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1. Ââåäåíèå

Â ñòàòüå ðàññìàòðèâàþòñÿ âîïðîñû, ñâÿçàííûå ñ êîëè÷åñòâåííîé
îöåíêîé è ðàçðàáîòêîé ìåõàíèçìà óïðàâëåíèÿ êà÷åñòâîì ïðîèçâîäè-
ìîé ïðîäóêöèè è îêàçûâàåìûõ óñëóã â óñëîâèÿõ êîíêóðåíöèè. Ïîä
óïðàâëåíèåì êà÷åñòâîì çäåñü ïîíèìàåòñÿ öåëåíàïðàâëåííîå èçìåíå-
íèå åãî êîëè÷åñòâåííîé îöåíêè.

Îñíîâíàÿ òåîðåòè÷åñêàÿ çàäà÷à ïðîâåäåííîãî èññëåäîâàíèÿ çà-
êëþ÷àåòñÿ â ðàçðàáîòêå ìåõàíèçìà óïðàâëåíèÿ êà÷åñòâîì íà îñíî-
âå ïîñòðîåíèÿ è íàõîæäåíèÿ ðåøåíèÿ àäåêâàòíîé òåîðåòèêî-èãðîâîé
ìîäåëè êîíêóðåíöèè ôèðì -ïðîèçâîäèòåëåé ñ ó÷åòîì èíôîðìàöèè
î êà÷åñòâåííûõ ïðåäïî÷òåíèÿõ ïîòðåáèòåëåé. Ñ ïðàêòè÷åñêîé òî÷-
êè çðåíèÿ èíòåðåñ ïðåäñòàâëÿë âîïðîñ ìåòîäèêè èçìåðåíèÿ êîëè÷å-
ñòâåííîé îöåíêè êà÷åñòâà.

Äëÿ êîëè÷åñòâåííîé îöåíêè êà÷åñòâà òîâàðà íà îñíîâàíèè ìíåíèé
ïîòðåáèòåëåé î åãî õàðàêòåðèñòèêàõ áóäåì îöåíèâàòü êà÷åñòâî òîâà-
ðà êàê ñèñòåìû â öåëîì. Ïîýòîìó â ðàñ÷åòàõ íà îñíîâàíèè ýìïèðè÷å-
ñêèõ äàííûõ âû÷èñëåíèå êà÷åñòâà òîâàðà áûëî ñâåäåíî ê íåêîòîðî-
ìó åäèíîìó ñâîäíîìó ïîêàçàòåëþ, ïîçâîëÿþùåìó îöåíèâàòü ñòåïåíü
óäîâëåòâîðåííîñòè ïîòðåáèòåëåì òîâàðîì â öåëîì. Äëÿ ýòîãî èñïîëü-
çîâàíà ìåòîäèêà [3], êîòîðàÿ ïîçâîëèëà ïîëó÷èòü ñâîäíóþ îöåíêó
êà÷åñòâà èññëåäóåìîãî òîâàðà íà îñíîâå ýêñïåðòíûõ äàííûõ, ïîëó-
÷åííûõ îò ïîòðåáèòåëåé.

Äëÿ îöåíêè ïðåäïî÷òèòåëüíîãî êà÷åñòâà òîâàðà â óñëîâèÿõ êîí-
êóðåíöèè ïîñòðîåíà òåîðåòèêî-èãðîâàÿ ìîäåëü, êîòîðàÿ ïîçâîëÿåò
ïðîàíàëèçèðîâàòü ïðîöåññ ïðèíÿòèÿ ðåøåíèÿ ïî ïðîèçâîäñòâó òî-
âàðîâ íåîáõîäèìîãî êà÷åñòâà â óñëîâèÿõ ðûíî÷íîé êîíêóðåíöèè.

Ïðåäñòàâëåííàÿ òåîðåòèêî-èãðîâàÿ ìîäåëü ÿâëÿåòñÿ ðàçâèòèåì
ðàáîò Áåíàññè è Ìîòòà, êîòîðûå ðàññìàòðèâàëè ìîäåëè äóîïîëèè
â óñëîâèÿõ âåðòèêàëüíîé äèôôåðåíöèàöèè ïî êà÷åñòâó òîâàðîâ. Òàê
â ðàáîòå [9] ïðîàíàëèçèðîâàíû äâà âèäà ìîäåëåé âåðòèêàëüíîé äèô-
ôåðåíöèàöèè ïðîäóêòîâ â öåëÿõ èçó÷åíèÿ âëèÿíèÿ êîíêóðåíöèè ïî
öåíå è êîëè÷åñòâó íà âèä ðàâíîâåñèÿ ïî Íýøó. Ìîäåëè ðàçëè÷àþòñÿ
âèäîì ôóíêöèè çàòðàò îòíîñèòåëüíî êà÷åñòâà ïðîäóêöèè. Â îäíîì
ñëó÷àå îíè ïîñòîÿííûå, à â äðóãîì � ïåðåìåííûå. Óñòàíîâëåíî, ÷òî
îïòèìàëüíàÿ äèôôåðåíöèàöèÿ òîâàðîâ óâåëè÷èâàåòñÿ â îáîèõ ðàñ-
ñìîòðåííûõ ñëó÷àÿõ ïî ñðàâíåíèþ ñ áîëåå ðàííèìè ðåçóëüòàòàìè
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ïðè ñèììåòðè÷íîì âûáîðå êà÷åñòâà. Àâòîðàìè ïîêàçàíî, ÷òî äèô-
ôåðåíöèàöèÿ ôèðì áîëüøå â ñëó÷àå êîíêóðåíöèè ïî Áåðòðàíó, ÷åì
ïî Êóðíî.

Â äàííîé ñòàòüå ìîäåëü [9] áûëà äîðàáîòàíà íà ñëó÷àé, êîãäà ðû-
íîê íåïîêðûò, è ïàðàìåòð ñêëîííîñòè ê êà÷åñòâó ðàñïðåäåëåí íåðàâ-
íîìåðíî (òðåóãîëüíîå ðàñïðåäåëåíèå). Äðóãàÿ ìîäèôèêàöèÿ ìîäåëè
[9] áûëà èññëåäîâàíà àâòîðàìè â ðàáîòå [1].

Â ðàáîòå [6] èññëåäîâàíà äóîïîëèÿ â óñëîâèÿõ âåðòèêàëüíîé äèô-
ôåðåíöèàöèè â ñëó÷àå íåïîêðûòîãî ðûíêà. Àâòîðû àíàëèçèðóþò âëè-
ÿíèå êîíöåíòðàöèè ïîòðåáèòåëåé â îòíîøåíèè ñêëîííîñòè ê ïðèîá-
ðåòåíèþ áîëåå êà÷åñòâåííûõ òîâàðîâ íà ïîâåäåíèå ôèðì.

Â ñòàòüå [10] èññëåäîâàíû òåîðåòèêî-èãðîâûå ìîäåëè äóîïîëèè è
âåðòèêàëüíîé äèôôåðåíöèàöèè äëÿ ñëó÷àÿ ïîñëåäîâàòåëüíîãî âû-
áîðà êà÷åñòâ ïðîèçâîäèìûõ òîâàðîâ êîìïàíèÿìè-êîíêóðåíòàìè (ìî-
äåëü Øòàêåëüáåðãà). Ïðè ýòîì àâòîðû îãðàíè÷èâàþòñÿ ðàññìîòðå-
íèåì ñëó÷àÿ ïîêðûòîãî ðûíêà. Ïîäîáíàÿ ïðîáëåìàòèêà îäíîâðåìåí-
íîãî è ïîñëåäîâàòåëüíîãî âûáîðà èññëåäîâàíà â ðàáîòå [5].

Â òåîðåòè÷åñêîì ïëàíå îñíîâíûìè âîïðîñàìè èññëåäîâàíèÿ ÿâ-
ëÿëèñü íàõîæäåíèå ðàâíîâåñèÿ ïî êà÷åñòâó òîâàðîâ è îïòèìàëüíîé
äèôôåðåíöèàöèè ïî êà÷åñòâó â óñëîâèÿõ êîíêóðåíöèè. Ñ ýòîé öå-
ëüþ áûëà ðàçðàáîòàíà òåîðåòèêî-èãðîâàÿ ìîäåëü äóîïîëèè, â îñíîâå
êîòîðîé ëåæàò ìîäåëè [9,11], à òàêæå èõ ðàçâèòèå â ðàáîòå [7].

2. Òåîðåòèêî-èãðîâàÿ ìîäåëü êîíêóðåíöèè ïî êà÷åñòâó
Â ðàáîòå ðàññìàòðèâàåòñÿ äâóõøàãîâàÿ òåîðåòèêî-èãðîâàÿ ìîäåëü,

êîãäà ôèðìû íà ïåðâîì øàãå êîíêóðèðóþò ïî êà÷åñòâó ïðîèçâîäè-
ìîãî òîâàðà, à çàòåì ïî öåíàì ïðè èçâåñòíûõ êà÷åñòâàõ ïðîäóêöèè.
Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî íà êàæäîì øàãå ôèðìû ðåàëèçóþò
ñâîè ðåøåíèÿ îäíîâðåìåííî.

Ïóñòü äâå ôèðìû (èãðîêè 1 è 2, ñîîòâåòñòâåííî) íà íåêîòîðîì
ðûíêå ïðåäëàãàþò ïîòåíöèàëüíûì ïîòðåáèòåëÿì òîâàðû îäèíàêîâûõ
ïîòðåáèòåëüñêèõ ñâîéñòâ, íî ðàçíîãî êà÷åñòâà. Áóäåì ñ÷èòàòü, ÷òî
êàæäûé ïîòðåáèòåëü èìååò åäèíè÷íûé ñïðîñ, íî ïî-ðàçíîìó ãîòîâ
ïëàòèòü çà êà÷åñòâî òîâàðà. Ïðåäïîëîæèì, ÷òî ïîòðåáèòåëü õàðàê-
òåðèçóåòñÿ ïàðàìåòðîì ñêëîííîñòè ê êà÷åñòâó θ ∈ [0, θ], êîòîðûé è
îïðåäåëÿåò åãî ãîòîâíîñòü ïîêóïàòü òîâàð èçâåñòíîãî êà÷åñòâà. Òîãäà
ïîëåçíîñòü ïîòðåáèòåëÿ ñî ñêëîííîñòüþ ê êà÷åñòâó θ (ïîòðåáèòåëü θ)
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ïðè ïîêóïêå òîâàðà êà÷åñòâà s ïî öåíå p ìîæåò áûòü ïðåäñòàâëåíà â
âèäå:

Uθ(p, s) =

{
θs− p, p ≤ θs,

0, p > θs.
(2.1)

Çäåñü θs � ýòî ìàêñèìàëüíàÿ öåíà ïîòðåáèòåëÿ θ, ïðè êîòîðîé îí
ãîòîâ ïîêóïàòü òîâàð êà÷åñòâà s, ò.å. öåííîñòü òîâàðà äëÿ ïîòðåáè-
òåëÿ θ.

Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ïîòðåáèòåëü θ ïîêóïàåò òîâàð êà-
÷åñòâà s ïî öåíå p, åñëè Uθ(p, s) > 0, è íå ïîêóïàåò òîâàð â ïðîòèâíîì
ñëó÷àå. Áóäåì ïðåäïîëàãàòü â ìîäåëè, ÷òî ïàðàìåòð θ ñëó÷àéíûé è
èìååò òðåóãîëüíîå ðàñïðåäåëåíèå âèäà:

f(θ) =





0 ïðè θ ≤ 0,

4
b2 θ ïðè θ∈A=(0, b

2],

4
b
− 4

b2 θ ïðè θ∈B=( b
2 , b],

0 ïðè θ > b.

Òîãäà ôóíêöèÿ ðàñïðåäåëåíèÿ ïàðàìåòðà θ ïðèìåò âèä:

F (θ) =





0 ïðè θ ≤ 0,

2
b2 θ2 ïðè θ∈A=(0, b

2],

4
b
θ − 2

b2 θ2 − 1 ïðè θ∈B=( b
2 , b],

1 ïðè θ > b.

Çäåñü ïàðàìåòð b ∈ [0, θ] � êðàéíÿÿ òî÷êà íîñèòåëÿ ðàñïðåäåëå-
íèÿ. Çàìåòèì, ÷òî ôóíêöèÿ ðàñïðåäåëåíèÿ ÿâëÿåòñÿ íåïðåðûâíîé,
äèôôåðåíöèðóåìîé è ñòðîãî âîçðàñòàåò íà ïðîìåæóòêå [0, b]. Íà ðèñ.
1 ïðåäñòàâëåí ãðàôèê ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ ïàðàìåòðà
ñêëîííîñòè ê êà÷åñòâó θ.

Ïîòðåáèòåëü θ áåçðàçëè÷åí ê ïîêóïêå òîâàðà êà÷åñòâà s1 ïðè öåíå
p1 è îòêàçó îò ïîêóïêè, åñëè θs1 − p1 = 0. Ïîýòîìó âåëè÷èíà θ1 =

θ1(p1, s1) =
p1
s1

õàðàêòåðèçóåò òàêîãî ïîòðåáèòåëÿ.
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Ðèñóíîê 1. Ïëîòíîñòü ðàñïðåäåëåíèÿ f(θ).

Ïóñòü ôèðìà i ïðîèçâîäèò òîâàð êà÷åñòâà si ïðè óäåëüíûõ çà-
òðàòàõ ci, è ïóñòü äëÿ îïðåäåëåííîñòè s2 > s1, çíà÷åíèÿ êîòîðûõ
èçâåñòíû îáåèì ôèðìàì è ïîòðåáèòåëÿì. Áóäåì ïðåäïîëàãàòü, ÷òî
ôèðìû âåäóò öåíîâóþ êîíêóðåíöèþ ïî Áåðòðàíó. Îáîçíà÷èì ÷åðåç
pi öåíó, íàçíà÷åííóþ ôèðìîé i çà òîâàð êà÷åñòâà si.

Ïîòðåáèòåëü θ áåçðàçëè÷åí ê ïîêóïêå òîâàðîâ êà÷åñòâ s1, s2 ïðè
öåíàõ p1, p2 ñîîòâåòñòâåííî, ãäå s1 ≤ s2 è p1 ≤ p2, åñëè θs1 − p1 =

θs2 − p2. Ïîýòîìó ÷èñëî θ2 = θ2(p1, p2, s1, s2) =
p2 − p1
s2 − s1

õàðàêòåðèçóåò
òàêîãî ïîòðåáèòåëÿ.

Îïðåäåëèì ôóíêöèè ñïðîñà Di(p1, p2, s1, s2) ôèðì 1 è 2, ñîîòâåò-
ñòâåííî, â âèäå:

D1(p1, p2, s1, s2)=

θ2(p1,p2,s1,s2)∫

θ1(p1,s1)

f(θ)dθ=F (θ2(p1, p2, s1, s2))− F (θ1(p1, s1));

D2(p1, p2, s1, s2) =

b∫

θ2(p1,p2,s1,s2)

f(θ)dθ = 1− F (θ2(p1, p2, s1, s2)).

Âûèãðûø ôèðìû áóäåì îöåíèâàòü ôóíêöèåé äîõîäà îò ïðîäàæ
Ri(p1, p2, s1, s2) = pi ·Di(p1, p2, s1, s2), (2.2)
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ãäå pi � öåíà ôèðìû i çà òîâàð êà÷åñòâà si.
Òåîðåòèêî-èãðîâàÿ ìîäåëü óïðàâëåíèÿ êà÷åñòâîì ïðåäñòàâëÿåò ñî-

áîé ñëåäóþùóþ äâóõøàãîâóþ èãðó äâóõ ëèö (ôèðì, èãðîêîâ), ãäå
âûáîðû íà êàæäîì øàãå îñóùåñòâëÿþòñÿ îäíîâðåìåííî. Ïðè ýòîì:

• íà ïåðâîì øàãå ôèðìû i âûáèðàþò êà÷åñòâà si òîâàðîâ;

• íà âòîðîì øàãå, â ïðåäïîëîæåíèè, ÷òî êà÷åñòâà si òîâàðîâ èç-
âåñòíû èãðîêàì è ïîòðåáèòåëÿì, ôèðìû ïðîäîëæàþò êîíêó-
ðåíöèþ ïî öåíàì pi.

Ðåøàòü äàííóþ èãðó áóäåì ìåòîäîì îáðàòíîé èíäóêöèè. Â ýòîì
ñëó÷àå ðàâíîâåñèå ïî Íýøó ñòðîèòñÿ â äâà ýòàïà. Íà ïåðâîì ýòàïå â
ïðåäïîëîæåíèè, ÷òî êà÷åñòâà òîâàðîâ si èçâåñòíû, íàõîäèì ðàâíîâåñ-
íûå öåíû p∗i (s1, s2). Çíàÿ p∗i (s1, s2), íà âòîðîì ýòàïå íàõîäèì ðàâíî-
âåñíûå ïî Íýøó çíà÷åíèÿ êà÷åñòâ s∗1, s

∗
2 ôèðì 1 è 2, ñîîòâåòñòâåííî.

Â ñèëó òðåóãîëüíîãî ðàñïðåäåëåíèÿ ïàðàìåòðà θ ÿâíûé âèä ôóíê-
öèé ñïðîñà áóäåò ðàçëè÷àòüñÿ â çàâèñèìîñòè îò âçàèìíîãî ðàñïîëî-
æåíèÿ ïàðàìåòðîâ θ1 è θ2 íà ïðîìåæóòêå [0, b]. Òåîðåòè÷åñêè âîçìîæ-
íû òðè ñëó÷àÿ:

1. θ1, θ2 ∈ A,

2. θ1, θ2 ∈ B,

3. θ1 ∈ A, θ2 ∈ B,
ãäå îáëàñòè A = [0, b/2] , B = (b/2, b] èçîáðàæåíû íà ðèñ.1.

Äëÿ íàõîæäåíèÿ öåíîâîãî ðàâíîâåñèÿ âîñïîëüçóåìñÿ ñëåäóþùåé
òåîðåìîé.

Òåîðåìà 2.1. Ïðåäïîëîæèì, ÷òî íåêîòîðàÿ âîãíóòàÿ ôóíêöèÿ ïëîò-
íîñòè f(θ), îïðåäåëåííàÿ íà èíòåðâàëå [0, b], ãäå b ≥ 0, 5, ñèììåò-
ðè÷íà îòíîñèòåëüíî ìåäèàíû ðàñïðåäåëåíèÿ b/2 è óäîâëåòâîðÿåò
óñëîâèÿì f(0) = f(b) = 0 è f(b/2) ≥ 2. Åñëè θ∗2 > θ∗1 çíà÷åíèÿ ïàðà-
ìåòðîâ â öåíîâîì ðàâíîâåñèè â ìîäåëè âåðòèêàëüíîé äèôôåðåíöèà-
öèè1, òî θ∗2 åäèíñòâåííî è θ∗2 < b/2.

1Â âåðòèêàëüíî äèôôåðåíöèðîâàííîì ïðîñòðàíñòâå ïðîäóêòîâ âñå ïîòðåáè-
òåëè ñîãëàñíû îòíîñèòåëüíî íàèáîëåå ïðåäïî÷òèòåëüíîãî íàáîðà õàðàêòåðèñòèê
òîâàðà. Êà÷åñòâî ÿâíûé òîìó ïðèìåð.
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Èç òåîðåìû 2.1 ñëåäóåò, ÷òî äëÿ íàõîæäåíèÿ öåíîâîãî ðàâíîâåñèÿ
äîñòàòî÷íî ðàññìîòðåòü òîëüêî îäèí ñëó÷àé âçàèìíîãî ðàñïîëîæå-
íèÿ ïàðàìåòðîâ θ1, θ2 ∈ A (ñì. ðèñ. 1). Òîãäà ôóíêöèè ñïðîñà ôèðì
1 è 2, ñîîòâåòñòâåííî, ïðèìóò âèä:

D1(p1, p2, s1, s2) =
2

b2

(
p2 − p1

s2 − s1

)2

− 2

b2

(
p1

s1

)2

;

D2(p1, p2, s1, s2) = 1− 2

b2

(
p2 − p1

s2 − s1

)2

;

è ôóíêöèè âûèãðûøåé ìîãóò áûòü çàïèñàíû â ñëåäóþùåì âèäå:

R1(p1, p2, s1, s2) = p1

(
2

b2

(
p2 − p1

s2 − s1

)2

− 2

b2

(
p1

s1

)2
)

;

R2(p1, p2, s1, s2) = p2

(
1− 2

b2

(
p2 − p1

s2 − s1

)2
)

.

Íàéäåì öåíîâîå ðàâíîâåñèå p∗1, p
∗
2 ïðè çàäàííûõ êà÷åñòâàõ òîâàðîâ

s1 è s2.
Çíà÷åíèÿ p∗1, p

∗
2 íàõîäèì êàê ðåøåíèå ñèñòåìû óðàâíåíèé





∂R1
∂p1

= 2
b2

((
p2 − p1
s2 − s1

)2

− 3
(

p1
s1

)2

− 2p1
(p2 − p1)
(s2 − s1)

2

)
= 0,

∂R2
∂p2

= 1− 6
b2

(
p2 − p1
s2 − s1

)
− 4p1

b2(s2 − s1)
= 0.

Äëÿ íàõîæäåíèÿ ðåøåíèÿ ñèñòåìû ñäåëàåì çàìåíó âèäà p2 = mp1,
ãäå êîýôôèöèåíò m > 1. Òîãäà ïåðâîå óðàâíåíèå ïðåîáðàçóåòñÿ â
êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî m ñëåäóþùåãî âèäà:

m2 − 4m + 3− 3
(s2 − s1)

2

s2
1

= 0.

Îòêóäà, ó÷èòûâàÿ íåðàâåíñòâî m > 1, ïîëó÷àåì:

m = 2 +

√
1 + 3

(s2 − s1)
2

s2
1

. (2.3)
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Èç ñèñòåìû óðàâíåíèé ïîëó÷èì öåíîâîå ðàâíîâåñèå ïî Íýøó




p∗1(s1, s2) = bs1√
6
· m− 3√

(3m− 1)(m− 3)
,

p∗2(s1, s2) = bs1√
6
· m(m− 3)√

(3m− 1)(m− 3)
,

(2.4)

ãäå m çàäàåòñÿ çíà÷åíèåì (2.3).
Òåïåðü âû÷èñëèì ñïðîñ ôèðì 1 è 2 è èõ âûèãðûøè â ðàâíîâåñèè

êàê ôóíêöèè êà÷åñòâ ñîîòâåòñòâåííî





D∗
1(s1, s2) = D∗

1(p
∗
1(s1, s2), p

∗
2(s1, s2), s1, s2) = 2m

3(3m− 1)
,

D∗
2(s1, s2) = D∗

2(p
∗
1(s1, s2), p

∗
2(s1, s2), s1, s2) = 2m

3m− 1 ,

(2.5)





R∗
1(s1,s2)=R∗

1(p
∗
1(s1,s2), p

∗
2(s1,s2), s1, s2)= 2bs1

3
√

6

m(m−3)√
(3m−1)3(m−3)

;

R∗
2(s1,s2)=R∗

2(p
∗
1(s1,s2), p

∗
2(s1,s2), s1, s2)= 2bs1√

6

m2(m−3)√
(3m−1)3(m−3)

.

(2.6)
Íà âòîðîì ýòàïå ðåøåíèÿ èãðû íàéäåì ðàâíîâåñèå ïî Íýøó ïî

êà÷åñòâàì s1, s2 ∈ [s, s] îòíîñèòåëüíî ôóíêöèé âûèãðûøà R∗
1, R

∗
2, ãäå

s < s � çàäàííûå ïàðàìåòðû.
×àñòíàÿ ïðîèçâîäíàÿ âûèãðûøà R2 ôèðìû 2 ïî s2 ðàâíà

∂R∗
2(s1, s2)

∂s2

=
b(s2 − s1)

√
6√

s2
1 + 3(s2 − s1)2

m(3m2 − 7m + 6)√
(3m− 1)5(m− 3)

.

Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî â ïðåäïîëîæåíèè s2 > s1 ïðî-
èçâîäíàÿ ∂R∗

2(s1, s2)
∂s2

> 0, ò.å. ôóíêöèÿ R∗
2(s1, s2) ñòðîãî âîçðàñòàåò

ïî s2. Ïîýòîìó ðàâíîâåñíîé ñòðàòåãèåé ôèðìû 2 áóäåò âûáîð ìàêñè-
ìàëüíî âîçìîæíîãî çíà÷åíèÿ, ò.å. s∗2 = s.

Äëÿ íàõîæäåíèÿ ðàâíîâåñíîãî çíà÷åíèÿ s1 äëÿ ôèðìû 1 ñäåëàåì
çàìåíó ïåðåìåííûõ s∗1 = ks, ãäå 0 < k < 1 � íåèçâåñòíûé ïàðàìåòð.
Òîãäà çíà÷åíèå ïàðàìåòðà k ìîæíî íàéòè èç óñëîâèÿ

∂R∗
1(ks, s)

∂k
= 0. (2.7)
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.
ßâíûé âèä ðåøåíèÿ óðàâíåíèÿ î÷åíü ãðîìîçäêèé, íî ïðè ëþáîì

çàäàííîì ÷èñëîâîì çíà÷åíèè ïàðàìåòðà b ìîæíî ïîëó÷èòü ÷èñëåííîå
çíà÷åíèå êîýôôèöèåíòà k, èñïîëüçóÿ ïðîãðàììíûé ïàêåò Maple.

Òàê, íàïðèìåð, åñëè äèàïàçîí ðàñïðåäåëåíèÿ ïàðàìåòðà θ ðàâåí
[0; 0, 5], ò.å. b = 0, 5, ðåøåíèåì óðàâíåíèÿ (2.7) áóäåò ÷èñëî k = 0, 6543.
Â ýòîì ñëó÷àå ðàâíîâåñèå ïî Íýøó èìååò âèä:{

s∗1 = 0, 6543s,

s∗2 = s.
(2.8)

Ïîäñòàâëÿÿ ýòî ðåøåíèå â ôîðìóëó (2.3), ïîëó÷èì ÷èñëåííîå çíà-
÷åíèå êîýôôèöèåíòà m = 3, 3555.

Â ñîîòâåòñòâèè ñ ôîðìóëàìè äëÿ ðàâíîâåñíûõ öåí (2.4), ñïðîñà
(2.5) è âûèãðûøåé (2.6), ìîæíî âûïèñàòü â ÿâíîì âèäå îêîí÷àòåëü-
íûå âûðàæåíèÿ îòíîñèòåëüíî ïàðàìåòðîâ b è k äëÿ ðàâíîâåñíûõ öåí
p∗1, p

∗
2, ñïðîñà D∗

1, D
∗
2 â ðàâíîâåñèè è ðàâíîâåñíûõ çíà÷åíèé âûèãðû-

øåé R∗
1, R

∗
2





p∗1 = kbs√
6

√ √
k2 + 3(1− k)2 − k

3
√

k2 + 3(1− k)2 + 5k
;

p∗2 = bs√
6

(
2k +

√
k2 + 3(1− k)2

) √ √
k2 + 3(1− k)2 − k

3
√

k2 + 3(1− k)2 + 5k
.





D∗
1 =

2
√

k2 + 3(1− k)2 + 4k

3(3
√

k2 + 3(1− k)2 + 5k)
;

D∗
2 =

2
√

k2 + 3(1− k)2 + 4k

3
√

k2 + 3(1− k)2 + 5k
.





R∗
1 = 2kbs

3
√

6

(
2k +

√
k2 + 3(1− k)2

)
√√√√√

√
k2 + 3(1− k)2 − k(

3
√

k2 + 3(1− k)2 + 5k
)3 ;

R∗
2 = 2bs√

6

(
2k +

√
k2 + 3(1− k)2

)2

√√√√√
√

k2 + 3(1− k)2 − k(
3
√

k2 + 3(1− k)2 + 5k
)3 .
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Çàìåòèì, ÷òî ôèðìà 2, ïðîèçâîäÿùàÿ ïðîäóêöèþ áîëåå âûñîêîãî
êà÷åñòâà s2, ïîëó÷àåò â ðàâíîâåñèè áîëüøèé äîõîä, ÷åì ôèðìà 1,
ïîñêîëüêó

R∗
2 −R∗

1 =
2bs√

6

(
2k +

√
k2 + 3(1− k)2

)
√√√√√

√
k2 + 3(1− k)2 − k(

3
√

k2 + 3(1− k)2 + 5k
)3 ·

·
(

5k

3
+

√
k2 + 3(1− k)2

)
> 0.

Îòìåòèì, ÷òî ïî ïîñòðîåíèþ â äàííîé ìîäåëè èìååòñÿ äâà àñèì-
ìåòðè÷íûõ ðàâíîâåñèÿ ïî Íýøó (ks, s) è (s, ks), âûãîäíûå, ñîîòâåò-
ñòâåííî, èãðîêàì 2 è 1. Íåòðóäíî çàìåòèòü, ÷òî îáà ðàâíîâåñèÿ ïðè
ýòîì ÿâëÿþòñÿ ïàðåòî-îïòèìàëüíûìè, ò.å. ñèëüíûìè ðàâíîâåñèÿìè
[2].

Ïîýòîìó â ïëàíå âûáîðà îïòèìàëüíîãî ïîâåäåíèÿ â óñëîâèÿõ êîí-
êóðåíöèè ôèðìû ñòàëêèâàþòñÿ ñ èçâåñòíîé ïðîáëåìîé áîðüáû çà ëè-
äåðñòâî, ïîäîáíîé èãðå ¾Ñåìåéíûé ñïîð¿ [2]. Ýòî îçíà÷àåò, ÷òî êàæ-
äàÿ ôèðìà áóäåò ñòðåìèòüñÿ ñòàòü ëèäåðîì, ò.å. íà÷àòü ïðîèçâîäèòü
ïðîäóêöèþ âûñîêîãî êà÷åñòâà, îáåñïå÷èâ ñåáå áîëåå âûãîäíóþ ïîçè-
öèþ â ðàâíîâåñèè.

Çàìåòèì òàêæå, ÷òî åñëè ðàññìîòðåòü ìîäåëüØòàêåëüáåðãà (ôèð-
ìà 2 � ëèäåð, ôèðìà 1 � âåäîìûé), òî ðåçóëüòàò ïîëó÷èòñÿ àíàëîãè÷-
íûì, íî ðàâíîâåñèå áóäåò îäíî � (ks, s). Ïðè ýòîì ëèäåð (ôèðìà 2)
èñïîëüçóåò ñâîå ïðàâî ïåðâîãî õîäà è çàéìåò áîëåå âûãîäíóþ ïîçè-
öèþ â ðàâíîâåñèè.

3. ×èñëåííûé ïðèìåð
Â äàííîì ðàçäåëå ðàññìîòðèì ïðèìåð ïðèìåíåíèÿ ïðåäñòàâëåí-

íîé â ïðåäûäóùåì ðàçäåëå ìåòîäèêè íà ïðèìåðå ñèñòåì Èíòåðíåò-
òðåéäèíãà, èñïîëüçóþùèõñÿ â áèðæåâûõ òîðãàõ.

Èíòåðíåò-òðåéäèíã � ýòî ïðèíöèïèàëüíî íîâûé, ïðîñòîé â èñ-
ïîëüçîâàíèè è âûñîêîýôôåêòèâíûé ïðîãðàììíûé èíñòðóìåíò, äà-
þùèé íåîãðàíè÷åííóþ âîçìîæíîñòü äèñòàíöèîííîãî ó÷àñòèÿ â áèð-
æåâûõ òîðãàõ â ðåæèìå ðåàëüíîãî âðåìåíè ÷åðåç Èíòåðíåò, à òàê-
æå ïðåäîñòàâëÿþùèé äîñòóï ê îãðîìíîìó êîëè÷åñòâó àíàëèòè÷åñêîé
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èíôîðìàöèè. Ïðè ïîìîùè óäàëåííîãî òîðãîâîãî òåðìèíàëà èíâåñòîð
ìîæåò áåç ïîñòîðîííåãî ó÷àñòèÿ âûñòàâëÿòü çàÿâêè è ïðîâîäèòü áèð-
æåâûå ñäåëêè. Ïîÿâëÿåòñÿ äîñòóï ê ôèíàíñîâîé îò÷åòíîñòè êîìïà-
íèé è àíàëèòè÷åñêîé èíôîðìàöèè ïî ðûíêó. Áëàãîäàðÿ Èíòåðíåò-
òðåéäèíãó ìîæíî â ðåæèìå ðåàëüíîãî âðåìåíè íàáëþäàòü äâèæåíèå
ñîáñòâåííûõ ñðåäñòâ è êîíòðîëèðîâàòü ñîñòîÿíèå àêòèâîâ íà ðàçíûõ
ñ÷åòàõ.

Â íàñòîÿùèé ìîìåíò íàñ÷èòûâàåòñÿ ñâûøå 20 ñèñòåì Èíòåðíåò-
òðåéäèíãà, èñïîëüçóþùèõñÿ â Ðîññèè. Íåêîòîðûå áðîêåðû ñîçäàëè
èõ ñàìîñòîÿòåëüíî, äðóãèå ñèñòåìû ñîçäàíû ÈÒ-êîìïàíèÿìè. Ðàçðà-
áîòêè ÈÒ-êîìïàíèé ñåé÷àñ äîìèíèðóþò íà ðûíêå. Ê íèì îòíîñÿòñÿ
â ïåðâóþ î÷åðåäü QUIK, NetInvestor, TRANSAQ, ¾ÈÒÑ-Áðîêåð¿. Â
Ðîññèè íàèáîëåå ðàñïðîñòðàíåíà ñèñòåìà QUIK, êîòîðàÿ èñïîëüçó-
åòñÿ áîëåå 60 áðîêåðàìè (ñâûøå 3500 ðàáîòàþùèõ ïîëüçîâàòåëåé).
Ñèñòåìà, ïðåäëàãàåìàÿ êîìïàíèåé QUIK, ôàêòè÷åñêè ñòàëà èìåíåì
íàðèöàòåëüíûì, ñèíîíèìîì ïîíÿòèÿ ¾ñèñòåìà Èíòåðíåò-òðåéäèíãà¿.

Ñóùåñòâóåò ñâûøå 100 áðîêåðñêèõ îðãàíèçàöèé-ïîëüçîâàòåëåé,
êîòîðûå óñòàíîâèëè ñèñòåìû Èíòåðíåò-òðåéäèíãà. Ñïèñêè òàêèõ îð-
ãàíèçàöèé ìîæíî íàéòè íà ñàéòàõ êðóïíåéøèõ ðîññèéñêèõ áèðæ �
Ìîñêîâñêîé ìåæáàíêîâñêîé âàëþòíîé áèðæè (ÌÌÂÁ) è ôîíäîâîé
áèðæè ¾Ðîññèéñêàÿ òîðãîâàÿ ñèñòåìà (ÐÒÑ)¿.

