñòâó
îáðàòíîé ñîãëàñîâàííîñòè (ïðèìåð ñì. â Ïðèëîæåíèè). Ïîýòîìó îíî
íå óäîâëåòâîðÿåò åìó è â êëàññå èãð ñ îãðàíè÷åííîé êîîïåðàöèåé è
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íåïóñòûì ñ-ÿäðîì. À èìåííî ýòî ñâîéñòâî Ëîðåíö-ìàêñèìàëüíîãî ðå-
øåíèÿ â êëàññå âûïóêëûõ èãð èñïîëüçîâàëîñü â äîêàçàòåëüñòâå ñëå-
äóþùåé òåîðåìû, äàþùåé àêñèîìàòè÷åñêóþ õàðàêòåðèçàöèþ Ëîðåíö-
ìàêñèìàëüíîãî ðåøåíèÿ â êëàññå âûïóêëûõ ÒÏ èãð:

Òåîðåìà 3.2. ([5], [4]) Â êëàññå âûïóêëûõ ÒÏ èãð Gc Ëîðåíö-ìàê-
ñèìàëüíîå ðåøåíèå ÿâëÿåòñÿ åäèíñòâåííûì íåïóñòûì ðåøåíèåì,
óäîâëåòâîðÿþùèì ñâîéñòâàì ñîãëàñîâàííîñòè è îãðàíè÷åííîãî ýãà-
ëèòàðèçìà (CE) â êëàññå èãð äâóõ ëèö.

Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå íà êëàññå âûïóêëûõ ÒÏ èãð èìå-
åò åùå îäíó àêñèîìàòè÷åñêóþ õàðàêòåðèçàöèþ ñ èñïîëüçîâàíèåì ñî-
ãëàñîâàííîñòè â îïðåäåëåíèè Õàðòà�Ìàñ-Êîëåëëà [6]. Ýòî ñâîéñòâî
ñîãëàñîâàííîñòè íåëüçÿ îïðåäåëèòü äëÿ îáùåãî êëàññà èãð ñ îãðà-
íè÷åííîé êîîïåðàöèåé, òàê êàê â îïðåäåëåíèè ðåäóöèðîâàííûõ èãð
èñïîëüçóþòñÿ ðåøåíèÿ ïîäûãð, êîòîðûå ìîãóò è íå ñóùåñòâîâàòü.
Òàê êàê â ïîñëåäóþùåì èçëîæåíèè ìû áóäåì èñïîëüçîâàòü òîëüêî
ñîãëàñîâàííîñòü â îïðåäåëåíèè Äýâèñà�Ìàøëåðà, áóäåì îáîçíà÷àòü
åå ïðîñòî òåðìèíîì ¾ñîãëàñîâàííîñòü¿.

4. Èãðû ñ îãðàíè÷åííîé êîîïåðàöèåé, ïîðîæäåííîé ðàçáèå-
íèåì
4.1. Èãðû ñ êîàëèöèîííîé ñòðóêòóðîé

Â òåîðèè êîîïåðàòèâíûõ èãð èçâåñòíû ìîäåëè, íàçûâàåìûå êî-
îïåðàòèâíûìè èãðàìè ñ êîàëèöèîííîé ñòðóêòóðîé (ÊÑ). Òàêàÿ èã-
ðà çàäàåòñÿ òðîéêîé (N, v,B), ãäå N � ìíîæåñòâî èãðîêîâ, v : 2N → R
� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ, B = (B1, . . . , Bk) � ðàçáèåíèå ìíîæå-
ñòâà N. Ðåøåíèÿ êîîïåðàòèâíûõ èãð ñ ÊÑ îïðåäåëÿþòñÿ òàê æå, êàê
äëÿ êëàññè÷åñêèõ ÒÏ èãð, íî ñ ó÷åòîì ðàçáèåíèé êàê ïåðâîãî óðîâíÿ
êîîïåðàöèè. Íàèáîëåå èçâåñòíûì îäíîòî÷å÷íûì ðåøåíèåì äëÿ êî-
îïåðàòèâíûõ èãð ñ ÊÑ ÿâëÿåòñÿ çíà÷åíèå Îóýíà [11], ÿâëÿþùåãîñÿ
ìîäèôèêàöèåé çíà÷åíèÿ Øåïëè äëÿ ýòîãî êëàññà èãð.

Ñóùåñòâóþò ðàçëè÷íûå ïîäõîäû ê îïðåäåëåíèþ íàáîðà äîïóñòè-
ìûõ êîàëèöèé äëÿ èãð ñ ÊÑ. Íåêîòîðûå àâòîðû ðàññìàòðèâàþò ÊÑ
äëÿ äîïîëíèòåëüíîãî îãðàíè÷åíèÿ íà ìíîæåñòâî äîïóñòèìûõ âåê-
òîðîâ âûèãðûøåé: ñóììàðíûé âûèãðûø èãðîêîâ êàæäîé êîàëèöèè
ðàçáèåíèÿ íå äîëæåí ïðåâûøàòü ñîîòâåòñòâóþùåãî çíà÷åíèÿ õàðàê-
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òåðèñòè÷åñêîé ôóíêöèè [13]. Ïðè ýòîì âñå êîàëèöèè ñ÷èòàþòñÿ äî-
ïóñòèìûìè.

Îóýí [11] òàêæå ðàññìàòðèâàë ïîëíîñòüþ çàäàííóþ êîîïåðàòèâ-
íóþ ÒÏ èãðó (N, v) è ðàçáèåíèå B = (B1, . . . , Br) íà ìíîæåñòâå èãðî-
êîâ. Îäíàêî ôàêòè÷åñêè çíà÷åíèå Îóýíà çàâèñèò òîëüêî îò çíà÷åíèé
õàðàêòåðèñòè÷åñêîé ôóíêöèè íà êîàëèöèÿõ S, èìåþùèõ âèä

S =
⋃

J⊂{1,...,k}
Bi ∪ T, ãäå T ⊂ Bi, i /∈ J. (4.1)

Ñëåäîâàòåëüíî, ìîæíî ñ÷èòàòü, ÷òî çíà÷åíèå Îóýíà ÿâëÿåòñÿ ðå-
øåíèåì èãðû ñ îãðàíè÷åííîé êîîïåðàöèåé, äîïóñòèìûé íàáîð êîàëè-
öèé Ω êîòîðîé ñîñòîèò èç êîàëèöèé, îïðåäåëåííûõ â (4.1).

Äðóãîé ìîäèôèêàöèåé çíà÷åíèÿ Øåïëè äëÿ êîîïåðàòèâíûõ èãð
ñ ÊÑ ÿâëÿåòñÿ çíà÷åíèå Êàìèéî [9]. Ýòî çíà÷åíèå çàâèñèò îò ìåíü-
øåãî íàáîðà äîïóñòèìûõ êîàëèöèé, ÷åì çíà÷åíèå Îóýíà, à èìåííî,
îò êîàëèöèé S, èìåþùèõ âèä

S ⊂ Bi, i = 1, . . . , k èëè S =
⋃

j∈J⊂{1,...,k}
Bj, (4.2)

ò. å. íàáîð äîïóñòèìûõ êîàëèöèé â ýòîì ñëó÷àå ñîñòîèò èç êîàëèöèé
ðàçáèåíèÿ è èõ îáúåäèíåíèé, à òàêæå îò âñåõ ïîäêîàëèöèé êàæäîé
êîàëèöèè ðàçáèåíèÿ.

Îêàçûâàåòñÿ, ÷òî äëÿ òàêîãî íàáîðà êîàëèöèé ìîæíî îïðåäåëèòü
ïîíÿòèå âûïóêëîñòè èãð è îïðåäåëèòü, êðîìå Ëîðåíö-ìàêñèìàëüíîãî
ðåøåíèÿ, åùå îäíî ýãàëèòàðíîå ðåøåíèå, ÿâëÿþùååñÿ åãî ìîäèôèêà-
öèåé. Áîëåå òîãî, ñâîéñòâî âûïóêëîñòè êîîïåðàòèâíûõ èãð ñ ÊÑ è
íàáîðàìè äîïóñòèìûõ êîàëèöèé âèäà (4.2) ïîçâîëÿåò äàòü àêñèîìà-
òè÷åñêèå õàðàêòåðèçàöèè ýòèõ ðåøåíèé. Ýòî áóäåò ñäåëàíî â íàñòî-
ÿùåì ïàðàãðàôå.

4.2. Âûïóêëûå èãðû ñ êîàëèöèîííûìè ñòðóêòóðàìè
Ðàññìîòðèì êëàññ êîîïåðàòèâíûõ èãð ñ ÊÑ Gcs ⊂ Gr, îïðåäåëÿå-

ìûé äîïóñòèìûìè íàáîðàìè êîàëèöèé âèäà (4.2), ò. å. (N, v, Ω) ∈ Gcs,

åñëè ñóùåñòâóåò òàêîå ðàçáèåíèå B = (B1, B2, . . . , Bk) ìíîæåñòâà N,

÷òî
Ω = {S ⊂ N |S ⊂ B èëè S ⊂ Bj, j = 1, . . . , k}. (4.3)
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Ìû áóäåò îáîçíà÷àòü òàêèå íàáîðû êîàëèöèé Ω(B).

Äëÿ êàæäîé èãðû (N, v, Ω(B)) ñ ÊÑ, îïðåäåëÿåìîé íàáîðîì äî-
ïóñòèìûõ êîàëèöèé Ω = Ω(B) äëÿ íåêîòîðîãî ðàçáèåíèÿ B ìíîæå-
ñòâà N, îïðåäåëèì âíåøíþþ èãðó (B, v), ìíîæåñòâî èãðîêîâ êîòî-
ðîé ñîâïàäàåò ñ ìíîæåñòâîì êîàëèöèé ðàçáèåíèÿ, à õàðàêòåðèñòè-
÷åñêàÿ ôóíêöèÿ îïðåäåëÿåòñÿ õàðàêòåðèñòè÷åñêîé ôóíêöèåé èñõîä-
íîé èãðû, è ïîýòîìó èìååò òî æå îáîçíà÷åíèå v, è âíóòðåííèå èãðû
(Bj, v), l = 1, . . . , m, ÿâëÿþùèåñÿ ïîäûãðàìè èñõîäíîé èãðû íà êàæ-
äîé êîàëèöèè ðàçáèåíèÿ. Ïî îïðåäåëåíèþ íàáîðà Ω(B) âíóòðåííÿÿ è
âíåøíèå èãðû ÿâëÿþòñÿ êëàññè÷åñêèìè ÒÏ èãðàìè.