Îñíîâíîå ïðåäíàçíà÷åíèå ñèñòåìû Èíòåðíåò-òðåéäèíãà � ýòî ïî-
ëó÷åíèå èíòåðôåéñà äëÿ ðàçðàáîòêè ñîáñòâåííîé ïðîãðàììû, ïîçâî-
ëÿþùåé îñóùåñòâëÿòü îïåðàöèè íà áèðæåâûõ òîðãàõ. Ñèñòåìû Èíòåð-
íåò-òðåéäèíãà äàþò âîçìîæíîñòü ïîëó÷åíèÿ áèðæåâîé èíôîðìàöèè
è âîçìîæíîñòü ñàìîñòîÿòåëüíîãî ñîâåðøåíèÿ ñäåëîê. Â íèõ îòîáðà-
æàþòñÿ ñîñòîÿíèå ïîðòôåëÿ èíâåñòîðà (êîëè÷åñòâî êóïëåííûõ/ïðî-
äàííûõ àêöèé), ñîñòîÿíèå äåíåæíûõ ñðåäñòâ, êàê ïðàâèëî, â ïðî-
ãðàììå èìååòñÿ îïöèÿ ïðîñìîòðà öåíîâûõ ãðàôèêîâ è äðóãèå äîïîë-
íèòåëüíûå âîçìîæíîñòè.

Ïðè ýìïèðè÷åñêîì èññëåäîâàíèè êà÷åñòâà ñèñòåìû Èíòåðíåò-òðåé-
äèíãà áûëè âûäåëåíû âîñåìü îñíîâíûõ õàðàêòåðèñòèê òàêîé ñèñòå-
ìû:

1. êîëè÷åñòâî áèðæåâûõ ðûíêîâ, íà êîòîðûå ïðåäîñòàâëÿåòñÿ äî-
ñòóï;

2. ñêîðîñòü îïåðàöèé, ò.å. ñêîðîñòü ïåðåäà÷è çàÿâîê è ïðèåìà èí-
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ôîðìàöèè;

3. ôóíêöèîíàëüíîñòü ñèñòåìû (êîòèðîâêè, ïîñòðîåíèå âðåìåííûõ
ðÿäîâ, ãðàôèêîâ), ò.å. íàëè÷èå âñòðîåííîé àíàëèòèêè;

4. îñóùåñòâëÿåìàÿ ïîääåðæêà ðàçðàáîò÷èêîâ;

5. âîçìîæíîñòü ýêñïîðòà äàííûõ;

6. âîçìîæíîñòü ñàìîñòîÿòåëüíîãî ðàñøèðåíèÿ âîçìîæíîñòåé ñè-
ñòåìû;

7. öåíà ñèñòåìû è åå îáñëóæèâàíèÿ;

8. ãàðàíòèÿ è íàäåæíîñòü èñïîëüçîâàíèÿ, ò.å. îòâåòñòâåííîñòü êîì-
ïàíèè-ðàçðàáîò÷èêà çà âîçìîæíûå îøèáêè, èõ óñòðàíåíèå è
êîìïåíñàöèÿ óáûòêîâ.

3.1. Îïèñàíèå âûáîðêè
Ñáîð äàííûõ ïðîâîäèëñÿ ñ ïîìîùüþ ýêñïåðòíîãî àíêåòèðîâàíèÿ.

Ïî ðåçóëüòàòàì îïðîñà áûëà ñôîðìèðîâàíà âûáîðêà èç 29 ðåñïîíäåí-
òîâ. Â ðàìêàõ èññëåäîâàíèÿ èíòåðåñ ïðåäñòàâëÿëè ìíåíèÿ ïîëüçîâà-
òåëåé ñèñòåì Èíòåðíåò-òðåéäèíãà, à èìåííî, ðàáîòíèêîâ äåïàðòàìåí-
òîâ àäìèíèñòðèðîâàíèÿ òîðãîâûõ ñèñòåì è ýêîíîìèñòîâ áðîêåðñêèõ
êîìïàíèé, íåïîñðåäñòâåííî ðàáîòàþùèõ ñ òàêèìè ñèñòåìàìè. Ïî ãåî-
ãðàôè÷åñêîìó ìåñòîïîëîæåíèþ áûëè îòîáðàíû ïîëüçîâàòåëè ñèñòåì
Èíòåðíåò-òðåéäèíãà èç òàêèõ êðóïíåéøèõ ðîññèéñêèõ ãîðîäîâ, êàê
Ìîñêâà, Ñàíêò-Ïåòåðáóðã è Åêàòåðèíáóðã.

Çà÷àñòóþ áðîêåðñêèå êîìïàíèè ðàáîòàþò ñðàçó ñ íåñêîëüêèìè ñè-
ñòåìàìè Èíòðåíåò-òðåéäèíãà, ÷òî ïîçâîëÿåò óäîâëåòâîðÿòü çàïðîñû
ðàçëè÷íûõ èíâåñòîðîâ. Ïîñêîëüêó íà ðîññèéñêîì áèðæåâîì ðûíêå
îñíîâíîé ñèñòåìîé Èíòåðíåò-òðåéäèíãà âûñòóïàåò QUIK, áûëè âû-
äåëåíû äâà òèïà ñèñòåì � ñèñòåìà QUIK è äðóãèå ñèñòåìû (OTHER).
Â ðåçóëüòàòå òàêîãî ïðåäïîëîæåíèÿ, ïîëó÷èëîñü, ÷òî 22 ðåñïîíäåíòà
ÿâëÿþòñÿ ïîëüçîâàòåëÿìè ñèñòåìû QUIK, è 20 � ðàáîòàþò ñ ñèñòå-
ìàìè Èíòåðíåò-òðåéäèíãà OTHER.
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3.2. Àëãîðèòì è ìåòîäèêà îöåíêè êà÷åñòâà ñèñòåìû Èíòåðíåò-
òðåéäèíãà

Îïðåäåëåíèÿ êà÷åñòâà îáúåêòà, ïðåäñòàâëåííûå â äîêóìåíòàõ ISO
9000 (2005), âûäåëÿþò ñèñòåìíûé õàðàêòåð ìíîæåñòâà ñâîéñòâ îáú-
åêòà. Â ñâÿçè ñ ýòèì, ìîæíî ãîâîðèòü î êà÷åñòâå ñèñòåìû Èíòåðíåò-
òðåéäèíãà â öåëîì, î íåêîòîðîé îáîáùåííîé êîëè÷åñòâåííîé îöåíêå
èëè ñâîäíîãî ïîêàçàòåëÿ ýòîãî êà÷åñòâà.

Â äàííîì èññëåäîâàíèè ðåñïîíäåíòû âûñòóïàëè îäíîâðåìåííî â
ðîëè ïîòðåáèòåëåé è ýêñïåðòîâ. Íà îñíîâàíèè ìíåíèé ïîòðåáèòåëåé î
êàæäîé õàðàêòåðèñòèêå ñèñòåìû Èíòåðíåò-òðåéäèíãà ìû îöåíèâàëè
êà÷åñòâî ñèñòåìû â öåëîì. Äëÿ ðåàëèçàöèè ýòîé èäåè áûë èñïîëüçî-
âàí ìåòîä ñâîäíûõ ïîêàçàòåëåé, ðåàëèçîâàííûé â ïðîãðàììå ÎÑÏÏÐ
ÀÑÏÈÄ-3W [3]. Îñîáåííîñòè ïðèìåíåíèÿ ÎÑÏÏÐ ÀÑÏÈÄ-3W äëÿ
îöåíêè â óñëîâèÿõ íåîïðåäåëåííîñòè êà÷åñòâà ñëîæíûõ òåõíè÷åñêèõ
ñèñòåì ðàçëè÷íîãî íàçíà÷åíèÿ è èõ ïðîåêòîâ ïðåäñòàâëåíû, íàïðè-
ìåð, â ðàáîòàõ [4,8].

Ïåðâûì ýòàïîì ýìïèðè÷åñêîãî èññëåäîâàíèÿ áûëà îáðàáîòêà äàí-
íûõ ñ öåëüþ îïðåäåëåíèÿ êà÷åñòâà âûáðàííîé ñèñòåìû Èíòåðíåò-
òðåéäèíãà. Äëÿ ýòîãî ðåñïîíäåíòàì ïðåäëàãàëîñü îöåíèòü ñòåïåíü
óäîâëåòâîðåííîñòè êàæäîé èç âîñüìè âûäåëåííûõ íàìè ðàíåå õà-
ðàêòåðèñòèê ïî âñåì ñèñòåìàì Èíòåðíåò-òðåéäèíãà, èñïîëüçóåìûì
â èõ îðãàíèçàöèè. Ïî ìåòîäó ñâîäíûõ ïîêàçàòåëåé îöåíêà êà÷åñòâà
ïðîâîäèëàñü çà òðè øàãà:

1. ñíà÷àëà áûë âû÷èñëåí ñâîäíûé ïîêàçàòåëü ñòåïåíè óäîâëå-
òâîðåííîñòè äëÿ êàæäîé èç âîñüìè õàðàêòåðèñòèê ñèñòå-
ìû Èíòåðíåò-òðåéäèíãà QUIK; äëÿ êàæäîé õàðàêòåðèñòèêè
áûë âû÷èñëåí ñâîäíûé ïîêàçàòåëü ïî îñòàëüíûì ñèñòåìàì
Èíòåðíåò-òðåéäèíãà (OTHER);

2. íà îñíîâå ñâîäíûõ ïîêàçàòåëåé áûëè âû÷èñëåíû îáùèå ñâîä-
íûå ïîêàçàòåëè ñòåïåíè óäîâëåòâîðåííîñòè ïîòðåáèòåëåé α2 è
α1 äëÿ ñèñòåìû QUIK è OTHER, ñîîòâåòñòâåííî;

3. íà îñíîâå îáùèõ ñâîäíûõ ïîêàçàòåëåé α2 è α1 áûëè âû÷èñëåíû
êîëè÷åñòâåííûå îöåíêè êà÷åñòâ ñèñòåì ïî ôîðìóëàì: s2 = α2p2

(äëÿ ñèñòåìû QUIK) è s1 = α1p1 (äëÿ OTHER), ãäå p2, p1 � öåíû
ñèñòåì QUIK è OTHER.
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Ôîðìóëà êîëè÷åñòâåííîé îöåíêè êà÷åñòâà òðåáóåò ïîÿñíåíèÿ. Ïðè
àíêåòèðîâàíèè ðåñïîíäåíòàì çàäàâàëñÿ âîïðîñ: ¾Åñëè Âû íå âïîëíå
óäîâëåòâîðåíû ñèñòåìàìè Èíòåðíåò-òðåéäèíãà, êîòîðûå èñïîëüçóþò-
ñÿ â Âàøåé îðãàíèçàöèè, òî ñêàæèòå, íàñêîëüêî ïðîöåíòîâ áîëüøå
îò íûíåøíåé ñòîèìîñòè Âû ãîòîâû ïëàòèòü çà ñèñòåìó, êîòîðàÿ áû
Âàñ ïîëíîñòüþ óäîâëåòâîðÿëà?¿ Ïîýòîìó åñëè ñèñòåìà ïîëíîñòüþ
óäîâëåòâîðÿåò ïîòðåáèòåëÿ, òî â ñîîòâåòñòâèè ñ íàøèì ïðåäñòàâëå-
íèåì êîëè÷åñòâåííîé îöåíêè êà÷åñòâà âåëè÷èíà s = p0, ãäå p0 � öå-
íà ñèñòåìû. Åñëè æå ñòåïåíü óäîâëåòâîðåííîñòè ïîòðåáèòåëåé ðàâíà
0 < α < 1, òî s = αp0.

Òåïåðü îáñóäèì ñâÿçü ýìïèðè÷åñêîé è òåîðåòè÷åñêîé ìîäåëè. Åñ-
ëè ïîòðåáèòåëü ñî ñêëîííîñòüþ ê êà÷åñòâó θ0 ïîëíîñòüþ óäîâëåòâî-
ðåí èñïîëüçóåìîé ñèñòåìîé Èíòåðíåò-òðåéäèíãà, òî ìàêñèìàëüíàÿ
öåíà, êîòîðóþ îí ãîòîâ ïëàòèòü çà ñèñòåìó ðàâíà θ0p0. Ñ äðóãîé
ñòîðîíû, θ0p0 = p0 + ∆p, ãäå ∆p � ýòî ïðèðàùåíèå öåíû, ïðè êîòî-
ðîì ïîòðåáèòåëü ãîòîâ ïðèîáðåòàòü èññëåäóåìóþ ñèñòåìó Èíòåðíåò-
òðåéäèíãà. Îòêóäà, θ0 = 1 +

∆p
p0

> 1. Îáîçíà÷èì ñêëîííîñòü ê êà÷å-
ñòâó ðåñïîíäåíòà ÷åðåç θ =

∆p
p0

.
Òîãäà ïîëåçíîñòü ïîòðåáèòåëÿ ñ ïàðàìåòðîì ñêëîííîñòè ê êà÷å-

ñòâó θ ïðèìåò âèä

Uθ(p, s) =

{
θs− p, p ≤ θs,

0, p > θs,
p = p0 − s, (3.1)

ãäå θ ∈ [0, b], à ïðàâàÿ ãðàíèöà ïðîìåæóòêà b îïðåäåëÿåòñÿ èç àí-
êåòû. Ïîýòîìó èñïîëüçîâàíèå òåîðåòèêî-èãðîâîé ìîäåëè ïî äàííûì
ýìïèðè÷åñêîãî èññëåäîâàíèÿ êîððåêòíî.

3.3. Ðåçóëüòàòû ýìïèðè÷åñêîãî èññëåäîâàíèÿ

Â äàííîì ðàçäåëå ïðåäñòàâëåíû ðåçóëüòàòû ðåàëèçàöèè îïèñàí-
íîãî âûøå àëãîðèòìà àíàëèçà ïîëó÷åííûõ ïðè àíêåòèðîâàíèè äàí-
íûõ.

Ñáîð äàííûõ ïðîâîäèëñÿ ñ ïîìîùüþ ýêñïåðòíîãî àíêåòèðîâàíèÿ.
Àíêåòà ñîñòîÿëà èç äâåíàäöàòè âîïðîñîâ (ðàçäåëåííûõ íà òðè ãðóï-
ïû), îòðàæàþùèõ ñïåöèôèêó ïîëüçîâàòåëåé è ñèñòåì Èíòåðíåò-òðåé-
äèíãà. Ïðè îòâåòå íà ïåðâóþ ãðóïïó âîïðîñîâ âñå ðåñïîíäåíòû óêà-
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çàëè, êàêèìè ñèñòåìàìè îíè ïîëüçóþòñÿ, â êàêèõ öåëÿõ è íàñêîëüêî
îíè óäîâëåòâîðåíû êàæäîé èç èñïîëüçóåìûõ ñèñòåì â öåëîì.

Âòîðàÿ ãðóïïà âîïðîñîâ ïîñâÿùåíà õàðàêòåðèñòèêàì ñèñòåì Èíòåð-
íåò-òðåéäèíãà. Çäåñü ðåñïîíäåíòàì áûëî ïðåäëîæåíî ïðîðàíæèðî-
âàòü õàðàêòåðèñòèêè ñèñòåì ïî ñòåïåíè âàæíîñòè, óêàçàòü êàêèìè
õàðàêòåðèñòèêàìè ñèñòåì îíè óäîâëåòâîðåíû è íàñêîëüêî (ïî 5-áàëü-
íîé øêàëå Ëàêåðòà).

Òðåòüÿ ãðóïïà âîïðîñîâ êàñàëàñü ïðåäïî÷òåíèé ïîòðåáèòåëåé ïî
ñèñòåìàì Èíòåðíåò-òðåéäèíãà:

1. êàêóþ èç èñïîëüçóåìûõ ñèñòåì ïîòðåáèòåëè ñ÷èòàþò êëþ÷åâîé;

2. íà êàêóþ âåëè÷èíó îíè ãîòîâû óâåëè÷èòü ïëàòó çà ñèñòåìó ïðè
ïîëíîì óäîâëåòâîðåíèè ïîòðåáíîñòåé;

3. êàêîé èç èìåþùèõñÿ ñèñòåì îíè áû õîòåëè ïîëüçîâàòüñÿ;

4. êàêîé áðåíä ðàçðàáîò÷èêà áîëåå ïðåäïî÷òèòåëåí ïîòðåáèòåëþ.

Îöåíêà êà÷åñòâà ñèñòåìû QUIK (òîâàð 2) è OTHER (òîâàð 1) ïðîâî-
äèëàñü íà îñíîâå îòâåòîâ íà âòîðóþ ãðóïïó âîïðîñîâ. Èñïîëüçóÿ ïðî-
ãðàììó ÎÑÏÏÐ ÀÑÏÈÄ-3W, ðàññ÷èòàíû ñâîäíûå ïîêàçàòåëè ñòåïå-
íè óäîâëåòâîðåííîñòè ïîòðåáèòåëåé ïî êàæäîé õàðàêòåðèñòèêå ñè-
ñòåì (ñì. òàáë. 2). Â êà÷åñòâå âåñîâûõ êîýôôèöèåíòîâ èñïîëüçîâàíà
èíôîðìàöèÿ î ðàíæèðîâàíèè ïîòðåáèòåëÿìè âûäåëåííûõ âîñüìè õà-
ðàêòåðèñòèê ñèñòåì Èíòåðíåò-òðåéäèíãà (ñì. òàáë. 1).

Ñëåäóþùèì øàãîì ðàññ÷èòàíû ñâîäíûå ïîêàçàòåëè α1 = 0, 572

è α2 = 0, 545 óäîâëåòâîðåííîñòè ïîòðåáèòåëÿìè ñèñòåìàìè QUIK è
OTHER, ñîîòâåòñòâåííî.

Îöåíêó êà÷åñòâà êàæäîé èç ñèñòåì ïîëó÷àåì ïî ôîðìóëå si =

αipi, ãäå i = 1 îçíà÷àåò ñèñòåìó OTHER, à i = 2 � ñèñòåìó QUIK.
Öåíà íà ñèñòåìó Èíòåðíåò-òðåéäèíãà OTHER ñîñòàâëÿåò p1 = 119000

ðóá. (ýòà öåíà ïîëó÷åíà êàê ñðåäíåå àðèôìåòè÷åñêîå öåí íà êàæäóþ
ñèñòåìó èç OTHER, êîòîðûå ïðåäñòàâëåíû íà ñàéòàõ êîìïàíèé) è
öåíà ñèñòåìû QUIK ðàâíà p2 = 140000 ðóá., ñîîòâåòñòâåííî. Ïîýòîìó
îöåíêè êà÷åñòâ ñèñòåì ðàâíû s1 = 68068 ðóá. è s2 = 76300 ðóá.,
ñîîòâåòñòâåííî.
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Òàáëèöà 1. Âåñîâûå êîýôôèöèåíòû õàðàêòåðèñòèê ñèñòåì
Èíòåðíåò-òðåéäèíãà

Õàðàêòåðèñòèêà ñèñòåìû Âåñà
êîëè÷åñòâî äîñòóïíûõ ðûíêîâ 6.103

ñêîðîñòü îïåðàöèé 7, 172

âñòðîåííàÿ àíàëèòèêà 3, 552

ïîääåðæêà ðàçðàáîò÷èêîâ 5, 517

ýêñïîðò äàííûõ 4, 103

âîçìîæíîñòü ñàìîñòîÿòåëüíîãî ðàñøèðåíèÿ 2, 828

öåíà 4, 379

ãàðàíòèÿ 3, 586

Òàáëèöà 2. Ñâîäíûå ïîêàçàòåëè óäîâëåòâîðåííîñòè
õàðàêòåðèñòèêàìè ñèñòåì

Õàðàêòåðèñòèêà ñèñòåìû Quik Other
êîëè÷åñòâî äîñòóïíûõ ðûíêîâ 0, 639 0, 774

ñêîðîñòü îïåðàöèé 0, 549 0, 701

âñòðîåííàÿ àíàëèòèêà 0, 492 0, 498

ïîääåðæêà ðàçðàáîò÷èêîâ 0, 699 0, 612

ýêñïîðò äàííûõ 0, 610 0, 500

âîçìîæíîñòü ñàìîñòîÿòåëüíîãî ðàñøèðåíèÿ 0, 394 0, 407

öåíà 0, 507 0, 636

ãàðàíòèÿ 0, 470 0, 450

Îöåíèì äèàïàçîí èçìåíåíèÿ êà÷åñòâà ñèñòåìû Èíòåðíåò-òðåéäèí-
ãà, ò.å. îöåíèì ïàðàìåòðû s è s. Äëÿ ýòîãî ðàññ÷èòàíû ïîêàçàòåëè ñòå-
ïåíè óäîâëåòâîðåííîñòè ïîòðåáèòåëåé ñ ïîìîùüþ ÎÑÏÏÐ ÀÑÏÈÄ-
3W, êîòîðûå ïîëó÷àþòñÿ â ñëó÷àå, êîãäà ïîòðåáèòåëü îöåíèâàåò âñå
õàðàêòåðèñòèêè ñèñòåìû ïî ¾1 � ñîâñåì íå óäîâëåòâîðåí¿ è â ñëó÷àå,
êîãäà ïî âñåì õàðàêòåðèñòèêàì îí ñòàâèò ¾5 � ïîëíîñòüþ óäîâëåòâî-
ðåí¿. Ðåçóëüòàòû ðàñ÷åòîâ äàþò çíà÷åíèÿ α = 0, 056 è α = 1, 000.
Òîãäà ãðàíèöû äèàïàçîíà èçìåíåíèÿ êà÷åñòâ ðàâíû s = αp1 = 6664

ðóá. è s = αp2 = 140000 ðóá.
Îöåíèì òåïåðü âåðõíþþ ãðàíèöó b ïàðàìåòðà θ. Âåëè÷èíà b =

max{max ∆p1, max ∆p2} = 0, 5. Ïîýòîìó θ ∈ [0; 0, 5].
Äàëåå ïðîâåðÿåì ãèïîòåçó î òðåóãîëüíîì ðàñïðåäåëåíèè ïàðàìåò-

ðà θ ñêëîííîñòè ê êà÷åñòâó íà ïðîìåæóòêå [0; 0, 5].
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Â âèäó íåáîëüøîé èñõîäíîé âûáîðêè, áóäåì ðàññìàòðèâàòü ãèïî-
òåçó î òðåóãîëüíîì ðàñïðåäåëåíèè ïàðàìåòðà ñêëîííîñòè ê êà÷åñòâó
íà ïðîìåæóòêå ñðåäíåãî ïî äàííîé ãðóïïå ïîòðåáèòåëåé. Òàêèì îá-
ðàçîì, íåîáõîäèìî ïðîâåðèòü ãèïîòåçó î òðåóãîëüíîì ðàñïðåäåëåíèè
θ íà ïðîìåæóòêå [0, 15916; 0, 220852].

Â òàáë. 3 ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ ïðè ïðîâåðêå ãèïîòå-
çû ïî êðèòåðèþ Êîëìîãîðîâà. Çäåñü xi è xi+1 � ãðàíèöû èíòåðâàëîâ
ðàçáèåíèÿ çíà÷åíèé âûáîðêè, li � îòíîñèòåëüíûå ÷àñòîòû äëÿ ñîîò-
âåòñòâóþùèõ èíòåðâàëîâ, F ∗ � çíà÷åíèå ýìïèðè÷åñêîé ôóíêöèè ðàñ-
ïðåäåëåíèÿ íà êîíöå èíòåðâàëà, F � çíà÷åíèå òåîðåòè÷åñêîé ôóíê-
öèè ðàñïðåäåëåíèÿ íà êîíöå èíòåðâàëà.

Òàáëèöà 3. Ïðîâåðêà ãèïîòåçû î òðåóãîëüíîì ðàñïðåäåëåíèè
xi xi+1 li F ∗ F F ∗ − F

0,15916 0,167973 1 0,01 0,034327 0,024327
0,167973 0,176786 9 0,1 0,152158 0,052158
0,176786 0,185599 15 0,25 0,353875 0,103875
0,185599 0,194412 27 0,52 0,63245 0,11245
0,194412 0,203226 25 0,77 0,834055 0,064055
0,203226 0,212039 14 0,91 0,951774 0,041774
0,212039 0,220852 9 1 0,985608 0,014392

Ïî êðèòåðèþ Êîëìîãîðîâà ðàññ÷èòûâàåì âûáîðî÷íóþ ñòàòèñòèêó

λ∗ = sup | F ∗(xi)− F (xi) |= 1, 124498.

Â ðåçóëüòàòå ïðîâåðêè, ãèïîòåçà î òðåóãîëüíîì ðàñïðåäåëåíèè
äàííîãî ïàðàìåòðà ïðèíèìàåòñÿ ïðè óðîâíå çíà÷èìîñòè 0,01.

Ñðàâíèì ïîëó÷åííûå ðåçóëüòàòû ýìïèðè÷åñêèõ èññëåäîâàíèé ñ
ðåçóëüòàòàìè òåîðåòèêî-èãðîâîé ìîäåëè êîíêóðåíöèè ïî êà÷åñòâó,
îïèñàííîé â ïðåäûäóùåì ðàçäåëå. Ðàâíîâåñíûå îöåíêè êà÷åñòâ ñè-
ñòåì QUIK è OTHER Èíòåðíåò-òðåéäèíãà ðàâíû

{
s∗1 = 0, 6543s = 91602,

s∗2 = s = 140000.

Çàìåòèì, ÷òî îáà çíà÷åíèÿ s∗1, s
∗
2 ïîïàëè â äîïóñòèìûé äèàïàçîí

èçìåíåíèÿ êà÷åñòâ, ò.å. s∗i ∈ [6664, 140000]. Ñðàâíèâàÿ ýòè çíà÷åíèÿ ñ



20 Ì.À. Ãëàäêîâà, Í.À. Çåíêåâè÷

ýêñïåðèìåíòàëüíûìè îöåíêàìè s1 = 68068 è s2 = 76300, çàêëþ÷àåì,
÷òî ðàçðàáîò÷èêàì îáåèõ ñèñòåì íåîáõîäèìî óâåëè÷èâàòü êà÷åñòâî,
à òàêæå äèôôåðåíöèàöèþ ïî êà÷åñòâó.

Äëÿ ðàñ÷åòà öåíîâûõ ñòðàòåãèé âñïîìíèì, ÷òî p = p0 − s (ñì.
(3.1)). Òîãäà ðàâíîâåñíûå öåíû ðàçðàáîò÷èêîâ áóäóò ðàâíû ñîîòâåò-
ñòâåííî

{
p∗01 = p∗1 + s∗1 = 95305,

p∗02 = p∗2 + s∗2 = 152424.

Äàííûé ðåçóëüòàò ãîâîðèò î òîì, ÷òî ïðè áîëüøåé äèôôåðåíöè-
àöèè ïî êà÷åñòâó ðàçðàáîò÷èêè ìîãóò áîëüøå äèôôåðåíöèðîâàòüñÿ
ïî öåíàì. Ðàçíèöà â öåíàõ íà ñèñòåìû Èíòåðíåò-òðåéäèíãà â íàñòîÿ-
ùèé ìîìåíò ñîñòàâëÿåò 21 000 ðóá., à â ñîîòâåòñòâèè ñ ðåçóëüòàòàìè
ìîäåëèðîâàíèÿ îíè ìîãóò îòëè÷àòüñÿ áîëåå, ÷åì íà 57 000 ðóá. Ðàâ-
íîâåñíûå äîëè ðûíêîâ ðàâíû ñîîòâåòñòâåííî

{
D∗

1 = 0, 247,

D∗
2 = 0, 740.

Äàííûé ðåçóëüòàò îòðàæàåò ðûíî÷íóþ ñèòóàöèþ â íàñòîÿùåå âðå-
ìÿ, ïîñêîëüêó îòíîøåíèå êîëè÷åñòâà ïîòðåáèòåëåé ñèñòåì OTHER è
QUIK ñîñòàâëÿåò 1 ê 3.
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Ïðèëîæåíèå
Äîêàçàòåëüñòâî òåîðåìû 2.1.

Ôóíêöèè âûèãðûøà èãðîêîâ èìåþò ñëåäóþùèé âèä

R1(p1, p2, s1, s2) = p1(F (θ2)− F (θ1)),

R2(p1, p2, s1, s2) = p2(1− F (θ2)),

ãäå θ1 =
p1
s1

, θ2 =
p2 − p1
s2 − s1

.
Âû÷èñëèì ïðîèçâîäíóþ ôóíêöèè âûèãðûøà R2 ïî öåíå p2 è ïðè-

ðàâíÿåì åå ê íóëþ

∂R2

∂p2

= 1− F (θ2)− p2

s2 − s1

f(θ2) = 0.

Îòêóäà ïîëó÷àåì óðàâíåíèå

z(θ2) = 1− F (θ2), (3.2)

ãäå z (θ2) = (t + θ2) f (θ2), t =
p1

s2 − s1
> 0.

Ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî:

z

(
b

2

)
=

(
t +

b

2

)
f

(
b

2

)
> b ≥ 1

2
= 1− F

(
b

2

)
.

Êðîìå òîãî, z(0) = tf(0) = 0 < 1− F (0) = 1. Ïîýòîìó

z

(
b

2

)
> 1− F

(
b

2

)
, z(0) < 1− F (0).

Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ (3.2) θ∗2 < b
2 .

Çàìåòèì, ÷òî íà ïðîìåæóòêå [0, b/2] ôóíêöèÿ R2 ÿâëÿåòñÿ ñòðîãî
âîãíóòîé ïî p2 (èëè θ2). Â ÷àñòíîñòè, äëÿ òðåóãîëüíîãî ðàñïðåäåëå-
íèÿ (ðèñ. 1) èìååì: ∂2R2

∂p2
2

= − 6
b2(s2 − s1)

< 0.
Ïîýòîìó â ñòàöèîíàðíîé òî÷êå θ∗2, óäîâëåòâîðÿþùåé óðàâíåíèþ

(3.2), äîñòèãàåòñÿ íàèáîëüøåå çíà÷åíèå ôóíêöèè R2 íà ïðîìåæóòêå
[0, b/2].

Äîêàæåì òåïåðü, ÷òî â òî÷êå θ∗2 äîñòèãàåòñÿ íàèáîëüøåå çíà÷åíèå
ôóíêöèè R2 íà ïðîìåæóòêå [0, b], è ýòà òî÷êà åäèíñòâåííà.
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Ïðîàíàëèçèðóåì óðàâíåíèå (3.2). Ïîñêîëüêó ôóíêöèÿ ðàñïðåäå-
ëåíèÿ F (θ) ñòðîãî âîçðàñòàåò íà [0, b], òî ïðàâàÿ ÷àñòü óðàâíåíèÿ
1− F (θ2) ñòðîãî óáûâàåò íà [0, b].

Ëåâàÿ ÷àñòü óðàâíåíèÿ z(θ2) ñòðîãî âîçðàñòàåò äî òåõ ïîð, ïî-
êà f

′
(θ2) ≥ 0. Ýòî ÿâëÿåòñÿ ñëåäñòâèåì âèäà ïðîèçâîäíîé z

′
(θ2) =

f(θ2) + (t + θ2)f
′
(θ2).

Ôóíêöèÿ z(θ2) ÿâëÿåòñÿ íåïðåðûâíîé, ïðè÷åì z(b) = z(0) = 0. Òî-
ãäà íàèáîëüøåå çíà÷åíèå ôóíêöèè z(θ2) íà [0, b] äîñòèãàåòñÿ â íåêî-
òîðîé âíóòðåííåé òî÷êå θ2 = θ̂2. Íåðàâåíñòâî f

′
(θ2) ≥ 0 âûïîëíÿåòñÿ

ïðè ëþáîì θ2 < b
2 . Ïðè ýòîì íà äàííîì ïðîìåæóòêå z

′
(θ2) > 0. Ïî-

ýòîìó θ̂2 > b
2 è θ∗2 ∈ [0, θ̂2].

Ðàññìîòðèì òåïåðü ïðîìåæóòîê θ2 ∈ [θ̂2, b] è ïîêàæåì, ÷òî íà ýòîì
ïðîìåæóòêå íå äîñòèãàåòñÿ íàèáîëüøåå çíà÷åíèå ôóíêöèè âûèãðû-
øà R2.

Äëÿ ýòîãî ââåäåì ôóíêöèþ ϕ(θ2) = 1− F (θ2)− z(θ2) è âû÷èñëèì
åå ïðîèçâîäíóþ ϕ

′
(θ2) = −2f(θ2)− (t + θ2)f

′
(θ2).

Ïîñêîëüêó ôóíêöèÿ ïëîòíîñòè f(θ2) óáûâàåò è âîãíóòà íà ïðî-
ìåæóòêå [θ̂2, b], òî f

′
(θ2) � óáûâàþùàÿ èëè ϕ

′
(θ2) � âîçðàñòàþùàÿ

ôóíêöèè.
Âû÷èñëèì çíà÷åíèÿ ïðîèçâîäíîé ôóíêöèè ϕ(θ2) â òî÷êàõ θ̂2 è b.

Òîãäà ϕ
′
(
θ̂2

)
= −2f

(
θ̂2

)
−

(
t + θ̂2

)
f
′
(
θ̂2

)
= −f

(
θ̂2

)
− z

′
(
θ̂2

)
=

−f
(
θ̂2

)
< 0, ïîñêîëüêó z

′
(
θ̂2

)
= 0.

Ïðîèçâîäíàÿ ϕ
′
(b) = −2f (b) − (t + b) f

′
(b) = − (t + b) f

′
(b) > 0,

ïîñêîëüêó f(b) = 0 è f
′
(b) < 0.

Èòàê, ϕ
′
(θ2) âîçðàñòàåò, ϕ

′
(θ̂2) < 0 è ϕ

′
(b) > 0. Ïîýòîìó ñóùå-

ñòâóåò åäèíñòâåííàÿ òî÷êà θ2 = θ̃2, â êîòîðîé ϕ
′
(θ̃2) = 0, è â íåé

äîñòèãàåòñÿ ìèíèìóì.
Ïîñêîëüêó ϕ

(
θ̂2

)
< 0, à ϕ(b) = 0, òî íà âñåì ïðîìåæóòêå [θ̂2, b]

ôóíêöèÿ ϕ (θ2) < 0. Òîãäà 1 − F (θ2) < z(θ2) äëÿ ëþáîãî θ2 ∈
[
θ̂2, b

]
,

è ïîýòîìó íà ïðîìåæóòêå [θ̂2, b] íåò òî÷åê, êîòîðûå óäîâëåòâîðÿþò
óðàâíåíèþ (3.2).

Òàêèì îáðàçîì, ñóùåñòâóåò åäèíñòâåííîå çíà÷åíèå ïàðàìåòðà θ∗2
â öåíîâîì ðàâíîâåñèè, ïðè êîòîðîì θ∗2 > θ∗1 è θ∗2 < b/2.
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GAME-THEORETICAL MODEL OF QUALITY
MANAGEMENT UNDER COMPETITION
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Nikolay A. Zenkevich, Graduate School of Management, St.
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Abstract : In the paper a game-theoretical model of quality management
under competition is suggested. This model is presented as a two-stage
game where production companies compete on an industrial market and
consumer's taste to quality in non-uniformly distributed. The strong
Nash equilibrium in the investigated game was obtained in explicit
form which allowed us to evaluate prices, companies market shares and
revenues in the equilibrium. A case study for Internet-trading systems
was used to approve the suggested quality management mechanism.

Keywords : quality evaluation, quality measurement, consumer's taste to
quality, quality management, two-stage game, Nash equilibrium, Stakelberg
equilibrium, Pareto-optimal solution, optimal quality di�erentiation, index
of consumers satisfaction.
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2D �2.G�§V!�'&,�63'&�� "<�'p2.G� "%&,"1&:tÁ
5�%³-0�32.<= "1&%&G02.5�%�<�# I :� "%&� 9
� 2.G02�' <�%� .-�2.�&%�'�5�#`§V!= I :� "7�#"4&%&<
2.132�G02.G�*�,.-�/0-0$&#","1&!�,�2�'�%&)�$32:Ôb,

GH#. "#"$&#"�94&$&%&1&%&5�2.�� D-0�32.<= "%&!B%&)�$&#"G&%K*�,.-�/¨4&$&%&1&�&%&4&%32�6�7"1&#�$32��
1&:�/¨ "%7Á
4&#", 9�Æ )�$&#"G&%(4&!�$&,"#")�#�-0$&#","1�'>¡º,�6�2`*�!+6�7"�&:�$&!�<=-0$&<
2 ¤ -"<= �2.132.,�6�%&,�2.�� B4&$32áÁ
,"%06�2Å%&)�$&:�*363'(%&)�$&#"GH#",�,. "#"$&#")�#Å-0$&#","1�'>¡º$32��
$32 I #. "�&%&GH#", ¤+9�� $&%(A= "#"5�%&)+Á
$&#"G&%�4&!�$&,"#")�#p-0$&#","1�' <
2.5�% 132�/�#�*�'� "<�'�,�GH#"1&��6�%&G� "1&#"��<�%� .-�2.�&%&% 9ò0 #	Á
/�#�*�:Ç,"<�!+/T%&)�$&#"GH#",�Ô�G02.G¦4&!�$&,"#")�#�Ô� �2.G�%¦,. "#"$&#")�#�-0$&#","1�'£Ô��`2.,"%&<�'� �#. 
<= "$32� "!�)�%&�@%&)�$&#"GH#",J# I #"%0/>-0$&#","1&!�� 9
� $&!�*�4&#�6�2.)+2.!= "<�'£Ô��� "#�%&)�$&#"G&%T4&!�$&,"#")�# ,�6�2`*�!��� �<�#","!�$�C�!�1&1&#�#�*�1&#	Á

$&#�*�1&:�5�$&!�<=-0$&<�#"5�ÔH%K$32��
$32 I #. "�&%&G�- I !=�
$32��=6�%&�&1&#�Ô�-�GH#")�#(%���1&%0/KG�-04&%� "7
4&$32.,"#V132�*�# I :���- 9 ° *�132.GH#�-"<+6�#","%�'³$32��
$32 I #. "G&%³,�$32��=6�%&�&1&:�/³$&!�)�%&#"132�/
¡º<�#"#. ","!= "<= ",.-0����%0/ª$32��=6�%&�&1&:�5È%&)�$&#"G02.5È4&!�$&,"#")�#;-0$&#","1�' ¤ $32��=6�%&�&1&: Ô
2�<+6�!�*�#",�2� "!+6�7"1&#�Ô8$32��=6�%&�&1&:É% �`2� "$32� ":�1329*�# I :���- !�*�%&1&%&�&:�$&!�<=-0$&<
2 92 $&#"5�!� "#")�#�Ô�A= "%�$&!�)�%&#"1&:Ç#. 
6�%&�32.�� "<�'T*�$�-0)@#. �*�$�-0)+2�132�6�#")+2.5�%£Ô�GH#	Á
 "#"$&:�!�-"<= �2.132.,�6�%&,�2.�� p,�6�2`*�!+6�7"�&: 9 ° I :��&1&#>132�6�#")�%@4&$&#"4&#"$&�&%&#"132�6�7"1&:
-"<�%06�%�'&5�4&#�$32��
$32 I #. "GH!B¡º,�4&$&%&5�!�$&!�<�6�#","#"5�$&: I : ± GH#�6�%&�&!�<= ",.-�<=-
*�#", ¤+9Ê  "%@132�6�#")�%�%�'&,�63'&�� "<�'@<= "$32� "!�)�%�'&5�%�%&)�$&#"GH#",>4&!�$&,"#")�#¨-0$&#","1�' 9²Ë  "$32áÁ
 "!�)�%�'&5�% %&)�$&#"GH#",9,. "#"$&#")�#9-0$&#","1�'@'&,�63'&!= "<�'�$32.<�4&$&!�*�!+6�!�1&%&!J%0/�-"<�%06�%&�
4&#³$32��
$32 I #. "GH!K5�!=§V*�-�$32��=6�%&�&1&:�5�% $&!�)�%&#"132.5�% 9rË  �2.$32�'&<�7p4&$&%&,�6�!��&7³G
<�! I !@$32��
$32 I #. "�&%&GH#",�Ô�,�6�2`*�!+6�7"�&:Ç5�#")=-H ;<�1&%�§K2� "7�132�6�#")�%£Ô� "!�5É<
2.5�:�5
-05�!�1&7.CV2�' <�,"#"��<=-05�5�2.$&1&:��@*�#
/�#�*;%�4&$&#","#"�&%&$�-.'y132.$32���%&,�2.1&%&!�*�# I :tÁ
�&%p$&!�<=-0$&<
2 9
� # I ��!�5�<+63-0�32.!y,�%&)�$&!�-0�32.<= ",.-0�� N ,�6�2`*�!+6�7"�&!�,�$&!�<=-0$&<
2�% M$32��
$32 I #. "�&%&GH#", 9�Æ )�$32K$32��
:�)�$&:�,�2.!= "<�'�,�*�,�2VA= �2.432 9�Ì !=C�!�1&%&!�5�%&)�$&:©132

,. "#"$&#"5@-0$&#","1&!�'&,�63'&!= "<�'V$32.,"1&#","!�<�%&!�4&#B?BA=CD-D5�!=§V*�-D$32��
$32 I #. "�&%&G02.5�%£Ô
432.$32.5�!= "$&%&�&!�<�G&%D�`2.,"%&<�'���!�!R#. Å<= "$32� "!�)�%&��%&)�$&#"GH#",Å4&!�$&,"#")�#�-0$&#","1�' ± 132áÁ
6�#")�#", 9 � 132�'KA= .-K�`2.,"%&<�%&5�#"<= "7�ÔH%&)�$&#"G&%J4&!�$&,"#")�#(-0$&#","1�'V �2.G�§V!�4&$&%0/�#�*�'� 
GJ$32.,"1&#","!�<�%&��4&#(?BA=CD- 90� $32 I #. "!(¢ 6�<�£ 4&$&#","!�*�!�1&#�2.132�6�%� "%&�&!�<�GH#"!�%&<�<+6�!+Á
*�#",�2.1&%&!¨%&)�$&: 1 × 2 Ôw,pGH#. "#"$&#"� -0�32.<= ",.-0�� �*�,�2p$32��
$32 I #. "�&%&G02�% #�*�%&1,�6�2`*�!+6�!���¡º%&)�$32pEF �2.GH!+6�7 I !�$&)+2�<K#�*�1&%&5�6�%H*�!�$&#"5©%�*�,.-058'y4&#"<+6�!�*�#",�2áÁ
 "!+63'&5�% ¤+9�� 132.<= "#`'���!��«$32 I #. "!y%���-0�32.�� "<�'«A�����!�G� ": Ô�# I -"<+6�#",�6�!�1&1&:�!
GH#"1&G�-0$&!�1&�&%&!��y5�!=§V*�-p,�6�2`*�!+6�7"�32.5�%@$&!�<=-0$&<
2:Ô�4&#"A= "#"58-�$32.<�<�5�2� "$&%&,�2.!= 	Á
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<�'¨<+63-0�32.�>#�*�1&#")�#D$32��
$32 I #. "�&%&G02D%¨5�1&#")�%0/J,�6�2`*�!+6�7"�&!�,9¡º%&)�$32DEF �2.GH!+6�7	Á
I !�$&)+2J<�#K5�1&#")�%&5�%96�%H*�!�$32.5�%�%p#�*�1&%&5T4&#"<+6�!�*�#",�2� "!+6�!�5 ¤+9
� <�!�$32.<�<=-H§V*�!�1&%�'�,�132.<= "#`'���!���$32 I #. "!�4&$&#","#�*�'� "<�'T*363'¦�B-01&G&�&%&�

,":�%&)�$&:�CV2�# I ��!�)�#Å,"%H*�2 9 ° 1&%�*�#�63§¨1&:@-
*�#",�6�!= ","#"$�'� "7�1&!�GH#. "#"$&:�5�,"4&#�6�1&!
!�<= "!�<= ","!�1&1&:�5�-"<+6�#","%�'&5�Ô�GH#. "#"$&:�!D4&#�63-0�32.�� "<�'£Ô�%&<P/�#�*�'@%��D<+6�!�*�-0����%0/
<�#"# I $32�§V!�1&%&� 9
Í 2.$32.G� "!�$&1&#"�(#"<�# I !�1&1&#"<= "7"��$32.<�<�5�2� "$&%&,�2.!�5�:�/��`2`*�2`��'&,	Á
63'&!= "<�'��`2.,"%&<�%&5�#"<= "7�-
*�!+6�7"1&:�/y�`2� "$32� �132>*�# I :���-y$&!�<=-0$&<
2�#. �GH#�6�%&�&!+Á
<= ",�2¨#"<= �2.,.C�!�)�#"<�'@$&!�<=-0$&<
2 9�Æ 1� "!�1&<�%&,"1&#"<= "7J*�# I :��&%�,¨G02�§V*�#"5T$&!�)�%&#"1&!
4&$&#"4&#"$&�&%&#"132�6�7"132BGH#�6�%&�&!�<= ",.-V#"<= �2.,.C�!�)�#"<�'J$&!�<=-0$&<
2 R(t) Ô"2� �2.G�§V!�4&$&%7Á6�#`§V!�1&1&:�5T-"<�%06�%�'&5 E ¡]¢ Ã�£¥¤+9

dR(t)

dt
= −qER(t), ¡ 6=9B6�¤

)]*�! q = const > 0 ± GH#"A�����%&�&%&!�1� @4&$&#"4&#"$&�&%&#"132�6�7"1&#"<= "%£Ôr#"4&$&!�*�!+63'&��Á
��%&��A�����!�G� "%&,"1&#"<= "7V*�# I :��&%p,JG02�§V*�#"5�$&!�)�%&#"1&! 9
� $&!�*�4&#�6�#`§¨%&5�Ô&�� "#¨,"$&!�58'¨*�# I :��&%p$&!�<=-0$&<
2J$32.,"1&# T 93� -"<= "7 R(0) =

R0
9&� #")]*�2:Ô&<�-0�&!= "#"5ª¡ 6=9B6�¤ ÔH*�#
/�#�* ω $32��
$32 I #. "�&%&G02K#. J4&$&#�*�2�§¨%³$&!�<=-0$&<
2,J�`2.,"%&<�%&5�#"<= "%@#. ¨4&$&%06�#`§V!�1&1&:�/�-"<�%06�%&�@!�<= "79$32��
1&%&�32J5�!=§V*�-pGH#�6�%&�&!+Á

<= ","#"5 $&!�<=-0$&<
2(132�132`�32�6�#�%JGH#"1&!��J<�!=�
#"132¨¡º4&$&!�*�4&#�6�2.)+2.!= "<�'£Ô0�� "#(�&!�132�132
$&!�<=-0$&<D1&!�%��
5�!�1�'&!= "<�'�,V "!��&!�1&%&!D,"<�!�)�#J<�!=�
#"132 ¤+9

ω(E) = R0(1 − e−qTE). ¡ 6=9 @"¤
� :�%&)�$&:�Cm$32��
$32 I #. "�&%&G02�<�G06�2`*�:�,�2.!= "<�'³%��Å*�#
/�#�*�#",V#. �4&$&#�*�2�§¨%¨$&!+Á

<=-0$&<
2:Ôb*�# I :� "#")�#y,y$32��=6�%&�&1&:�/�$&!�)�%&#"132�/¢Ô��`2�,":��&!= "#"5�132�6�#")�#",":�/;,":tÁ
406�2� áÔ�2� �2.G�§V!�%��+*�!�$�§V!�G³*�# I :��&% 9
� $32��+*�!+6�! < $32.<�<�5�#. "$&!�132@4&$&#"<= "!���CV2�'�%&)�$32:Ôb,�GH#. "#"$&#"��-0�32.<= ",.-"!= 

4&#J#�*�1&#"58->%&)�$&#"G�-³132VG02�§V*�#"5;-0$&#","1&! 9�� $32��+*�!+6�!(ÎK$32.<�<�5�#. "$&!�132J%&)�$32:Ô
,�GH#. "#"$&#"��-0�32.<= ",.-0�� �*�,�2@,�6�2`*�!+6�7"�32@$&!�<=-0$&<
2 9�/ §V!9,@ �2.GH#"�T4&$&#"<= "#"�
GH#"1&��%&)=-0$32.�&%&%T4&$&#`'&,�63'&�� "<�'T%&1� "!�$&!�<�1&:�!�#"<�# I !�1&1&#"<= "%�$32.<�<�5�2� "$&%&,�2.!+Á
5�:�/�<�%&<= "!�5�Ô~132.4&$&%&5�!�$£Ô²1&!�!�*�%&1&<= ","!�1&1&#"<= "7�$32.,"1&#","!�<�%�'@4&#p?BA=CD-�,9%&)+Á
$&!³132@4&!�$&,"#"5¹-0$&#","1&! 9�� $32��+*�!+6�! 4 $32.<�<�5�#. "$&!�132y<�%&5�5�!= "$&%&�&132�'T%&)�$32
<@4&$&#"%��
,"#�6�7"1&:�5É�&%&<+6�#"5É%&)�$&#"GH#",;4&!�$&,"#")�#�-0$&#","1�'£Ô�%���-0�&!�1&#�,�6�%�'&1&%&!
GH#"1&G�-0$&!�1&�&%&%;¡ºGH#�6�%&�&!�<= ",�2J%&)�$&#"GH#", ¤ 132K$&!=C�!�1&%&!(%&)�$&: 9
� #�*�# I 1&:�!9*�,.-�/0-0$&#","1&!�,":�!@%&)�$&:Ä5�#")=-H �,"#.�
1&%&G02� "7�, �`2`*�2`�32�/T$32��&Á

$32 I #. "G&%�$32��=6�%&�&1&:�/ I %&#�6�#")�%&�&!�<�G&%0/�$&!�<=-0$&<�#",�Ô�,"#�*�1&:�/�$&!�<=-0$&<�#",©¡º132áÁ
4&$&%&5�!�$£Ôb2.$� "!=�
%32.1&<�G&%0/�,"#�* ¤ Ô�6�!�<�1&:�/�$&!�<=-0$&<�#",�Ôw,p<�!+6�7"<�GH#"5©/�#.��'&�&<= ","!ÆÔ
2V �2.G�§V!�,D*�$�-0)�%0/p�`2`*�2`�32�/ 9
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Ï i�xpo�Á"ÀHÐ&�ro�u�¾²Ð@ÑHÐH��ÐHÒr�
Ó :¦��#"$&5�2�6�%���-"!�5��`2`*�2`��-J%&)�$&#"� GN×1 ={N,Xi, Y, ui, v; i=1, . . . , N} Ô)]*�! N ± 5�1&#`§V!�<= ","#�%&)�$&#"GH#",�4&!�$&,"#")�#(-0$&#","1�'£Ô Xi

± 5�1&#`§V!�<= ",�2D%0/¨<= "$32áÁ
 "!�)�%&�£Ô Y ± 5�1&#`§V!�<= ","#�<= "$32� "!�)�%&�V%&)�$&#"G02Å,. "#"$&#")�#Å-0$&#","1�'£Ô ui

% v ± �B-01&G7Á�&%&%³,":�%&)�$&:�CV2K%&)�$&#"GH#",K4&!�$&,"#")�#�-0$&#","1�'³%9%&)�$&#"G02V,. "#"$&#")�#�-0$&#","1�'£Ô&<�#	Á
#. ","!= "<= ","!�1&1&# 9
� !�G� "#"$�Ô ∈ X1 × . . .×XN

%&1� "!�$&4&$&!= "%&$�-"!= "<�'�G02.G�,"!�G� "#"$�132�6�#")�#",�Ô
2�,"!�G� "#"$�Õ ∈ Y #"4&$&!�*�!+63'&!= �$32.<�4&$&!�*�!+6�!�1&%&!y-"<�%06�%&��%&)�$&#"G02�,. "#"$&#")�#
-0$&#","1�'p4&#J$32��
$32 I #. "GH!($&!�<=-0$&<
2J5�!=§V*�-9$32��=6�%&�&1&:�5�%�$&!�)�%&#"132.5�% 9�� $&!�*ÖÁ
4&#�6�2.)+2.!= "<�'£Ôw�� "# yi > 0 Ô i = 1, . . . , N % N

∑

i=1

yi 6 y0
9~� #"<+6�!�*�1&!�!V-"<+6�#","%&!

,":�$32�§K2.!= p "#. ��(2.G� áÔw�� "#�$32��
$32 I #. "�&%&G�#")�$32.1&%&�&!�1 ,�<�,"#"%0/y,"#.�
5�#`§¨1&#	Á
<= `'0/�¡º132.4&$&%&5�!�$£Ô3%&5�!�!= ¨#")�$32.1&%&�&!�1&1&:�����6�#. ¤+9
Ö -01&G&�&%�'�,":�%&)�$&:�CV2J$32��
$32 I #. "�&%&G02 v( Ô , Õ ) ,K<+63-0�32.! N ,�6�2`*�!+6�7"�&!�,

$&!�<=-0$&<
2¨%&5�!�!= ¨<+6�!�*�-0����%&��,"%H*�È

v( Ô , Õ ) =
N

∑

i=1

ωi(yi) − (ci + xi)yi,
¡ @79B6�¤

)]*�! ωi(yi)
#. "$32�§K2.�� ³*�#
/�#�*�#. �$32��
$32 I #. "G&% $&!�<=-0$&<
2�, i Á´#"5©$&!�)�%&#"1&!ÆÔ ci± GH#"1&<= �2.1� ": Ô0/H2.$32.G� "!�$&%���-0����%&!(!�<= "!�<= ","!�1&1&:�!��`2� "$32� ":�132($32��
$32 I #. "G�-

$&!�<=-0$&<
29, i Á´#"5¦$&!�)�%&#"1&!ÆÔ²2 xiyi
± 132�6�#")�#",":�!�,":�406�2� ": 9£> -
*�!�5�<��&%� �2� "7�Ô

�� "#9�B-01&G&�&%&% ωi(y)
-
*�#",�6�!= ","#"$�'&�� ³<+6�!�*�-0����%&5�,"4&#�6�1&!D!�<= "!�<= ","!�1&1&:�5

-"<+6�#","%�'&5

ωi(0) = 0,

ϕi(y) = ω′

i(y) > 0,

ϕ′

i(y) = ω′′

i (y) < 0.

¡ @79 @"¤

/ <+6�#","%�'«¡ @79 @"¤ #.�
132`�32.�� áÔR�� "#@*�#
/�#�*�#.  $32��
$32 I #. "G&%T,yG02�§V*�#"5�$&!+Á
)�%&#"1&!@5�#"1&#. "#"1&1&#�,"#.�
$32.<= �2.!= �<@$&#"<= "#"5m�`2� "$32`�&!�1&1&:�/�-"<�%06�%&�£Ô�#�*�132.GH#
A�����!�G� "%&,"1&#"<= "7³$32��
$32 I #. "G&%@432`*�2.!= ><(-0,"!+6�%&�&!�1&%&!�5�!�!D%&1� "!�1&<�%&,"1&#"<= "% 9
Ê  "#¨# I -"<+6�#",�6�!�1&#J%&<��&!�$&432.1&%&!�5�$&!�<=-0$&<
2 9

2 $&#"5�!� "#")�#�Ô�4&#�*��&%&1&%&5T�B-01&G&�&%&� ϕ 132K#. "$&!=�
GH! [0, y0]
-"<+6�#","%&�

2[ϕ′(y)]2 > ϕ(y)ϕ′′(y), ϕ′′(y) > 0. ¡ @79 <�¤
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� %&4&%&�&1&:�5©4&$&%&5�!�$&#"5«�B-01&G&�&%&% ωi(y)
'&,�63'&!= "<�'y�`2.,"%&<�%&5�#"<= "7�¡ 6=9 @"¤ Ô

$32.<�<�5�#. "$&!�1&132�'@,"#¨,","!�*�!�1&%&% 9�Ø !�)�GH#¨- I !�*�%� "7"<�'�,J "#"5�Ô��� "#>#"132K-
*�#",�6�!+Á
 ","#"$�'&!= ¨-"<+6�#","%�'&5�%�¡ @79 @"¤ %�¡ @79 <�¤+9
Ó 1&#`§V!�<= ","#¨<= "$32� "!�)�%&��%&)�$&#"G02J,. "#"$&#")�#K-0$&#","1�' ± 5�1&#`§V!�<= ","#¨,"!�G� "#	Á

$&#",KÕ ∈ R
n : yi > 0,

N
∑

i=1

yi 6 y0
9�Ó 1&#`§V!�<= ",�2K<= "$32� "!�)�%&�@%&)�$&#"GH#",J4&!�$&,"#")�#

-0$&#","1�' Xi
± 63-0�&% xi > 0

9
� :�%&)�$&:�C�%�%&)�$&#"GH#", 4&!�$&,"#")�# -0$&#","1�' ± 132�6�#")�#",":�!p,":�406�2� ": Ô�4&$&#	Á

4&#"$&�&%&#"132�6�7"1&:�!�-"<�%06�%�'&5¦4&#D*�# I :��&!($&!�<=-0$&<
2:È

ui(
Ô ) = xiỹi(

Ô ), i = 1, . . . , N. ¡ @79 Î ¤
Ì 2.<�<�5�2� "$&%&,�2.!�5�2�'�%&)�$32 ± %&)�$32;EF �2.GH!+6�7 I !�$&)+2:Ô�,�GH#. "#"$&#"��%&)�$&#"G&%

4&!�$&,"#")�#�-0$&#","1�'T'&,�63'&�� "<�'T6�%H*�!�$32.5�%£Ô�2 $32��
$32 I #. "�&%&G ± 4&#"<+6�!�*�#",�2� "!+Á
6�!�5 9²� $&%@��%&GH<�%&$&#",�2.1&1&:�/@132�6�#")+2�/�#"1@$&!=CV2.!= ³<+6�!�*�-0���D-0�Ù#"4� "%&5�%��`2áÁ
�&%&#"1&1�-0�¹�`2`*�2`��-"È

v( Ô , ˜Õ ( Ô )) = maxÚ
∈Y

v( Ô , Õ ). ¡ @79 4"¤
� 132�'�#"4&%&5�2�6�7"1&:��¦#. "G06�%&G¦%&)�$&#"G02 ,. "#"$&#")�#y-0$&#","1�' ˜Õ ( Ô ) Ô�G02�§V*�:��%&)�$&#"G¦4&!�$&,"#")�# -0$&#","1�'T#"4� "%&5�%��
%&$�-"!= �<�,"#"�¦,":�%&)�$&:�C 9 ° 4� "%&5�2�6�7"1&:�5

132 I #"$&#"5¦<= "$32� "!�)�%&��,¨ �2.GH#"��<�%� .-�2.�&%&%�# I :��&1&#¨<��&%� �2.�� ³$32.,"1&#","!�<�%&!D4&#
?BA=CD-"È

ui(
Ô eq) = max

xi>0
ui(
Ô eq|xi), i = 1, . . . , N, ¡ @79 g�¤

)]*�!ÅÔ eq|xi
# I #.�
132`�32.!= D,"!�G� "#"$KÔ eq Ô�,(GH#. "#"$&#"5 i ÁÛ'K<= "$32� "!�)�%�'>�`2.5�!�1&!�132�132

xi
9

Ü i�ÝpÞ.qrÐ
1 × 1

Ì 2.<�<�5�#. "$&%&5�4&$&#"<= "!���C�%&�¦<+63-0�32.�£Ô�GH#")]*�2�132�G02�§V*�#"5¹-0$&#","1&!9132�/�#	Á
*�%� "<�'¨4&#�#�*�1&#"58-V%&)�$&#"G�-p¡¥ 9 ! 9 N = 1

¤+9H� A= "#"5 <+63-0�32.!Å,�%&)�$&!Å-0�32.<= ",.-0�� 
#�*�%&196�%H*�!�$�%p#�*�%&1p4&#"<+6�!�*�#",�2� "!+6�7 9
Æ )�$&#"G�,. "#"$&#")�#9-0$&#","1�'y5�2.GH<�%&5�%��
%&$�-"!= �<�,"#"�m�B-01&G&�&%&�É,":�%&)�$&:�CV2

v(x, y) 4&$&%>G02�§V*�#"5���%&GH<�%&$&#",�2.1&1&#"5 x ÔH�`2`*�2.,�2�'¨�B-01&G&�&%&� ỹ(x) ± #"4� "%7Á5�2�6�7"1&:��D#. "G06�%&G�132�<= "$32� "!�)�%&�¦%&)�$&#"G02�4&!�$&,"#")�#�-0$&#","1�' 9 � 132�' ỹ(x) Ô�,�6�2áÁ*�!+6�!���$&!�<=-0$&<
2�5�2.GH<�%&5�%��
%&$�-"!= �<�,"#"���B-01&G&�&%&�ß,":�%&)�$&:�CV2 u(x, ỹ(x)) 9



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ <:6

° 4� "%&5�2�6�7"1&:�!�<= "$32� "!�)�%&%p%&)�$&#"GH#",V'&,�63'&�� "<�'9$&!=C�!�1&%&!�5T<+6�!�*�-0����!��p�`2áÁ
*�2`�&%£È







v(x, ỹ(x)) = max
06y6y0

v(x, y),

u(xopt, ỹ(xopt)) = max
x>0

u(x, ỹ(x)).

¡ <:9B6�¤

?�2.�H*�!�5 ỹ(x) 9�0 63'9A= "#")�#K132`*�#V5�2.GH<�%&5�%��
%&$&#",�2� "7 v(x, y) 4&# y 132�#. 	Á$&!=�
GH! [0, y0]
9�0 63'�-
*�# I <= ",�2�5�: I -
*�!�5�%&<�G02� "7y1&!³5�2.GH<�%&58-05 v(x, y) Ô�25�%&1&%&58-05 −v(x, y)

9
� 2.4&%�C�!�5;1&!�# I /�#�*�%&5�:�!�-"<+6�#","%�'>A�GH<= "$&!�58-05�2p¡¥-"<+6�#","%�' 2 -0132áÁ � 2.G&GH!�$32 ¤ È































−
∂v

∂y
+ µ1 − µ2 = 0,

µ1(y − y0) = 0,

µ2y = 0,

µ1 > 0, µ2 > 0.

¡ <:9 @"¤

� 2.G¨G02.G ∂2(−v)
∂y2 = −ϕ′(y) > 0 ÔH�B-01&G&�&%�' −v(x, y) <= "$&#")�#V,":�4�-0G06�2�4&#

y 132Å#. "$&!=�
GH! [0, y0]
Ô`%(1&!�# I /�#�*�%&5�:�!R-"<+6�#","%�'DA�GH<= "$&!�58-05�2�4&$&!�,"$32��V2.�� "<�'

,�*�#"<= �2� "#"�&1&:�!D-"<+6�#","%�'�)P6�# I 2�6�7"1&#")�#¨5�2.GH<�%&58-05�2J�B-01&G&�&%&% v 132 [0, y0]
Ô

4&$&%&�&!�5T "#"�&G02K5�2.GH<�%&58-05�2J!�*�%&1&<= ","!�1&132 92 2.Gy,"%H*�1&#�%��¨<�%&<= "!�5�:�¡ <:9 @"¤ Ô�*�#"<= �2� "#"�&1&:�5ª-"<+6�#","%&!�5�*�#"<= "%�§V!�1&%�'
5�2.GH<�%&58-05�2D132�)�$32.1&%&�&!Å'&,�63'&!= "<�'>4&#�6�#`§¨%� "!+6�7"1&#"<= "7D<�#"#. ","!= "<= ",.-0����!�)�#
5�1&#`§¨%� "!+63' Ø 2.)�$32.1�§K2 9"Ì !=CV2�'K<�%&<= "!�58-�¡ <:9 @"¤ 4&$&% µ1 > 0 Ô µ2 = 0 Ô y = y0% 4&$&% µ1 = 0 Ô µ2 > 0 Ô y = 0 Ô~4&#�63-0�32.!�5�*�#"<= �2� "#"�&1&:�!¨-"<+6�#","%�'�*�#"<= "%7Á§V!�1&%�'�5�2.GH<�%&58-05�2�132@)�$32.1&%&�&! 9R� #�,"1�-H "$&!�1&1&%0/� "#"�&G02�/«¡º4&$&% µi = 0

¤
<�%&<= "!�5�29<�,"#�*�%� "<�'�G@#�*�1&#"58-p-0$32.,"1&!�1&%&� 9�� 2.G&%&5�# I $32��
#"5�Ô�$&!=C�!�1&%&!V<�%7Á
<= "!�5�:É¡ <:9 @"¤ 132V#. "$&!=�
GH! [0, y0]

!�<= "7¨�B-01&G&�&%�'

ỹ(x) =















y0,
!�<+6�% x 6 ϕ(y0) − c Ô

ϕ−1(c+ x), !�<+6�% ϕ(y0) − c < x < ϕ(0) − c Ô
0, !�<+6�% x > ϕ(0) − c

9
¡ <:9 <�¤

Ø � I #"4&:� "1&#V�`2.5�!= "%� "7�Ô3�� "#J4&$&% x < ϕ(y0)− c #"4� "%&5�2�6�7"132�'³<= "$32� "!+Á)�%�'>$32��
$32 I #. "�&%&G02 ỹ(x) 1&!�%��
5�!�1�'&!= "<�'³1&!�<�5�#. "$�'>132�-0,"!+6�%&�&!�1&%&!�132�6�#")+2
x
9�� $&%TA= "#"5m<�#"#. ","!= "<= ",.-0����%&��5�1&#`§¨%� "!+6�7 Ø 2.)�$32.1�§K2 µ1 = ϕ(y0) −
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Ì %&<=-01&#"G 6=9 ° 4� "%&5�2�6�7"1&:���#. "G06�%&G
%&)�$&#"G02K,. "#"$&#")�#K-0$&#","1�' ỹ(x)
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Ì %&<=-01&#"G @79�Ö -01&G&�&%�'�,":�%&)�$&:�CV2
%&)�$&#"G02K4&!�$&,"#")�#K-0$&#","1�' u(x, ỹ(x))

(c + x) -05�!�1&7.CV2.!= "<�'�%�4&$&% x = ϕ(y0) − c <= �2.1&#","%� "<�';$32.,"1&:�5¹1�-`6�� 9
Ê  "#9132 I 6��R*�!�1&%&!�4&#.�
,"#�63'&!= 9%&1� "!�$&4&$&!= "%&$&#",�2� "7p5�1&#`§¨%� "!+6�% Ø 2.)�$32.1�§K2
,J<�%&<= "!�5�!³¡ <:9 @"¤ G02.G

”
,"%&$� .-�2�6�7"1&:�!�132�6�#")�% “ 9 ° 1&%�#"G02��
:�,�2.�� J �2.GH#"!(§V!

,�6�%�'&1&%&!D132J<= "$32� "!�)�%&�µ%&)�$&#"G02¨,. "#"$&#")�#J-0$&#","1�'£Ô�G02.G�%�$&!
2�6�7"1&:�!D132�6�#	Á
)�%£Ô"/�#. `'>%¨1&!�,":�$32�§K2.�� "<�'¨,(,":�406�2� �2�/¨%&)�$&#"G�-J4&!�$&,"#")�#(-0$&#","1�' 90� A= "#"�
<�,.'��
%�!�<= "!�<= ","!�1&1&#¦#`§¨%H*�2� "7�Ô��� "#�%&)�$&#"G�4&!�$&,"#")�#�-0$&#","1�' I -
*�!= �<= "$&!+Á
5�%� "7"<�'�,": I %&$32� "79<�,"#"��<= "$32� "!�)�%&�m �2.G&%&5�# I $32��
#"5�Ô��� "# I :¹5�1&#`§¨%� "!+6�7
Ø 2.)�$32.1�§K2 µ1

,V<�%&<= "!�5�!¨¡ <:9 @"¤ I :�6�$32.,"!�191�-`6�� 93� $&%9A= "#"5�#")�$32.1&%&�&!�1&%&!
y 6 y0

�(2.G� "%&�&!�<�G&%�4&!�$&!�<= �2.!= p$32 I #. �2� "7 9²� A= "#"5¦6�!�)�GH#>- I !�*�%� "7"<�'£Ô� �2.G
G02.G du(x,ỹ(x))

dx
= y0 > 0 4&$&% x < ϕ(y0) − c

9R� %&4&%&�&1&#"�¦,"%H*��B-01&G&�&%&%
,":�%&)�$&:�CV2 u(x, ỹ(x)) 4&$&!�*�<= �2.,�6�!�1�132V$&%&< 9¢@79?�2.�H*�!�5 xopt ± #"4� "%&5�2�6�7"1�-0�à<= "$32� "!�)�%&�·%&)�$&#"G02T4&!�$&,"#")�#�-0$&#","1�' 90 63'yA= "#")�#�1�-H§¨1&#³132.�� "% 5�2.GH<�%&58-05«�B-01&G&�&%&% u(x, ỹ(x)) 9~� 2.G�G02.G 4&$&%
x < ϕ(y0) − c �B-01&G&�&%�' u(x, ỹ(x)) = u(x, y0) = xy0

,"#.�
$32.<= �2.!= áÔ82³4&$&%
x > ϕ(0) − c �
132`�&!�1&%&! u(x, ỹ(x)) ≡ 0 Ô0*�#"<= �2� "#"�&1&#>$32.<�<�5�#. "$&!= "7>�`2`*�2`��-5�2.GH<�%&5�%��`2.�&%&% u(x, ỹ(x)) 132V#. "$&!=�
GH! [ϕ(y0) − c, ϕ(0) − c] È

u(xopt, ỹ(xopt)) = max
ϕ(y0)−c6x6ϕ(0)−c

u(x, ỹ(x)). ¡ <:9 Î ¤

?�2.�H*�!�5¦4&$&#"%��
,"#�*�1�-0� du(x,ỹ(x))
dx

= d
dx

(xϕ−1(c + x)) %p�`2.4&%�C�!�5�1&!�# I Á/�#�*�%&5�:�!(-"<+6�#","%�' 2 -0132áÁ � 2.GH!�$32:È



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ <=<

du(x, ỹ(x))

dx
= ϕ−1(c+ x) +

x

ϕ′(ϕ−1(c+ x))
, ¡ <:9 4"¤



























− ϕ−1(c+ x) −
x

ϕ′(ϕ−1(c+ x))
− λ1 + λ2 = 0,

λ1(x− (ϕ(y0) − c)) = 0,

λ2(x− (ϕ(0) − c)) = 0,

λ1 > 0, λ2 > 0.