Îïðåäåëåíèå 4.1. Èãðà ñ ÊÑ (N, v, Ω(B)) íàçûâàåòñÿ âûïóêëîé,
åñëè åå âíåøíÿÿ è âñå âíóòðåííèå èãðû âûïóêëûå.

Îáîçíà÷èì ÷åðåç Gc
cs ⊂ Gcs êëàññ âûïóêëûõ èãð ñ ÊÑ. Áóäåì äî-

êàçûâàòü, ÷òî âñå èãðû ýòîãî êëàññà îáëàäàþò Lmax-ðåøåíèåì.
Íà÷íåì ñ ïðèìåíåíèÿ àëãîðèòìà Äóòòà�Ðýÿ ê ïðîèçâîëüíîé âû-

ïóêëîé èãðå ñ ÊÑ
Γ = (N, v, Ω(B)). (4.4)

Ïóñòü
a1 = max

S∈Ω(B)

v(S)

|S| , (4.5)

è ïóñòü ìàêñèìóì â (4.5) äîñòèãàåòñÿ íà êîàëèöèè T1 ∈ Ω. Îïðåäå-
ëèì èãðó Γ1 = (N \ T1, v

1, Ω1), ãäå Ω1 = Ω(B)N\T1 , â ñîîòâåòñòâèè
ñ Îïðåäåëåíèåì 2.5. Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ v1 îïðåäåëÿåòñÿ
â çàâèñèìîñòè îò âèäà êîàëèöèè T1. Ýòà êîàëèöèÿ ëèáî ÿâëÿåòñÿ
îáúåäèíåíèåì êîàëèöèé ðàçáèåíèÿ B, ëèáî ïîäêîàëèöèåé êîàëèöèè
Bj, j = 1, . . . , k.

Â ïåðâîì ñëó÷àå, êîãäà ìàêñèìóì â (4.5) äîñòèãàåòñÿ íà êîàëèöèè
T1 =

⋃
j∈J

J⊂{1,...,k}

Bj, èç Îïðåäåëåíèÿ 2.5 ñëåäóåò, ÷òî

v1(S) =

{
v(S ∪ T1)− a1|T1|, åñëè S ∈ B,

v(S), åñëè S $ Bj äëÿ íåêîòîðîé Bj ∩ B = ∅.
(4.6)

Ðàññìîòðèì âòîðîé ñëó÷àé, êîãäà ìàêñèìóì â (4.5) äîñòèãàåòñÿ íà
íåêîòîðîé ïîäêîàëèöèè êîàëèöèè ðàçáèåíèÿ. Ïóñòü T1 ⊂ Bj � îäíà
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èç òàêèõ êîàëèöèé. Òîãäà â èãðå Γ1 = (N \ S, v1, Ω1)

Ω1 = Ω(B)N\T1 = {S ∈ B \Bj, è S ⊂ Bi, i 6= j, S ⊂ Bj \ S}.

Äëÿ òàêèõ êîàëèöèé

v1(S) =





v(S), åñëè S ∈ Ω1, S ∩Bj = ∅,,
v(Bj)− a1|T1|, åñëè S = Bj \ T1,

v(S ∪ T1)− a1|T1|, åñëè S $ Bj,

v(B)− a1|S|, åñëè S = (B \Bj) ∪ (Bj \ T1),

ãäå B ⊂ B, Bj ⊂ B.

(4.7)

Èñïîëüçóÿ ôîðìóëû (4.6),(4.7), ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò:

Ëåììà 4.1. Èãðà Γ1 = (N \ T1, v
1, Ω1) ÿâëÿåòñÿ âûïóêëîé èãðîé ñ

ÊÑ.
Ñëåäîâàòåëüíî, àëãîðèòì êîððåêòíî îïðåäåëåí äëÿ âûïóêëûõ èãð

ñ ÊÑ, è â ðåçóëüòàòå çà êîíå÷íîå ÷èñëî øàãîâ ìû ïîëó÷èì âåêòîð
x = (a1, . . . , a1︸ ︷︷ ︸

T1

, a2, . . . , a2,︸ ︷︷ ︸
T2

, . . . , am, . . . , am︸ ︷︷ ︸
Tm

), ãäå a1 ≥ a2 ≥ . . . ≥ am, è

èãðîêè óïîðÿäî÷åíû â ñîîòâåòñòâèè ñ óáûâàíèåì âûèãðûøåé.
Çàìåòèì, ÷òî íà íåêîòîðîì øàãå àëãîðèòìà ñîîòâåòñòâóþùèé ìàê-

ñèìóì ìîæåò äîñòèãàòüñÿ íà íåñêîëüêèõ êîàëèöèÿõ. Â ñëó÷àå êëàñ-
ñè÷åñêîé âûïóêëîé èãðû ìàêñèìóì â ýòîì ñëó÷àå äîñòèãàåòñÿ è íà
îáúåäèíåíèè ýòèõ êîàëèöèé, è èìåííî ýòî ñâîéñòâî ïîçâîëÿåò äîêà-
çàòü, ÷òî àëãîðèòì ïðèâîäèò ê åäèíñòâåííîìó âåêòîðó âûèãðûøåé.
Â ðàññìàòðèâàåìîì ñëó÷àå èãð ñ ÊÑ îáúåäèíåíèå äâóõ äîïóñòèìûõ
êîàëèöèé ìîæåò îêàçàòüñÿ íå íåäîïóñòèìûì. Ïîýòîìó, íå äîêàçûâàÿ
åäèíñòâåííîñòè âåêòîðà � ðåçóëüòàòà ïðèìåíåíèÿ àëãîðèòìà, áóäåì
áðàòü â êà÷åñòâå x ïðîèçâîëüíûé âåêòîð èç íàáîðà âîçìîæíûõ. Ïî-
ýòîìó óïîðÿäî÷åíèå ÷èñåë a1, . . . , am â îïðåäåëåíèè âåêòîðà x îêàçû-
âàþòñÿ íåñòðîãèìè.

Êàæäàÿ êîàëèöèÿ S ⊂ N, S /∈ Ω(B) ìîæåò áûòü ïðåäñòàâëåíà
åäèíñòâåííûì îáðàçîì êàê îáúåäèíåíèå ìàêñèìàëüíûõ äîïóñòèìûõ
êîàëèöèé ñëåäóþùèì îáðàçîì:

S =
⋃
j∈J1

Bj ∪
⋃
j∈J2

Sj, (4.8)
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ãäå J1, J2 ⊂ {1, 2, . . . , k}, J1 ∩ J2 = ∅, J2 6= ∅.
ÒÏ èãðà Γae = (N, vae), ãäå

vae(S) =





v(S), åñëè S ∈ Ω,

v(
⋃

j∈J1

Bj) +
∑

j∈J2

v(Sj), åñëè S /∈ Ω èìååò âèä (4.8) (4.9)

íàçûâàåòñÿ àääèòèâíûì ðàñøèðåíèåì èãðû N, v, Ω).

Ëåììà 4.2. Åñëè èãðà Γ = (N, v, Ω(B)) ∈ Gc
cs, òî åå àääèòèâíîå

ðàñøèðåíèå Γea = (N, vae) ÿâëÿåòñÿ âûïóêëîé ÒÏ èãðîé.
Ïðèìåíèì òåïåðü àëãîðèòì Äóòòà�Ðýÿ ê èãðå Γae. Òîãäà íà ïåð-

âîì øàãå ìàêñèìóì max
S⊂N

vae(S)
|S| áóäåò äîñòèãàòüñÿ íà òîé æå êîàëèöèè

T1 (õîòÿ, âîçìîæíî, è íå òîëüêî íà íåé), ÷òî è ìàêñèìóì â (4.5).
Ðàññìîòðèì èãðó (N \ T1, (vae)

1), ãäå

(vae)
1(S) = vae(S ∪ T1)− a1|T1| äëÿ âñåõ S ⊂ N \ T1. (4.10)

Ëåììà 4.3. (vae)
1 = (v1)ae, ãäå èãðà (N \ T1, (v

1)ae) ÿâëÿåòñÿ àääè-
òèâíûì ðàñøèðåíèåì èãðû ñ ÊÑ Γ1 = (N \ T1, v

1, Ω1).

Òåîðåìà 4.1. Â êëàññå Gc
cs âûïóêëûõ èãð ñ ÊÑ Ëîðåíö-ìàêñèìàëüíîå

ðåøåíèå íå ïóñòî.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíóþ âûïóêëóþ èãðó ñ ÊÑ
(N, v, Ω(B)). Äëÿ ñîõðàíåíèÿ îáîçíà÷åíèé ïóñòü îíà ñîâïàäàåò ñ èã-
ðîé Γ (4.4). Èç Ëåììû 4.1 ñëåäóåò, ÷òî èãðà ñ ÊÑ (N \ T1, v

1, Ω1)

âûïóêëàÿ, à èç Ëåìì 4.2 è 4.3 ñëåäóåò, ÷òî ÒÏ èãðà (N \ T1, (vae)
1)

âûïóêëàÿ. Ñëåäîâàòåëüíî, è íà âñåõ îñòàëüíûõ øàãàõ àëãîðèòìà j =

2, 3, . . . , m ñïðàâåäëèâû ðàâåíñòâà vj
ae(S) = (vj)ae(S) äëÿ âñåõ S ⊂ N \

j−1⋃
i=1

T1, îòêóäà è ïîëó÷àåòñÿ ðàâåíñòâî DR(N, vae) = DR(N, v, Ω(B)).

Èç Òåîðåìû 4.1 ñëåäóåò, ÷òî êëàññ Gc
cs ⊂ Gr

ec, è êëàññ ÒÏ èãð,
õàðàêòåðèñòè÷åñêèå ôóíêöèè êîòîðûõ ÿâëÿþòñÿ àääèòèâíûìè ðàñ-
øèðåíèÿìè èãð èç êëàññà Gc

cs, ñîäåðæèòñÿ â êëàññå âûïóêëûõ ÒÏ èãð.
Ïîýòîìó èç Òåîðåìû 4.1 ñëåäóåò, ÷òî Lmax-ðåøåíèå â êëàññå Gc

cs ñîãëà-
ñîâàíî â îïðåäåëåíèè Äýâèñà�Ìàøëåðà. Î÷åâèäíî, ÷òî äëÿ |N | = 2
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Gc
csN

= Gr
ec = êëàññó ñóïåð-àääèòèâíûõ (âûïóêëûõ) ÒÏ èãð äâóõ ëèö,

è DR-ðåøåíèå äëÿ ýòîãî êëàññà ñîâïàäàåò ñ ðåøåíèåì îãðàíè÷åííîãî
ýãàëèòàðèçìà (CE) [4].