¡ <:9 g�¤

� 2.4&%�C�!�5T,":�$32�§V!�1&%&!�*363' d2(−u)
dx2

132V#. "$&!=�
GH! [ϕ(y0) − c, ϕ(0) − c] È

d2(−u)

dx2
=

−1

(ϕ′(y))3
(2[ϕ′(y)]2 − (ϕ(y) − c)ϕ′′(y))

∣

∣

y=ϕ−1(c+x).
¡ <:9áÃ"¤

/ <+6�#","%�'É¡ @79 <�¤ )+2.$32.1� "%&$�-0�� ©4&#�6�#`§¨%� "!+6�7"1&#"<= "7 d2(−u)
dx2

%£Ô�<+6�!�*�#",�2áÁ
 "!+6�7"1&#�Ô�<= "$&#")=-0�T,":�4�-0G06�#"<= "7 −u(x, ỹ(x)) 132�#. "$&!=�
GH! [ϕ(y0)−c, ϕ(0)−c]

9
Ó 2.GH<�%&58-05�132�6�!�,"#"�J)�$32.1&%&�&!�#. "$&!=�
G02B*�#"<= "%&)+2.!= "<�'94&$&% λ1 > 0 Ô λ2 =

0
9�� A= "#"5¦<+63-0�32.! xopt = ϕ(y0) − c

9�� :�$32�§K2�' λ1
%��D4&!�$&,"#")�#K-0$32.,"1&!�1&%�'

<�%&<= "!�5�:Ù¡ <:9 g�¤ %¨-0�&%� ":�,�2�'9�
132.G ϕ′(y) Ô04&#�63-0�32.!�5 *�#"<= �2� "#"�&1&:�!B-"<+6�#","%�'5�2.GH<�%&58-05�2J132D6�!�,"#"�p)�$32.1&%&�&!

ϕ(y0) + y0ϕ
′(y0) > c. ¡ <:9 ;�¤

â 132�6�#")�%&�&1&:�!�$32.<�<=-H§V*�!�1&%�'�*363'�<+63-0�32�' λ2 > 0 Ô λ1 = 0 4&#"G02��
:�,�2.�� áÔ�� "#(4&$&% ϕ(0) < c ỹ(x) ≡ 0 % xopt ± 6�� I #"! 9�� #"<= �2�6�7"1&:�/J<+63-0�32�'0/K1�-H§¨1&#
$&!=C�%� "7J4&!�$&,"#"!�-0$32.,"1&!�1&%&!B<�%&<= "!�5�:m¡ <:9 g�¤ 4&$&% λ1 = λ2 = 0 %>-0�&!�<= "7V "#. �(2.G� áÔ3�� "# ϕ(y) = x+ c

93� #")]*�2(*363' xopt 4&#�63-0�32.!�5�-0$32.,"1&!�1&%�'
{

ϕ(y∗) + y∗ϕ′(y∗) = c,

xopt = ϕ(y∗) − c.

¡ <:9 8�¤
� 2.G&%&5�# I $32��
#"5�Ô xopt = ϕ(y0) − c Ô�!�<+6�%T,":�4&#�6�1&!�1&#y-"<+6�#","%&!�¡ <:9 ;�¤+9ã <+6�% ϕ(y0) 6 c Ô� "# xopt = 0

9�� #"<= �2�6�7"1&:�/�<+63-0�32�'0/ xopt 132�/�#�*�%� "<�'
%��y-0$32.,"1&!�1&%&�Ù¡ <:9 8�¤+9 ?�2.�H*�!�1&1&#"!��
132`�&!�1&%&! xopt 4&#.�
,"#�63'&!= ¦,":��&%&<+6�%� "7
#. "G06�%&G©%&)�$&#"G02�,. "#"$&#")�#;-0$&#","1�' ỹ(xopt) Ô�2� �2.G�§V!@�
132`�&!�1&%�'��B-01&G&�&%&�,":�%&)�$&:�CV2 uopt = u(xopt, ỹ(xopt)) % vopt = v(xopt, ỹ(xopt))

9
0 63'V5�#�*�!+6�7"1&#"�V�B-01&G&�&%&%�¡ 6=9 @"¤ 4&!�$&,"#"!�-0$32.,"1&!�1&%&!Å<�%&<= "!�5�:ª¡ <:9 8�¤ ,":tÁ

)P63'H*�%� >#"<�# I !�1&1&#K4&$&#"<= "#�È



< Î hjilkmi8npo�qro3sbtHuwv�xyilz>i8{�o3sr|~}��ro�u

e−ξ(1 − ξ) = c̃, ¡ <:9B6`×�¤
)]*�! ξ = qy % c̃ = c/(qR)

9
ä i�ÝpÞ.qrÐ

2 × 1
� !�4&!�$&7�$32.<�<�5�#. "$&%&5y%&)�$�-=Ô",BGH#. "#"$&#"��-0�32.<= ",.-0�� �*�,�2�%&)�$&#"G02�4&!�$&,"#")�#

-0$&#","1�'@%@#�*�%&1�%&)�$&#"G@,. "#"$&#")�#>-0$&#","1�' 9~� �`2.,"%&<�%&5�#"<= "%y#. >-"<= �2.1&#",�6�!�17Á
1&:�/>132�6�#")�#",D$32��
$32 I #. "�&%&G95�#`§V!= D-0,"!+6�%&�&%� "7K%&1� "!�1&<�%&,"1&#"<= "7K$32��
$32 I #. 	Á
G&%y,9 "#"5©%06�% %&1&#"5�$&!�)�%&#"1&!ÆÔ~ "!�5«<
2.5�:�5©4&!�$&!�$32.<�4&$&!�*�!+63'�'�132�6�#")�#",":�!
,":�406�2� ": 98� 2.G&%&5«# I $32��
#"5�Ôw%&)�$&#"G&%�4&!�$&,"#")�#�-0$&#","1�'�132`�&%&132.�� @,�6�%�'� "7
*�$�-0)(132(*�$�-0)+2J�&!�$&!=�D#"4� "%&5�2�6�7"1&:���#. "G06�%&G�%&)�$&#"G02K,. "#"$&#")�#K-0$&#","1�' 9
ä i � iRåKærÀ&�rÂBÐ�sbç��r½Kè�o�À&¾wsb�r¾¦�rÞ.qro�¾²Ð u�À&o�qro�Þ.oy|~qro�u��wé
° 4� "%&5�2�6�7"1&:��¨#. "G06�%&GJ$32��
$32 I #. "�&%&G02 ˜Õ (x1,x2)=(ỹ1(x1,x2), ỹ2(x1,x2))'&,�63'&!= "<�'³$&!=C�!�1&%&!�5T<+6�!�*�-0����!���#"4� "%&5�%��`2.�&%&#"1&1&#"�9�`2`*�2`�&%9,� "$&!=-0)�#�6�7	Á

1&#"�p# I 6�2.<= "% Y = {y1, y2 : y1 > 0, y2 > 0, y1 + y2 6 y0}
È

v(x1, x2, ỹ1(x1, x2), ỹ2(x1, x2)) = max
(y1,y2)∈Y

v(x1, x2, y1, y2).
¡ºÎ 9B6�¤

2 2.G�%�$32.1&!�!ÆÔ I -
*�!�5�$&!=CV2� "7�#"4� "%&5�%��`2.�&%&#"1&1�-0�Ù�`2`*�2`��-�¡ºÎ 9B6�¤ 5�!= "#	Á
*�#"5 2 -0132áÁ � 2.GH!�$32 9 � 2.4&%�C�!�5T1&!�# I /�#�*�%&5�:�!(-"<+6�#","%�'pA�GH<= "$&!�58-05�2











































− ϕ1(y1) + c1 + x1 − λ1 + λ0 = 0,

− ϕ2(y2) + c2 + x2 − λ2 + λ0 = 0,

λ1y1 = 0,

λ2y2 = 0,

λ0(y1 + y2 − y0) = 0,

λi > 0, i = 0, 1, 2.

¡ºÎ 9 @"¤

?B!= "$�-
*�1&#J4&$&#","!�$&%� "7�Ô3�� "#K5�2� "$&%&�32K,. "#"$&:�/³4&$&#"%��
,"#�*�1&:�/p�B-01&G&�&%&%
−v(x1, x2, y1, y2)

¡º4&$&%T��%&GH<�%&$&#",�2.1&1&:�/ x1
% x2

¤ 4&#�6�#`§¨%� "!+6�7"1&#�#"4&$&!+Á
*�!+6�!�132J*363'p6�� I :�/ y1, y2

9�� #"A= "#"58-�1&!�# I /�#�*�%&5�:�!�-"<+6�#","%�'@A�GH<= "$&!�58-05�2
'&,�63'&�� "<�'�%>*�#"<= �2� "#"�&1&:�5�%�-"<+6�#","%�'&5�%p5�2.GH<�%&58-05�2 v(x1, x2, y1, y2)

9
Ì 2.<�<�5�#. "$&%&5�,"<�!�,"#.�
5�#`§¨1&:�!ÅGH#"5 I %&132.�&%&%¨1&!�1�-`6�!�,":�/¨%¨1�-`6�!�,":�/JGH#	Á

A�����%&�&%&!�1� "#", Ø 2.)�$32.1�§K2 λi
Ô i = 0, 1, 2

9 ?B!�1�-`6�!�,"#"!��
132`�&!�1&%&!�GH#"A�����%&�&%7Á
!�1� �2 Ø 2.)�$32.1�§K2�#.�
132`�32.!= �*�#"<= "%�§V!�1&%&!�5�2.GH<�%&58-05�2�132�<�#"#. ","!= "<= ",.-0����!��
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Ì %&<=-01&#"G <:9 ° I 6�2.<= "7V%��
5�!�1&!�1&%�' y1% y2
%9/H2.$32.G� "!�$&1&:�!D-0�32.<= "G&%�!�!

)�$32.1&%&�&:

Ì %&<=-01&#"G�Î 93Ì 2�� I %&!�1&%&!D406�#"<�GH#"<= "%
(x1, x2)

%p# I 6�2.<= "7J,�6�%�'&1&%�'
%&)�$&#"GH#",J4&!�$&,"#")�#K-0$&#","1�'

�32.<= "%9)�$32.1&%&�&:�# I 6�2.<= "% Y 9 ?�2($&%&< 9:< 4&#"G02��`2.132(# I 6�2.<= "7 Y %¨�`2.1�-05�!�$&#	Á
,�2.1&:�/H2.$32.G� "!�$&1&:�!D-0�32.<= "G&%�)�$32.1&%&�&: 9
� $&% λ0 = 0 #")�$32.1&%&�&!�1&%&! y1 + y2 6 y0

1&!
2.G� "%&,"1&#¦¡º#"1&#�,":�4&#�6�1�'7Á
!= "<�'�<�#��
132.GH#"5Ù¶ < ¸ ¤ Ô y1

% y2
,": I %&$32.�� "<�'�1&!=�`2.,"%&<�%&5�#@% 5�#")=-H I :� "7

132.�H*�!�1&:«4&#J��#"$&58-`6�2.5�$32��+*�!+6�2 <:9
� 132`�&!�1&%&! λ0 6= 0 <�#"#. ","!= "<= ",.-"!= y<+63-0�32.��ÔwGH#")]*�2�%&)�$&#"G&%�¶�-04&%&$32.�� 	Á

<�'²¸ ,y#")�$32.1&%&�&!�1&%&! y1 + y2 = y0
¡¥-0�32.<= "G&%¦)�$32.1&%&�&: 6 Ô @ Ô < 132�$&%&< 9t<�¤+9

Ó 2.GH<�%&58-05�5�#`§V!= B*�#"<= "%&)+2� "7"<�'9G02.GJ,"#(,"1�-H "$&!�1&1&%0/¨ "#"�&G02�/J#. "$&!=�
G02 6 Á < Ô
 �2.G�%p,KG&$32.�&1&%0/³ "#"�&G02�/ 9�Ì 2.<�<�5�#. "$&%&5¦A= "%�<+63-0�32.%�#. �*�!+6�7"1&# 9
ã <+6�% #�*�1&#p%�� λi

Ô~132.4&$&%&5�!�$£Ô λ1 6= 0 Ô² "# y1 = 0 Ô y2 = y0
¡¥ "#"�&G02 6�¤+9

?B!�# I /�#�*�%&5�:�5«%�*�#"<= �2� "#"�&1&:�5«-"<+6�#","%&!�5�*363'�*�#"<= "%�§V!�1&%�'y5�2.GH<�%&58-05�2
,K "#"�&GH! (0, y0)

'&,�63'&!= "<�'�4&#�6�#`§¨%� "!+6�7"1&#"<= "7¨GH#"A�����%&�&%&!�1� "#", Ø 2.)�$32.1�§K2
λ1
% λ0

{

λ0 = ϕ2(y0) − (c2 + x2) > 0,

λ1 = λ0 − ϕ1(0) + (c1 + x1) > 0.

¡ºÎ 9 <�¤

ã <+6�%@§V! λ1 = λ2 = 0 ¡º5�2.GH<�%&58-05�,"#9,"1�-H "$&!�1&1&%0/� "#"�&G02�/�#. "$&!=�
G02 ¤ Ô "#
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λ0 = ϕ1(y1) − (c1 + x1) > 0,

λ0 = ϕ2(y2) − (c2 + x2) > 0,

y1 + y2 = y0.

¡ºÎ 9 Î ¤

0 63'V132�/�#`§V*�!�1&%�'K#"4� "%&5�2�6�7"1&#")�#�#. "G06�%&G02 (ỹ1, ỹ2)
1�-H§¨1&#B$&!=C�%� "7(#. 	Á

1&#"<�%� "!+6�7"1&# y <+6�!�*�-0����!�!(-0$32.,"1&!�1&%&!

ϕ1(y0 − y) − c1 − x1 − ϕ2(y) + c2 + x2 = 0, ¡ºÎ 9 4"¤
)]*�! y ± #"4� "%&5�2�6�7"1&:��©#. "G06�%&G ỹ2

9 � 2.5�!= "%&5�Ô��� "#�$&!=C�!�1&%&! y �`2.,"%&<�%�  "#�6�7"GH#¨#. J$32��
1&#"<= "% x2 − x1

y = ψ(x2 − x1).
¡ºÎ 9 g�¤

Ì 2.<�<�5�#. "$&!�1&1&:�!K,":�C�!B*�#"<= �2� "#"�&1&:�!V-"<+6�#","%�'�5�2.GH<�%&58-05�2>132J)�$32.1&%7Á
�&!V# I 6�2.<= "% Y �`2.,"%&<�'� p#. x1

% x2
9²� $&%�$32��=6�%&�&1&:�/��
132`�&!�1&%�'0/ x1

% x25�2.GH<�%&58-05�*�#"<= "%&)+2.!= "<�'�,³$32��=6�%&�&1&:�/y "#"�&G02�/� "$&!=-0)�#�6�7"1&#"� # I 6�2.<= "% Y 9
� 132`�&!�1&%�'�5�1&#`§¨%� "!+6�!�� Ø 2.)�$32.1�§K2  �2.G�§V!@�`2.,"%&<�'� �#. x1

% x2
9�� #�6�2áÁ

)+2�'¨$32.,"1&:�5�%>1�-`6���4&#"#"�&!�$&!�*�1&#�,"<�!�5�1&#`§¨%� "!+6�% Ø 2.)�$32.1�§K2:Ô�5�:�132.�H*�!�5
1&!�GH#. "#"$&#"!K$32�� I %&!�1&%&!K406�#"<�GH#"<= "% (x1, x2)

9~� G02�§V*�#"�@%��K4&#�63-0�&%&,.C�%0/�<�'
# I 6�2.<= "!�� (ỹ1, ỹ2)

%&5�!��� �$32��=6�%&�&1&:�!�2.132�6�%� "%&�&!�<�G&%&!�,":�$32�§V!�1&%�' 9 Ê  "#
$32�� I %&!�1&%&!�4&#"G02��`2.1&#D132($&%&< 9 Î 9�2 $&#"5�!Å "#")�#�ÔH132(A= "#"5�$&%&<=-01&GH!�4&#"G02��`2.1&:
¶�# I $32��
:B¸V/H2.$32.G� "!�$&1&:�/�-0�32.<= "GH#",¨)�$32.1&%&�&:«# I 6�2.<= "% Y 9
?�2VG&$&%&,"#"� BD GH#"A�����%&�&%&!�1� Ø 2.)�$32.1�§K2 λ0

Ô&$32.,"1&:��

λ0 = ϕ2(ψ(x2 − x1)) − (c2 + x2),
¡ºÎ 9áÃ"¤

4&$&%&1&%&5�2.!= �1�-`6�!�,"#"!R�
132`�&!�1&%&! 9 °  "<��R*�2�5�#`§¨1&#�132.�� "%�-0$32.,"1&!�1&%&!�G&$&%&,"#"�
BD

9 ° *�132.GH#(!�)�#(5�#`§¨1&#�132.�� "%¨%J4&$&#.��!ÆÔ�!�<+6�%J�`2.5�!= "%� "7�Ô0�� "#(132�G&$&%&,"#"�
BD #"4� "%&5�2�6�7"1&:�!�#. "G06�%&G&%£Ô"4&#"<��&%� �2.1&1&:�!�4&#���#"$&58-`6�2.5@# I 6�2.<= "% BCD Ô
<�#"<= �2.,�63'&�� �,9<=-05�5�! y0

¡º#")�$32.1&%&�&!�1&%&!K132`�&%&132.!= p$32 I #. �2� "7 ¤+9²� #")]*�2K*363'
G&$&%&,"#"� BD 5�#`§¨1&#V�`2.4&%&<
2� "7J-0$32.,"1&!�1&%&!

ϕ−1
1 (c1 + x1) + ϕ−1

2 (c2 + x2) = y0.
¡ºÎ 9 ;�¤

0 63'³5�#�*�!+6�7"1&:�/p�B-01&G&�&%&��¡ 6=9 @"¤ A= "#K-0$32.,"1&!�1&%&!��`2`*�2.!= ¨)�%&4&!�$ I #�63-
c1 + x1

q1R1

(

c2 + x2

q2R2

)q1/q2

= e−q1y0 . ¡ºÎ 9 8�¤
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° I $32� "%&5�<�'yG@-"<+6�#","%�'&5m¡ºÎ 9 Î ¤+9~ê $32.1&%&�329# I 6�2.<= "!�� 6 % < Ô²,9GH#. "#"$&:�/
5�2.GH<�%&58-05;*�#"<= "%&)+2.!= "<�'�,V "#"�&G02�/ (0, y0)

%06�% (y0, 0) Ô&<�#"#. ","!= "<= ",.-"!= 9<+63-§Á�32.� λ1 = 0 %06�% λ2 = 0 Ô3<�#"#. ","!= "<= ","!�1&#�Ô�2 λ0 > 0
9 ?�2.4&$&%&5�!�$£Ô

{

λ0 = ϕ2(y0) − (c2 + x2) > 0,

λ1 = λ0 − ϕ1(0) + (c1 + x1) = 0.

¡ºÎ 9B6`×�¤
� 2.G&%&5�# I $32��
#"5�Ô&)�$32.1&%&�32.5�%pA= "%0/�# I 6�2.<= "!��³'&,�63'&�� "<�'�4&$�'&5�:�!

AB : x2 = x1 + ϕ2(0) − ϕ1(y0) + c1 − c2,

ED : x2 = x1 + ϕ2(y0) − ϕ1(0) + c1 − c2.

¡ºÎ 9B6=6�¤
Ë G02�§V!�5T!=��!(432.$�-9<+6�#",K#J$32�� I %&!�1&%&%p132K$&%&< 9 Î 9

ë �`ì��=�0�.í3î�� Î 9B6Hï�� $&% xi > ϕi(0) − ci
$32��
$32 I #. "G02T, i Á´#"5È$&!�)�%&#"1&! 1&!

,"!�*�!= "<�'£ÔÅ4&#"A= "#"58-�5�#`§¨1&#�#")�$32.1&%&�&%� "7�5�1&#`§V!�<= ",�2;<= "$32� "!�)�%&�«%&)�$&#"GH#",
4&!�$&,"#")�#K-0$&#","1�'>*�#KG&,�2`*�$32� �2 [0, ϕ1(0) − c1] × [0, ϕ2(0) − c2]

9
ë �`ì��=�0�.í3î�� Î 9 @&ï ° )�$32.1&%&�&!�1&%&! y0

2.G� "%&,"1&#( "#�6�7"GH#D4&#�*9G&$&%&,"#"� BD 9 ?�2`*
A= "#"�@G&$&%&,"#"��#"4� "%&5�2�6�7"1&:�!�#. "G06�%&G&%�%&5�!��� > �2.GH#"��§V!(,"%H*�Ô�G02.G�%�,¨%&)+Á
$&! 1 × 1 ¡¥ 9 ! 9 %&1� "!�1&<�%&,"1&#"<= "7�$32��
$32 I #. "G&%�,@G02�§V*�#"5F$&!�)�%&#"1&!9�`2.,"%&<�%�  "#�6�7"GH#�#. �132�6�#")+2:Ô�-"<= �2.1&#",�6�!�1&1&#")�#B,�*�2.1&1&#"5@$&!�)�%&#"1&! ¤+9.� #"A= "#"58-(%&)�$&#"G&%
4&!�$&,"#")�#J-0$&#","1�'p#"G02��
:�,�2.�� ¨,�6�%�'&1&%&!�*�$�-0)(132D*�$�-0)+2K "#�6�7"GH#¨,K# I 6�2.<= "%£Ô
6�!=§K2���!���1&%�§V!�G&$&%&,"#"� BD 9

ä i Ï i8ð�Ð&u��ro�u�t0Á"�rt�æro�ñpò�ó�|;ÂBt�ôy�8|��rÞ.qro�¾²Ð&ÂB��ærtHqru�o�Þ.o |~qro�u��wé
� !�4&!�$&7�Ô�GH#")]*�2>132.�H*�!�1@#"4� "%&5�2�6�7"1&:��@#. "G06�%&G@%&)�$&#"G02>,. "#"$&#")�#>-0$&#",	Á

1�'£Ô�5�#`§¨1&#�4&#"<= "$&#"%� "7��B-01&G&�&%&%�,":�%&)�$&:�CV2;%&)�$&#"GH#",;4&!�$&,"#")�#�-0$&#","1�'
u1(x1, x2) = x1ỹ1(x1, x2)

% u2(x1, x2) = x2ỹ2(x1, x2)
9 ° 1&%y4&#"G02��`2.1&:µ132

$&%&< 916=6=9~Æ <�<+6�!�*�-"!�5ª%0/�132³,":�4�-0G06�#"<= "7 9bÆ 5�!�!= �5�!�<= "#p<+6�!�*�-0���V2�'  "!�#	Á
$&!�5�2 9
õ�tHo�qrtHÂBÐ ä i � i�ö(÷H�=øVù9�Kî�úüû��

G
�(ý�÷�í3þ�ÿ3î��0ìBî�����î�úüû����V�����0ï �
	Kî����0ï
��	

��������
�í��=í3�¦÷H��
�����î������0ï���	Kî����0ï���	"ï��3��ú����>ý�÷�í3þ�ÿ3î3î@����î�úüû����V�
u1(x1, x2) = x1ỹ1(x1,x2)

î
u2(x1, x2) = x2ỹ2(x1,x2)

�����3÷�þ�
��É�.�.�´û��©�
����
��"�=øVî

OABCDE
���

x1
î
x2 �

�����`øK�.�=øK�=øK�.�=í3í���ï

�³�`þ��! ��.øK��
�ùH�=øK�.��ï�� $&#","!�*�!�5�*�#"G02��`2� "!+6�7"<= ","#K*363'p�B-01&G&�&%&% u2(x1, x2)
9
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Ì 2.<�<�5�#. "$&%&5©<�132`�32�6�29# I 6�2.<= "7 OABDE 9 � 2.4&%�C�!�5©,":�$32�§V!�1&%&!(*363'
4&$&#"%��
,"#�*�1&#"� ∂u2

∂x2

,"1�-H "$&% OABDE 9H� A= "#"�¨# I 6�2.<= "%>#")�$32.1&%&�&!�1&%&! y0
2.G7Á

 "%&,"1&#�Ô�#"4� "%&5�2�6�7"1&:���#. "G06�%&Gp132�/�#�*�%� "<�'�%���-"<+6�#","%&��¡ºÎ 9 Î ¤ È
∂u2

∂x2

= ψ(x2 − x1) + x2ψ
′(x2 − x1),

¡ºÎ 9B6á@"¤
)]*�! ψ ± $&!=C�!�1&%&!>¡ºÎ 9 4"¤+9?�2.�H*�!�5 ∂2u2

∂x2

2

,"1�-H "$&%�# I 6�2.<= "% OABDE 9
∂2u2

∂x2
2

= ψ′

[

2 − x2
ϕ′′

2(ψ) − ϕ′′

1(y0 − ψ)

(ϕ′

1(y0 − ψ) + ϕ′

2(ψ))2

]

. ¡ºÎ 9B6�<�¤
� 2.G9G02.G ψ′(x) < 0 Ô& "$&! I -"!= "<�'�4&$&#","!�$&%� "7¨,":�4&#�6�1&!�1&%&!(1&!�$32.,"!�1&<= ",�2

2(ϕ′

1(y0 − ψ) + ϕ′

2(ψ))2 − x2(ϕ
′′

2(ψ) − ϕ′′

1(y0 − ψ)) > 0. ¡ºÎ 9B6 Î ¤
?B!�$32.,"!�1&<= ","#�¡ºÎ 9B6 Î ¤ <+6�!�*�-"!= y%��¨-"<+6�#","%&��¡ @79 <�¤ %�¡ºÎ 9 Î ¤ % -0$32.,"1&!�1&%&�

¡ºÎ 9 4"¤ Ô
,�A= "#"5�1&!�<+6�#`§¨1&#�- I !�*�%� "7"<�'£Ô`4&!�$&!�)�$�-04&4&%&$&#",�2.,�<+6�2.)+2.!�5�:�!�,D¡ºÎ 9B6 Î ¤+9
Ó : 4&#"G02��`2�6�%£Ô��� "#�,�# I 6�2.<= "% OABDE 4&$&#"%��
,"#�*�132�' ∂u2

∂x2

< 0 %
u2(x1, x2)

<= "$&#")�#�,":�4�-0G06�2;,","!�$"/ 9�Ë  "$&#")+2�'�,":�4�-0G06�#"<= "7�,","!�$"/��B-01&G7Á
�&%&% u2(x1, x2)

,³# I 6�2.<= "% BCD *�#"G02��`2.1329,9$32��+*�!+6�! < ¡º,³A= "#"��# I 6�2.<= "%
#"1329<�#","432`*�2.!= ³<V�B-01&G&�&%&!�� ,":�%&)�$&:�CV2³%&)�$&: 1 × 1

¤+9�0 2�6�!�!ÆÔ²1&!�4&#"<�$&!�*ÖÁ
<= ","!�1&1&#"��4&$&#","!�$&GH#"��5�#`§¨1&#V- I !�*�%� "7"<�'�,V "#"5�Ô3�� "#

∂u2

∂x2

∣

∣

∣

∣

BD−0

>
∂u2

∂x2

∣

∣

∣

∣

BD+0

. ¡ºÎ 9B6á4"¤
Æ �(,"<�!�)�#¨,":�C�!�<�G02��`2.1&1&#")�#><+6�!�*�-"!= áÔ��� "# u2(x1, x2)

,":�4�-0G06�2J,","!�$"/p,
# I 6�2.<= "% OABCDE 9�� !�#"$&!�5�2D*�#"G02��`2.132 9
� $&%&<= .-04&%&5ÙGT4&#"%&<�G�-�$32.,"1&#","!�<�%�'T4&#�?BA=CD- 9�� #"G02�§V!�5�Ô��� "#y "#"�&G02

$32.,"1&#","!�<�%�'�1&!D5�#`§V!= J6�!=§K2� "7>,"1&!D# I 6�2.<= "% OABCDE 9�� #�Ô3�� "#9#"132J1&!
5�#`§V!= V6�!=§K2� "7K,"1&!BG&,�2`*�$32� �2 [0, ϕ1(0)− c1]× [0, ϕ2(0)− c2]

Ô&<+6�!�*�-"!= >%��
�`2.5�!��32.1&%�'�Î 9 @79 ° <= �2.!= "<�' 4&#"G02��`2� "7�Ô²�� "#³$32.,"1&#","!�<�1&:�/@ "#"�&!�G�1&!= p1&%�§V!
4&$�'&5�#"� ED %³,":�C�!(4&$�'&5�#"� AB 9

0 !��&<= ","%� "!+6�7"1&#�Ô34�-"<= "7K1&%�§V!�4&$�'&5�#"� ED !�<= "7K$32.,"1&#","!�<�%&!�4&#K?BA=CD-
(xn

1 , x
n
2 )

9&� #")]*�2(*�#�63§¨1&#K,":�4&#�6�1�'� "7"<�'
{

u1(x
n
1 , x

n
2 ) > u1(x1, x

n
2 ) ∀x1,

u2(x
n
1 , x

n
2 ) > u2(x

n
1 , x2) ∀x2.

¡ºÎ 9B6`g�¤



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ <=8

?B#Ù,ÉA= "#"��# I 6�2.<= "%�#"4� "%&5�2�6�7"1&:���#. "G06�%&G�$32��
$32 I #. "�&%&G02É$32.,"!�1
ỹ2(x1, x2) = y0

Ô3%³4&$&#"%��
,"#�*�132�'
∂u2(x1, x2)

∂x2
= y0 > 0, ¡ºÎ 9B6�Ã"¤

�� "#¨4&$&#. "%&,"#"$&!��&%� J-"<+6�#","%�'&5¹¡ºÎ 9B6`g�¤+9
Æ  �2.G£Ô�5�:«4&#"G02��`2�6�%£Ô��� "#¨!�<+6�%�$32.,"1&#","!�<�%&!D4&#¨?BA=CD-p<=-H��!�<= ",.-"!= áÔ~ "#

#"1&#�132�/�#�*�%� "<�';,�# I 6�2.<= "% OABCDE 9r� :�4�-0G06�#"<= "7�A= "#"��# I 6�2.<= "%�#"�&!+Á
,"%H*�132:Ô²,":�4�-0G06�#"<= "7�,","!�$"/@�B-01&G&�&%&� u1(x1, x2)

% u2(x1, x2)
!�<= "7³-H ","!�$7Á

§V*�!�1&%&!p "!�#"$&!�5�:ÄÎ 9B6=9�� #y "!�#"$&!�5�!@?BA=CV2y$32.,"1&#","!�<�%&!�,y%&)�$&! G <=-H��!+Á
<= ",.-"!= 9
� $&%�$32��=6�%&�&1&:�/��
132`�&!�1&%�'0/�432.$32.5�!= "$&#",>�`2`*�2`�&%�$32.,"1&#","!�<�%&!�4&#9?BA+Á

CD-y5�#`§V!= p6�!=§K2� "7�G02.G ,"1�-H "$&%�# I 6�2.<= "% OABDE Ô~ �2.G % 132p!�!J)�$32.1&%7Á
�32�/¢Ô�6�% I #9,># I 6�2.<= "% BCD 9²� !�$&,":���<+63-0�32.��4&#"G02��`2.1@132>$&%&< 9�479�� #"�&G02
(xopt

1 , xopt
2 ) '&,�63'&!= "<�'�$&!=C�!�1&%&!�5¦<+6�!�*�-0����!��@<�%&<= "!�5�: È















∂u1

∂x1
= y0 − ψ(x2 − x1) + x1ψ

′(x2 − x1) = 0,

∂u2

∂x2
= ψ(x2 − x1) + x2ψ

′(x2 − x1) = 0.

¡ºÎ 9B6�;�¤

Ì %&<=-01&#"G 4793Ì 2.,"1&#","!�<�%&!(4&#J?BA=CD-
,"1�-H "$&%�# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#¨<= "$32� "!�)�%&�

Ì %&<=-01&#"G g:93Ì 2.,"1&#","!�<�%&!(4&#J?BA=CD-
,"1�-H "$&%�# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#>,":�%&)�$&:�C�!��



Î × hjilkmi8npo�qro3sbtHuwv�xyilz>i8{�o3sr|~}��ro�u

Ì %&<=-01&#"G Ã79�Ì 2.,"1&#","!�<�%&!�4&#¨?BA=CD-
132K)�$32.1&%&�&!(# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#¨<= "$32� "!�)�%&�

Ì %&<=-01&#"G ;:9�Ì 2.,"1&#","!�<�%&!�4&#¨?BA=CD-
132K)�$32.1&%&�&!(# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#>,":�%&)�$&:�C�!��

� !�$&!+/�#�*�'�G;1&#",":�5¹4&!�$&!�5�!�1&1&:�5 ξ = x1 + x2
Ô η = x2 − x1

Ôb4&#"<+6�!
1&!�<+6�#`§¨1&:�/p4&$&!�# I $32��
#",�2.1&%&�p4&#�63-0�32.!�5¦<�%&<= "!�58-











ψ(η) +
η

2
ψ′(η) =

y0

2
,

ξ =
−y0

ψ′(η)
.