Ýòè ñâîéñòâà ïîçâîëÿþò ïîñòðîèòü àêñèîìàòè÷åñêóþ õàðàêòåðè-
çàöèþ Ëîðåíö-ìàêñèìàëüíîãî ðåøåíèÿ äëÿ êëàññà âûïóêëûõ èãð ñ
ÊÑ, àíàëîãè÷íóþ õàðàêòåðèçàöèè ýòîãî ðåøåíèÿ ðåøåíèÿ äëÿ âû-
ïóêëûõ ÒÏ èãð (Òåîðåìà 3.2).

Òåîðåìà 4.2. Â êëàññå Gc
cs âûïóêëûõ èãð ñ ÊÑ Ëîðåíö-ìàêñèìàëüíîå

ðåøåíèå ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì, óäîâëåòâîðÿþùèì îä-
íîòî÷å÷íîñòè, ñîãëàñîâàííîñòè è îãðàíè÷åííîìó ýãàëèòàðèçìó äëÿ
èãð äâóõ ëèö.

Äîêàçàòåëüñòâî. Ââèäó Òåîðåìû 4.1 è óñòàíîâëåííûõ ñâîéñòâ Lmax-
ðåøåíèÿ äëÿ êëàññà Gc

cs, äîñòàòî÷íî äîêàçàòü òîëüêî åãî åäèíñòâåí-
íîñòü â ýòîì êëàññå. Ïóñòü σ � ïðîèçâîëüíîå ðåøåíèå äëÿ êëàññà Gc

cs,
óäîâëåòâîðÿþùåå âñåì ñâîéñòâàì, óêàçàííûì â ôîðìóëèðîâêå òåîðå-
ìû, x = σ(N, v, Ω(B)). Ïî ñâîéñòâàì ÑÅ è ñîãëàñîâàííîñòè ðåøåíèÿ
σ âñå ðåäóöèðîâàííûå èãðû ({i, j}, vx, Ω{i,j}) èñõîäíîé èãðû íà äâóõ-
ýëåìåíòíûå ìíîæåñòâà èãðîêîâ {i, j}, i, j ∈ N îòíîñèòåëüíî âåêòî-
ðà x ÿâëÿþòñÿ ñóïåðàääèòèâíûìè, è èãðà ({i, j}, vx, Ω{i,j}) ÿâëÿåòñÿ
êëàññè÷åñêîé ÒÏ èãðîé äëÿ ëþáûõ i, j ∈ N.

Ïîêàæåì, ÷òî x ∈ C(N, v, Ω(B)). Ïóñòü S ∈ Ω(B), S 6= N � ïðîèç-
âîëüíàÿ êîàëèöèÿ, è ïóñòü j /∈ S, i ∈ S. Ðàññìîòðèì ðåäóöèðîâàííóþ
èãðó ({i, j}, vx) íà ìíîæåñòâî èãðîêîâ {i, j}, i ∈ S. Ïî ñâîéñòâó CE
ðåøåíèÿ σ (xi, xj) ∈ C({i, j}, vx), è xi ≥ vx({i}). Ïî îïðåäåëåíèþ
ðåäóöèðîâàííîé èãðû (3.4)

vx{i} = max

Q:
{i}∪Q∈Ω

i,j /∈Q

(v({i} ∪Q)− x(Q)). (4.11)

Èç xi ≥ vx({i}) è ðàâåíñòâà (4.11) ñëåäóåò, ÷òî x({i}∪Q) ≥ v({i}∪Q)

äëÿ âñåõ Q, ïî êîòîðûì áåðåòñÿ ìàêñèìóì â (4.11). Òàê êàê êîàëèöèÿ
S \{i} óäîâëåòâîðÿåò ýòèì óñëîâèÿì íà Q, òî x(S) ≥ v(S). Êîàëèöèÿ
S ∈ Ω(B) áûëà âûáðàíà ïðîèçâîëüíîé â íàáîðå Ω(B), ïîýòîìó x ∈
C(N, v, Ω(B)).

Ïîêàæåì òåïåðü, ÷òî äëÿ ëþáûõ i, j ∈ N ðåäóöèðîâàííàÿ èã-
ðà ({i, j}, vx) ñîâïàäàåò ñ ñîîòâåòñòâóþùåé ðåäóöèðîâàííîé èãðîé
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({i, j}, vx
ae) àääèòèâíîãî ðàñøèðåíèÿ (N, vae). Ðàññìîòðèì ñëåäóþùèå

ñëó÷àè:
1) i, j ∈ Bt, t ∈ {1, . . . , k}. Òîãäà ïî (3.4)

vx({i}) = max
Q⊂Bt\{i,j}

(v({i} ∪Q)− x(Q)),

vx
ae({i}) = max

Q⊂N\{i,j}
(vae({i} ∪Q)− x(Q)). (4.12)

Åñëè Q /∈ Bt \ {i, j}, òî Q = Q1 ∪ Q2, ãäå Q1 ⊂ Bt, Q2 ∩ Bt = ∅.
Ïî îïðåäåëåíèþ àääèòèâíîãî ðàñøèðåíèÿ (4.9) è ïðèíàäëåæíîñòè x

ñ-ÿäðó èãðû (N, v, Ω(B)), ñïðàâåäëèâî íåðàâåíñòâî

vae({i} ∪Q)− x(Q) ≤ vae({i} ∪Q1)− x(Q1), (4.13)

èç êîòîðîãî ñëåäóåò ðàâåíñòâî vx({i}) = vx
ae({i}).

2) i ∈ Bt, j ∈ Br, t, r ∈ {1, . . . , k}, t 6= r. Òîãäà

vx({i}) = max
Q⊂Bt
i/∈Q

(v({i} ∪Q)− x(Q)),

vx
ae({i}) = max

Q⊂N\{i,j}
)(vae({i} ∪Q)− x(Q).

Àíàëîãè÷íî ñëó÷àþ 1) ïîëó÷àåì ðàâåíñòâî vx({i}) = vx
ae({i}).

Î÷åâèäíî, ÷òî vx({i, j}) = vx
ae({i, j}) = xi + xj. Ñëåäîâàòåëüíî,

ðåäóöèðîâàííûå èãðû ñîâïàäàþò è, ïî ñîãëàñîâàííîñòè ðåøåíèÿ σ,

(xi, xj) = Lmax({i, j}, vx) = Lmax({i, j}, vx
ae).

Èç îáðàòíîé ñîãëàñîâàííîñòè Lmax-ðåøåíèÿ â êëàññå âûïóêëûõ
ÒÏ èãð [4] ñëåäóåò, ÷òî x = Lmax(N, vae), è èç Òåîðåìû 4.1 ìû ïîëó-
÷àåì òðåáóåìûé ðåçóëüòàò x = Lmax(N, v, Ω(B)).

Â ñëåäóþùåì ðàçäåëå ïðèâåäåì äðóãîå ðåøåíèå äëÿ êëàññà Gc
cs, ñ

ïîõîæèìè ñâîéñòâàìè.

4.3. Ëîðåí-ìàêñèìàëüíîå ðåøåíèå òèïà Êàìèéî äëÿ êëàññà
âûïóêëûõ èãð ñ êîàëèöèîííîé ñòðóêòóðîé

Äëÿ êàæäîé èãðû ñ ÊÑ (N, v, Ω(B)), ãäå íàáîð Ω(B) ïîðîæäåí ðàç-
áèåíèåì B êàê îïðåäåëåíî â (4.4), ðàññìîòðèì âíåøíþþ èãðó (B, v∗)
(ñì. ðàçäåë 4.2) è âíóòðåííèå èãðû (Bi, vi), i = 1, . . . , k, ÿâëÿþùèåñÿ
ñîîòâåòñòâóþùèìè ïîäûãðàìè èãðû (N, v, Ω(B)).
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Êàìèéî [9] îïðåäåëèë ñëåäóþùåå äâóõøàãîâîå ðåøåíèå äëÿ èãð
ñ ÊÑ: Äëÿ ïðîèçâîëüíîé èãðû ñ ÊÑ (N, v, Ω(B)), íà ïåðâîì øàãå
íàõîäèòñÿ çíà÷åíèå Øåïëè (Sh) âíåøíåé èãðû (B, v), è ïóñòü x =

Sh(B, v). Äàëåå çíà÷åíèÿ õàðàêòåðèñòè÷åñêèõ ôóíêöèé áîëüøèõ êî-
àëèöèé Bi âíóòðåííèõ èãð (Bi, v), i = 1, . . . , k çàìåíÿþòñÿ íà xi. Òà-
êèå ìîäèôèöèðîâàííûå âíóòðåííèå èãðû îáîçíà÷èì ÷åðåç (Bi, v

x
i ).

Íà âòîðîì øàãå íàõîäÿòñÿ çíà÷åíèÿ Øåïëè èãð (Bi, v
x
i ). Îáîçíà÷èì

yx
i = Sh(Bi, v

x
i ), i = 1, . . . , k. Âåêòîð (yx

i , . . . , yx
k) ∈ X∗(N, v) íàçûâàåò-

ñÿ Êàìèéî-Øåïëè çíà÷åíèåì èãðû (N, v, Ω(B)).