¡ºÎ 9B6�8�¤

Ì !=C�!�1&%&!><�%&<= "!�5�:�¡ºÎ 9B6�;�¤ (xopt
1 , xopt

2 ) *�!��&<= ","%� "!+6�7"1&# I -
*�!= �$32.,"1&#","!+Á<�%&!�5�4&#�?BA=CD-=Ô�!�<+6�%FA= �2� "#"�&G02�'&,�63'&!= "<�'F,"1�-H "$&!�1&1&!��� "#"�&GH#"�F# I 6�2áÁ
<= "% OABDE 9�� 2.GH#"!�$32.<�4&#�6�#`§V!�1&%&!�$32.,"1&#","!�<�%�'�4&$&#"%06&6���<= "$&%&$&#",�2.1&#�132
$&%&< 9�479�� $&%�4&#"5�#.��%@4&$&!�# I $32��
#",�2.1&%�' (x1, x2) → (u1(x1, x2), u2(x1, x2))5�#`§¨1&#K4&!�$&!��� "%�,K4&$&#"<= "$32.1&<= ","#>,":�%&)�$&:�C�!��£Ô�G02.Gp4&#"G02��`2.1&#K132K$&%&< 9�g:9
?�2.% I #�6�!�!�%&1� "!�$&!�<�1&:�5�'&,�63'&!= "<�'J<+63-0�32.�£ÔHGH#")]*�2($32.,"1&#","!�<�1&:�!Å4&#D?BA+Á

CD-� "#"�&G&%�132�/�#�*�'� "<�'�132�G&$&%&,"#"� BD 9�� A= "#"5�<+63-0�32.!�$32.,"1&#","!�<�1&:�5�'&,�63'7Á
!= "<�'¨�&!+6�:��¨#. "$&!=�
#"GJG&$&%&,"#"� BD 9�� 4&$&#"<= "$32.1&<= ","!�,":�%&)�$&:�C�!��>#"1K4&$&!�*ÖÁ
<= �2.,�63'&!= J<�# I #"�¨-0�32.<= "#"G9432.$&!= "#","<�GH#"�³)�$32.1&%&�&:�5�1&#`§V!�<= ",�2�,"#.�
5�#`§¨1&:�/
%&<P/�#�*�#", 9 Ê  "#¨4&#"G02��`2.1&#K132K$&%&< 9�Ã %³$&%&< 9";:9
ê $32.1&%&�&:«A= "#")�#¨#. "$&!=�
G02¨5�#`§¨1&#J132.�� "%�<+6�!�*�-0����%&5�# I $32��
#"5 93� #"�&G02

(x1, x2)
G&$&%&,"#"� BD '&,�63'&!= "<�'K$32.,"1&#","!�<�%&!�5@ "#")]*�2B%D "#�6�7"GH#B "#")]*�2:Ô.GH#")]*�2

6�!�,":�!�4&$&#"%��
,"#�*�1&:�!��B-01&G&�&%&�¨,":�%&)�$&:�CV2D,(A= "#"�J "#"�&GH!�4&#�6�#`§¨%� "!+6�7"1&: Ô



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ Î 6

Ì %&<=-01&#"G 8:93Ì 2.,"1&#","!�<�%&!(4&#J?BA=CD-
,"1&!�# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#¨<= "$32� "!�)�%&�

Ì %&<=-01&#"G 6`×:93Ì 2.,"1&#","!�<�%&!(4&#J?BA=CD-
,"1&!�# I 6�2.<= "%p,�6�%�'&1&%�'£Ô

4&$&#"<= "$32.1&<= ","#>,":�%&)�$&:�C�!��

2K4&$32.,":�!�#. "$&%&�32� "!+6�7"1&: 9



































































F1(x1)= ϕ−1
1 (c1+x1)+

x1

ϕ′

1(ϕ
−1
1 (c1 + x1)) + ϕ′

2(ϕ
−1
2 (c2+x2))

∣

∣

∣

∣

x2=x2(x1)

>0,

F2(x1)=ϕ−1
1 (c1 + x1)+

x1

ϕ′

1(ϕ
−1
1 (c1+x1))

<0,

F3(x1)= ϕ−1
2 (c2+x2)+

x2

ϕ′

1(ϕ
−1
1 (c1+x1)) + ϕ′

2(ϕ
−1
2 (c2+x2))

∣

∣

∣

∣

x2=x2(x1)

>0,

F4(x1)= ϕ−1
2 (c2 + x2)+

x2

ϕ′

2(ϕ
−1
2 (c2 + x2))

∣

∣

∣

∣

x2=x2(x1)

<0,

ϕ−1
1 (c1 + x1) + ϕ−1

2 (c2 + x2) = y0. ¡ºÎ 9 @.×�¤
° I #.�
132`�&%&5 t1, . . . , t4 GH#"$&1&%³-0$32.,"1&!�1&%&� F1 = 0, . . . , F4 = 0 Ô&<�#"#. ","!= 	Á<= ","!�1&1&# 9&� #"G02�§V!�5�Ô0�� "#�G02�§V*�2�'J%����B-01&G&�&%&� F1, . . . , F4

%&5�!�!= V1&! I #�6�!�!
#�*�1&#")�#;GH#"$&1�'�132�#. "$&!=�
GH! [ϕ1(y0) − c1, ϕ1(0) − c1]

Ô�<�#"#. ","!= "<= ",.-0����!�5
�32.<= "%�G&$&%&,"#"� BD Ô��`2.G06����&!�1&1&#"��5�!=§V*�-> "#"�&G02.5�% B % D 9
Ì 2.<�<�5�#. "$&%&5�Ô�132.4&$&%&5�!�$£Ô��B-01&G&�&%&� F3(x1)

9�Ë -0�&!= "#"5F¡ @79 <�¤ %�$32.,"!�17Á
<= ",�2 c1 + x1 = ϕ1(y1)

Ô&5�#`§¨1&#K4&#"G02��`2� "7�Ô3�� "#J4&$&#"%��
,"#�*�132�'
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dF3

dx1
< 0. ¡ºÎ 9 @76�¤

â 132�6�#")�%&�&1&:��($&!=��-`6�7` �2� �5�#`§V!= I :� "7Å4&#�63-0�&!�1�*363'�#"<= �2�6�7"1&:�/(�B-01&G7Á
�&%&� 9�Æ �D�
132.GH#"4&#"<= "#`'&1&<= ",�2>4&$&#"%��
,"#�*�1&#"�@<+6�!�*�-"!= ³!�*�%&1&<= ","!�1&1&#"<= "7³GH#"$7Á
1�'�G02�§V*�#")�#¨%��(-0$32.,"1&!�1&%&� F1 = 0, . . . , F4 = 0 ¡º#"1&%�5�#")=-H >%�1&!�6�!=§K2� "75�!=§V*�-> "#"�&G02.5�% [ϕ1(y0) − c1

% ϕ1(0) − c1]
¤+9

� #"�&G02 t2 ,"<�!�)]*�2�$32.<�4&#�6�#`§V!�132�6�!�,"!�!� "#"�&G&% t1 Ô.2Å "#"�&G02 t3 ± 6�!�,"!�!� "#"�7ÁG&% t4 9�� 2.G&%&5;# I $32��
#"5�Ô�#. "$&!=�
#"G£Ô3�&!+6�%&GH#"5T<�#"<= "#`'���%&�p%���$32.,"1&#","!�<�%&�³4&#
?BA=CD-�¡º5�:ª�`2.4&%�C�!�5�,":�$32�§V!�1&%�'� "#�6�7"GH#J*363'�GH#"#"$.*�%&132� x1

¤ Ô�'&,�63'&!= "<�'
4&!�$&!�<�!��&!�1&%&!�5�<+6�!�*�-0����%0/p "$&!+/�5�1&#`§V!�<= ",�È

[xl
1, x

r
1] = [ϕ1(y0) − c1, ϕ1(0) − c1] ∩ [t2, t1] ∩ [t3, t4].

¡ºÎ 9 @=@"¤
Ì 2.<�<�5�#. "$&%&5�Ô.132.GH#"1&!��£Ô�# I 6�2.<= "7 BCD 9�� 1&!���%&)�$&#"G&%�4&!�$&,"#")�#�-0$&#","1�'

1&!�#"G02��
:�,�2.�� D,�6�%�'&1&%�'V*�$�-0)�132�*�$�-0)+2:Ô0%J$32.,"1&#","!�<�1&:�!�<= "$32� "!�)�%&%9132�/�#	Á
*�'� "<�'p%��B-0$32.,"1&!�1&%&�9 "%&432p¡ <:9 8�¤+9&ã <+6�%³,":�4&#�6�1&!�1&#V-"<+6�#","%&! y∗1 + y∗2 < y0

Ô
 "#�132.�H*�!�1&132�'«432.$32 (x∗1, x

∗

2)
*�!��&<= ","%� "!+6�7"1&#�'&,�63'&!= "<�'ª$32.,"1&#","!�<�%&!�5¬%

$32.<�4&#�6�#`§V!�132@,"1�-H "$&%;# I 6�2.<= "% BCD 9 Ê  "#. �<+63-0�32.�;4&#"G02��`2.1;132�$&%&< 9¯8
%p$&%&< 9ò6`×:9
� $&#"%06&6���<= "$&%&$�-"!�5��`2.,"%&<�%&5�#"<= "79$32.,"1&#","!�<�%�'�4&#>?BA=CD-�#. 9432.$32.5�!= 	Á

$&#",��`2`*�2`�&% 9�� <+63-0�32.!ÆÔ8GH#")]*�2� "#"�&G&%;$32.,"1&#","!�<�%�'�4&#�?BA=CD- �`2.4&#�6�1�'&�� 
1&!�GH#. "#"$&:��9#. "$&!=�
#"G£Ô05�: I -
*�!�5�%��
# I $32�§K2� "7D,"!�<�7DA= "#. �#. "$&!=�
#"G 9 � 2.,"%&<�%7Á
5�#"<= "7�$32.,"1&#","!�<�%�'�#. �132`�32�6�7"1&#")�#�GH#�6�%&�&!�<= ",�2�$&!�<=-0$&<
2�¡º,�<�%&5�5�!= "$&%&�7Á
1&#"5T<+63-0�32.! ¤ 4&#"G02��`2.132V132K$&%&< 9ò6á@79
ë �`ì��=�0�.í3î�� Î 9 <3ï�� <+63-0�32.!ÆÔ�GH#")]*�2�5�1&#`§V!�<= ","#D$32.,"1&#","!�<�%&�K4&#D?BA=CD- ± #. 	Á
$&!=�
#"G£Ôb%&)�$&#"G&%�*�#�63§¨1&:¹*�#�132`�32�6�2�%&)�$&:F*�#")�#","#"$&%� "7"<�'£ÔrG02.GH#"!>%&5�!�1&1&#
$32.,"1&#","!�<�%&!J#"1&%y,": I !�$�-H 9bÌ 2.<�<�5�2� "$&%&,�2.!�5�:���#. "$&!=�
#"Gy'&,�63'&!= "<�'�,>*�2.17Á
1&#"5T<+63-0�32.!>¶�4&!�$&!�)�#","#"$&1&:�5¦5�1&#`§V!�<= ","#"5�¸ 9
ä i Ü i�npo�o�ærtHqrÐ&�r�wé¦�rÞ.qro�¾²o�u�ærtHqru�o�Þ.o�|~qro�u��wé
� <+63-0�32.!V<�)�#","#"$32>%&)�$&#"GH#",94&!�$&,"#")�#>-0$&#","1�'�¡º,9GH#"#"4&!�$32� "%&,"1&#"5�<+63-§Á

�32.! ¤ 5�:È-H§V!�%&5�!�!�5F*�!+6�#�1&!�<9*�,.-058'T1&!=�`2.,"%&<�%&5�:�5�%�%&)�$&#"G02.5�%¦4&!�$7Á
,"#")�#J-0$&#","1�'£Ô�2J<D#�*�1&%&5�%&)�$&#"GH#"5�Ô�<= "$32� "!�)�%&!���GH#. "#"$&#")�#>'&,�63'&!= "<�'�432.$32
(x1, x2)

9�ã )�#¨,":�%&)�$&:�CÈ<�G06�2`*�:�,�2.!= "<�'�%��D,":�%&)�$&:�C�!�� 6 Á´)�#K% @ Á´)�#K%&)�$&#	Á
GH#", 9 ° 1³$&!=CV2.!= ><+6�!�*�-0���D-0��#"4� "%&5�%��`2.�&%&#"1&1�-0�F�`2`*�2`��-"È



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ Î <

Ì %&<=-01&#"G 6=6=9�Ö -01&G&�&%&%�,":�%&)�$&:�CV2
%&)�$&#"GH#",J4&!�$&,"#")�#K-0$&#","1�'

Ì %&<=-01&#"G 6á@79 � 2.,"%&<�%&5�#"<= "7
$32.,"1&#","!�<�%�'p4&#J?BA=CD-³#. 
GH#�6�%&�&!�<= ",�2J$&!�<=-0$&<
2

u(xcoop
1 , xcoop

2 ) = max
x1,x2>0

u(x1, x2) = max
x1,x2>0

(u1(x1, x2)+u2(x1, x2)).
¡ºÎ 9 @Æ<�¤

� 2.5�!= "%&5�Ô&�� "#K5�2.GH<�%&58-05T,�¡ºÎ 9 @Æ<�¤ 1&!B5�#`§V!= D*�#"<= "%&)+2� "7"<�'�1&%�§V!BG&$&%7Á
,"#"� BD Ô� 9 G 9 %&)�$&#"G&%¹5�#")=-H �<�5�!�<= "%� "7©<�,"#"%ª<= "$32� "!�)�%&%�,�*�#�6�7�6�%&1&%&�
x1 − x2 = const *�#D6�%&1&%&% BD ÔH-0,"!+6�%&�&%&,�2�'³<�,"#"�>,":�%&)�$&:�C 9�� $&%> �2.GH#"5
<�#")P6�2.<�#",�2.1&1&#"5 -0,"!+6�%&�&!�1&%&%9132�6�#")�#",(#. "G06�%&G>$32��
$32 I #. "�&%&G02(%��
5�!�1�'� "7"<�'
1&! I -
*�!= áÔ�/�#. `'y!�)�#¨*�#
/�#�*�: I -
*�-H p432`*�2� "7 9 � 132`�&%� áÔ~5�2.GH<�%&58-05�*�#"<= "%&)+2áÁ
!= "<�'�,K# I 6�2.<= "% BCD 9
Ë  "$&#")+2�'�,":�4�-0G06�#"<= "7�,","!�$"/��B-01&G&�&%&% u ,�# I 6�2.<= "% BCD <+6�!�*�-"!= 

%��¨-"<+6�#","%�'�¡ @79 <�¤ ¡º<�5 9 $32��+*�!+6 <�¤+9r� #"G02�§V!�5�Ôw�� "#�# I 6�2.<= "7 BCD  �2.G�§V!
,":�4�-0G06�2 9 ?�2�G&$&%&,"#"� BD �`2.,"%&<�%&5�#"<= "7 x2 = γ(x1)

�`2`*�2.!= "<�'D-0$32.,"1&!�1&%&!�5
¡ºÎ 9 ;�¤+9�� #"G02�§V!�5�Ô&�� "#JG&$&%&,�2�' BD 6�!=§¨%� J,":�C�!(G02.<
2� "!+6�7"1&#"��G³1&!��£È

∂2γ

∂x2
1

=
ϕ′′

2(ϕ
−1
2 (c2+x2)) + ϕ′′

1(ϕ
−1
1 (c1+x1))

ϕ′

2
(ϕ−1

2
(c2+x2))

ϕ′

1
(ϕ−1

1
(c1+x1))

(ϕ′

1(ϕ
−1
1 (c1+x1)))2

∣

∣

∣

∣

∣

∣

x2=γ(x1)

> 0.

¡ºÎ 9 @ Î ¤
Æ ��,"<�!�)�#Å,":�C�!�<�G02��`2.1&1&#")�#�<+6�!�*�-"!= �<=-H��!�<= ","#",�2.1&%&!R%�!�*�%&1&<= ","!�1&1&#"<= "7

$&!=C�!�1&%�'@�`2`*�2`�&%�¡ºÎ 9 @Æ<�¤+9�� 2.G�G02.G u1 = 0 4&$&% x1 = ϕ1(0) − c1
Ô�2 u2 = 0
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4&$&% x2 = ϕ2(0)−c2
Ô�5�:;5�#`§V!�5�-0�&%� ":�,�2� "7� "#�6�7"GH#B#")�$32.1&%&�&!�1&%&!�G&$&%&,"#"�

BD %³4&!�$&!���#"$&58-`6�%&$&#",�2� "7J�`2`*�2`��-"È
{

− x1ϕ
−1
1 (c1 + x1) − x2ϕ

−1
2 (c2 + x2) → min,

f(x1, x2) = ϕ−1
1 (c1 + x1) + ϕ−1

1 (c2 + x2) 6 y0.

¡ºÎ 9 @=4"¤
� 2.4&%�C�!�5T1&!�# I /�#�*�%&5�:�!D%¨*�#"<= �2� "#"�&1&:�!D-"<+6�#","%�'p5�%&1&%&58-05�2:È







































ϕ−1
1 (c1 + x1) +

λ− x1

ϕ′

1(ϕ
−1
1 (c1 + x1))

= 0,

ϕ−1
2 (c2 + x2) +

λ− x2

ϕ′

2(ϕ
−1
2 (c2 + x2))

= 0,

λf(x1, x2) = 0,

λ > 0.

¡ºÎ 9 @.g�¤

� $&% λ 6= 0 5�%&1&%&58-05³*�#"<= "%&)+2.!= "<�'�132 BD %(132�/�#�*�%� "<�'�%���<+6�!�*�-0����%0/-"<+6�#","%&�£È






























ϕ−1
1 (c1 + x1)ϕ

′

1(ϕ
−1
1 (c1 + x1)) + x1 =

= ϕ−1
2 (c2 + x2)ϕ

′

2(ϕ
−1
2 (c2 + x2)) + x2,

(

x1

ϕ′

1(ϕ
−1
1 (c1 + x1))

+
x2

ϕ′

2(ϕ
−1
2 (c2 + x2))

)

+ y0 < 0,

x2 = γ(x1).

¡ºÎ 9 @"Ã"¤

ã <+6�%@§V!�<�%&<= "!�5�2 ¡ºÎ 9 @"Ã"¤ 1&!�$32��
$&!=C�%&5�2:Ô² "#³$&!=C�!�1&%&!�5��`2`*�2`�&%T¡ºÎ 9 @Æ<�¤
I -
*�!= V432.$32($&!=C�!�1&%&�y¡ <:9 8�¤ %&)�$&: 1× 1 *363'>4&!�$&,"#")�#�%¨,. "#"$&#")�#�$&!�)�%&#"1&#", 9� A= "#"5y<+63-0�32.!�$&!=C�!�1&%&!��`2`*�2`�&%K#BGH#"#"4&!�$32.�&%&%K<�#","432`*�2.!= B<�$32.,"1&#","!�<�%&!�5
4&#K?BA=CD- 9 ° �&!�,"%H*�1&#�Ô&4&$&%> �2.G&%0/9-"<+6�#","%�'0/³GH#"#"4&!�$32.�&%�'91&!B%&)�$32.!= J$&#�6�% 9
" i�ÝpÞ.qrÐ

N × 1
Ì 2.<�<�5�#. "$&%&5µ%&)�$�-=Ô�,yGH#. "#"$&#"�;-0�32.<= ",.-0�� N > 2 %&)�$&#"GH#",y4&!�$&,"#")�#-0$&#","1�'�%�#�*�%&1�%&)�$&#"G�,. "#"$&#")�#�-0$&#","1�'�¡ N 6�%H*�!�$&#",;%�#�*�%&1�4&#"<+6�!�*�#	Á

,�2� "!+6�7 ¤+9"> -
*�!�5¦<��&%� �2� "7�Ô��� "#¨%&)�$&#"G&%p4&!�$&,"#")�#J-0$&#","1�'p<�%&5�5�!= "$&%&�&1&: Ô�%
#")�$32.1&%&�&%&5�<�'J4&#"%&<�GH#"5�<�%&5�5�!= "$&%&�&1&#")�#D$&!=C�!�1&%�'K%&)�$&: 9 � 2.4&%�C�!�5y�B-01&G7Á
�&%&�¹,":�%&)�$&:�CV2¨$32��
$32 I #. "�&%&G02:È

v( Ô , Õ ) =

N
∑

i=1

[ω(yi) − (c+ xi)yi].
¡ 479B6�¤
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Ì 2.<�<�5�#. "$&%&5�1&!�# I /�#�*�%&5�:�!�-"<+6�#","%�'¨A�GH<= "$&!�58-05�2p¡¥'&,�63'&����%&!�<�'¨%V*�#	Á
<= �2� "#"�&1&:�5�%�-"<+6�#","%�'&5�%�5�2.GH<�%&58-05�2@,"<+6�!�*�<= ","%&!³<�%06�7"1&#"�;,":�4�-0G06�#"<= "%
,","!�$"/��B-01&G&�&%&% v 4&#>Õ ¤ , I 6�%��
%�<�%&5�5�!= "$&%&�&1&#")�#�$32.,"1&#","!�<�%�'�4&#³?BA=CD- 9� $&!�*�4&#�6�#`§¨%&5�ÔH�� "#(,"<�!Å%&)�$&#"G&%¨,": I $32�6�%J<�%&5�5�!= "$&%&�&1&:�!�<= "$32� "!�)�%&% xeq Ô
2K#�*�%&1p#. "G06�#"1&%06�<�'�#. J1&!�!�132K5�2�63-0�¹,"!+6�%&�&%&1�-"È















































− ϕ(yi) + c+ xeq − λi + λ0 = 0, i = 1, . . . , N − 1,

− ϕ(yN) + c+ xN − λN + λ0 = 0,

λiyi = 0, i = 1, . . . , N,

λ0(

N
∑

i=1

yi − y0) = 0,

λi > 0, i = 0, 1, . . . , N.

¡ 479 @"¤

?�2.�H*�!�5T#"4� "%&5�2�6�7"1&:���#. "G06�%&GpÕ opt ,KA= "#"5¦<+63-0�32.! 9�Ì 2.<�<�5�#. "$&%&5�,"<�!
,"#.�
5�#`§¨1&:�!�GH#"5 I %&132.�&%&%(1�-`6�!�,":�/�%�1&!�1�-`6�!�,":�/�GH#"A�����%&�&%&!�1� "#", Ø 2.)�$32.17Á
§K2 λi

9�ã <+6�% λ0 = 0 Ô� "#T%&)�$&#"G&%«1&!y,�6�%�'&�� �*�$�-0) 132 *�$�-0)+2:Ô�%©%&)�$32$32.<�432`*�2.!= "<�'�132 N %&)�$ 1 × 1
9 ?B!�# I /�#�*�%&5�:�5�%p*�#"<= �2� "#"�&1&:�5�-"<+6�#","%&!�5

 �2.GH#")�#y$32.<�4&#�6�#`§V!�1&%�'�5�2.GH<�%&58-05�2�'&,�63'&!= "<�';,":�4&#�6�1&!�1&%&!³<+6�!�*�-0����!�)�#
1&!�$32.,"!�1&<= ",�2:È

ϕ−1(c + xeq) <
y0

N
. ¡ 479 <�¤

ã <+6�%¦§V! λ0 6= 0 Ô� "#�,"<�! λi = 0, i = 1, . . . , N ,�<�%063-T<�%&5�5�!= "$&%&%
�`2`*�2`�&%K%V5�2�6�#"<= "%V#. "G06�#"1&!�1&%�' N Á´)�#B%&)�$&#"G02 9�� A= "#"5�<+63-0�32.!�4&#�63-0�32.!= "<�'
<�%&<= "!�5�2J-0$32.,"1&!�1&%&�























λ0 = ϕ(yi) − (c+ xeq) > 0, i = 1, . . . , N − 1,

λ0 = ϕ(yN) − (c+ xN ) > 0,

N
∑

i=1

yi = y0,

¡ 479 Î ¤

%���GH#. "#"$&#"�94&#�63-0�32.!= "<�'p<+6�!�*�-0����!�!�-0$32.,"1&!�1&%&!�*363' yN
¡¥-0�&%� ":�,�2�'³<�%&5�Á

5�!= "$&%&��4&#","!�*�!�1&%�'p4&!�$&,":�/ N − 1 %&)�$&#"GH#", ¤ È

ϕ

(

y0 − yN

N − 1

)

− (c+ xeq) − ϕ(yN) + (c+ xN) = 0. ¡ 479 4"¤
ã <+6�%V,"<�!�%&)�$&#"G&%VG&$&#"5�! N Á´)�#B4&$&%H*�!�$�§¨%&,�2.�� "<�'K$32.,"1&#","!�<�1&:�/�4&#�?BA+Á

CD-�<= "$32� "!�)�%&�£Ô� "#;�B-01&G&�&%�'�,":�%&)�$&:�CV2 N Á´)�#;%&)�$&#"G02 uN( Ô ) = xNyN
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%&5�!�!=  5�2.GH<�%&58-05�4&# xN
,@$32.,"1&#","!�<�1&#"�� "#"�&GH! 9 ?�2.�H*�!�5F#"4� "%&5�2�6�7"1�-0�

<= "$32� "!�)�%&� N Á´)�#9%&)�$&#"G02³4&$&%@-"<+6�#","%&%£Ô²�� "#p#"<= �2�6�7"1&:�!K%&)�$&#"G&%�4&$&%H*�!�$7Á
§¨%&,�2.�� "<�'³<= "$32� "!�)�%&� xeq 9&Ì 2.,"1&#","!�<�%&!B4&#K?BA=CD->5�:�132.�H*�!�5�%���-"<+6�#","%�'
xopt

N = xeq 9
ã <+6�%K5�2.<�%&58-05 uN( Ô ) *�#"<= "%&)+2.!= "<�'¨,B# I 6�2.<= "%£Ô.)]*�!�%&)�$&#"G&%K1&!�,�6�%�'&�� *�$�-0)D132�*�$�-0)+2:Ô� "# xopt

N
% xeq 132�/�#�*�'� "<�'@4&#¨��#"$&58-`6�2.5¦$32��+*�!+6�2 <:9�ã <+6�%

§V!D5�2.GH<�%&58-05T*�#"<= "%&)+2.!= "<�'�4&$&%�2.G� "%&,"1&#"5�#")�$32.1&%&�&!�1&%&%£Ô� "#>!�)�#>5�#`§¨1&#
132.�� "%�%��(<+6�!�*�-0����!�)�#¨-"<+6�#","%�'£È

duN

dxN
= yN + xN

dyN

dxN
= yN +

xN

1
N−1

ϕ′(y0−yN

N−1
) + ϕ′(yN)

= 0. ¡ 479 g�¤

/ �&%� ":�,�2�'£Ô3�� "# yN = y0

N
4&$&% xopt

N = xeq Ô&4&#�63-0�32.!�5T-0$32.,"1&!�1&%&!

xopt
N = xeq = −

y0ϕ
′
(

y0

N

)

N − 1
. ¡ 479áÃ"¤

ã <+6�%�§V!>5�2.GH<�%&58-05©*�#"<= "%&)+2.!= "<�'T132�%��=6�#"5�!ÆÔr "#�ÔbG02.G�5�:Ù,"%H*�!+6�%�,
$32��+*�!+6�!�Î 9 @ ÔÅ$32.,"1&#","!�<�%&!�4&#¦?BA=CD-©1&!�!�*�%&1&<= ","!�1&1&# 9B� <�%&5�5�!= "$&%&�&1&#"5
<+63-0�32.!(A= .-³4&$&# I 6�!�58->6�!�)�GH#J$&!=C�%� "7�Ô�,": I $32.,K<�%&5�5�!= "$&%&�&1�-0�F "#"�&G�-

Ô eq = (ϕ
(y0

N

)

− c, . . . , ϕ
(y0

N

)

− c). ¡ 479 ;�¤
� 2.4&%�C�!�5�-0$32.,"1&!�1&%�'�¡ 479 4"¤ %�¡ 479áÃ"¤ *363'p5�#�*�!+6�7"1&#"�p�B-01&G&�&%&%�¡ 6=9 @"¤ È

qRe−q
y0−yN

N−1 − (c+ xeq) = qRe−qyN − (c+ xN),

xopt
N = xeq =

q2Ry0e
−qy0/N

N − 1
.

¡ 479 8�¤

°  "5�!= "%&5�<+6�!�*�-0����%&��432.$32`*�#"GH< 9B� <+63-0�32.!ÆÔBGH#")]*�2�$32.,"1&#","!�<�%&!�4&#
?BA=CD-9*�#"<= "%&)+2.!= "<�'�4&$&%@2.G� "%&,"1&#"5�#")�$32.1&%&�&!�1&%&%£Ô�#"4� "%&5�2�6�7"1&:��@#. "G06�%&G
$32��
$32 I #. "�&%&G02y1&!³�`2.,"%&<�%�  #.  GH#�6�%&�&!�<= ",�2y$&!�<=-0$&<
2 R 4&$&%�<�%&5�5�!= "$&%&�7Á
1&:�/�132�6�#")+2�/ 9�Ó #`§¨1&# I :�6�# I :Ù#`§¨%H*�2� "7�Ôr�� "#�%�$32.,"1&#","!�<�%&!94&#@?BA=CD-
1&!(�`2.,"%&<�%� 9#. R 9 ° *�132.GH#¨5�:ª,"%H*�%&5�Ô��� "#>A= "#>1&!( �2.G 9Ö0 !+6�#¨,J "#"5�Ô��� "#
GH#�6�%&�&!�<= ","#�$&!�<=-0$&<
2 ,�6�%�'&!= �132@-"<= "#"�&�&%&,"#"<= "7�<�%&5�5�!= "$&%&�&1&#")�#�132 I #"$32
<= "$32� "!�)�%&��Ô eq = (x, . . . , x) #. "1&#"<�%� "!+6�7"1&#�5�2�6�:�/D#. "G06�#"1&!�1&%&��#�*�1&#")�#�%&)+Á$&#"G02:Ô�4&#"<�GH#�6�7"G�-p4&$&%�1&!�<�%&5�5�!= "$&%&�&1&:�/�132�6�#")+2�/p#"4� "%&5�2�6�7"1&:��@#. "G06�%&G
$32��
$32 I #. "�&%&G02��`2.,"%&<�%� �#. R 9�� 2.G&%&5Ù1&!='&,"1&:�5Ù# I $32��
#"5 R #"G02��
:�,�2.!= 
,�6�%�'&1&%&!(132V$32.,"1&#","!�<�%&!�4&#¨?BA=CD- 9



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ Î Ã

° I <=-
*�%&5  "!�4&!�$&7V,�6�%�'&1&%&!�GH#"1&G�-0$&!�1&�&%&%9132(,":�%&)�$&:�C�%9%&)�$&#"GH#",�# I #	Á
%0/¨-0$&#","1&!�� 9�Ì 2.<�<�5�#. "$&%&5�1&!�G&%&�>$&!�)�%&#"19<�GH#�6�%&�&!�<�,"#"5�$&!�<=-0$&<
2 R0

%>GH#	Á
A�����%&�&%&!�1� "#"5©406�#. "1&#"<= "%y$&!�<=-0$&<
2 q0 9²Ì 2��+*�!+6�%&5�!�)�#³132 n �32.<= "!�� 9~� $&%A= "#"5«1329G02�§V*�-0�Ù�32.<= "7 I -
*�!= p4&$&%0/�#�*�%� "7"<�' Rn = R0/n

$&!�<=-0$&<
2 9$#  "#	Á
I :�406�#. "1&#"<= "7�$&!�<=-0$&<
2 qnRn

I :�6�2�#�*�%&132.GH#","#"��4&$&%;6�� I :�/ n Ô�1�-H§¨1&#
��#"$&5�2�6�7"1&#K4&#�6�#`§¨%� "7 qn = q0n

93� #")]*�2
ωn(y) =

R0

n
(1 − e−q0ny),

ϕn(y) = q0R0e
−q0ny,

ϕ′

n(y) = −nq2
0R0e

−q0ny.

¡ 479B6`×�¤

Æ <�<+6�!�*�-"!�5T�`2.,"%&<�%&5�#"<= "7J#. n ,":�%&)�$&:�CV2K%&)�$&#"G02K,. "#"$&#")�#V-0$&#","1�'£Ô32 �2.G�§V!�<=-05�5�2.$&1&#")�#�,":�%&)�$&:�CV2�%&)�$&#"GH#",�4&!�$&,"#")�#�-0$&#","1�' 9�ã <+6�%K$32.,"1&#","!+Á
<�%&!�4&#�?BA=CD-�*�#"<= "%&)+2.!= "<�'K4&$&%D432.<�<�%&,"1&#"5�#")�$32.1&%&�&!�1&%&%£Ô� "#��`2.,"%&<�%&5�#"<= "%
#. n 1&!= áÔb 9 G 9 %&)�$&#"G&%�,@A= "#"5¹<+63-0�32.!91&!>#"G02��
:�,�2.�� @,�6�%�'&1&%�'y*�$�-0)>132*�$�-0)+2 9�� #"A= "#"58-�<�#"<�$&!�*�#. "#"�&%&5�<�'K132�<+63-0�32.!ÆÔ.GH#")]*�2B$32.,"1&#","!�<�%&!�4&#B?BA=CD-
*�#"<= "%&)+2.!= "<�'@4&$&%�2.G� "%&,"1&#"5T#")�$32.1&%&�&!�1&%&% y0

9�� A= "#"5T<+63-0�32.!
xeq(n) =

nq2
0R0y0e

−q0y0

n− 1
, ¡ 479B6=6�¤

!�<+6�%�,":�4&#�6�1&!�1&#

c + xeq(n) < ϕ(
y0

n
) = q0R0e

−q0y0. ¡ 479B6á@"¤
� A= "#"5¦<+63-0�32.!(<=-05�5�2.$&1&:���,":�%&)�$&:�C�$32��
$32 I #. "�&%&GH#",J$32.,"!�1

Un =nxeq y0

n
=q2

0R0y
2
0e

−q0y0
n

n−1
=q2

0R0y
2
0e

−q0y0

(

1+
1

n−1

)

. ¡ 479B6�<�¤
� 4&$&!�*�!+6�!�4&$&% n→ ∞ ,":�%&)�$&:�CÉ$32��
$32 I #. "�&%&GH#",K432`*�2.!= D*�#�-0$&#","1�'

U∞ = q2
0R0y

2
0e

−q0y0 . ¡ 479B6 Î ¤
?�2K$&%&< 9�6�< 4&#"G02��`2.132K�`2.,"%&<�%&5�#"<= "79<=-05�5�2.$&1&#")�#¨,":�%&)�$&:�CV2>%&)�$&#"GH#",

4&!�$&,"#")�#V-0$&#","1�'>#. K132�6�#")+2 x ¡º1&!�<+6�#`§¨1&#V4&#"G02��`2� "7�Ô��� "#K#"132D#�*�%&132.GH#",�2�'*363'�,"<�!+/ n ¤+9 ?�2p)�$32.��%&GH!¨#. "5�!��&!�1&:Ù,":�%&)�$&:�C�%;,p "#"�&G02�/ $32.,"1&#","!�<�%�'4&#¦?BA=CD-=Ô�GH#. "#"$&:�!�,": I %&$32.�� T%&)�$&#"G&%«,�-"<+6�#","%�'0/©GH#"1&G�-0$&!�1&�&%&%ª4&$&%
$32��=6�%&�&1&:�/ n 9 ?�2D$&%&< 9£6 Î� "#�§V!�4&#"G02��`2.1&#D*363'9%&)�$&#"G02V,. "#"$&#")�#�-0$&#","1�' 9
ã )�#J,":�%&)�$&:�CÈ<�$&#"<= "#"5 n -0,"!+6�%&�&%&,�2.!= "<�'³*�#K4&$&!�*�!+6�7"1&#")�#J�
132`�&!�1&%�'

v∞ = R0(1 − e−q0y0) − (c+ q2
0R0y0e

−q0y0)y0.
¡ 479B6á4"¤
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Ì %&<=-01&#"G 6�<:9�Ë -05�5�2.$&1&:��
,":�%&)�$&:�CÈ%&)�$&#"GH#",J4&!�$&,"#")�#

-0$&#","1�'³,V "#"�&GH!D$32.,"1&#","!�<�%�'³4&#
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Ì %&<=-01&#"G 6 Î 9�Ë -05�5�2.$&1&:��
,":�%&)�$&:�CÈ%&)�$&#"G02K,. "#"$&#")�#K-0$&#","1�'
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çàäà÷ó. Â íàñòîÿùåé ðàáîòå ïðåäëîæåí ìåòîä óñðåäíåíèÿ ïî-
òðåáèòåëüñêèõ õàðàêòåðèñòèê, êîòîðûé ïîçâîëÿåò ó÷åñòü èç-
ìåíåíèå âî âðåìåíè êîýôôèöèåíòîâ ïðåäïî÷òåíèÿ è ïðîèçâî-
äèòåëüíîñòè òðóäà. Ðàññìîòðåíû ïðèëîæåíèÿ ê êîíêðåòíîìó
òèïó ìîäåëåé, êîòîðûå èñïîëüçóþòñÿ äëÿ êîëè÷åñòâåííûõ îöå-
íîê ñïðîñà íà ýíåðãîíîñèòåëè. Ïîêàçàíî, ÷òî ñïðîñ îäíîé ãðóï-
ïû ñ óñðåäí¼ííûìè õàðàêòåðèñòèêàìè íàõîäèòñÿ â õîðîøåì
ñîãëàñèè ñ ñîâîêóïíûì ñïðîñîì íåñêîëüêèõ ðàçëè÷íûõ ãðóïï
ïîòðåáèòåëåé. Òàêèì îáðàçîì, íàø ìåòîä ïîçâîëÿåò ðàñøè-
ðèòü îáëàñòü ïðèìåíèìîñòè ðåïðåçåíòàòèâíîãî àãåíòà íà øè-
ðîêèé êëàññå äèíàìè÷åñêèõ ìíîãîñåêòîðíûõ ìîäåëåé ñ ìåíÿþ-
ùèìèñÿ âî âðåìåíè íåîäíîðîäíûìè õàðàêòåðèñòèêàìè ïîòðå-
áèòåëåé.

Êëþ÷åâûå ñëîâà: ìîäåëè ýêîíîìè÷åñêîãî ðîñòà, äåìîãðàôè÷åñêàÿ íåîä-
íîðîäíîñòü, ïîòðåáèòåëüñêèå ïðåäïî÷òåíèÿ, ïðîèçâîäèòåëüíîñòü òðó-
äà, óñðåäíåíèå, ñïðîñ íà ýíåðãîíîñèòåëè .

1. Ââåäåíèå
Ìîäåëè îáùåãî ýêîíîìè÷åñêîãî ðàâíîâåñèÿ èñïîëüçóþòñÿ äëÿ îïè-

ñàíèÿ çàìêíóòîé ýêîíîìè÷åñêîé ñèñòåìû, ñîñòîÿùåé, â ïðîñòåéøåì
âàðèàíòå, èç àãåíòîâ äâóõ òèïîâ: ïðîèçâîäèòåëåé è ïîòðåáèòåëåé.
Êàæäûé ïðîèçâîäèòåëü j îáëàäàåò òåõíîëîãèåé, ïîçâîëÿþùåé åìó
ïðîèçâåñòè Xj(P ) åäèíèö ïðîäóêöèè ïðè çàäàííûõ öåíàõ P . Êàæ-
äûé ïîòðåáèòåëü i íàäåë¼í íàáîðîì ðåñóðñîâ Wi è èìååò íàáîð ïðåä-
ïî÷òåíèé, ïðåäñòàâëÿåìûé åãî ôóíêöèåé ñïðîñà Yi(P ).

Â îñíîâå ìîäåëè ëåæàò äâà îñíîâíûõ ïðåäïîëîæåíèÿ. Ïåðâîå ñî-
ñòîèò â òîì, ÷òî ïîòðåáèòåëè è ïðîèçâîäèòåëè èìåþò ïîëíóþ èí-
ôîðìàöèþ î öåíàõ è ïðèíèìàþò ñâîè îïòèìàëüíûå ðåøåíèÿ, ñ÷èòàÿ
öåíû çàäàííûìè. Îïòèìàëüíîå ïîâåäåíèå îçíà÷àåò, ÷òî ïîòðåáèòåëè
ìîãóò ïðîâîäèòü ñðàâíåíèå íàáîðîâ ïîòðåáëÿåìûõ òîâàðîâ, ìàêñèìè-
çèðóÿ ôóíêöèþ ïîëåçíîñòè Ui(Yi) â ðàìêàõ áþäæåòíîãî îãðàíè÷åíèÿ,
à êàæäûé ïðîèçâîäèòåëü îïðåäåëÿåò Xj(P ), ìàêñèìèçèðóÿ ïðèáûëü.
Âòîðîå ïðåäïîëîæåíèå çàêëþ÷àåòñÿ â òîì, ÷òî öåíû îáåñïå÷èâàþò
ðàâíîâåñèå íà ðûíêàõ, ò. å. ñïðîñ ðàâåí ïðåäëîæåíèþ:

∑
i

(Yi(P ) + Wi) =
∑

j

Xj(P ). (1.1)
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Êîíêóðåíòíûì ðàâíîâåñèåì íàçûâàåòñÿ ñîâîêóïíîñòü âåëè÷èí
ñïðîñà Yi(P ), ïðåäëîæåíèÿ Xj(P ) è öåí P , êîòîðàÿ ÿâëÿåòñÿ ðå-
øåíèåì ñèñòåìû óðàâíåíèé, ñîñòîÿùåé èç óñëîâèé îïòèìàëüíîñòè
äëÿ Yi(P ), óñëîâèé îïòèìàëüíîñòè äëÿ Xj(P ) è ñîîòíîøåíèé áàëàíñà
(1.1). Çàïàñû ðåñóðñîâ Wi ÿâëÿþòñÿ çàäàâàåìûì ïàðàìåòðàìè ìîäå-
ëè (ïîäðîáíåå ñì., íàïð., [6]).

Ïðèêëàäíûå ìîäåëè îáùåãî ýêîíîìè÷åñêîãî ðàâíîâåñèÿ � comput-
able general equilibrium models (CGE ìîäåëè) � ìîãóò èìåòü ðàçëè÷-
íóþ ñòåïåíü äåòàëèçàöèè ïî êîëè÷åñòâó ðåãèîíîâ, ñåêòîðîâ ïðîèç-
âîäñòâà, òèïîâ ðåñóðñîâ è ïð., è ñîäåðæàòü ìíîæåñòâî îáîáùåíèé
ïåðâîíà÷àëüíûõ ïðåäïîëîæåíèé: âêëþ÷àòü òîðãîâëþ, íàëîãè, ñóáñè-
äèè è ïð. Ýòè îáîáùåíèÿ äèêòóþòñÿ òåìè õàðàêòåðèñòèêàìè, êîòî-
ðûå íåîáõîäèìî âû÷èñëèòü ñ ïîìîùüþ äàííîé ìîäåëè. Òàê, îáú¼ì
âûáðîñîâ óãëåðîäà è ñïðîñ íà ýíåðãîíîñèòåëè çàâèñÿò îò äåìîãðàôè-
÷åñêèõ ôàêòîðîâ: ðîñò íàñåëåíèÿ, ñòàðåíèå, óðáàíèçàöèÿ è ïð. (ñì.,
íàïð., [5, 11]). Ïîýòîìó ñîîòâåòñòâóþùèå äèíàìè÷åñêèå CGE ìîäåëè
äîëæíû ó÷èòûâàòü ñâÿçàííóþ ñ ýòèì ïîòðåáèòåëüñêóþ íåîäíîðîä-
íîñòü è å¼ çàâèñèìîñòü îò âðåìåíè.

Íåîäíîðîäíîñòü ïîòðåáèòåëåé ìîæíî ó÷åñòü, ðàññìàòðèâàÿ íå-
ñêîëüêî ãðóïï ïîòðåáèòåëåé ñ ðàçëè÷íûìè õàðàêòåðèñòèêàìè Ui è
Wi. Ïðè ýòîì êàæäîé ãðóïïå îòâå÷àåò îòäåëüíàÿ äèíàìè÷åñêàÿ îïòè-
ìèçàöèîííàÿ çàäà÷à. Äîñòîèíñòâî òàêîãî ìåòîäà ñîñòîèò â âîçìîæ-
íîñòè ÿâíî ó÷åñòü ðûíî÷íûå ýôôåêòû çà ñ÷¼ò ðàâíîâåñíûõ öåí, à
òàêæå äèíàìèêó ïîòðåáèòåëüñêèõ ïðåäïî÷òåíèé [5].

Äëÿ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ íàèáîëåå óäîáíûìè ÿâëÿþò-
ñÿ ìîäåëè ñ ðåïðåçåíòàòèâíûì àãåíòîì, â êîòîðûõ âñå ïîòðåáèòåëè
îáúåäèíÿþòñÿ â îäíó ãðóïïó ñ óñðåäíåííûìè õàðàêòåðèñòèêàìè U è
W . Òàêîé ïîäõîä èìååò î÷åâèäíûå ïðåèìóùåñòâà áëàãîäàðÿ ïðîñòîòå
ìîäåëè è áûñòðîòå âû÷èñëåíèé, îäíàêî åãî èñïîëüçîâàíèå îïðàâäàíî
ëèøü â òîì ñëó÷àå, åñëè ñïðîñ â ìîäåëè ñ ðåïðåçåíòàòèâíûì àãåíòîì
Y ðàâåí ñîâîêóïíîìó ñïðîñó

∑
i

Yi â ìîäåëè ñ íåñêîëüêèìè ãðóïïàìè
ïîòðåáèòåëåé è íå çàâèñèò îò ÷èñëà ãðóïï N . (Âîïðîñ ïðèìåíèìîñòè
ðåïðåçåíòàòèâíîãî àãåíòà äëÿ äâóõ ïîïóëÿðíûõ êëàññîâ îäíîñåêòîð-
íûõ ìîäåëåé èññëåäîâàí â [1].)

Çàäàòü ôóíêöèþ ïîëåçíîñòè ðåïðåçåíòàòèâíîãî àãåíòà àíàëèòè-
÷åñêèì âûðàæåíèåì U = f(U1, . . . , UN) ìîæíî ëèøü ïðè äîâîëüíî
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îãðàíè÷èòåëüíûõ ïðåäïîëîæåíèÿõ íà Ui è Wi (ñì., íàïð., [6] è ññûëêè
òàì). Â îáùåì ñëó÷àå ìåòîä Íåãèøè ïîçâîëÿåò çàïèñàòü ôóíêöèþ ïî-
ëåçíîñòè ðåïðåçåíòàòèâíîãî àãåíòà â âèäå ñóììû U =

∑
i

αiUi ñ íåêî-
òîðûìè âåñàìè αi ≥ 0,

∑
i

αi = 1, êîòîðûå íåîáõîäèìî ðàññìàòðèâàòü
êàê äîïîëíèòåëüíûå ïåðåìåííûå çàäà÷è î êîíêóðåíòíîì ðàâíîâåñèè
ïðè N äîïîëíèòåëüíûõ óñëîâèÿõ òèïà ðàâåíñòâà (ñì., íàïð., [6]). Â
ìîäåëè ñ ôóíêöèÿìè ïîëåçíîñòè è ïðîèçâîäñòâåííûìè ôóíêöèÿìè
òèïà Êîááà-Äóãëàñà, ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëîæå-
íèÿõ, ôîðìóëû äëÿ âåñîâ αi óäà¼òñÿ ïîëó÷èòü â ÿâíîì âèäå [10].
Îäíàêî óæå â ìîäåëÿõ ñ ôóíêöèÿìè ïîñòîÿííîé ýëàñòè÷íîñòè çàìå-
ùåíèÿ � constant elasticity of substitution functions (CES-ôóíêöèÿìè)
� êîíêóðåíòíîå ðàâíîâåñèå ìîæíî íàéòè òîëüêî ÷èñëåííî.

Â ïðèêëàäíûõ ìîäåëÿõ âûðàæåíèå ôóíêöèè ïîëåçíîñòè ðåïðå-
çåíòàòèâíîãî àãåíòà âèäà U = f(U1, . . . , UN) íå äà¼ò ñóùåñòâåííûõ
ïðåèìóùåñòâ, òàê êàê ñàìè ôóíêöèè Ui íåîáõîäèìî êàêèì-òî îáðàçîì
îïðåäåëÿòü íà îñíîâå èìåþùèõñÿ äàííûõ. Ýòî ïðèâîäèò ê íåîáõîäè-
ìîñòè èñïîëüçîâàòü ïðèáëèæåííûå ìåòîäû îïðåäåëåíèÿ ïàðàìåòðîâ
ôóíêöèè ïîëåçíîñòè U ïðîèçâîëüíîé ãðóïïû ïîòðåáèòåëåé.

Øèðîêî èñïîëüçóåìûì êëàññîì ôóíêöèé ïîëåçíîñòè â äèíàìè-
÷åñêèõ CGE-ìîäåëÿõ ÿâëÿåòñÿ êëàññ CES-ôóíêöèé íà áåñêîíå÷íîì
ïðîìåæóòêå âðåìåíè:

U(c) =
1

ψ

∞∑
t=0

βtnt

(∑
j

(
µjcjt

)ρ
)ψ

ρ

, (1.2)

ãäå cjt � îáúåì ïîòðåáëåíèÿ j-ãî òîâàðà íà äóøó íàñåëåíèÿ â ìîìåíò
âðåìåíè t, à nt � ÷èñëî ëþäåé â ãðóïïå â ìîìåíò t, ÿâëÿþùååñÿ çàäàí-
íîé ôóíêöèåé âðåìåíè. Êîýôôèöèåíò äèñêîíòèðîâàíèÿ β ∈ (0, 1),
ìåæâðåìåííîé êîýôôèöèåíò çàìåùåíèÿ ψ ∈ (−∞, 1), ψ 6= 0, êîýô-
ôèöèåíò çàìåùåíèÿ ìåæäó òîâàðàìè ρ ∈ (−∞, 1), ρ 6= 0, è êîýôôè-
öèåíò ïðåäïî÷òåíèÿ j-ãî òîâàðà µj ∈ (0, 1) ÿâëÿþòñÿ ïàðàìåòðàìè,
çíà÷åíèÿ êîòîðûõ ÷àñòî îïðåäåëÿþò íà îñíîâå äàííûõ â íà÷àëüíûé
ìîìåíò (t = 0) íåñìîòðÿ íà òî, ÷òî äîëè ïîòðåáëåíèÿ ðàçëè÷íûõ
òîâàðîâ ìîãóò ìåíÿòüñÿ ñî âðåìåíåì.

Â íàñòîÿùåé ðàáîòå ïðåäëîæåí ìåòîä îïðåäåëåíèÿ êîýôôèöèåí-
òîâ ïðåäïî÷òåíèÿ µit ôóíêöèè (1.2) è ïðîèçâîäèòåëüíîñòè òðóäà lt,
ïîçâîëÿþùèé ÿâíî ó÷åñòü çàâèñèìîñòü îò âðåìåíè íà îñíîâå èìåþ-
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ùèõñÿ äàííûõ (ñì. òàêæå îáñóæäåíèå â [2]). Ïîñêîëüêó ìíîãîñåêòîð-
íûå CGE-ìîäåëè íå äîïóñêàþò àíàëèòè÷åñêîãî ðåøåíèÿ, ïðîâåðêà
ýôôåêòèâíîñòè ïðåäëîæåííîãî íàìè ìåòîäà òàêæå ìîæåò áûòü ïðî-
âåäåíà òîëüêî ÷èñëåííî. Â ðàçäåëå 2 ìåòîä èçëîæåí ïðèìåíèòåëüíî
ê îïèñàííîìó â ðàçäåëå 1 âàðèàíòó ìîäåëè Population-Environment-
Technology � PET [5, 3, 4]. Â ðàçäåëå 3 íà ïðèìåðå ìîäåëè PET ïîêà-
çàíî, ÷òî ïðè èñïîëüçîâàíèè äàííîãî ìåòîäà ñîâîêóïíûå õàðàêòåðè-
ñòèêè íåñêîëüêèõ ðàçëè÷íûõ ãðóïï ïîòðåáèòåëåé è ðåïðåçåíòàòèâ-
íîãî àãåíòà íàõîäÿòñÿ â õîðîøåì ñîãëàñèè äðóã ñ äðóãîì, è ýòîò ðå-
çóëüòàò óñòîé÷èâ ê èçìåíåíèþ ïàðàìåòðîâ ìîäåëè (ïîäðîáíåå ñì. [9]).
Èíîé ìåòîä ó÷¼òà çàâèñèìîñòè îò âðåìåíè êîýôôèöèåíòà ïðåäïî÷òå-
íèÿ µit, ïðåäïîëàãàþùèé åãî ëèíåéíî-ëîãàðèôìè÷åñêóþ çàâèñèìîñòü
îò ÂÂÏ íà äóøó íàñåëåíèÿ, áûë èñïîëüçîâàí â [11] (ñðàâíåíèå ðåçóëü-
òàòîâ ñì. â ðàçäåëå 3).

2. Ñòðóêòóðà ìîäåëè PET
Ìîäåëü PET ïðåäñòàâëÿåò ñîáîé äèíàìè÷åñêóþ ìîäåëü îáùåãî

ýêîíîìè÷åñêîãî ðàâíîâåñèÿ. Â ýòîì ïàðàãðàôå ïðèâåäåíî îïèñàíèå
ìîäåëè PET äëÿ ñëó÷àÿ îäíîãî ðåãèîíà è íåñêîëüêèõ ãðóïï ïîòðåáè-
òåëåé ñ ðàçëè÷íûìè õàðàêòåðèñòèêàìè (ñì. òàêæå [5, 4]). Â [3] îïèñàí
ñëó÷àé íåñêîëüêèõ ðåãèîíîâ è îäíîé ãðóïïû ïîòðåáèòåëåé (ìîäåëü ñ
ðåïðåçåíòàòèâíûì àãåíòîì).

Â ñîîòâåòñòâèè ñ îáùåé èäåîëîãèåé ìîäåëåé îáùåãî ýêîíîìè÷å-
ñêîãî ðàâíîâåñèÿ êàæäàÿ ãðóïïà ïîòðåáèòåëåé ìàêñèìèçèðóåò ôóíê-
öèþ ïîëåçíîñòè íà áåñêîíå÷íîì ïðîìåæóòêå âðåìåíè, ñ÷èòàÿ öåíû
çàäàííûìè (ðàçäåë 1.1). Ïðîèçâîäèòåëè ìàêñèìèçèðóþò ïðèáûëü â
êàæäûé ìîìåíò âðåìåíè, òàêæå ñ÷èòàÿ öåíû èçâåñòíûìè (ðàçäåë
1.2). Ïðàâèòåëüñòâî èãðàåò íåéòðàëüíóþ ðîëü, îñóùåñòâëÿÿ òðàíñ-
ôåðòû ìåæäó ïðîèçâîäèòåëÿìè è ïîòðåáèòåëÿìè â ñîîòâåòñòâèè ñ çà-
ðàíåå îïðåäåë¼ííûìè ïðàâèëàìè (ðàçäåë 1.3). Íàêîíåö, óñëîâèå ñáà-
ëàíñèðîâàííîñòè ðûíêîâ îáåñïå÷èâàåò îáðàòíóþ ñâÿçü öåí ñî ñïðî-
ñîì è ïðåäëîæåíèåì (ðàçäåë 1.4). Ïîëó÷àþùàÿñÿ íåëèíåéíàÿ ñèñòå-
ìà óðàâíåíèé ðåøàåòñÿ ñ ïîìîùüþ èòåðàöèîííîé ïðîöåäóðû (ðàçäåë
1.5). Ïàðàìåòðû ìîäåëè îïðåäåëÿþòñÿ ïî èñõîäíûì äàííûì (ðàçäåë
1.6).
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2.1. Ïîòðåáèòåëè
Ïîòðåáèòåëè îáúåäèíåíû â N ãðóïï; i-àÿ ãðóïïà ðåøàåò çàäà÷ó

âèäà

1

ψ

∑
t

βtnit

(∑
j

(µijtcijt)
ρ

)ψ
ρ

→ max, (2.1)
∑

j

pjtcijt + qtxit = (1− θit)wtlit + (1− φit)rtkit + git, (2.2)

(1 + νit)ki,t+1 = (1− δ)kit + xit, ki0 > 0, (2.3)
ãäå èíäåêñ j íóìåðóåò NC ïîòðåáèòåëüñêèõ òîâàðîâ, à t = 0, 1, . . .

� âðåìÿ. Ïåðåìåííûìè, îòíîñèòåëüíî êîòîðûõ ïðîâîäèòñÿ ìàêñèìè-
çàöèÿ, ÿâëÿþòñÿ ïîòðåáëåíèå cijt, èíâåñòèöèè xit è êàïèòàë kit (íà
äóøó íàñåëåíèÿ). Äâîéñòâåííûå ïåðåìåííûå: öåíû ïîòðåáèòåëüñêèõ
òîâàðîâ pjt, ñòîèìîñòü èíâåñòèöèé qt, ñòîèìîñòü êàïèòàëà rt, çàðà-
áîòíàÿ ïëàòà wt è òðàíñôåðòû ïðàâèòåëüñòâà git (ñóáñèäèè, åñëè ïî-
ëîæèòåëüíû, è ïëàòåæè, åñëè îòðèöàòåëüíû) çäåñü ïðåäïîëàãàþòñÿ
èçâåñòíûìè1.

Çàäàííûìè ôóíêöèÿìè ÿâëÿþòñÿ îáúåì íàñåëåíèÿ nit, ïðîèçâî-
äèòåëüíîñòü òðóäà lit, êîýôôèöèåíòû ïðåäïî÷òåíèÿ µijt, íàëîãè íà
òðóä θit è êàïèòàë φit. Êîýôôèöèåíò ðîñòà íàñåëåíèÿ â (2.3) ðàâåí
1 + νit = ni,t+1/nit, ãäå νit � îòíîñèòåëüíàÿ ñêîðîñòü ðîñòà íàñåëåíèÿ.
Íàêîíåö, íå çàâèñÿùèìè îò âðåìåíè ïàðàìåòðàìè ìîäåëè ÿâëÿþòñÿ
êîýôôèöèåíò äèñêîíòèðîâàíèÿ β ∈ (0, 1), êîýôôèöèåíò çàìåùåíèÿ
ïî âðåìåíè ψ ∈ (−∞, 1), êîýôôèöèåíò çàìåùåíèÿ ñðåäè ïîòðåáè-
òåëüñêèõ òîâàðîâ ρ ∈ (−∞, 1) è êîýôôèöèåíò àìîðòèçàöèè êàïèòàëà
δ ∈ (0, 1).

Çàäà÷à (2.1)�(2.3) ðåøàåòñÿ â äâà ýòàïà. Ñíà÷àëà ðåøàåì ñòàòè÷å-
ñêóþ çàäà÷ó ìàêñèìèçàöèè ôóíêöèè ïîëåçíîñòè äëÿ ïðîèçâîëüíîãî
ìîìåíòà âðåìåíè t, êîòîðàÿ ýêâèâàëåíòíà çàäà÷å ìèíèìèçàöèè ðàñ-
õîäîâ

∑
j

pjtcijt → min,

(∑
j

(µijtcijt)
ρ

) 1
ρ

= c̄it (2.4)

1Ìîäåëü òàêæå ñîäåðæèò òðàíñôåðòû ìåæäó ïîòðåáèòåëÿìè, êîòîðûå ìû äëÿ
êðàòêîñòè íå ïèøåì.
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ïðè çàäàííûõ öåíàõ pjt è çàäàííîì çíà÷åíèè ôóíêöèè ïîëåçíîñòè c̄it.
Ïðèìåíÿÿ ê (2.4) óñëîâèÿ îïòèìàëüíîñòè ïåðâîãî ïîðÿäêà, íàõîäèì
ôóíêöèþ ðàñõîäîâ

min

{∑
j

pjtcijt

}
= p̄itc̄it, (2.5)

ãäå

p̄it =

(∑
j

(
pjt

µijt

) ρ
ρ−1

) ρ−1
ρ

(2.6)

� äâîéñòâåííûé èíäåêñ öåí.
Äàëåå, ïîëüçóÿñü (2.4)�(2.6), ïåðåïèñûâàåì çàäà÷ó (2.1)�(2.3) â

âèäå

1

ψ

∑
t

βtnitc̄
ψ
it → max, (2.7)

p̄itc̄it + qtxit = (1− θit)wtlit + (1− φit)rtkit + git, (2.8)
(1 + νit)ki,t+1 = (1− δ)kit + xit, ki0 > 0. (2.9)

Èñêëþ÷àÿ xit èç (2.8) è (2.9), ïðèõîäèì ê îäíîìó îãðàíè÷åíèþ

(1 + νit)ki,t+1 =

(1− δ)kit +
1

qt

[(1− θit)wtlit + (1− φit)rtkit + git − p̄itc̄it] . (2.10)

Óñëîâèÿ îïòèìàëüíîñòè ïåðâîãî ïîðÿäêà îòíîñèòåëüíî àãðåãèðîâàí-
íîãî ïîòðåáëåíèÿ c̄it â çàäà÷å (2.7) è (2.10) äàþò

qt

p̄it

c̄ψ−1
it = β

(
(1− δ)qt+1 + (1− φi,t+1)rt+1

p̄i,t+1

)
c̄ψ−1
i,t+1. (2.11)

Óðàâíåíèå Ýéëåðà (2.11) è óðàâíåíèå ïîòîêà êàïèòàëà (2.10) âìåñòå
ñ óñëîâèÿìè òðàíñâåðñàëüíîñòè

lim
t→∞

λitkit = 0, (2.12)

ãäå λit � ìíîæèòåëü Ëàãðàíæà, ÿâëÿþòñÿ äîñòàòî÷íûìè óñëîâèÿìè
îïòèìàëüíîñòè â çàäà÷å (2.7)�(2.9). Áîëåå òîãî, òðàåêòîðèÿ åäèí-
ñòâåííà [12].
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Äëÿ ëó÷øåãî ñðàâíåíèÿ ñî ñëó÷àåì îäíîðîäíûõ ïîòðåáèòåëåé,
ïðåäïîëàãàåòñÿ, ÷òî òðàåêòîðèè âñåõ ãðóïï ïîòðåáèòåëåé âûõîäÿò íà
îáùóþ òðàåêòîðèþ ñáàëàíñèðîâàííîãî ðîñòà ïðè t →∞. Ýòî îçíà÷à-
åò, ÷òî àñèìïòîòè÷åñêè âåëè÷èíû xit, kit, lit, git, à çíà÷èò è c̄it, ðàñòóò
ñ îáùåé íå çàâèñÿùåé îò âðåìåíè ñêîðîñòüþ òåõíîëîãè÷åñêîãî ðîñòà
ξ. Òîãäà ïðè t →∞ óðàâíåíèå (2.11) äà¼ò2

(1 + ξ)1−ψ = β

(
1− δ +

(1− φ)r

q

)
, (2.13)

ãäå r, φ è q � äîëãîñðî÷íûå ñòîèìîñòü êàïèòàëà, íàëîãè íà äîõîäû è
ñòîèìîñòü èíâåñòèöèé, ñîîòâåòñòâåííî.

2.2. Ïðîèçâîäèòåëè
Ôèðìû ñãðóïïèðîâàíû â ñåêòîðû ïî òèïó ïðîèçâîäèìîãî òîâà-

ðà: NC + 1 ñåêòîðîâ, ïðîèçâîäÿùèõ êîíå÷íûå ïðîäóêòû (NC ïîòðå-
áèòåëüñêèõ òîâàðîâ è èíâåñòèöèîííûé ¾òîâàð¿) è NE + 1 ñåêòîðîâ,
ïðîèçâîäÿùèõ âñïîìîãàòåëüíûå òîâàðû (NE òèïîâ ýíåðãîðåñóðñîâ è
ñîâîêóïíóþ êàòåãîðèþ âñïîìîãàòåëüíûõ òîâàðîâ, íàçûâàåìóþ ¾ìà-
òåðèàëàìè¿). Äëÿ óäîáñòâà îáùåå êîëè÷åñòâî ñåêòîðîâ îáîçíà÷åíî
÷åðåç NX = NE +1+NC +1, è èíäåêñ òîâàðà âñåãäà ïðîáåãàåò NX êà-
òåãîðèé â óêàçàííîì ïîðÿäêå (òî åñòü, ñíà÷àëà ýíåðãîðåñóðñû, çàòåì
ìàòåðèàëû, ïîòðåáèòåëüñêèå òîâàðû è, íàêîíåö, èíâåñòèöèè). Äëÿ
ïðîñòîòû ïðîèçâîäñòâåííàÿ ôóíêöèÿ â êàæäîì ñåêòîðå ïðåäïîëàãà-
åòñÿ îäíîðîäíîé ïåðâîé ñòåïåíè (òî åñòü ïðåäïîëàãàåòñÿ ïîñòîÿííàÿ
îòäà÷à îò ìàñøòàáà).

Â ìîìåíò âðåìåíè t êàæäûé òîâàð ïðîèçâîäèòñÿ ñ ïîìîùüþ êàïè-
òàëà K, òðóäà L, àãðåãèðîâàííîãî ýíåðãîðåñóðñà Ē è ìàòåðèàëîâ M .
Êàïèòàë è òðóä ÿâëÿþòñÿ ôàêòîðàìè ïðîèçâîäñòâà. Ïðîèçâîäñòâåí-
íàÿ ôóíêöèÿ èìååò âëîæåííóþ CES-ñòðóêòóðó (âñþäó, ãäå ðå÷ü èä¼ò
î ôèêñèðîâàííîì ìîìåíòå âðåìåíè, èíäåêñ t äëÿ êðàòêîñòè îïóñêà-
åì):

X = γX (αK(GKK)ρX + αL(GLL)ρX+

+αĒ(GĒĒ)ρX + αM(GMM)ρX
)1/ρX , (2.14)

2Èç óñëîâèé òðàíñâåðñàëüíîñòè (2.12), ïîëüçóÿñü λit = qtβ
tnitc̄

ψ−1
it /p̄it, ìû ïî-

ëó÷àåì âåðõíþþ îöåíêó íà ñêîðîñòü òåõíîëîãè÷åñêîãî ðîñòà, êîòîðàÿ äîïóñòèìà
â ìîäåëè: 1 + ξ < (1/β)1/ψ (ïðåäïîëàãàåòñÿ, ÷òî nit → ni ïðè t →∞).
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ñ ïîñòîÿííîé ýëàñòè÷íîñòüþ çàìåùåíèÿ σX = 1/(1− ρX). Çäåñü GI �
ïàðàìåòð ïðîèçâîäèòåëüíîñòè äëÿ I = K, L, Ē, M . Ïàðàìåòð γX ìàñ-
øòàáèðóåò ïðîèçâîäñòâåííûå êîýôôèöèåíòû αI òàê, ÷òîáû èõ ñóììà
ðàâíÿëàñü åäèíèöå. Çíà÷åíèÿ αI è GI ìîãóò ìåíÿòüñÿ îò ñåêòîðà ê
ñåêòîðó è çàâèñåòü îò âðåìåíè.

Àãðåãèðîâàííûé ýíåðãîðåñóðñ Ē ïðîèçâîäèòñÿ èç NE ýíåðãîðå-
ñóðñîâ Ei ïðè ïîìîùè ïðîèçâîäñòâåííîé ôóíêöèè

Ē = γE

(∑
i

αEi
(GEi

Ei)
ρE

)1/ρE

. (2.15)

Äëÿ óäîáñòâà ñðàâíåíèÿ ñ ðåçóëüòàòàìè [5] ìû íå ââîäèì îòäåëüíîé
âëîæåííîé ïðîèçâîäñòâåííîé ôóíêöèè äëÿ ìàòåðèàëîâ.

Âñå êîýôôèöèåíòû ïðîèçâîäèòåëüíîñòè â (2.14) è (2.15), êðîìå
GL, îáðàùàþòñÿ â íóëü ïðè t →∞. Êîýôôèöèåíò ïðîèçâîäèòåëüíî-
ñòè òðóäà GL âî âñåõ ñåêòîðàõ ñòðåìèòñÿ ê G = 1 + ξ íà áåñêîíå÷íî-
ñòè, òî åñòü ïðåäïîëàãàåòñÿ, ÷òî â ïðåäåëå ïðîèçâîäèòåëüíîñòü òðóäà
ðàñò¼ò ñ ïîñòîÿííîé ñêîðîñòüþ ξ.

Ïóñòü τEi
îáîçíà÷àåò íàëîã íà èñïîëüçîâàíèå i-ãî ýíåðãîðåñóðñà,

à τM � íàëîã íà èñïîëüçîâàíèå ìàòåðèàëîâ (çàâèñèìîñòü îò ñåêòîðà
ïðîèçâîäñòâà äëÿ êðàòêîñòè îïóñêàåì). Ïðè ïîìîùè òåîðèè äâîé-
ñòâåííîñòè íàõîäèì ïðåäåëüíûå çàòðàòû íà ýíåðãèþ ïîñëå óïëàòû
íàëîãà:

PĒ =
1

γE

(∑
i

α
1

1−ρE
Ei

(
(1 + τEi

)PEi

GEi

) ρE
ρE−1

) ρE−1

ρE

. (2.16)

Ïðåäåëüíûå çàòðàòû â ñåêòîðå X ðàâíû

PX =
1

γX

(
α

1
1−ρX
K

(
PK

GK

) ρX
ρX−1

+ α
1

1−ρX
L

(
PL

GL

) ρX
ρX−1

+α
1

1−ρX

Ē

(
PĒ

GĒ

) ρX
ρX−1

+ α
1

1−ρX
M

(
(1 + τM)PM

GM

) ρX
ρX−1

) ρX−1

ρX

. (2.17)

Îòìåòèì, ÷òî ôóíêöèÿ ïðåäåëüíûõ çàòðàò â êàæäîì ïðîèçâîäñòâåí-
íîì ñåêòîðå âêëþ÷àåò íàëîãè íà èñïîëüçîâàíèå ýíåðãîðåñóðñîâ è ìà-
òåðèàëîâ.
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Ïóñòü τX � íàëîã íà åäèíèöó âûïóùåííîé ïðîäóêöèè â ñåêòîðå
X. Ïðåäïîëîæåíèå î ïîñòîÿííîé îòäà÷å îò ìàñøòàáà è êîíêóðåíò-
íûõ ðûíêàõ ïîäðàçóìåâàåò, ÷òî ðàâíîâåñíàÿ ïðèáûëü ðàâíà íóëþ, è
PXj

+ τXj
� öåíà, âêëþ÷àþùàÿ íàëîãè. Òîãäà, èñïîëüçóÿ ëåììó Øåï-

ïàðäà, ìû íàõîäèì îòíîøåíèå îáúåìà çàòðà÷åííîãî ðåñóðñà ê îáú¼ìó
âûïóñêà, êîòîðîå ìèíèìèçèðóåò çàòðàòû:

AI =

(
1

αI(γXGI)ρX
· PI

PX

) 1
ρX−1

, (2.18)

äëÿ I = K,L, Ē è äëÿ I = M :

AM =

(
1

αM(γXGM)ρX
· (1 + τM)PM

PX

) 1
ρX−1

. (2.19)

Àíàëîãè÷íî, ìèíèìèçèðóþùåå çàòðàòû îòíîøåíèå îáúåìà çàòðà÷åí-
íîãî ýíåðãîðåñóðñà ê îáú¼ìó âûïóñêà AEi

= Ei/Ē ðàâíî

AEi
=

(
1

αEi
(γEGEi

)ρE
· (1 + τEi

)PEi

PĒ

) 1
ρE−1

. (2.20)

2.3. Ïðàâèòåëüñòâî
Â ôèêñèðîâàííûé ìîìåíò t ïðàâèòåëüñòâåííûå íàëîãîâûå ñáîðû

GREV ðàâíû ñóììå íàëîãîâ íà êàïèòàë è çàðàáîòíóþ ïëàòó, ñîáðàí-
íûõ ñî âñåõ ãðóïï ïîòðåáèòåëåé, è ñóììå íàëîãîâ íà ïðèáûëü ïî âñåì
ñåêòîðàì ïðîèçâîäñòâà:

GREV =

Nd∑
i=1

ni(φirki + θiwli) +

NX∑
j=1

(
τXj

Xj+

NE∑
s=1

τEsj
PEsj

Esj
+τMj

Mj

)

=

Nd∑
i=1

(φiPKKi +θiPLLi)+

NX∑
j=1

(
τXj

+

NE∑
s=1

τEsj
PEsj

AEsj
AĒj

+τMj
AMj

)
Xj.