Â ýòîì ðàçäåëå ìû ðàññìîòðèì âûïóêëûå èãðû ñ ÊÑ è çàìåíèì
çíà÷åíèåØåïëè â ïðåäûäóùåì îïðåäåëåíèè íà Ëîðåíö-ìàêñèìàëüíîå
ðåøåíèå. Òîãäà ìû ïîëó÷èì íåïóñòîå îäíîòî÷å÷íîå ðåøåíèå äëÿ ýòî-
ãî êëàññà, òàê êàê âíåøíÿÿ è âñå âíóòðåííèå (è òàêæå ìîäèôèöèðî-
âàííûå âíóòðåííèå) èãðû âûïóêëûå, è äëÿ íèõ ñóùåñòâóþò Lmax-
ðåøåíèÿ. Íàçîâåì ïîëó÷èâøååñÿ ðåøåíèÿ äëÿ èãð ñ ÊÑ Ëîðåíö-ìàê-
ñèìàëüíûì ðåøåíèåì òèïà Êàìèéî (LK

max).
Ýòî ðåøåíèå îòëè÷àåòñÿ îò îïðåäåëåííîãî â ïðåäûäóùåì ðàçäåëå

Lmax-ðåøåíèÿ äëÿ èãð ñ ÊÑ. Ïîêàæåì ýòî íà ïðèìåðå

Ïðèìåð 4.1. Ïóñòü N = {1, 2, 3}, B = {1}{2, 3}. Ðàññìîòðèì èãðó
ñ ÊÑ (N, v, Ω(B)), ãäå v(N) = 4, v({1} = 1.5, v({2, 3} = 2, v({2}) =

v({3}) = 0. Î÷åâèäíî, ýòà èãðà âûïóêëàÿ. Ëîðåíö-ìàêñèìàëüíîå ðå-
øåíèå äëÿ ýòîé èãðû ðàâíî Lmax(N, v, Ω(B)) = (1.5, 1.25, 1.25). Îäíà-
êî LK

max(N, v, Ω(B)) = (2, 1, 1).

Ïðèâåäåííûé ïðèìåð ïîêàçûâàåò, ÷òî Ëîðåíö-ìàêñèìàëüíîå ðå-
øåíèå ÿâëÿåòñÿ ¾áîëåå ýãàëèòàðíûì¿ ñ òî÷êè çðåíèÿ ðàâíîïðàâèÿ
âñåõ èãðîêîâ. LK

max-ðåøåíèå ñíà÷àëà ¾óðàâíèâàåò¿ â ñìûñëå äîìè-
íèðîâàíèÿ ïî Ëîðåíöó âûèãðûøè êîàëèöèé ðàçáèåíèÿ, à íà âòîðîì
óðîâíå óðàâíèâàåò âûèãðûøè èãðîêîâ âíóòðè êîàëèöèé ðàçáèåíèÿ.

Î÷åâèäíî, LK
max-ðåøåíèå àíîíèìíî è ïðèíàäëåæèò ñ-ÿäðó. Îäíà-

êî, â îòëè÷èå îò Ëîðåíö-ìàêñèìàëüíîãî ðåøåíèÿ (ñì. ðàçäåë 4.2),
îíî íå ÿâëÿåòñÿ ñîãëàñîâàííûì â îïðåäåëåíèè ðåäóöèðîâàííîé èãðû
(3.4).

Ïðèìåð 4.2. N = {1, 2, 3, 4, 5, 6},B = (B1, B2, ) B1 = {1, 2, 3}, B2 =

{4, 5, 6}.
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v(S) =





0, äëÿ S = {i}, i ∈ N, è S $ B2, S = {1, 3}, {2, 3}
1, äëÿ S = {4, 5, 6},
1.5, äëÿ S = {1, 2, 3}, {1, 2},
4, äëÿ S = N.

Ëåãêî âèäåòü, ÷òî èãðà Γ = (N, v, Ω(B)) ÿâëÿåòñÿ âûïóêëîé èãðîé
ñ ÊÑ. Lmax-ðåøåíèå âíåøíåé èãðû Γou = ({B1, B2}, v)), v(B1) = 1.5,
v(B2) = 1, v(N) = 4 ðàâíî Lmax(Γou) = (2, 2), a LK

max(N, v, Ω(B)) =

x = (3/4, 3/4, 1/2, 2/3, 2/3, 2/3). Ðàññìîòðèì ðåäóöèðîâàííóþ èãðó
Γx3 , êîãäà èãðîê 3 ïîêèäàåò èãðó ñ âûèãðûøåì 1/2. Â ýòîé èãðå
BN\{3} = (B1 \ {3}, B2). Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ vx îïðåäåëÿåò-
ñÿ ñëåäóþùèì îáðàçîì:

vx
4 (S) =





0, äëÿ S = {i}, i = 1, 2, 4, 5, 6 è S $ B2.

1.5, äëÿ S = {1, 2},
1, äëÿ S = {4, 5, 6}
3.5, äëÿ S = {1, 2, 4, 5, 6}.

Òîãäà LK
max(Γ

x3) = (7/8, 7/8, 7/12, 7/12, 7/12) 6= xN\{3}.

Îäíàêî, ââèäó òîãî ÷òî LK
max-ðåøåíèå ÿâëÿåòñÿ ðåçóëüòàòîì äâóõ-

øàãîâîãî íàõîæäåíèÿ Ëîðåíö-ìàêñèìàëüíûõ ðåøåíèé êëàññè÷åñêèõ
âûïóêëûõ ÒÏ èãð, åñòåñòâåííî îæèäàòü, ÷òî îíî óäîâëåòâîðÿåò íåêî-
òîðîìó èíîìó, âîçìîæíî áîëåå ñëàáîìó, ñâîéñòâó ñîãëàñîâàííîñòè.
Òàêèì ñâîéñòâîì îêàçûâàåòñÿ ñâîéñòâî êîàëèöèîííîé ñîãëàñîâàííî-
ñòè, êîãäà ñîãëàñîâàííîñòü âûïîëíÿåòñÿ òîëüêî äëÿ ðåäóöèðîâàííûõ
èãð, îáðàçîâàííûõ óõîäîì öåëûõ êîàëèöèé ðàçáèåíèÿ èëè èõ îáúåäè-
íåíèÿìè.

Îïðåäåëåíèå 4.2. Îäíîòî÷å÷íîå ðåøåíèå Φ äëÿ êëàññà Gcs èãð ñ
ÊÑ íàçûâàåòñÿ êîàëèöèîííî ñîãëàñîâàííûì ñ ñìûñëå Äýâèñà�Ìàøëå-
ðà, åñëè äëÿ ëþáîé èãðû (N, v, Ω(B)), è êîàëèöèè Bj ∈ B èç x =

= Φ(N, v, Ω(B)) ñëåäóåò âûïîëíåíèå ðàâåíñòâà

xN\Bj
= ΦN\Bj

(N, v,B) = Φ(N \Bj, v
N\Bj
x ,B \Bj),

ãäå ðåäóöèðîâàííàÿ èãðà îïðåäåëåíà ñëåäóþùèì îáðàçîì:
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vN\Bj
x (S) =





v(N)− x(Bj),

max{v(S), v(S ∪Bi)}, åñëè S =
⋃

J⊂{1,...,k},j 6=i

Bj
(4.14)

Â ýòîì îïðåäåëåíèè ïðåäïîëàãàåòñÿ, ÷òî ðàçáèåíèå B ñîñòîèò áî-
ëåå ÷åì èç îäíîé êîàëèöèè.

Òàê êàê êîàëèöèîííàÿ ñòðóêòóðà äâóõòî÷å÷íîãî ìíîæåñòâà {i, j}
ñîñòîèò ëèáî èç åäèíñòâåííîé êîàëèöèè {i, j}, ëèáî èç îäíîòî÷å÷íûõ
ìíîæåñòâ {i}, {j}, ëþáàÿ âûïóêëàÿ èãðà äâóõ ëèö ñ ÊÑ ñîâïàäàåò
ñ âûïóêëîé ÒÏ èãðîé äâóõ ëèö. Òàêèì îáðàçîì, â îáîèõ ñëó÷àÿõ
ñâîéñòâî ÑÅ îïðåäåëÿåòñÿ îäíèì è òåì æå ñïîñîáîì, è äëÿ èãð ýòîãî
êëàññà Lmax(N, v) = LK

max(N, v) = CE(N, v).

Îäíàêî åñëè ÷èñëî èãðîêîâ áîëåå äâóõ, à ÷èñëî êîàëèöèé ðàçáè-
åíèÿ ðàâíî îäíîìó èëè äâóì, òî îïðåäåëåíèå LK

max-ðåøåíèÿ ó÷èòû-
âàåò íåðàâíîïðàâèå êîàëèöèé ðàçáèåíèÿ è êîàëèöèé, ñîäåðæàùèõñÿ
â åäèíñòâåííîé êîàëèöèè ðàçáèåíèÿ. Ýòî ñâîéñòâî ôîðìóëèðóåòñÿ â
âèäå ñëåäóþùåãî ÑÅ ñâîéñòâà äëÿ èãð ñ ÊÑ:

Îïðåäåëåíèå 4.3. Îäíîòî÷å÷íîå ðåøåíèå σ äëÿ êëàññà Gr
cs èãð ñ

ÊÑ, ñîäåðæàùèõ äâå êîàëèöèè ðàçáèåíèÿ è óäîâëåòâîðÿþùèå êîàëè-
öèîííîé ñîãëàñîâàííîñòè, óäîâëåòâîðÿþò ñâîéñòâó êîàëèöèîííîãî
îãðàíè÷åííîãî ýãàëèòàðèçìà (ÑÑÅ), åñëè äëÿ ëþáîé èãðû (N, v, Ω(B))

∈ Gr
cs, B = (Bi, Bj) è x = σ(N, v, Ω(B)) èç íåðàâåíñòâà x(Bi) > x(Bj)

ñëåäóåò ðàâåíñòâî x(Bi) = v(Bi).

Çàìåòèì, ÷òî ýòî îïðåäåëåíèå ñîâïàäàåò ñî ñâîéñòâîì ÑÅ äëÿ ñëó-
÷àÿ èãð äâóõ ëèö.

Ïðèâåäåì òåïåðü àêñèîìàòè÷åñêóþ õàðàêòåðèçàöèþ LK
max-ðåøåíèÿ

äëÿ êëàññà âûïóêëûõ èãð ñ ÊÑ.

Òåîðåìà 4.3. Åäèíñòâåííûì îäíîòî÷å÷íûì ðåøåíèåì äëÿ êëàññà
Gc

cs, óäîâëåòâîðÿþùèì ñâîéñòâîì íåïóñòîòû, ÑÑÅ äëÿ ðàçáèåíèé,
ñîñòîÿùèõ èç äâóõ êîàëèöèé, ÑÅ äëÿ èãð äâóõ ëèö, CCONS, è ñîãëà-
ñîâàííîñòè äëÿ ðàçáèåíèÿ, ñîñòîÿùèõ èç îäíîé êîàëèöèè, ÿâëÿåòñÿ
Ëîðåíö-ìàêñèìàëüíîå ðåøåíèå òèïà Êàìèéî.

Äîêàçàòåëüñòâî. Ñâîéñòâî êîàëèöèîííîé ñîãëàñîâàííîñòè LK
max-ðå-

øåíèÿ ôàêòè÷åñêè îçíà÷àåò ñîãëàñîâàííîñòü ðåøåíèÿ âíåøíåé èãðû
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Èç òîãî ôàêòà, ÷òî äëÿ ïåðâûì øàãîì íàõîæäåíèÿ LK
max-ðåøåíèÿ

ÿâëÿåòñÿ íàõîæäåíèå Lmax-ðåøåíèÿ âíåøíåé èãðû, êîòîðîå ÿâëÿåò-
ñÿ ñîãëàñîâàííûì, ðåøåíèå LK

max îáëàäàåò ñâîéñòâîì êîàëèöèîííîé
ñîãëàñîâàííîñòè.

Îñòàëüíûå ñâîéñòâà íåïîñðåäñòâåííî ñëåäóåò îïðåäåëåíèÿ LK
max-

ðåøåíèÿ è óæå äîêàçàííûõ ñâîéñòâ Lmax-ðåøåíèÿ.
Ïóñòü òåïåðü Φ � ïðîèçâîëüíîå îäíîòî÷å÷íîå ðåøåíèå äëÿ êëàññà

Gc
cs, óäîâëåòâîðÿþùåå âñåì ñâîéñòâàì òåîðåìû.
Ðàññìîòðèì êëàññ G ′ âûïóêëûõ ÒÏ èãð, òàêèõ ÷òî ëþáàÿ èãðà

(K, v) ∈ G ′ ÿâëÿåòñÿ âíåøíåé èãðîé íåêîòîðîé èãðû (N, v, Ω(B)) ∈
Gc

cs ñ B = (B1, . . . , Bk), k = |K|. Î÷åâèäíî, ÷òî êëàññ G ′ ñîâïàäà-
åò ñ êëàññîì âñåõ âûïóêëûõ ÒÏ èãð Gc. Îáðàòíî, äëÿ ëþáîé èãðû
(N, v, Ω(B)) ∈ Gc

cs åå âíåøíÿÿ èãðà ïðèíàäëåæèò êëàññó G. Ñëåäî-
âàòåëüíî, ïî Òåîðåìå 3.2, êîàëèöèîííîé ñîãëàñîâàííîñòè è ñâîéñòâó
êîàëèöèîííîãî îãðàíè÷åííîãî ýãàëèòàðèçìà ðåøåíèÿ Φ, äëÿ ëþáîé
èãðû èç êëàññà Gc

cs ðåøåíèå Φ åå âíåøíåé èãðû ñîâïàäàåò ñ Lmax-
ðåøåíèåì. Ïóñòü x = Φ(N, v, Ω(B)) ∈ Gc

cs. Ìû äîêàçàëè ñïðàâåäëè-
âîñòü ðàâåíñòâ

x(Bi) = Φi(K, v) = (Lmax)i(K, v), i ∈ K. (4.15)

Ðàññìîòðèì âíóòðåííþþ èãðó (Bi, v
x), ãäå õàðàêòåðèñòè÷åñêàÿ ôóíê-

öèÿ vx îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

vx(S) =

{
x(Bi) åñëè S = Bi,

v(S) åñëè S $ Bi.

Ïî îïðåäåëåíèþ (3.4) ñîãëàñîâàííîñòè ðåøåíèÿ äëÿ êëàññà Gcs,

ýòà èãðà ñîâïàäàåò ñ ðåäóöèðîâàííîé èãðîé èãðû Γ íà ìíîæåñòâî
èãðîêîâ Bi îòíîñèòåëüíî âåêòîðà âûèãðûøåé x. Ñëåäîâàòåëüíî, ïî
ñîãëàñîâàííîñòè ðåøåíèÿ Φ(Bi, v

x) è ïî Òåîðåìå 3.2 ïîëó÷àåì ðàâåí-
ñòâà

xBi
= Φ(Bi, v

x) = Lmax(B, vx), i ∈ K. (4.16)

Ðàâåíñòâà (4.15) è (4.16) çàâåðøàþò äîêàçàòåëüñòâî òåîðåìû.
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5. Ïðèëîæåíèå
Äîêàçàòåëüñòâî Ïðåäëîæåíèÿ 3.1. Ïðåäïîëîæèì, ÷òî äëÿ íåêî-
òîðîãî j ∈ (j1, j2) Lj(y) > a + (b− a) · j−j1

j2−j1
. Òîãäà

Lj(y)− Lj1(y) =

j∑

l=j1+1

y∗l >
j − j1

j2 − j1

· (b− a).

Òàê êàê êîìïîíåíòû y∗l íå óáûâàþò ñ ðîñòîì l,

y∗j >
b− a

j2 − j1

, (5.1)

è äëÿ âñåõ l > j íåðàâåíñòâî (5.1) òàêæå ñïðàâåäëèâî. Ñëåäîâàòåëüíî,
j2∑

l=j1+1

y∗l > (b− a)
j2 − j1

j2 − j1

= b− a,

ò. å.

b = Lj2(y) = Lj1(y) +

j2∑

l=j1+1

y∗l > a + b− a,

÷òî íåâîçìîæíî.
Äîêàçàòåëüñòâî Ëåììû 3.1. Ïóñòü âåêòîð x èìååò âèä (2.7), à
âåêòîð y óäîâëåòâîðÿåò óñëîâèÿì ëåììû. Òîãäà

Lj(x) =
n∑

k=n−j+1

xk. (5.2)

Èç íåðàâåíñòâ x(Rk) ≤ y(Rk) ñëåäóþò íåðàâåíñòâà x(N \Rk) ≥ y(N \
Rk), k = 1, . . . ,m, à èç (5.2) ìû ïîëó÷àåì ðàâåíñòâî x(N \ Rk) =

L|N\Rk|(x). Ñëåäîâàòåëüíî, y(N \ Rk) ≥ L|N\Rk|(y), îòêóäà ñëåäóþò
íåðàâåíñòâà

Lj(y) ≤ Lj(x) äëÿ j = |N \Rk|, k = 1, . . . , m. (5.3)

Îáîçíà÷èì j1 = |N\Rk|, j2 = |N\Rk−1| äëÿ íåêîòîðîãî ïðîèçâîëüíîãî
k = 1, . . . , m− 1. Òîãäà äëÿ j ∈ (j1, j2)

Lj(x) = Lj1(x) + (Lj2(x)− Lj1(x)) · j − j1

j2 − j1

. (5.4)
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Ïî Óòâåðæäåíèþ 3.1 ñïðàâåäëèâû íåðàâåíñòâà

Lj(y) ≤ Lj1(y) + (Lj2(y)− Lj1(y)) · j − j1

j2 − j1

äëÿ j ∈ (j1, j2). (5.5)

Èç íåðàâåíñòâ (5.3),(5.5) è ðàâåíñòâà (5.4) ñëåäóåò íåðàâåíñòâî Lj(y) ≤
Lj(x). Òàê êàê k = 1, . . . ,m − 1 è j ∈ (j1, j2) áûëè âûáðàíû ïðîèç-
âîëüíî, Lj(x) ≥ Lj(y) äëÿ âñåõ j ∈ N.

Äîêàçàòåëüñòâî Ñëåäñòâèÿ 3.1.Ïðåäñòàâèì x â âèäå (2.7), è ïóñòü
y ∈ C(N, v, Ω) � ïðîèçâîëüíûé âåêòîð. Åñëè L(x) 6= L(y), òî x ÂLor y

ïî Ëåììå 3.1.
Îñòàåòñÿ ïîêàçàòü, ÷òî äëÿ y 6= x L(y) 6= L(x). Äëÿ âñåõ k =

1, . . . , m ñïðàâåäëèâû íåðàâåíñòâà y(Rk) ≥ x(Rk). Ïðåäïîëîæèì, ÷òî
yT1 6= xT1 . Òîãäà íàéäåòñÿ òàêîå j ∈ T1, ÷òî yj > a1 = max

i∈N
xi, îòêóäà

ñëåäóåò L(x) 6= L(y).

Ïóñòü òåïåðü yRk−1
= xRk−1

äëÿ íåêîòîðîãî k = 2, . . . , m, à yTk
6=

xTk
. Òîãäà íàéäåòñÿ òàêîå j ∈ Tk, ÷òî yj > xj = ak, è â ýòîì ñëó÷àå

òàêæå ðàâåíñòâî L(x) = L(y) íåâîçìîæíî.

Äîêàçàòåëüñòâî Ëåììû 4.2. Ïóñòü B = (B1, B2, . . . , Bk), è S, T ⊂
N, S ∩ T 6= ∅. Ïðåäñòàâèì êîàëèöèè S, T â âèäå (4.8):

S =
⋃
j∈J1

Bj ∪
⋃
j∈J2

Sj,

T =
⋃
j∈J3

Bj ∪
⋃
j∈J4

Sj,
(5.6)

ãäå Ji ⊂ {1, . . . , k}, i = 1, 2, 3, 4, (J1 ∪ J2) ∩ (J3 ∪ J4) 6= ∅. Òîãäà

S ∪ T =
⋃

j∈J1∪J3

Bj ∪
⋃

j∈J2∪J4

Tj,

S ∩ T =
⋃

j∈J1∩J3

B ∪
⋃

j∈J2∩J4

Tj.
(5.7)

Èñïîëüçóÿ ôîðìóëû (5.6),(5.7), ïîëó÷èì ðàâåíñòâî

vae(S)+vae(T ) = v
( ⋃

j∈J1

Bj

)
+

∑
j∈J2

v(Sj)+v
( ⋃

j∈J3

Bj

)
+

∑
j∈J4

v(Tj). (5.8)
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Â ïðàâîé ÷àñòè ðàâåíñòâà (5.8) ñòîèò ñóììà çíà÷åíèé õàðàêòåðè-
ñòè÷åñêîé ôóíêöèè v îò äîïóñòèìûõ êîàëèöèé èç Ω(B). Òàê êàê èãðà
(N, v, Ω(B)) âûïóêëàÿ, ñïðàâåäëèâû íåðàâåíñòâà

v
( ⋃

j∈J1

Bj

)
+ v

( ⋃
j∈J3

Bj

)
≤ v

( ⋃
j∈J1∪J3

Bj

)
+ v

( ⋂
j∈J1∩J3

Bj

)
, (5.9)

∑
j∈J2

v(Sj)+
∑
j∈J4

v(Tj)≤
∑

j∈J2\J4

v(Sj)+
∑

j∈J4\J2

v(Tj)+
∑

j∈J2∩J4

v(Sj ∩Tj) (5.10)

Èç ðàâåíñòâà (5.8) è íåðàâåíñòâ (5.9) è (5.10) ñëåäóåò íåðàâåíñòâî

v(S) + v(T ) ≤ v(S ∪ T ) + v(S ∩ T ),

çàâåðøàþùåå äîêàçàòåëüñòâî.
Äîêàçàòåëüñòâî Ëåììû 4.3. Ïóñòü S ⊂ Ω1 � ïðîèçâîëüíàÿ êîà-
ëèöèÿ. Òîãäà î÷åâèäíî, ÷òî (v1)ae(S) = (vae)

1(S). Òåïåðü ïóñòü S ⊂
N \ T1, S /∈ Ω1. Ðàññìîòðèì ñëåäóþùèå ñëó÷àè.
1. T1 $ Bl. Åñëè S ⊂ N \ T1, S /∈ Ω1, òî S ðàçëàãàåòñÿ íà êîàëèöèè èç
Ω1 ñëåäóþùèì îáðàçîì:

S = B′ ∪ Q, ãäå B′ =
⋃

j∈J1

B′
j, Q =

⋃
j∈J2

Sj, B′
j = Bj äëÿ j 6= l,

B′
l = Bl \ Tl, Sj ∈ B′

j, J1, J2 ⊂ {1, . . . , k}, J1 ∩ J2 = ∅.
1a) l ∈ J1. Òîãäà

(v1
ae(S) = v1(B′) +

∑
j∈J2

v1(Sj) = v(B)− a1|T1|+
∑
j∈J2

v(Sj). (5.11)

1b) l /∈ J1, J2. Òîãäà

(v1)ae(S) = v(B)+
∑
j∈J2

v(Sj) = v(B)+
∑
j∈J2

v(Sj)+v(T1)−a1|T1|. (5.12)

1c) l ∈ J2. Òîãäà v1(Sl) = v(Sl ∪ Tl)− a1|T1|,

(v1)ae(S) = v(B) +
∑
j∈J2
j 6=l

v(Sj) + v(Sj ∪ Tl)− a1|T1|. (5.13)

Ðàâåíñòâà (5.11)�(5.13) äîêàçûâàþò ëåììó äëÿ ñëó÷àÿ 1.
2. T1 = B1 =

⋃
j∈J1⊂{1,...,k}

Bj. Â ýòîì ñëó÷àå, åñëè S ⊂ N \ T1, S /∈ Ω1,

òî S ðàçëàãàåòñÿ íà êîàëèöèè èç Ω1 ñëåäóþùèì îáðàçîì:
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S = B2 ∪Q, ãäå B2 =
⋃

j∈J2⊂{1,...,k}
J2∩J1=∅

Bj, Q =
⋃
j∈J3

Sj, Sj $ Bj, J3 ∩ (J1 ∪

J2) = ∅. Òîãäà

(v1)ae(S) = v(B2∪T1)+
∑
j∈J3

v(Sj)−a1|T1| = vae(S∪T1)−a1|T1| = (vae)
1(S).

Ïðèìåð, ïîêàçûâàþùèé îòñóòñòâèå îáðàòíîé ñîãëàñîâàííîñòè Ëîðåíö-
ìàêñèìàëüíîãî ðåøåíèÿ íà êëàññå ñáàëàíñèðîâàííûõ èãð:

Ïðèìåð 5.1. Ðàññìîòðèì èãðó ÷åòûðåõ ëèö (N, v), N = {1, 2, 3, 4} ñî
ñëåäóþùåé õàðàêòåðèñòè÷åñêîé ôóíêöèåé:

v(1) = 0.5, v(2) = v(3) = 1, v(4) = 0, v(1, 2) = 2, v(1, 3) = v(3, 4) = 3,

v(2, 3)=5, v(1, 4)=v(2, 4)=1, v(S)=3 äëÿ S : |S|=3, v(1, 2, 3, 4)=6.

Ýòà èãðà ñáàëàíñèðîâàííàÿ, íî íå âûïóêëàÿ. Íåòðóäíî ïðîâå-
ðèòü, ÷òî Ëîðíåö-ìàêñèìàëüíîå ðåøåíèå L(N, v)=(0.5, 2.5, 2.5, 0.5)∈
C(N, v). Ðàññìîòðèì âåêòîð x = (0.9, 2.1, 2.9, 0.1) ∈ C(N, v) è ïîêà-
æåì, ÷òî äëÿ âñåõ ðåäóöèðîâàííûõ èãð äâóõ ëèö îòíîñèòåëüíî âåêòî-
ðà x ñîîòâåòñòâóþùèå ïðîåêöèè ýòîãî âåêòîðà ÿâëÿþòñÿ ðåøåíèÿìè
îãðàíè÷åííîãî ýãàëèòàðèçìà äëÿ ýòèõ èãð:

{i, j} ⊂ N =⇒ (xi, xj) = CE({i, j}, vx
ij).

Ïðÿìûì âû÷èñëåíèåì ïîëó÷àåì

vx
23(3) = v(3, 4)− x4 = 2.9 = x3 > x2 =⇒ (x2, x3) = CE({2, 3}, vx

23),

vx
13(3)=vx

34(3)=2− 2.1 = 2.9=x3 > x1 =⇒ (x1, x3)=CE(({1, 3}, vx
13),

vx
34(3) = 2− 2.1 = 2.9 = x3 > x4 =⇒ (x3, x4) = CE({3, 4}, vx

34),

vx
12(2) = 3− 0.9 = 2.1 = x2 > x1 =⇒ (x1, x2) = CE({1, 2}, vx

12),

vx
24(2) = 5− 2.9 = 2.1 = x2 > x4 =⇒ (x2, x4) = CE({2, 4}, vx

24),

vx
14(1) = 3− 2.1 = 0.9 = x1 > x4 =⇒ (x1, x4) = CE({1, 4}, vx

14).

Îäíàêî x 6= L(N, v).
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LORENZ-MAXIMAL SOLUTIONS FOR GAMES WITH A
RESTRICTED COOPERATION

Elena B. Yanovskaya, St. Petersburg Institute for Economics and
Mathematics of RAS, St. Petersburg, Dr.Sc., Prof. (eyanov@emi.nw.ru).

Abstract : Cooperative games with a restricted cooperation, de�ned
by an arbitrary collection of feasible coalitions are considered. For
this class the Equal Split-O� Set (ESOS) [1] is de�ned by the same
way as for cooperative games with transferable utilities (TU). For the
subclass of these games with non-empty cores the Lorenz-maximal
solution is also de�ned by the same way as for TU games. It is shown
that if the ESOS of a game with a restricted cooperation intersects
with its core, then it is single-valued and Lorenz dominates other
vectors from the core, i.e. it coincides with the Lorenz-maximal solution.
Cooperative games with coalitional structure for which the collection of
feasible coalitions consists of the coalitions of partition, their unions, and
subcoalitions of the coalitions of the partition, are investigated more in
detail. For these games the convexity property is de�ned, and for convex
games with coalitional structure existence theorems for two egalitarian
solutions � Lorenz maximal and Lorenz-Kamijo maximal � are proved.
Axiomatic characterizations for both these solutions are given.

Keywords : cooperative games, restricted cooperation, The Equal Split-o�
set, the Dutta�Ray solution, Lorenz-maximal solution.
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As markets become increasingly globalized and �rms become
more multinational, corporate joint ventures are likely to yield
opportunities to quickly create economies of scale and critical
mass, and facilitate rational resource sharing. A major source of
gain from joint venture is from cost savings. However, it is often
observed that after a certain time of cooperation, some �rms may
gain su�cient skills and technology that they would do better by
breaking up from the joint venture. This is the well-known problem
of time inconsistency. In this paper, we consider a dynamic cost
saving joint venture which adopts the Shapley value as its pro�t
allocation scheme. A compensation mechanism distributing pay-
ments to participating �rms at each instant of time is devised to
ensure the realization of the Shapley value imputation throughout
the venture duration. Hence time-consistency will be attained, and
a dynamically stable joint venture can be formed.
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1. Introduction
With joint ventures becoming a powerful force shaping global corporate

strategy, partnerships between �rms have signi�cantly increased. D'Aspre-
mont and Jacquemin [6], Kamien et al [7] and Suzumura [11] have studied
cooperative R&D with spillovers in joint ventures under a static framework.
Cellini and Lambertini [4], [5] considered cooperative solutions to invest-
ment in product di�erentiation in a dynamic approach. Moreover, as
markets become increasingly globalized and �rms become more multina-
tional, corporate joint ventures are likely to yield opportunities to quickly
create economies of scale and critical mass, and facilitate rational resource
sharing (see [1]). A major source of gain from joint venture is from
cost savings. Cost saving opportunities are created under joint venture,
for instance, savings in joint R&D, administration, marketing, customer
services, purchasing, �nancing, and economy of scales and scope. Despite
their purported bene�ts, however, joint ventures are highly unstable and
have a consistently high rate of failure ([3], [8]). After a certain time of
cooperation, some �rms may gain su�cient managerial and technological
expertise that they would do better by breaking away from the joint
venture. Thus a major source of instability is the lack of dynamical
stable or time consistent cooperative solutions to the joint-venture. Time
consistency is a fundamental element in dynamic cooperation, and it
ensures that: (i) the extension of the solution policy to a later starting
time and a state brought about by prior optimal behavior of the players
would remain optimal, and (ii) all participating �rms do not have incentive
to deviate from the initial plan (see [12], [13]). Petrosyan and Zaccour
[9] provided a time consistent solution to a class of di�erential games
involving pollution cost reduction. Yeung and Petrosyan [14] presented a
dynamically stable joint venture involving cooperative R&D with spillovers.
Yeung and Petrosyan [15] developed a cooperative di�erential game of
transboundary industrial pollution and derived a dynamically stable so-
lution.

In this paper, we consider a joint venture which results in cost saving.
The Shapley value [10] is adopted to be the pro�t allocation scheme
to re�ect the relative contributions of the �rms in cost saving. Since
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joint venture is a continual arrangement, a dynamic speci�cation of the
Shapley value is provided. To ful�ll time-consistency, the Shapley value
imputation has to be throughout the venture duration. A compensation
mechanism distributing payments to participating �rms at each instant of
time ensuring the realization of the Shapley value imputation throughout
the venture duration is devised.

2. Dynamic cost saving joint ventures
Consider a framework of a dynamic joint venture in which there are

n �rms. The venture horizon is [t0, T ]. The objective of �rm i is:
∫ T

t0

{
gi[s, xi(s)]− c

{i}
i [ui(s)]

}
exp

[
−

∫ S

t0

r(y)dy

]
ds

+ exp

[
−

∫ T

t0

r(y)dy

]
qi(xi(T )), for i ∈ [1, 2, · · · , n]≡N, (2.1)

where xi(s) ∈ X i ⊂ Rmi+ denotes the state variables of �rm i, ui ∈
Ui ⊂ Rli+ is the control vector of �rm i, gi[s, xi(s)] the instantaneous
revenue, c

{i}
i [ui(s)] represents the costs of the �rms control ui(s) when

it is operating on its own, exp
[
− ∫ t

t0
r(y)dy

]
is the discount factor, and

qi(xi(T )) the terminal payment. In particular, the �rm's revenue gi[s, xi]

is a�ected by the state variables like capital stock, special skills, productive
resources and technologies.

The state dynamics of the ith �rm is characterized by the set of
vector-valued di�erential equations:

ẋi(s) = f i[s, xi(s), ui(s)], xi(t0) = xi(0), for i ∈ N. (2.2)

Consider a joint venture consisting of a subset of �rms K ⊆ N . There
are k �rms in the subset K. The participating �rms can obtain cost
reduction and the pro�t to the joint venture K at time t0 becomes:

∫ T

t0

∑
j∈K

{
gj[s, xj(s)]− cK

j [uj(s)]
}

exp

[
−

∫ S

t0

r(y)dy

]
ds

+
∑
j∈K

exp

[
−

∫ T

t0

r(y)dy

]
qj(xj(T )), for K ⊆ N, (2.3)

where cK
j [uj(s)] represents the costs of the controls of the �rm j in the

subset K. Cost saving opportunities are created under joint venture,
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for instance, savings in joint R&D, administration, marketing, customer
services, purchasing, �nancing, and economy of scales and scope. With
absolute joint venture cost advantage we have

cK
j [uj(s)] ≤ cL

j [uj(s)], for j ∈ L ⊆ K, (2.4)

Moreover, marginal cost advantages lead to:

∂cK
j [uj(s)]/∂uj(s) ≤ ∂cL

j [uj(s)]/∂uj(s), for j ∈ L ⊆ K.

The model adopted for analysis concentrates on cost savings and the
pro�t of an outside �rm is not a�ected by the actions of the joint venture.
Let xK denote the concatenation of all xj for j ∈ K. To compute the
pro�t of the joint venture K we have to consider the optimal control
problem $[K; t0, x

K(0)] which maximizes (2.3) subject to (2.2). Using
Bellman's [2] technique of dynamic programming the solution of the
problem $[K; t0, x

K(0)] can be characterized as follows.

De�nition 2.1. A set of controls
{

u∗j(t) = ψ
(t0)K∗
j (t, xK), j ∈ K

}
provides

an optimal solution to the problem $[K; t0, x
K(0)] if there exist continuously

di�erentiable function

W (t0)K(t, xK) : [t0, T ]×
∏
j∈K

Rmj → R,

satisfying the Bellman equation:

−W
(t0)K
t (t, xK) = max

uK

{∑
j∈K

{
gj[s, xj(s)]− cK

j [uj(s)]
}

exp

[
−

∫ t

t0

r(y)dy

]

+
∑
j∈K

W (t0)K
xj

(t, xK)f j[t, xj, uj]

}
,

W (t0)K(T, xK) = exp

[
−

∫ T

t0

r(y)dy

] ∑
j∈K

qj(xj).

In the case when all the n �rms are in the joint venture, the set of
optimal controls

{
ψ

(t0)N∗
j (s, xN(s)), for j ∈ N

}
, will be adopted and the

dynamics of the optimal state trajectory of the grand coalition can be
expressed as:

ẋj(s) = f j[s, xj(s), ψ
(t0)N∗
j (s, x(s))], xj(t0) = x0

j , for j ∈ N. (2.5)
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Let x∗(t) =
{
x1∗(t), x2∗(t), · · · , xn∗(t)

}
for t ∈ [t0, T ] denote the

solution to (2.5) which yields the optimal trajectories. In particular

xj∗(t)=xj(0)+

∫ t

t0

f j[s, xj∗(s), ψ
(t0)N∗
j (s, x∗j(s))]ds, for j =1, 2, . . . , n. (2.6)

We use xj∗
t to denote the value of xj∗(t) at time t ∈ [t0, T ], and xL∗

t to
denote the vector containing all xj∗

t , for j ∈ L ⊆ N . The pro�t of the
grand coalition joint venture becomes

W (t0)N(t0, x
N(0)) =

∫ T

t0

n∑
j=1

{
gj[s, xj∗(s)]− cN

j [ψ
(t0)N∗
j (s, x∗j(s))]

}
exp

[
−

∫ S

t0

r(y)dy

]
ds

+
n∑

j=1

exp

[
−

∫ T

t0

r(y)dy

]
qj(xj∗(T )).

A remark which will be used in subsequent analysis is provided below.

Remark 2.1. Consider the problem $[K; τ, xK ] which starts at time τ ∈
[t0, T ] with initial state xK

τ which maximizes
∫ T

τ

∑
j∈K

{
gj[s, xj(s)]− cK

j [uj(s)]
}

exp

[
−

∫ S

τ

r(y)dy

]
ds

+
∑
j∈K

exp

[
−

∫ T

τ

r(y)dy

]
qj(xj(T ))

subject to

ẋj(s) = f j[s, xj(s), uj(s), xj(τ) = xj, for j ∈ K.

One can readily show that:

exp

[∫ t

τ

r(y)dy

]
W (τ)K(t, xK

t ) = W (t)K(t, xK
t ), for t0 ≤ τ ≤ t ≤ T ;

and
Ψ

(τ)K∗
j (t, xK

t ) = Ψ
(t)K∗
j (t, xK

t ), for t0 ≤ τ ≤ t ≤ T and j ∈ K.

Since pro�t maximization by coalition K is not a�ected by actions of
�rms outside the coalition, the following superaddivity property can be
obtained.
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Proposition 2.1. Coalition pro�ts are superadditivity, that is

W (τ)K(τ, xK
τ ) ≥ W (τ)L(τ, xL

τ ) + W (τ)K\L(τ, xK\L
τ ), for L ⊂ K ⊆ N,

where K \ L is the relative complement of L in K.

Proof. See Appendix.

3. Dynamic Shapley value imputation
The problem of sharing the cooperative gains is inescapable in virtually

every joint venture. The Shapley value is one of the most commonly used
sharing mechanism in static cooperation games with transferable payo�s.
Besides being individually rational and group rational, the Shapley value
is also unique. Speci�cally, the Shapley value gives an imputation rule:

ϕi(v) =
∑
K⊆N

(k − 1)!(n− k)!

n!
[v(K)− v(K \ i)], for i ∈ N, (3.1)

where K \ i is the relative complement of i in K, v(K) is the pro�t of
coalition K, and [v(K)− v(K \ i)] is the marginal contribution of �rm i

to the coalition K.
In the present dynamic analysis instead of a one-time allocation of

the Shapley value, we have to consider the maintenance of the Shapley
value imputation over the joint venture horizon.

Again, since pro�t maximization by coalition K is not a�ected by
�rms outside the coalition, the function v(K) can be regarded as a
characteristic function.

At time t0 with state xN(0), the �rms agree that �rm i's share of
pro�ts be:

ξ(t0)i(t0, x
N(0)) =

∑
K⊆N

(k − 1)!(n− k)!

n!

[
W (t0)K(t0, x

K(0))−W (t0)K\i(t0, xK\i(0))
]
,

for i ∈ N, (3.2)

However, the Shapley value has to be maintained throughout the
venture horizon [t0, T ] to ensure time consistency. In particular, at time
τ with the state being x∗τ the following imputation principle has to be
maintained:
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Condition 3.1. At time τ , �rm i's share of pro�ts is:

ξ(τ)i(τ, x∗τ)=
∑
K⊆N

(k − 1)!(n− k)!

n!

[
W (τ)K(τ, xK∗

τ )−W (τ)K\i(τ, xK\i∗
τ )

]
,

for i ∈ N and τ ∈ [t0, T ]. (3.3)

Note that ξ(τ)(τ, x∗τ ) =
[
ξ(τ)1(τ, x∗τ ), ξ

(τ)2(τ, x∗τ ), · · · , ξ(τ)n(τ, x∗τ )
]
as

speci�ed in (3.3) satis�es the basic properties of an imputation vector:

(i)
n∑

j=1

ξ(τ)j(τ, x∗τ ) = W (τ)N(τ, x∗τ ), and

(ii) ξ(τ)i(τ, x∗τ ) ≥ W (τ)i(τ, x∗τ ), for i ∈ N and τ ∈ [t0, T ]. (3.4)

Part (i) of (3.4) shows that ξ(τ)(τ, x∗τ ) satis�es the property of Pareto
optimality throughout the game interval. Part (ii) demonstrates that
ξ(τ)(τ, x∗τ ) guarantees individual rationality throughout the game interval.
Crucial to the analysis is the formulation of a pro�t distribution mechanism
that would lead to the realization of Condition 3.1. This will be done in
the next section.

4. Transitory compensation to secure the Shapley value
imputation

In this section, a pro�t distribution mechanism will be developed to
compensate transitory changes so that the Shapley value principle could
be maintained throughout the venture horizon. First, an imputation
distribution procedure (similar to those in [9], [12], [13]) must be now
formulated so that the imputation scheme in Condition 3.1 can be realized.
Let the Bτ

i (s) denote the payment received by �rm i ∈ N at time
τ ∈ [t0, T ] dictated by ξ(τ)(τ, x∗τ ). In particular,

ξ(τ)i(τ, x∗τ ) =
∑
K⊆N

(k − 1)!(n− k)!

n!

[
W (τ)K(τ, x∗τ )−W (τ)K\i(τ, x∗τ )

]
=

=

∫ T

τ

Bτ
i (s) exp

[
−

∫ S

τ

r(y)dy

]
ds + qi(xi∗(T )) exp

[
−

∫ T

τ

r(y)dy

]
,

for i ∈ N and τ ∈ [t0, T ]. (4.1)
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Moreover, for i ∈ N and t ∈ [τ, T ], we use

ξ(τ)i(t, x∗t ) =∫ T

t

Bτ
i (s) exp

[
−

∫ S

τ

r(y)dy

]
ds + qi(xi∗(T )) exp

[
−

∫ T

τ

r(y)dy

]
, (4.2)

to denote the present value of player i's cooperative pro�t according to
ξ(τ)(τ, x∗τ ) over the time interval [t, T ], given that the state is x∗τ at time
t ∈ [τ, T ].

A necessary condition for ξ(τ)i(t, x∗t ) to follow Condition 3.1 is that:

ξ(τ)i(t, x∗t ) = ξ(t)i(t, x∗t ) exp

[
−

∫ t

τ

r(y)dy

]
,

for i ∈ N, t ∈ [τ, T ] and τ ∈ [t0, T ]. (4.3)

A candidate of ξ(τ)i(t, x∗t ) satisfying (4.1)�(4.3) has to be found. A
natural choice is

ξ(τ)i(t, x∗t)=
∑
K⊆N

(k − 1)!(n− k)!

n!

[
W (τ)K(t, xK∗

t )−W (τ)K\i(t, xK\i∗
t )

]
(4.4)

With Remark 2.1, one can readily that ξ(τ)i(t, x∗t ) as de�ned in (4.4)
satis�es (4.1)�(4.3).

For (4.1)�(4.4) to hold, Bτ
i (s) has to be equal to Bt

i(s), for i ∈ N and
τ 6= t. Therefore we adopt the notation Bτ

i (s) = Bt
i(s) = Bi(s). To ful�ll

the Pareto optimality property, the imputation vector ξ(τ)(t, x∗t ) has to
satisfy the following condition.

Condition 4.1.
n∑

j=1

Bi(s) =
n∑

j=1

gj[s, x∗j , ψ
(τ)N∗
j (s, x∗s)], for s ∈ [τ, T ] and τ ∈ [t0, T ].

If there exist twice continuously di�erentiable value functions
W (τ)K(t, xK∗

t ), for all K ⊆ N , the term ξ(τ)i(t, x∗t ) is twice continuously
di�erentiable in t and x∗t .

Given the di�erentiability property of ξ(τ)i(t, x∗t ), for ∆t → 0 one can
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use (4.3) to obtain:

ξ(τ)i(τ, x∗τ ) =

∫ τ+∆t

τ

Bi(s) exp

[
−

∫ S

τ

r(y)dy

]
ds +

exp

[
−

∫ τ+∆t

τ

r(y)dy

]
ξ(τ+∆t)i(τ + ∆t, x∗τ + ∆x∗τ )

∣∣∣∣ x(τ) = x∗τ ,

for i ∈ N, t ∈ [τ, T ] and τ ∈ [t0, T ]. (4.5)
where
∆x∗τ =

[
∆x1∗

τ , ∆x2∗
τ , · · · , ∆xn∗

τ

]
,

∆xj∗
τ = f j

[
τ, xj∗

τ , ψ
(τ)N∗
j (τ, x∗τ )

]
∆t + o(∆t), for j ∈ N,

and [o(∆t)]/∆t → 0 as ∆t → 0.

Using (4.3), (4.4) and (4.5), one can obtain

Bi(τ)=−
[
ξ

(τ)i
t (t, x∗t ) |t=τ

]
−

n∑
j=1

[
ξ

(τ)i

xt∗
j

(t, x∗t ) |t=τ

]
f j

[
τ, xj∗

τ , ψ
(τ)N∗
j (τ, x∗τ )

]
,

for i ∈ N, t ∈ [τ, T ] τ ∈ [t0, T ]. (4.6)

Using (4.4) and (4.6), we obtain:
Since the partial derivative of W (τ)K(τ, xK∗

τ ) with respect to xj, for j 6∈
K, will vanish, a theorem characterizing the payo� distribution procedure
leading to the realization of Condition 3.1 can be obtained as:

Òåîðåìà 4.1. A payment to player i ∈ N at time τ ∈ [t0, T ] leading to
the realization of the Condition 3.1 can be expressed as:

Bi(τ) = −
∑
K⊆N

(k − 1)!(n− k)!

n!

{[
W

(τ)K
t (t, xK∗

t ) |t=τ

]
−

[
W

(τ)K\i
t (t, x

K\i∗
t ) |t=τ

]
+

∑
j∈K

[
W

(τ)K

xj∗
t

(t, xK∗
t ) |t=τ

]
f j

[
τ, xj∗

τ , ψ
(τ)N∗
j (τ, x∗τ )

]

−
∑
j∈K

[
W

(τ)K\i
xj∗

t

(t, x
K\i∗
t ) |t=τ

]
fK\i

[
τ, xK\i∗

τ , ψ
(τ)N∗
j (τ, x∗τ )

]}

The vector B(τ) serves as a form equilibrating transitory compensation
that guarantees the realization of the Shapley value imputation throughout
the game horizon. Note that the instantaneous pro�t Bi(τ) o�ered to
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player i at time τ is conditional upon the current state x∗τ and current
time τ . One can elect to express Bi(τ) as Bi(τ, x

∗
τ ). Hence an instantaneous

payment Bi(τ, x
∗
τ ) to player i ∈ N yields a dynamically stable solution

to the joint venture.

5. Concluding remarks
Despite all their purported bene�ts, joint ventures are highly unstable

because of the lack of dynamical stable pro�t sharing schemes. In this
paper, we consider a cost saving dynamic joint venture which adopts the
Shapley value as its pro�t allocation scheme. A compensation mechanism
distributing payments to participating �rms at each instant of time is
devised to ensure the realization of the Shapley value imputation throug-
hout the venture duration. Hence time-consistency will be attained, and a
dynamically stable joint venture can result. Finally, this paper concentrates
on the establishment of dynamically stable cost saving joint ventures.
Further study on joint ventures which requires particular information on
the demand structures, is left to the readers.

Appendix: Proof of Proposition 2.1.
Let x̂j(L) for j ∈ L denote the optimal trajectory of the optimal

control problem $[L; τ, xL
τ ] which maximizes

∫ T

t

∑
j∈L

{
gj[s, xj(s)]− cL

j [uj(s)]
}

exp

[
−

∫ S

τ

r(y)dy

]
ds

+
∑
j∈L

exp

[
−

∫ T

t0

r(y)dy

]
qj(xj(T ))

subject to ẋj(s) = f j[s, xj(s), uj(s)], xj(τ) = xj
τ , for j ∈ L.

Note that

W (τ)L(τ, xL
τ ) =∫ T

τ

∑
j∈L

{
gj[s, x̂j(L)(s)]−cL

j [ψ
(τ)L∗
j (s, x̂L(L)(s))]

}
exp

[
−

∫ S

τ

r(y)dy

]
ds

+
∑
j∈L

exp

[
−

∫ T

τ

r(y)dy

]
qj(x̂j(L)(T ))
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≤
∫ T

τ

∑
j∈L

{
gj[s, x̂j(L)(s)]−cK

j [ψ
(τ)L∗
j (s, x̂L(L)(s))]

}
exp

[
−

∫ S

τ

r(y)dy

]
ds

+
∑
j∈L

exp

[
−

∫ T

τ

r(y)dy

]
qj(x̂j(L)(T )),

because cK
j [uj(s)] ≤ cL

j [uj(s)], for j ∈ L ⊆ K. (A.1)

Applying the above analysis to the optimal control problem $[K \
L; τ, x

K\L
τ ], we have

W (τ)K\L(τ, xK\L
τ )

=

∫ T

τ

∑

j∈K\L

{
gj[s, x̂j(K\L)(s)]− c

K\L
j [ψ

(τ)K\L∗
j (s, x̂K\L(K\L)(s))]

}

× exp

[
−

∫ S

τ

r(y)dy

]
ds +

∑

j∈K\L
exp

[
−

∫ T

τ

r(y)dy

]
qj(x̂j(K\L)(T ))

≤
∫ T

τ

∑

j∈K\L

{
gj[s, x̂j(K\L)(s)]− cK

j [ψ
(τ)K\L∗
j (s, x̂K\L(K\L)(s))]

}

× exp

[
−

∫ S

τ

r(y)dy

]
ds +

∑

j∈K\L
exp

[
−

∫ T

τ

r(y)dy

]
qj(x̂j(K\L)(T )),

because cK
j [uj(s)] ≤ c

K\L
j [uj(s)], for j ∈ K \ L ⊆ K. (A.2)

Now consider the optimal control problem $[K; τ, xK
τ ] which maximizes

∫ T

τ

∑
j∈K

{
gj[s, xj(s)]− cK

j [uj(s)]
}

exp

[
−

∫ S

τ

r(y)dy

]
ds

+
∑
j∈K

exp

[
−

∫ T

t0

r(y)dy

]
qj(xj(T ))

subject to ẋj(s) = f j[s, xj(s), uj(s)], xj(τ) = xj
τ , for j ∈ K.

Since ψ
(τ)K∗
j (s, x̂K(K)(s)) and x̂K(K)(s) are respectively the optimal



148 D.W.K. Yeung

control and optimal state trajectory of the problem $[K; τ, xK
τ ],

W (τ)K(τ, xK
τ )

=

∫ T

τ

∑
j∈K

{
gj[s, x̂j(K)(s)]−cK

j [ψ
(τ)K∗
j (s, x̂K(K)(s))]

}
exp

[
−

∫ S

τ

r(y)dy

]
ds

+
∑
j∈K

exp

[
−

∫ T

τ

r(y)dy

]
qj(x̂j(K)(T ))

≥
∫ T

τ

∑
j∈L

{
gj[s, x̂j(L)(s)]−cK

j [ψ
(τ)L∗
j (s, x̂L(L)(s))]

}
exp

[
−

∫ S

τ

r(y)dy

]
ds

+
∑
j∈L

exp

[
−

∫ T

τ

r(y)dy

]
qj(x̂j(L)(T ))

+

∫ T

τ

∑

j∈K\L

{
gj[s, x̂j(K\L)(s)]− cK

j [ψ
(τ)K\L∗
j (s, x̂K\L(K\L)(s))]

}

× exp

[
−

∫ S

τ

r(y)dy

]
ds +

∑

j∈K\L
exp

[
−

∫ T

τ

r(y)dy

]
qj(x̂j(K\L)(T )). (A.3)

Invoking (A.1), (A.2) and (A.3), we can readily obtain

W (τ)K(τ, xK
τ ) ≥ W (τ)L(τ, xL

τ ) + W (τ)K\L(τ, xK\L
τ ).

Hence Proposition 2.1 follows.
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