(2.21)

Íåéòðàëüíîñòü ïðàâèòåëüñòâà äîñòèãàåòñÿ çà ñ÷¼ò òîãî, ÷òî çàêóïêè
GPt ðàâíû íà÷àëüíîìó çíà÷åíèþ GP0 â ðåàëüíîì âûðàæåíèè:

GPt =
p̄t

p̄0

(1 + ξ)tGP0, (2.22)
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ãäå p̄t = N−1
d

∑
i

p̄it � ïîòðåáèòåëüñêèé èíäåêñ öåí. Ïðàâèòåëüñòâåí-
íûå òðàíñôåðòû ñîñòîÿò èç ñóììû òðàíñôåðòîâ ïîòðåáèòåëÿì â íà-
÷àëüíûé ìîìåíò è êîððåêòèðóþùèõ òðàíñôåðòîâ (LSAt), êîòîðûå
ïðèçâàíû ñáàëàíñèðîâàòü áþäæåò ïðàâèòåëüñòâà â ìîìåíò t. Â ðå-
çóëüòàòå òðàíñôåðòû i-îé ãðóïïå (íà äóøó íàñåëåíèÿ) ðàâíû

git =
p̄t

p̄0

(1 + ξ)tgi0 +
LSAt

nt

, (2.23)

ãäå gi0 � òðàíñôåðòû i-îé ãðóïïå ïîòðåáèòåëåé â íà÷àëüíûé ìîìåíò
è nt =

∑
i

nit � îáùèé îáúåì íàñåëåíèÿ. Òîãäà ïðàâèòåëüñòâåííûå
ðàñõîäû ñêëàäûâàþòñÿ èç çàêóïîê è ñóììàðíûõ òðàñôåðòîâ:

GEXPt = GPt + GTt, GTt =
p̄t

p̄0

(1 + ξ)t

Nd∑
i=1

nitgi0 + LSAt. (2.24)

Îòìåòèì, ÷òî LSA0 = 0, ïîñêîëüêó çíà÷åíèÿ â íà÷àëüíûé ìîìåíò
áåðóòñÿ èç òàáëèöû ìåæîòðàñëåâîãî áàëàíñà.

Äëÿ âû÷èñëåíèÿ ñïðîñà ïðàâèòåëüñòâà åãî çàêóïêè îïðåäåëÿþòñÿ
ôóíêöèåé òèïà Êîááà-Äóãëàñà îò ïåðåìåííûõ K, L, Ei, M :

GP = KαKLαL · · ·EαEi
i · · ·MαM .

Ñëåäîâàòåëüíî, îòíîøåíèå AGP
I = I/GP èñïîëüçóåìîãî ðåñóðñà I

ê îáùåìó îáú¼ìó çàêóïîê GP ðàâíî AGP
K = αK/PK äëÿ êàïèòàëà,

AGP
L = αL/PL äëÿ òðóäà, AGP

Ei
= αEi

/PEi
äëÿ ýíåðãèè è AGP

M = αM/PM

äëÿ ìàòåðèàëîâ.

2.4. Ðûíêè
Â êîíêóðåíòíîì ðàâíîâåñèè ðûíêè ñáàëàíñèðîâàíû. Äðóãèìè ñëî-

âàìè, â êàæäûé ìîìåíò t, ñîâîêóïíîå ïðåäëîæåíèå ðàâíî ñîâîêóï-
íîìó ñïðîñó äëÿ ôàêòîðîâ ïðîèçâîäñòâà:

KAD = KAS, LAD = LAS, (2.25)

è êàæäîãî ïðîèçâîäèìîãî ïðîäóêòà:

XAD
j = XAS

j , j = 1, NX . (2.26)
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Ñîâîêóïíîå ïðåäëîæåíèå j-ãî òîâàðà XAS
j = Xj îïðåäåëåíî ïðî-

èçâîäñòâåííîé ôóíêöèåé (2.14). Ñîâîêóïíûé ñïðîñ íà j-ûé êîíå÷íûé
ïðîäóêò (ïîòðåáëåíèå èëè èíâåñòèöèè) èìååò âèä

XAD
NE+1+j =

Nd∑
i=1

nicij, j = 1, NC , XAD
NX

=

Nd∑
i=1

nixi. (2.27)

Ñïðîñ íà êàæäûé êîíå÷íûé ïðîäóêò îïðåäåëÿåòñÿ íà îñíîâå ïîñëå-
äîâàòåëüíîñòè çíà÷åíèé êàïèòàëà (ñì. äàëåå îïèñàíèå âû÷èñëèòåëü-
íîé ïðîöåäóðû). À èìåííî, èíâåñòèöèè îïðåäåëÿþòñÿ èç óðàâíåíèÿ,
îïèñûâàþùåãî äèíàìèêó êàïèòàëà (2.3), ïîñëå ÷åãî ïîòðåáëåíèå âû-
÷èñëÿåòñÿ ñ ïîìîùüþ áþäæåòíîãî îãðàíè÷åíèÿ (2.2).

Ñîâîêóïíûé ñïðîñ íà êàïèòàë è òðóä èìåþò âèä

KAD =

NX∑
j=1

Aj
KXj + AGP

K GP, LAD =

NX∑
j=1

Aj
LXj + AGP

L GP. (2.28)

Ñîâîêóïíîå ïðåäëîæåíèå êàïèòàëà è òðóäà ÿâëÿåòñÿ ñóììîé ïðåäëî-
æåíèé âñåõ ïîòðåáèòåëüñêèõ ãðóïï:

KAS =

Nd∑
i=1

niki, LAS =

Nd∑
i=1

nili. (2.29)

Ñîâîêóïíûé ñïðîñ íà ýíåðãîðåñóðñû Ei è ìàòåðèàëû M åñòü ñóì-
ìà ñïðîñîâ ñåêòîðîâ, ïðîèçâîäÿùèõ êîíå÷íûå ïðîäóêòû è âñïîìîãà-
òåëüíûå ïðîäóêòû (òî åñòü ñàìè ýíåðãîðåñóðñû è ìàòåðèàëû):

XAD
i =

NE+1∑
j=1

Aj
iX

AD
j + Yi, i = 1, NE + 1, (2.30)

ãäå Yi =
∑

j>NE+1

Aj
iXj + AGP

i GP . Èñïîëüçóÿ âåêòîðíûå îáîçíà÷åíèÿ

x = (XAD
1 , . . . , XAD

NE+1)
′ è y = (Y1, . . . , YNE+1)

′, ìîæåì ïåðåïèñàòü
(2.30) â âèäå

x = Ax + y èëè x = (1− A)−1 y. (2.31)

Çäåñü A = (Aj
i ) � êâàäðàòíàÿ (NE +1)× (NE +1)-ìàòðèöà îòíîøåíèé

çàòðàò ê âûïóñêàì, à 1 � åäèíè÷íàÿ ìàòðèöà òàêîãî æå ðàçìåðà.
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Íàêîíåö, ñîîòíîøåíèå, ðåãóëèðóþùåå ïðàâèòåëüñòâåííûé áþä-
æåò èìååò âèä

GREV = GEXP, (2.32)

ãäå äîõîäû è ðàñõîäû îïðåäåëåíû ôîðìóëàìè (2.21) è (2.24).
Òàêèì îáðàçîì, êîíêóðåíòíîå ðàâíîâåñèå îïðåäåëÿåòñÿ êàê ðåøå-

íèå ñèñòåìû óðàâíåíèé, ñîñòîÿùåé èç óñëîâèé îïòèìàëüíîñòè äëÿ
ïîòðåáèòåëåé, óñëîâèé îïòèìàëüíîñòè äëÿ ïðîèçâîäèòåëåé è óðàâíå-
íèé áàëàíñà (2.25), (2.26) è (2.32). Ýòà ñèñòåìà óðàâíåíèé ðåøàåòñÿ
îòíîñèòåëüíî âåëè÷èí ïîòðåáëåíèÿ cij, èíâåñòèöèé xi, êàïèòàëà ki è
öåí PXj

, PK , PL è LSA, ïðè âñåõ t. Ïîòðåáèòåëüñêèå öåíû íà òîâàðû
è ñòîèìîñòü èíâåñòèöèé âêëþ÷àþò íàëîãè:

pj = PNE+1+j + τNE+1+j, q = PNX
+ τXNX

,

ãäå j = 1, NC . Ñòîèìîñòü êàïèòàëà è òðóäà îäèíàêîâû äëÿ ïîòðåáèòå-
ëåé è ïðîèçâîäèòåëåé: r = PK è w = PL. Âñëåäñòâèå çàêîíà Âàëüðàñà
îäíà èç öåí ìîæåò áûòü âûáðàíà â êà÷åñòâå åäèíèöû èçìåðåíèÿ. Â
ìîäåëè PET òàêîé öåíîé ÿâëÿåòñÿ çàðïëàòà, êîòîðàÿ íîðìèðîâàíà
íà åäèíèöó: w = 1. Ïðè ýòîì áàëàíñîâîå ñîîòíîøåíèå äëÿ òðóäà îò-
áðàñûâàåòñÿ.

2.5. Âû÷èñëèòåëüíàÿ ïðîöåäóðà

Äèíàìèêà ïîòðåáèòåëüñêèõ õàðàêòåðèñòèê ìîæåò ðàññìàòðèâàòü-
ñÿ êàê ïåðåõîä èç îäíîãî ðàâíîâåñíîãî ñîñòîÿíèÿ â äðóãîå. Ïîñêîëüêó
íàñ èíòåðåñóåò ñàì ïåðåõîäíûé ïðîöåññ, à íå àñèìïòîòè÷åñêîå ïîâå-
äåíèå, ìû çàìåíÿåì áåñêîíå÷íûé èíòåðâàë äîñòàòî÷íî áîëüøèì êî-
íå÷íûì îòðåçêîì [0, T ]. Ïðåäïîëàãàåòñÿ, ÷òî ñ ìîìåíòà t = T äèíàìè-
êà îïðåäåëÿåòñÿ òðàåêòîðèåé ñáàëàíñèðîâàííîãî ðîñòà (2.13). Òàêèì
îáðàçîì, çàäà÷à îá îïðåäåëåíèè êîíêóðåíòíîãî ðàâíîâåñèÿ ñâåäåíà ê
ñèñòåìå êîíå÷íîãî ÷èñëà íåëèíåéíûõ óðàâíåíèé.

Àëãîðèòì ðåøåíèÿ ñòàðòóåò ñ íà÷àëüíîãî ïðèáëèæåíèÿ äëÿ ïî-
ñëåäîâàòåëüíîñòè çíà÷åíèé êàïèòàëà kit, i = 1, Nd è t = 0, 1, . . . , T , êî-
òîðàÿ îïðåäåëÿåò ïîñëåäîâàòåëüíîñòü èíâåñòèöèé xit â ñîîòâåòñòâèè
ñ (2.9). Ïîñëå òîãî, êàê îïðåäåëåíû èíâåñòèöèè, ïîòðåáëåíèå c̄it âû-
÷èñëÿåòñÿ ïðè ïîìîùè áþäæåòíîãî îãðàíè÷åíèÿ (2.8). Ïðàâèòåëü-
ñòâåííûå çàêóïêè GPt îïðåäåëÿþòñÿ ïî ôîðìóëå (2.22). Êàê òîëüêî
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êîíå÷íûé ñïðîñ Yj (ïîòðåáëåíèå ïëþñ èíâåñòèöèè ïëþñ ïðàâèòåëü-
ñòâåííûå çàêóïêè) îïðåäåëåíû, óðîâåíü ïðîèçâîäñòâà Xj âñïîìîãà-
òåëüíûõ ïðîäóêòîâ (ýíåðãîðåñóðñîâ è ìàòåðèàëîâ) âû÷èñëÿþòñÿ ïî
ôîðìóëå (2.30), ÷òî â ñâîþ î÷åðåäü äà¼ò âåëè÷èíû ïðîèçâåä¼ííûõ
êîíå÷íûõ ïðîäóêòîâ. Öåíû PXj

è PK âû÷èñëÿþòñÿ ïðè ïîìîùè ìå-
òîäà Íüþòîíà íà îñíîâå ïîëó÷åííûõ âåëè÷èí. Îòñþäà íàõîäèì íîâîå
ïðèáëèæåíèå äëÿ ïîñëåäîâàòåëüíîñòè çíà÷åíèé êàïèòàëà kit.

Îïèñàííàÿ ïðîöåäóðà èòåðèðóåòñÿ äî òåõ ïîð ïîêà íå âûïîëíèò-
ñÿ óðàâíåíèå Ýéëåðà (2.11). Äëÿ ýòîãî èñïîëüçóåòñÿ ìîäèôèêàöèÿ
àëãîðèòìà Ãàóññà-Çåéäåëÿ (ïîäðîáíåå ñì. [5, 4]).

2.6. Íà÷àëüíûå äàííûå è ïàðàìåòðû
Êàëèáðîâêà ôóíêöèè ïîëåçíîñòè îïèñàíà â ðàçäåëå 2. Ïðîèçâîä-

ñòâåííûå êîýôôèöèåíòû αXj
è ìàñøòàáíûå ìíîæèòåëè γXj

êàëèá-
ðóþòñÿ ïî äàííûì òàáëèöû ìåæîòðàñëåâîãî áàëàíñà â íà÷àëüíûé
ìîìåíò. Çíà÷åíèÿ êîýôôèöèåíòîâ çàìåùåíèÿ ρXj

îïðåäåëÿþòñÿ âå-
ëè÷èíàìè íàëîãà íà âûáðîñû óãëåðîäà. Ïðîèçâîäèòåëüíîñòè Gj ÿâ-
ëÿþòñÿ ñâîáîäíûìè ïàðàìåòðàìè, êîòîðûå îïðåäåëÿþòñÿ âåëè÷èíà-
ìè âàëîâîãî íàöèîíàëüíîãî ïðîäóêòà, âûáðîñîâ óãëåðîäà è ñïðîñà íà
ýíåðãîíîñèòåëè íà îïðåäåë¼ííîì îòðåçêå âðåìåíè. Ïàðàìåòðû ïðà-
âèòåëüñòâà êàëèáðóþòñÿ ïî âåëè÷èíàì íàëîãîâ è çàêóïîê èç òàáëèöû
ìåæîòðàñëåâîãî áàëàíñà â íà÷àëüíûé ìîìåíò.

Âåëè÷èíà èíâåñòèöèé â òàáëèöå ìåæîòðàñëåâîãî áàëàíñà â íà-
÷àëüíûé ìîìåíò ìàñøòàáèðóåòñÿ òàê, ÷òîáû âûïîëíÿëîñü ñîîòíîøå-
íèå

[(1 + ν0)− (1− δ)]k0 = x0,

ãäå k0 =
∑
i

ki0 è x0 =
∑
i

xi0. Çíà÷åíèå êîýôôèöèåíòà àìîðòèçàöèè êà-
ïèòàëà ïîëàãàåòñÿ ðàâíûì δ = 0.1. Äëÿ òîãî, ÷òîáû ñîõðàíèòü óñëî-
âèÿ áàëàíñà â íà÷àëüíûé ìîìåíò, âåêòîð ïîòðåáëåíèÿ ìàñøòàáèðó-
åòñÿ òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå ðàâåíñòâà ñîâîêóïíîãî ñïðîñà
è ñîâîêóïíîé äîáàâëåííîé ñòîèìîñòè. Ïîñëå ýòîãî èñïîëüçóåòñÿ ìå-
òîä RAS [7], îáåñïå÷èâàþùèé ðàâåíñòâî ñîâîêóïíîãî ïðåäëîæåíèÿ è
ñïðîñà â íà÷àëüíûé ìîìåíò äëÿ êàæäîãî ðåñóðñà â ïðîèçâîäñòâå.

Ïî èçâåñòíîìó çíà÷åíèþ ñòàâêè ïðîöåíòà R êîýôôèöèåíò äèñ-
êîíòèðîâàíèÿ β âû÷èñëÿåòñÿ ïî ôîðìóëå

1/β = (1 + R)(1 + ξ)ψ−1. (2.33)
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Ýòî ñîîòíîøåíèå ñëåäóåò èç ïðåäåëüíîãî óðàâíåíèÿ Ýéëåðà (2.13).
Äåéñòâèòåëüíî, ïî îïðåäåëåíèþ

1 + Rt =
(1− δ)qt + (1 + ψt)rt

qt−1

.

Ïåðåõîäÿ ê ïðåäåëó ïðè t →∞, ïîëó÷èì R = −δ + (1− φ)r/q. Ïîä-
ñòàâëÿÿ ýòî âûðàæåíèå â (2.13), ïðèõîäèì ê (2.33). Âìåñòå ñ îöåíêîé
(1 + ξ)ψ < 1/β (ñì. ñíîñêó ïåðåä ôîðìóëîé (2.13)), âûðàæåíèå (2.33)
äà¼ò ξ < R. Â ÷àñòíîñòè, ïðè ξ = 0 è R = 0.05, ïîëó÷àåì çíà÷åíèå
β ≈ 0.95, èñïîëüçóåìîå â ðàñ÷¼òàõ.

3. Óñðåäíåíèå õàðàêòåðèñòèê ïîòðåáèòåëåé
3.1. Êàëèáðîâêà ôóíêöèé CES ïî íà÷àëüíûì äàííûì

Òðàäèöèîííûé ñïîñîá êàëèáðîâêè CES-ôóíêöèè ïîëåçíîñòè âè-
äà (2.1) ñëåäóþùèé. Ðàññìàòðèâàåòñÿ çàäà÷à ìàêñèìèçàöèè ôóíêöèè
ïîëåçíîñòè â íà÷àëüíûé ìîìåíò (íîìåð ãðóïïû i çäåñü äëÿ êðàòêîñòè
îïóñêàåì) (∑

j

(
µjcj0

)ρ
) 1

ρ

→ max (3.1)

ïðè áþäæåòíûõ îãðàíè÷åíèÿõ
∑

j

pj0cj0 = m0, (3.2)

ãäå pj0 è m0 � öåíû è ðàñõîäû â íà÷àëüíûé ìîìåíò. Òîãäà ïðè ρ 6= 0

ïîòðåáèòåëüñêèé ñïðîñ â çàäà÷å (3.1) è (3.2) äà¼òñÿ ôîðìóëîé

cj0 =

(
µρ

j

pj0

) 1
1−ρ

∑

j′
µρ

j′

(
µρ

j′

pj′0

) ρ
1−ρ

m0. (3.3)

Ïóñòü äîïîëíèòåëüíî öåíû â íà÷àëüíûé ìîìåíò pj0 âçÿòû çà åäè-
íèöó è êîýôôèöèåíòû ïðåäïî÷òåíèÿ íîðìèðîâàíû ñîîòíîøåíèåì

∑
j

µ
1

1−ρ

j = 1.
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Òîãäà â ñèëó (3.2) è (3.3) êîýôôèöèåíò ïðåäïî÷òåíèÿ j-ãî òîâàðà
âû÷èñëÿåòñÿ ïî ôîðìóëå

µj =

(
cj0∑

j′
cj′0

) 1−ρ
ρ

. (3.4)

Ñîîòâåòñòâåííî êîýôôèöèåíò ïðåäïî÷òåíèÿ j-ãî òîâàðà â i-îé ãðóïïå
ïîòðåáèòåëåé âû÷èñëÿåòñÿ ïî ôîðìóëå

µij =

(
cij0∑

j′
cij′0

) 1−ρ
ρ

. (3.5)

Äîëè ïîòðåáëåíèÿ â íà÷àëüíûé ìîìåíò â ôîðìóëàõ (3.4) è (3.5) îïðå-
äåëÿþòñÿ ïî èñõîäíûì äàííûì.

Â ïðåäåëüíîì ñëó÷àå ρ → 0 ôîðìóëà (3.1) äà¼ò ôóíêöèþ ïîëåçíî-
ñòè Êîááà-Äóãëàñà, êîòîðàÿ ýêâèâàëåíòíà ôóíêöèè u(ct) =

∑
j

µj log cjt.

Âìåñòî ôîðìóë (3.4) è (3.5) èìååì

µj =
cj0∑

j′
cj′0

, µij =
cij0∑

j′
cij′0

.

Íåïîñðåäñòâåííî âèäíî, ÷òî â ýòîì ñëó÷àå

µj =
∑

i

νiµij, ãäå νi =

∑
j

cij0

∑
j

cj0

.

Òåì íå ìåíåå ðàâíîâåñèå â ìîäåëè ñ íåñêîëüêèìè ãðóïïàìè ïîòðå-
áèòåëåé è â ìîäåëè ñ ðåïðåçåíòàòèâíûì àãåíòîì äà¼ò ðàçíûé ñîâî-
êóïíûé ñïðîñ, åñëè òîëüêî ïðîèçâîäñòâåííûé ñåêòîð íå îïèñûâàåòñÿ
ôóíêöèÿìè Êîááà-Äóãëàñà (ïîäðîáíîñòè ñì. â [10]).

Êîëè÷åñòâåííûå ðàçëè÷èÿ ñîâîêóïíîãî ñïðîñà
∑
j

cijt íåñêîëüêèõ

ãðóïï ïîòðåáèòåëåé è ðåïðåçåíòàòèâíîãî àãåíòà cjt ìû èññëåäóåì íà
ïðèìåðå ìîäåëè PET â ðàçäåëå 3 (àíàëèç ñòàòè÷åñêîãî ñëó÷àÿ ñì. â
[8]).
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3.2. Êîýôôèöèåíòû ïðåäïî÷òåíèÿ, çàâèñÿùèå îò âðåìåíè
Êàê õîðîøî èçâåñòíî, èñïîëüçîâàíèå ïîñòîÿííîé îòäà÷è îò ìàñ-

øòàáà, ò.å. CES-ôóíêöèè ïîëåçíîñòè, íå äîñòàòî÷íî õîðîøî ïîäòâåð-
æäàåòñÿ ýêîíîìåòðè÷åñêèì àíàëèçîì. Ïîýòîìó ìû ââîäèì çàâèñÿùèå
îò âðåìåíè êîýôôèöèåíòû ïðåäïî÷òåíèÿ, ïåðåïèñûâàÿ ôóíêöèþ ïî-
ëåçíîñòè (2.1) â âèäå

U(c) =
1

ψ

∑
t

βtnt

(∑
j

(
µjtcjt

)ρ
)ψ

ρ

.

Çäåñü â êà÷åñòâå êîýôôèöèåíòîâ ïðåäïî÷òåíèÿ ìû èñïîëüçóåì ïðî-
ãíîçèðóåìûå äîëè ïîòðåáëåíèÿ:

µjt =

(
c∗jt∑

j′
c∗j′t

) 1−ρ
ρ

. (3.6)

Ñ÷èòàåì, ÷òî èçìåíåíèå ïîòðåáëåíèÿ âî âðåìåíè â îñíîâíîì ñâÿçàíî
ñ èçìåíåíèåì ÷èñëåííîñòè íàñåëåíèÿ. Ïîýòîìó

c∗jt =
1

nt

∑
i

θij0nitci0, (3.7)

ãäå θij0 � äîëÿ j-ãî òîâàðà â îáùåì ïîòðåáëåíèè i-îé ãðóïïû è ci0

� ïîòðåáëåíèå íà äóøó â íà÷àëüíûé ìîìåíò; nit � ïðîãíîçèðóåìàÿ
÷èñëåííîñòü íàñåëåíèÿ â i-îé ãðóïïå è nt =

∑
i

nit � îáùàÿ ïðîãíîçè-
ðóåìàÿ ÷èñëåííîñòü íàñåëåíèÿ.

3.3. Óñðåäíåíèå òðóäà è êàïèòàëà
Èç-çà îãðàíè÷åííîãî îáú¼ìà äàííûõ ðåñóðñû òðóäà è êàïèòàëà

îáû÷íî âû÷èñëÿþòñÿ íà îñíîâå ñðåäíåãî îáú¼ìà ñáåðåæåíèé k0 íà
äóøó è ñðåäíåé çàðàáîòíîé ïëàòû l0 â íà÷àëüíûé ìîìåíò. Äàëåå k0

ñëóæèò íà÷àëüíûì çíà÷åíèåì äëÿ ïîñëåäîâàòåëüíîñòè çíà÷åíèé kt,
êîòîðàÿ îïðåäåëÿåòñÿ óðàâíåíèÿìè ìîäåëè. Òðóä ïîëàãàåòñÿ ðàâíûì
L̃AS

t = ntl0. Â ýòîì ñëó÷àå, òðóä çàâèñèò ëèøü îò ðîñòà íàñåëåíèÿ, íî
íå îò èçìåíåíèÿ ñîñòàâà íàñåëåíèÿ.

Ïðåäïîëîæèì, ÷òî â íà÷àëüíûé ìîìåíò èçâåñòíû ïðîèçâîäèòåëü-
íîñòè li0 ðàçëè÷íûõ ãðóïï ïîòðåáèòåëåé. Òîãäà ïðîèçâîäèòåëüíîñòü



Ó÷¼ò íåîäíîðîäíîñòè ïîòðåáèòåëåé 69

ðåïðåçåíòàòèâíîãî àãåíòà âû÷èñëÿåòñÿ ïî ôîðìóëå

l0 =

∑
i

ni0li0
∑
i

ni0

.

Åñëè ìû èãíîðèðóåì èçìåíåíèå ïðîèçâîäèòåëüíîñòè âî âðåìåíè, òî
îáúåì òðóäîâîãî ðåñóðñà çàïèñûâàåòñÿ êàê è ðàíåå ôîðìóëîé

L̃AS
t = ntl0 =

nt

n0

LAS
0 .

Ñ äðóãîé ñòîðîíû, ìû ìîæåì ó÷åñòü èçìåíåíèå ñîñòàâà íàñåëåíèÿ,
ââîäÿ çàâèñÿùóþ îò âðåìåíè ïðîèçâîäèòåëüíîñòü:

lt =

∑
i

nitli0
∑
i

nit

. (3.8)

Òîãäà ìû ïðèõîäèì ê âûðàæåíèþ

LAS
t = ntlt =

∑
i

nitli0.

Â ìîäåëè ñ íåñêîëüêèìè ãðóïïàìè ïîòðåáèòåëåé ñîâîêóïíîå ïðåä-
ëîæåíèå òðóäà ïîëàãàåòñÿ ðàâíûì LAS

it = nitli0, à çíà÷åíèÿ ñðåäíèõ
ñáåðåæåíèé íà äóøó íàñåëåíèÿ ki0 èñïîëüçóþòñÿ äëÿ âû÷èñëåíèÿ
ïðåäëîæåíèÿ êàïèòàëà.

4. Ðåçóëüòàòû è îáñóæäåíèå
Ýôôåêòèâíîñòü ìåòîäà óñðåäíåíèÿ îïðåäåëÿåòñÿ çàâèñèìîñòüþ

ðåçóëüòàòîâ îò ñòåïåíè óñðåäíåíèÿ (ò.å. îò ÷èñëà ðàññìàòðèâàåìûõ
â ìîäåëè ãðóïï ïîòðåáèòåëåé). Íàìè ïðîâåäåíî ñðàâíåíèå çíà÷åíèé
ñîâîêóïíûõ õàðàêòåðèñòèê, âû÷èñëåííûõ â ìîäåëè PET ñ ðåïðåçåí-
òàòèâíûì àãåíòîì (îäíà ãðóïïà ñ óñðåäíåííûìè õàðàêòåðèñòèêàìè)
è ñ íåñêîëüêèìè ãðóïïàìè, êîòîðûå îáëàäàþò ðàçíûìè õàðàêòåðè-
ñòèêàìè.

Äàííûå óêàçûâàþò, ÷òî íàèáîëüøàÿ íåîäíîðîäíîñòü ïîòðåáèòå-
ëåé íàáëþäàåòñÿ â ðàçâèâàþùèõñÿ ñòðàíàõ [13], ïîýòîìó ðàñ÷¼òû
ïðîâîäèëèñü ïî ðåàëüíûì äàííûì äëÿ Èíäèè (ïîäðîáíîñòè ñì. â
[10]). Â ñëó÷àå ñ íåçàâèñÿùèìè îò âðåìåíè ïðîèçâîäèòåëüíîñòüþ è
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êîýôôèöèåíòàìè ïðåäïî÷òåíèÿ, êàëèáðîâàííûìè ïî íà÷àëüíûì äàí-
íûì (µ0 è l0), âåëè÷èíû ñîâîêóïíîãî ñïðîñà íà ïîòðåáèòåëüñêèå òîâà-
ðû è ýíåðãîíîñèòåëè â ìîäåëè ñ ðåïðåçåíòàòèâíûì àãåíòîì è íåñêîëü-
êèìè ãðóïïàìè ìîãóò èìåòü çíà÷èòåëüíûå ðàçëè÷èÿ (1.5�2 ðàçà). Â
ñëó÷àå ñ íåçàâèñÿùèì îò âðåìåíè êîýôôèöèåíòàìè ïðåäïî÷òåíèÿ,
íî çàâèñÿùåé îò âðåìåíè ïðîèçâîäèòåëüíîñòüþ (µ0 è lt) ðàçëè÷èÿ
ñóùåñòâåííî óìåíüøàþòñÿ, íî òåì íå ìåíåå ìîãóò äîñòèãàòü 25%.
Íàêîíåö, â ñëó÷àå, êîãäà è ïðîèçâîäèòåëüíîñòü, è êîýôôèöèåíòû
ïðåäïî÷òåíèÿ ó÷èòûâàþò çàâèñèìîñòü îò âðåìåíè (µt è lt), ðàçëè-
÷èÿ ñòàíîâÿòñÿ íåçíà÷èòåëüíûìè (â ïðåäåëàõ 1%). Òàêèì îáðàçîì,
ðûíî÷íûå ýôôåêòû â ïîñëåäíåì ñëó÷àå ñòàíîâÿòñÿ íåñóùåñòâåííû-
ìè.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò çàêëþ÷èòü, ÷òî ïðåäëîæåí-
íûé íàìè ìåòîä óñðåäíåíèÿ õîðîøî îòðàæàåò äèíàìèêó â ìîäåëè ñ
íåîäíîðîäíûìè ïîòðåáèòåëÿìè. Òîò ôàêò, ÷òî çàâèñèìîñòü îò âðåìå-
íè êîýôôèöèåíòîâ ïðåäïî÷òåíèÿ ñëàáî âëèÿåò íà ðåçóëüòàòû, ñîãëà-
ñóåòñÿ ñ ðàñ÷¼òàìè [11]. Îòìåòèì, ÷òî ïðåäëîæåííûé ìåòîä ïîñòðîå-
íèÿ ðåïðåçåíòàòèâíîãî àãåíòà íå èñïîëüçóåò ñïåöèôèêè ìîäåëè PET
è ìîæåò áûòü èñïîëüçîâàí â øèðîêîì êëàññå äèíàìè÷åñêèõ ìíîãî-
ñåêòîðíûõ CGE-ìîäåëåé.

Ðåçóëüòàòû ïîëó÷åíû â êëàññå ôóíêöèé ïîëåçíîñòè îäíîðîäíûõ
(ïåðâîé ñòåïåíè) îòíîñèòåëüíî ïîòðåáëåíèÿ è èìåþùèõ çàâèñÿùèå îò
âðåìåíè êîýôôèöèåíòû ïðåäïî÷òåíèÿ. Ýòî ïîäðàçóìåâàåò, ÷òî îòíî-
ñèòåëüíàÿ öåííîñòü êàæäîãî òîâàðà ìîæåò ìåíÿòüñÿ, íî ñòåïåíü âçà-
èìîçàìåíÿåìîñòè òîâàðîâ îñòà¼òñÿ ïîñòîÿííîé. Â íàñòîÿùèé ìîìåíò
âåä¼òñÿ ðàáîòà ïî îáîáùåíèþ òåîðèè ðåïðåçåíòàòèâíîãî àãåíòà íà
êëàññ íåîäíîðîäíûõ ôóíêöèé, à òàêæå íàä âîçìîæíîñòüþ óñðåäíå-
íèÿ âåëè÷èí çàìåùåíèÿ ìåæäó òîâàðàìè. Â áóäóùåì ìû ïëàíèðóåì
èññëåäîâàòü ýòè æå âîïðîñû îòíîñèòåëüíî êîýôôèöèåíòà çàìåùåíèÿ
ïî âðåìåíè.
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Abstract : Accounting for demographic heterogeneity in the general
equilibrium framework leads to solving separate optimization problem
for several consumer groups with di�erent characteristics. In the present
paper, an aggregation method of consumer characteristics is proposed
that allows to take into account time variations in the preference
coe�cients and labor productivity. The method is applied to a particular
type of models that are used to assess energy demand. We show that
demand of the single population group that has averaged characteristics
of the whole population is in good agreement with total demand of several
di�erent consumer groups. Thus, our method allows to extend the scope
of application for the representative consumer approach to a wide class
of multisector models with heterogeneous consumer characteristics that
can change over time.

Keywords : economic growth, computable general equilibrium, demographic
heterogeneity, consumer preferences, labor productivity, aggregation, energy
demand.
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Ðàññìàòðèâàþòñÿ äâå ëèíåéíûå íåñòàöèîíàðíûå çàäà÷è óê-
ëîíåíèÿ îäíîãî óáåãàþùåãî îò ãðóïïû ïðåñëåäîâàòåëåé ïðè
óñëîâèè, ÷òî èãðîêè îáëàäàþò ðàâíûìè äèíàìè÷åñêèìè âîç-
ìîæíîñòÿìè è óáåãàþùèé íå ïîêèäàåò ïðåäåëû íåêîòîðîãî
ìíîæåñòâà. Äîêàçûâàåòñÿ, ÷òî åñëè ÷èñëî ïðåñëåäîâàòåëåé ìå-
íüøå ðàçìåðíîñòè ïðîñòðàíñòâà, òî óáåãàþùèé óêëîíÿåòñÿ îò
âñòðå÷è íà èíòåðâàëå [t0,∞).

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíàÿ èãðà, ãðóïïîâîå ïðåñëåäîâàíèå,
çàäà÷à óêëîíåíèÿ.

1. Ââåäåíèå
Âàæíîå íàïðàâëåíèå ñîâðåìåííîé òåîðèè äèôôåðåíöèàëüíûõ èãð

ñâÿçàíî ñ ðàçðàáîòêîé ìåòîäîâ ðåøåíèÿ èãðîâûõ çàäà÷ ïðåñëåäîâàíèÿ-
óêëîíåíèÿ ñ ó÷àñòèåì íåñêîëüêèõ îáúåêòîâ. Ïðè ýòîì ïðåäñòàâëÿåò
èíòåðåñ ïîëó÷åíèå êàê íåîáõîäèìûõ, òàê è äîñòàòî÷íûõ óñëîâèé ðàç-
ðåøèìîñòè çàäà÷ óêëîíåíèÿ è ïðåñëåäîâàíèÿ ïî íà÷àëüíûì äàííûì
è ïàðàìåòðàì èãðû. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ äâå íåñòàöè-
îíàðíûå ëèíåéíûå äèôôåðåíöèàëüíûå èãðû ñ ïðîñòîé ìàòðèöåé.

c©2010 Í.Í. Ïåòðîâ
∗ Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ

¾Ìàòåìàòè÷åñêàÿ òåîðèÿ óïðàâëåíèÿ¿
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2. Íåñòàöèîíàðíàÿ çàäà÷à ñ ïðîñòûì äâèæåíèåì

Â ïðîñòðàíñòâå Rk(k ≥ 2) ðàññìàòðèâàåòñÿ ñëåäóþùàÿ äèôôå-
ðåíöèàëüíàÿ èãðà n + 1 ëèö: n ïðåñëåäîâàòåëåé P1, . . . , Pn è óáåãàþ-
ùèé E.

Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi èìååò âèä

ẋi = b(t)ui, ‖ui‖ ≤ 1. (2.1)

Çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä

ẏ = b(t)v, ‖v‖ ≤ 1. (2.2)

Ïðè t = t0 çàäàíû íà÷àëüíûå ïîëîæåíèÿ ïðåñëåäîâàòåëåé x0
1, . . . , x

0
n

è íà÷àëüíîå ïîëîæåíèå óáåãàþùåãî y0, ïðè÷åì x0
i 6= y0, i = 1, . . . , n.

Çäåñü b : [t0,∞) → R1 � èçìåðèìàÿ ôóíêöèÿ.
Ïðåäïîëàãàåòñÿ, ÷òî óáåãàþùèé E â ïðîöåññå èãðû íå ïîêèäàåò

âûïóêëîãî ìíîæåñòâà D (D ⊂ Rk) ñ íåïóñòîé âíóòðåííîñòüþ.
Ïðè b(t) ≡ 1 è îòñóòñòâèè ôàçîâûõ îãðàíè÷åíèé çàäà÷à ðàññìàò-

ðèâàëàñü â [7,8], ïðè b(t) ≡ 1 ñ ôàçîâûìè îãðàíè÷åíèÿìè çàäà÷à ðàñ-
ñìàòðèâàëàñü â [2,3,6,10]. Íåñòàöèîíàðíûé ñëó÷àé ïðè óñëîâèè n ≥ k

ðàññìàòðèâàëñÿ â [1].
Ïóñòü σ � íåêîòîðîå ðàçáèåíèå t0 < t1 < . . . < ts . . . èíòåðâàëà

[t0,∞), íå èìåþùåå êîíå÷íûõ òî÷åê ñãóùåíèÿ.

Îïðåäåëåíèå 2.1. Êóñî÷íî-ïðîãðàììíîé ñòðàòåãèåé V èãðîêà E,
çàäàííîé íà [0,∞), ñîîòâåòñòâóþùåé ðàçáèåíèþ σ, íàçûâàåòñÿ ñå-
ìåéñòâî îòîáðàæåíèé {cl}∞l=0, ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷è-
íàì

(tl, x1(tl), . . . , xn(tl), y(tl))

èçìåðèìóþ ôóíêöèþ v = vl(t), îïðåäåëåííóþ äëÿ t ∈ [tl, tl+1) è òà-
êóþ, ÷òî ||vl(t)|| ≤ 1, y(t) ∈ D, t ∈ [tl, tl+1).

Îáîçíà÷èì äàííóþ èãðó ÷åðåç Γ.

Îïðåäåëåíèå 2.2. Áóäåì ãîâîðèòü, ÷òî â èãðå Γ ïðîèñõîäèò óêëî-
íåíèå îò âñòðå÷è, åñëè ñóùåñòâóþò ðàçáèåíèå σ èíòåðâàëà [t0,∞)

íå èìåþùåå êîíå÷íûõ òî÷åê ñãóùåíèÿ, ñòðàòåãèÿ V óáåãàþùåãî E,
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ñîîòâåòñòâóþùàÿ ðàçáèåíèþ σ òàêèå, ÷òî äëÿ ëþáûõ òðàåêòîðèé
x1(t), . . . , xn(t) ïðåñëåäîâàòåëåé P1, . . . , Pn èìååò ìåñòî

xi(t) 6= y(t), t ≥ t0, i = 1, . . . , n,

ãäå y(t) � ðåàëèçîâàâøàÿñÿ â äàííîé ñèòóàöèè òðàåêòîðèÿ óáåãàþ-
ùåãî E.

Òåîðåìà 2.1. Ïóñòü y0 ∈ IntD, b � ôóíêöèÿ, îãðàíè÷åííàÿ íà ëþáîì
êîìïàêòå è n < k. Òîãäà â èãðå Γ ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è.

Äîêàçàòåëüñòâî. Òàê êàê y0 ∈ IntD, òî ñóùåñòâóåò Dr(q) � øàð ðà-
äèóñà r ñ öåíòðîì â òî÷êå q òàêîé, ÷òî y0 ∈ IntDr(q) ⊂ D. Ïóñòü äàëåå
ε � ðàññòîÿíèå îò y0 äî ãðàíèöû Dr(q), Il = [t0 + l − 1, t0 + l], bl > 0

òàêîå, ÷òî |b(t)| ≤ bl äëÿ âñåõ t ∈ Il,

Ωj(τ) =
{

t > τ :

t∫

τ

|b(s)|ds =
ε

j + 1

}
.

Îòìåòèì, ÷òî åñëè t ∈ Ω(τ) è τ, t ∈ Il ïðè íåêîòîðîì l, òî

ε

j + 1
=

t∫

τ

|b(s)|ds ≤ bl(t− τ).

Ïîýòîìó

t− τ ≥ ε

bl(j + 1)
. (2.3)

Äëÿ êàæäîãî îòðåçêà Il îïðåäåëèì ðàçáèåíèå σl äàííîãî îòðåçêà è
÷èñëî ml ñëåäóþùèì îáðàçîì. Ðàññìîòðèì îòðåçîê I1. Ïóñòü τ 1

0 = t0,

j = 1, 2 . . .

τ 1
j =

{
inf{t > τ 1

j−1, t ∈ Ωj(τ
1
j−1)}, åñëè τ 1

j < t0 + 1 è Ωj(τ
1
j−1) 6= ∅,

t0 + 1 èíà÷å

Äàëåå ïîëàãàåì m1 = min{j : τ 1
j = t0 + 1}, σ1 = {τ 1

0 , . . . , τ 1
m1
}. Ðàñ-

ñìîòðèì òåïåðü îòðåçîê I2. Ïóñòü τ 2
0 = t0 + 1. Äëÿ âñåõ j = 1, 2 . . .

τ 2
j = inf{t > τ 2

j−1, t ∈ Ωj+m1(τ
2
j−1)},
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åñëè
τ 2
j < t0 + 2 è Ωj+m1(τ

2
j−1) 6= ∅

è τ 2
j = t0 + 2, åñëè ñîîòâåòñòâóþùèå óñëîâèÿ íå âûïîëíÿþòñÿ.
Äàëåå ïîëàãàåì

m2 = m1 + min{j : τ 2
j = t0 + 2}, σ2 = {τ 2

0 , . . . , τ 2
m2−m1

}.

Ïðåäïîëîæèì, ÷òî óæå îïðåäåëåíû ðàçáèåíèå σl−1 îòðåçêà Il−1 è
÷èñëî ml−1. Ðàññìîòðèì îòðåçîê Il. Ïóñòü τ l

0 = t0 + l − 1. Äëÿ âñåõ
j = 1, 2 . . .

τ l
j = inf{t > τ 2

j−1, t ∈ Ωj+ml−1
(τ l

j−1)},
åñëè

τ l
j < t0 + l è Ωj+ml−1

(τ l
j−1) 6= ∅

è τ l
j = t0 + l, åñëè ñîîòâåòñòâóþùèå óñëîâèÿ íå âûïîëíÿþòñÿ.
Äàëåå ïîëàãàåì

ml = ml−1 + min{j : τ l
j = t0 + l}, σl = {τ l

0, . . . , τ
2
ml−ml−1

}.

Îòìåòèì, ÷òî â ñèëó (2.3) ÷èñëà ml ñóùåñòâóþò äëÿ âñåõ l. Â êà÷åñòâå
ðàçáèåíèÿ σ ïðîìåæóòêà [t0,∞) âîçüìåì òàêîå ðàçáèåíèå, ÷òî ñóæå-
íèå σ íà ëþáîé îòðåçîê Il ñîâïàäàåò ñ σl. Ïóñòü σ = {τ0 = t0 < τ1 <

. . . < τr < . . .}. Çàäàåì ñòðàòåãèþ V óáåãàþùåãî ñëåäóþùèì îáðàçîì:
v(t) = vjsignb(t), t ∈ [τj, τj+1), ãäå vj îïðåäåëÿåòñÿ èç óñëîâèé

(vj, xi(τj)− y(τj)) = 0, i = 1, . . . , n, (vj, y(τj)− q) ≤ 0, ‖vj‖ = 1.

Òàê êàê n < k, òî ñèñòåìà èìååò ðåøåíèå.
Ïîêàæåì, ÷òî V ÿâëÿåòñÿ ñòðàòåãèåé óêëîíåíèÿ. Ðàññìîòðèì îò-

ðåçîê [τj, τj+1]. Òîãäà èç ñèñòåì (2.1), (2.2) èìååì

y(t) = y(τj) +

t∫

τj

|b(s)|ds · vj,

xi(t) = xi(τj) +

t∫

τj

b(s)ui(s)ds.
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Ñëåäîâàòåëüíî

‖xi(t)− y(t)‖ = ‖xi(τj)− y(τj)−Mj(t)vj + Mj(t)ûi(t)‖ ≥
≥ ‖xi(τj)− y(τj)−Mj(t)vj‖ −Mj(t) =

=
√
‖ai(τj)‖2 − 2Mj(t)(ai(τj), vj) + M2

j (t)−Mj(t) =

=
√
‖ai(τj)‖2 + M2

j (t)−Mj(t), (2.4)

ãäå ai(τj) = xi(τj)− y(τj), Mj(t) =
t∫

τj

|b(s)|ds,

ûi(t) =





1
Mj(t)

t∫
τj

b(s)ui(s)ds, åñëè Mj(t) 6= 0

0, åñëè Mj(t) = 0

,

ïðè÷åì ‖ûi(t)‖ ≤ 1 äëÿ âñåõ t ∈ [τj, τj+1]. Èç (2.4) ñëåäóåò, ÷òî åñëè
xi(τj) 6= y(τj), òî xi(t) 6= y(t) äëÿ âñåõ t ∈ [τj, τj+1]. Ýòî îçíà÷àåò, ÷òî
åñëè ïîèìêà íå ïðîèçîøëà äî ìîìåíòà τj, òî îíà íå ïðîèçîéäåò è
îòðåçêå [τj, τj+1]. Òàê êàê x0

i 6= y0 äëÿ âñåõ i, òî y(t) 6= xi(t) äëÿ âñåõ
i, t ≥ t0.

Äîêàæåì òåïåðü, ÷òî y(t) ∈ D äëÿ âñåõ t ≥ t0. Ðàññìîòðèì îòðåçîê
[τ0, τ1]. Òîãäà

‖y(t)− q‖ = ‖y0 + M1(t)v1 − q‖ =

=
√
‖y0 − q‖2 + 2(y0 − q, v1)M1(t) + M2

1 (t) ≤
√

(r − ε)2 + M2
1 (t).

Òàê êàê M1(t) ≤ ε
2
äëÿ âñåõ t ∈ [τ0, τ1], òî

‖y(t)− q‖ ≤
√

(r − ε)2 +
(ε

2

)2

≤ r − ε

2
.

Òåì ñàìûì äîêàçàíî, ÷òî y(t) ∈ D äëÿ âñåõ t ∈ [τ0, τ1].

Ïðåäïîëîæèì, ÷òî íåðàâåíñòâî ‖y(t)− q‖ ≤ r− ε
j+1

äîêàçàíî äëÿ
âñåõ t ∈ [τj−1, τj], j ≤ l − 1. Äîêàæåì, ÷òî äëÿ âñåõ t ∈ [τl−1, τl] ñïðà-
âåäëèâî íåðàâåíñòâî ‖y(t)− q‖ ≤ r − ε

l+1
.

‖y(t)− q‖ = ‖y(tl−1) + Ml(t)vl − q‖ =

=
√
‖y(tl−1)− q‖2 + 2(y(tl−1)− q, vl)Ml(t) + M2

l (t) ≤

≤
√

(r − ε

l
)2 + M2

l (t).
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Òàê êàê Ml(t) ≤ ε
l+1

äëÿ âñåõ t ∈ [τl−1, τl] òî

‖y(t)− q‖ ≤
√

(r − ε

l
)2 +

( ε

l + 1

)2

≤ r − ε

l + 1
.

Òåì ñàìûì äîêàçàíî, ÷òî V ÿâëÿåòñÿ ñòðàòåãèåé óêëîíåíèÿ.

3. Ëèíåéíàÿ íåñòàöèîíàðíàÿ çàäà÷à óêëîíåíèÿ â êîíóñå
Â ïðîñòðàíñòâå Rk(k ≥ 2) ðàññìàòðèâàåòñÿ ñëåäóþùàÿ äèôôå-

ðåíöèàëüíàÿ èãðà n + 1 ëèö: n ïðåñëåäîâàòåëåé P1, . . . , Pn è óáåãàþ-
ùèé E.

Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi èìååò âèä

ẋi = a(t)xi + ui, ‖ui‖ ≤ 1. (3.1)

Çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä

ẏ = a(t)y + v, ‖v‖ ≤ 1. (3.2)

Ïðè t = t0 çàäàíû íà÷àëüíûå ïîëîæåíèÿ ïðåñëåäîâàòåëåé x0
1, . . . , x

0
n

è íà÷àëüíîå ïîëîæåíèå óáåãàþùåãî y0, ïðè÷åì x0
i 6= y0, i = 1, . . . , n.

Çäåñü a : [t0,∞) → R1 � èçìåðèìàÿ ôóíêöèÿ.
Ïðåäïîëàãàåòñÿ, ÷òî óáåãàþùèé E â ïðîöåññå èãðû íå ïîêèäàåò

ïðåäåëû âûïóêëîãî êîíóñà

D = {y : y ∈ Rk, (pj, y) ≤ 0, j = 1, . . . , r},

ãäå p1, . . . , pr � åäèíè÷íûå âåêòîðû Rk òàêèå, ÷òî IntD 6= ∅.
Óáåãàþùèé èñïîëüçóåò êóñî÷íî-ïðîãðàììíûå ñòðàòåãèè.
Ïðè a(t) ≡ a, a < 0 è îòñóòñòâèè ôàçîâûõ îãðàíè÷åíèé çàäà÷à

ðàññìàòðèâàëàñü â [9], ïðè a(t) ≡ a, a < 0, n ≥ k ñ ôàçîâûìè îãðàíè-
÷åíèÿìè çàäà÷à ðàññìàòðèâàëàñü â [4]. Ñëó÷àé a(t) ≡ a, a < 0, n < k

ñ ôàçîâûìè îãðàíè÷åíèÿìè ðàññìàòðèâàëñÿ â [5], à ñëó÷àé a(t) ≡
a, a > 0, n < k ñ ôàçîâûìè îãðàíè÷åíèÿìè ðàññìàòðèâàëñÿ â [11].

Òåîðåìà 3.1. Ïóñòü y0 ∈ IntD, a � ôóíêöèÿ, îãðàíè÷åííàÿ íà ëþ-
áîì êîìïàêòå è n < k. Òîãäà â èãðå Γ ïðîèñõîäèò óêëîíåíèå îò
âñòðå÷è.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì îòðåçîê Il, tl = t0 + l. Â ñèñòåìàõ (3.1),

(3.2) ñäåëàåì çàìåíó ïåðåìåííûõ

xi = e

t∫
tl

a(s)ds

wl
i, y = e

t∫
tl

a(s)ds

zl.

Ïîëó÷èì ñèñòåìû

ẇl
i = e

−
t∫

tl

a(s)ds

ui, żl = e
−

t∫
tl

a(s)ds

v. (3.3)
Îòìåòèì, ÷òî xi(τ) = y(τ) ïðè íåêîòîðûõ i, τ ∈ Il òîãäà è òîëüêî
òîãäà, êîãäà wl

i(τ) = zl(τ). Êðîìå òîãî y(t) ∈ D òîãäà è òîëüêî òîãäà,
êîãäà zl(t) ∈ D. Ïóñòü äàëåå

bl(t) = e
−

t∫
tl

a(s)ds

, Kl = e
−

tl−1∫
tl

a(s)ds

,

Dr(q) � øàð ðàäèóñà r ñ öåíòðîì â òî÷êå q òàêîé, ÷òî y0 ⊂ Dr(q) ⊂ D,

ε � ðàññòîÿíèå îò y0 äî ãðàíèöû Dr(q), q1 = K1q, r1 = K1r, ε1 = K1ε,

ql = Klql−1, rl = Klrl−1, l ≥ 2. Îòìåòèì, ÷òî bl(t) > 0 äëÿ âñåõ t ∈ Il.

Äëÿ îòðåçêà I1 ïî ε1, è ôóíêöèè b1 îïðåäåëèì ÷èñëî m1 è ðàçáè-
åíèå σ1 ïî ñõåìå ïðåäûäóùåãî ðàçäåëà. Äëÿ îòðåçêà I2 ïî ε2 = K2ε1

m1+2

è ôóíêöèè b2 îïðåäåëèì ÷èñëî m2 è ðàçáèåíèå σ2 è òàê äàëåå. Äëÿ
îòðåçêà Il ïî εl = Klεl−1

ml−1+2
è ôóíêöèè bl îïðåäåëèì ÷èñëî ml è ðàçáè-

åíèå σl. Â êà÷åñòâå ðàçáèåíèÿ σ ïðîìåæóòêà [t0,∞) âîçüìåì òàêîå
ðàçáèåíèå, ñóæåíèå êîòîðîãî íà ëþáîé îòðåçîê Il ñîâïàäàåò ñ σl.

Ïóñòü τj, τj+1 ∈ σl. Çàäàåì ñòðàòåãèþ V óáåãàþùåãî E íà [τj, τj+1]

ïîëàãàÿ v(t) = vl
j, ãäå vl

j îïðåäåëÿåòñÿ èç ñëåäóþùåé ñèñòåìû
(vl

j, z
l(τj)− wl

i(τj)) = 0, i = 1, . . . , n, (vl
j, ql − zl(τj)) ≥ 0, ‖vl

j‖ = 1.

Òàê êàê n < k, òî vl
j âñåãäà ñóùåñòâóåò. Ïîêàæåì, ÷òî ñòðàòåãèÿ V

ãàðàíòèðóåò óêëîíåíèå îò âñòðå÷è.
1. Ïîêàæåì, ÷òî zl(t) 6= wl

i(t) äëÿ âñåõ i, t ∈ Il. Ïóñòü τj, τj+1 ∈ σl.

Èç ñèñòåì (3.3) èìååì

zl(t) = zl(τj) +

t∫

τj

bl(s)ds · vl
j,

wl
i(t) = wl

i(τj) +

t∫

τj

bl(s)ui(s)ds.
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Ïîýòîìó äëÿ âñåõ t ∈ [τj, τj+1)

‖zl(t)− wl
i(t)‖ ≥ ‖zl(τj) + M l

j(t)v
l
j − wl

i(τj)‖ −M l
j(t) =

=
√

(al
i(τj))2 + 2M l

j(t)(v
l
j, a

l
i(τj)) + (M l

j(t))
2 −M l

j(t) =

=
√

(al
i(τj))2 − (M l

j(t))
2 −M l

j(t) > 0 åñëè al
i(τj) 6= 0.

Çäåñü

M l
j(t) =

t∫

τj

bl(s)ds, al
i(τj) = zl(τj)− wl

i(τj).

Ïîýòîìó, åñëè ïîèìêà íå ïðîèçîøëà äî ìîìåíòà τj, òî îíà íå ïðî-
èçîéäåò è íà îòðåçêå [τj, τj+1]. Òàê êàê z0 − w0

i 6= 0 äëÿ âñåõ i, òî
äîêàçàíî, ÷òî zl(t) 6= wl

i(t) äëÿ âñåõ i, l, t ∈ Il.

2. Ïîêàæåì, ÷òî äëÿ âñåõ íàòóðàëüíûõ l, t ∈ Il ñïðàâåäëèâû íåðà-
âåíñòâà

‖zl(t)− ql‖ ≤ rl − εl

j + 1
, t ∈ [τj, τj+1], (τj, τj+1 ∈ σl). (3.4)

Ðàññìîòðèì îòðåçîê I1 = [t0, t1] è ðàçáèåíèå σ1 äàííîãî îòðåçêà.

‖z1(t0)− q1‖ = ‖K1y
0 −K1q‖ = K1(r − ε) = r1 − ε1.

Ïóñòü t ∈ [τ 1
0 , τ 1

1 ]. Òîãäà

‖z1(t)− q1‖ = ‖z1(t0) + M1
0 (t)v1

1 − q1‖ =√
‖z1(t0)− q1‖2 + 2M1

0 (t)(z1(t0)− q1, v1
1) + (M1

0 (t))2 ≤

≤
√

(r1 − ε1)2 +
(ε

2

)2

≤ r1 − ε1

2
,

òàê êàê M1
0 (t) ≤ ε1

2
äëÿ âñåõ t ∈ [τ 1

0 , τ 1
1 ] â ñèëó âûáîðà τ 1

1 . Äàëüíåé-
øåå äîêàçàòåëüñòâî íåðàâåíñòâà (3.4) äëÿ I1 ïðîâîäèòñÿ àíàëîãè÷íî
äîêàçàòåëüñòâó ñîîòâåòñòâóþùåãî íåðàâåíñòâà èç ïðåäûäóùåãî ðàç-
äåëà.

Ïðåäïîëîæèì, ÷òî íåðàâåíñòâî (3.4) äîêàçàíî äëÿ âñåõ Il, l ≤ s.

Äîêàæåì íåðàâåíñòâî äëÿ Is+1. Â ñèëó ïðåäïîëîæåíèÿ ñïðàâåäëèâî
íåðàâåíñòâî

‖zs(ts)− qs‖ ≤ rs − εs

ms + 2
.
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Òîãäà

‖zs+1(ts)− qs+1‖ = ‖Ks+1(y(ts)− qs)‖ =

= Ks+1‖zs(ts)− qs‖ ≤ Ks+1(rs − εs

ms + 2
) = rs+1 − εs+1.

Ïîýòîìó äîêàçàòåëüñòâî íåðàâåíñòâà (3.4) äëÿ Is+1 àíàëîãè÷íî äîêà-
çàòåëüñòâó (3.4) äëÿ I1. Ñëåäîâàòåëüíî

zl(t) ⊂ Drl
(ql) ⊂ D

äëÿ âñåõ t ∈ Il è âñåõ l. Ïîýòîìó y(t) ∈ D äëÿ âñåõ t ≥ t0. Çíà÷èò
ïîñòðîåííàÿ ñòðàòåãèÿ V ÿâëÿåòñÿ ñòðàòåãèåé óêëîíåíèÿ.
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TO THE NON-STATIONARY PROBLEM OF THE
GROUP PURSUIT WITH PHASE RESTRICTIONS.

Nikolay N. Petrov, Faculty of Mathematics Udmurt State University,
Izhevsk, Dr. Sc., professor (npetrov@udmnet.ru).

Abstract : In this article two linear non-stationary pursuit-evasion
problems with one evader and the group of pursuers under condition
of equivalent dynamic possibilities and that the evader can not leave the
certain set are considered. It's proved that if the number of pursuers is
less than the dimension of the space, then the evader can avoid meeting
on the interval [t0,∞).

Keywords : di�erential game, group pursuit, evasion problem.
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Èçó÷àåòñÿ ïîâòîðÿþùàÿñÿ 2×2 èãðà ε-íàèëó÷øèõ îòâåòîâ,
â êîòîðîé êàæäûé èãðîê â êàæäîì ïîñëåäóþùåì ðàóíäå íàçíà-
÷àåò ñâîþ ÷èñòóþ ñòðàòåãèþ, îñíîâûâàÿñü íà ðåçóëüòàòå ñëó-
÷àéíîãî ýêñïåðèìåíòà; ïîñëåäíèé ãåíåðèðóåòñÿ ïðîèçâîëüíîé
ñìåøàííîé ñòðàòåãèåé èãðîêà, êîòîðàÿ ñ áîëüøîé, íî, âîîáùå
ãîâîðÿ, îòëè÷íîé îò 1 âåðîÿòíîñòüþ ïðåäïèñûâàåò ýòîìó èã-
ðîêó âûáîð åãî íàèëó÷øåãî îòâåòà íà ÷èñòóþ ñòðàòåãèþ ïàðò-
íåðà, ðåàëèçîâàííóþ â ïðåäøåñòâóþùåì ðàóíäå. Îïèñàííûå
ñïîñîáû ïðèíÿòèÿ ðåøåíèé (íàçûâàåìûå â ðàáîòå ôóíêöèÿ-
ìè ε-íàèëó÷øåãî îòâåòà) èíòåðïðåòèðóþòñÿ êàê ïîâåäåí÷åñêèå
ñòðàòåãèè èãðîêîâ. Äàííûå ñòðàòåãèè îïðåäåëÿþò ñòîõàñòè÷å-
ñêóþ èãðó, â êîòîðîé âûèãðûøàìè èãðîêîâ âûñòóïàþò èõ îæè-
äàåìûå ñðåäíèå âûèãðûøè, ïîëó÷àåìûå íà ïðîòÿæåíèè âñåõ
ðàóíäîâ. Èãðà àíàëèçèðóåòñÿ äëÿ ñëó÷àÿ äâóõ ðàóíäîâ: äàåò-
ñÿ êëàññèôèêàöèÿ ðàâíîâåñèé ïî Íýøó è ïðîâîäèòñÿ ñðàâíåíèå
ðàâíîâåñíûõ çíà÷åíèé ñî ñðåäíèìè âûèãðûøàìè, ïîëó÷àåìû-
ìè èãðîêàìè â õîäå äåòåðìèíèðîâàííîãî ïðèìåíåíèÿ ÷èñòûõ
ñòðàòåãèé íàèëó÷øåãî îòâåòà â êàæäîì ðàóíäå.
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Êëþ÷åâûå ñëîâà: ïîâòîðÿþùèåñÿ èãðû, áèìàòðè÷íûå èãðû, íàèëó÷-
øèé îòâåò.

1. Ââåäåíèå
Â òåîðèè ïîâòîðÿþùèõñÿ (ýâîëþöèîííûõ) èãð, èçó÷àþùåé ìî-

äåëè ïðèíÿòèÿ ðàöèîíàëüíûõ ðåøåíèé â ïðîöåññàõ ìíîãîêðàòíîãî
âçàèìîäåéñòâèÿ èãðîêîâ (ñì., íàïð., [3-6, 9-11]), ñðàâíåíèå ðàçëè÷-
íûõ ðåæèìîâ âçàèìîäåéñòâèÿ ïðîèçâîäèòñÿ, êàê ïðàâèëî, ñ ïîçèöèè
äèíàìè÷åñêèõ ñèñòåì: îöåíèâàåòñÿ, êàêèì îáðàçîì ñòîëêíîâåíèå ðàç-
ëè÷íûõ ïîâåäåí÷åñêèõ ñòðàòåãèé âëèÿåò íà ïîñëåäîâàòåëüíîñòü ïðè-
íèìàåìûõ ðåøåíèé. Îñíîâû òåîðåòèêî-èãðîâîãî ïîäõîäà ê àíàëèçó
àëüòåðíàòèâíûõ ñïîñîáîâ ïðèíÿòèÿ ðåøåíèé áûëè çàëîæåíû â [8],
ãäå ââåäåíû â ðàññìîòðåíèå èãðû íà êëàññàõ îãðàíè÷åííî ðàöèî-
íàëüíûõ ïîâåäåí÷åñêèõ ñòðàòåãèé èãðîêîâ è îïðåäåëåíî ïîíÿòèå ðàâ-
íîâåñíûõ íàáîðîâ ïîâåäåí÷åñêèõ ñòðàòåãèé. Ïîäõîä ê îïòèìèçàöèè
òðàåêòîðèé ïîâòîðÿþùèõñÿ èãð íà êëàññàõ ïîâåäåí÷åñêèõ ñòðàòåãèé
èãðîêîâ, îñíîâàííûé íà ìåòîäàõ ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ,
áûë ïðåäëîæåí â [7].

Äàííàÿ ðàáîòà ñëåäóåò â ðóñëå ïîäõîäà [8]. Ðàññìàòðèâàåòñÿ ïî-
âòîðÿþùàÿñÿ áèìàòðè÷íàÿ èãðà ðàçìåðíîñòè 2× 2, â êîòîðîé âûáîð
ñòðàòåãèè êàæäûì èãðîêîì â êàæäîì ïîñëåäóþùåì ðàóíäå äèêòóåò-
ñÿ æåëàíèåì äàííîãî èãðîêà íàèëó÷øèì äëÿ ñåáÿ îáðàçîì îòâåòèòü
íà ïîñëåäíåå äåéñòâèå ïàðòíåðà. Îòïðàâíîé ìîäåëüþ ñëóæèò, òàêèì
îáðàçîì, ïîâòîðÿþùàÿñÿ èãðà íàèëó÷øèõ îòâåòîâ, â êîòîðîé äàí-
íîå ïðàâèëî ïðèíÿòèÿ ðåøåíèé ïðèìåíÿåòñÿ áåç êàêèõ-ëèáî îòêëî-
íåíèé. Çàòåì êëàññû ïîâåäåí÷åñêèõ ñòðàòåãèé èãðîêîâ ðàñøèðÿþò-
ñÿ: êàæäîìó èãðîêó ðàçðåøàåòñÿ ïðèíèìàòü ðåøåíèå î âûáîðå ñâîåé
÷èñòîé ñòðàòåãèè íà ñëåäóþùåì ðàóíäå, îñíîâûâàÿñü íà ðåçóëüòà-
òå ñëó÷àéíîãî ýêñïåðèìåíòà. Ïîñëåäíèé ãåíåðèðóåòñÿ ïðîèçâîëüíîé
ñìåøàííîé ñòðàòåãèåé èãðîêà, êîòîðàÿ ïðåäïèñûâàåò áîëüøóþ, íî,
âîîáùå ãîâîðÿ, îòëè÷íóþ îò 1, âåðîÿòíîñòü íàèëó÷øåìó îòâåòó íà
÷èñòóþ ñòðàòåãèþ ïàðòíåðà, ðåàëèçîâàííóþ â ïðåäøåñòâóþùåì ðà-
óíäå; ïðè ýòîì â êàæäîì ïîñëåäóþùåì ðàóíäå äîïóñêàåòñÿ, âîîáùå
ãîâîðÿ, íåíóëåâàÿ âåðîÿòíîñòü âûáîðà èãðîêîì ñâîåãî íàèõóäøåãî
îòâåòà íà ïîñëåäíþþ èç ðåàëèçîâàííûõ ÷èñòûõ ñòðàòåãèé ïàðòíåðà.
Òàêèå ïîâåäåí÷åñêèå ñòðàòåãèè èãðîêîâ íàçâàíû â ðàáîòå ôóíêöèÿ-
ìè ε-íàèëó÷øåãî îòâåòà.
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Â ðàçäåëå 2 ââîäèòñÿ â ðàññìîòðåíèå ñòîõàñòè÷åñêàÿ èãðà íà êëàñ-
ñàõ ôóíêöèé ε-íàèëó÷øåãî îòâåòà (èãðà ε-íàèëó÷øèõ îòâåòîâ), âû-
èãðûøàìè èãðîêîâ âûñòóïàþò ìàòåìàòè÷åñêèå îæèäàíèÿ èõ ñðåäíèõ
âûèãðûøåé, ïîëó÷àåìûõ íà ïðîòÿæåíèè âñåõ ðàóíäîâ.

Â ðàçäåëå 3 èãðà ε-íàèëó÷øèõ îòâåòîâ èññëåäóåòñÿ äëÿ ñëó÷àÿ
äâóõ ðàóíäîâ. Äàåòñÿ êëàññèôèêàöèÿ ðàâíîâåñèé ïî Íýøó è ïðîâî-
äèòñÿ ñðàâíåíèå ðàâíîâåñíûõ çíà÷åíèé ñî ñðåäíèìè âûèãðûøàìè,
ïîëó÷àåìûìè èãðîêàìè â èñõîäíîé äåòåðìèíèðîâàííîé èãðå íàèëó÷-
øèõ îòâåòîâ.

Ðàçäåë 4 ñîäåðæèò äîêàçàòåëüñòâà îñíîâíûõ óòâåðæäåíèé.

2. Îïðåäåëåíèÿ. Ïîñòàíîâêà çàäà÷è

Ðàñìîòðèì áèìàòðè÷íóþ èãðó ðàçìåðíîñòè 2 × 2 ñ ìàòðèöàìè
âûèãðûøåé A = (aij)i,j=1,2 è B = (bij)i,j=1,2, ñîîòâåòñòâåííî, ïåðâîãî
è âòîðîãî èãðîêîâ. Êàê îáû÷íî, ñòðîêè ìàòðèö âûèãðûøà ñîîòâåò-
ñòâóþò íîìåðàì ÷èñòûõ ñòðàòåãèé ïåðâîãî èãðîêà, ñòîëáöû � íîìå-
ðàì ñòðàòåãèé âòîðîãî èãðîêà. Ïîä ñìåøàííîé ñòðàòåãèåé ïåðâîãî
èãðîêà ïîíèìàåì, êàê îáû÷íî, ïðîèçâîëüíîå âåðîÿòíîñòíîå ðàñïðå-
äåëåíèå (α, 1 − α) íà ìíîæåñòâå ñòðàòåãèé ýòîãî èãðîêà; çäåñü α �
âåðîÿòíîñòü âûáîðà èãðîêîì ñâîåé ÷èñòîé ñòðàòåãèè 1, à 1− α � âå-
ðîÿòíîñòü âûáîðà èãðîêîì ñâîåé ÷èñòîé ñòðàòåãèè 2. Â ñîîòâåòñòâèè
ñ ïðèíÿòûì ñòàíäàðòîì, ñìåøàííóþ ñòðàòåãèþ (α, 1 − α) ïåðâîãî
èãðîêà îòîæäåñòâëÿåì ñ åå ïåðâîé êîìïîíåíòîé α ∈ [0, 1]. Àíàëîãè÷-
íî, ñìåøàííóþ ñòðàòåãèþ âòîðîãî èãðîêà îòîæäåñòâëÿåì ñ ÷èñëîì
β ∈ [0, 1], èìåþùèì ñìûñë âåðîÿòíîñòè âûáîðà âòîðûì èãðîêîì ñâî-
åé ÷èñòîé ñòðàòåãèè 1; ïðè ýòîì 1 − β åñòü âåðîÿòíîñòü âûáîðà èì
ñâîåé ÷èñòîé ñòðàòåãèè 2. Âñÿêàÿ ïàðà (α, β), ãäå α è β � ñìåøàííûå
ñòðàòåãèè ïåðâîãî è âòîðîãî èãðîêîâ, ñîîòâåòñòâåííî, åñòåñòâåííûì
îáðàçîì ïðåâðàùàåò ìíîæåñòâî âñåõ ïàð ÷èñòûõ ñòðàòåãèé èãðîêîâ
â âåðîÿòíîñòíîå ïðîñòðàíñòâî, à âûèãðûøè ïåðâîãî è âòîðîãî èãðî-
êîâ � â ñëó÷àéíûå âåëè÷èíû íà ýòîì âåðîÿòíîñòíîì ïðîñòðàíñòâå;
ìàòåìàòè÷åñêèå îæèäàíèÿ äàííûõ ñëó÷àéíûõ âåëè÷èí òðàêòóþòñÿ
êàê âûèãðûøè èãðîêîâ, îòâå÷àþùèå ïàðå (α, β).

Áóäåì ïðåäïîëàãàòü, ÷òî â ðàññìàòðèâàåìîé áèìàòðè÷íîé èãðå íå
ñóùåñòâóåò òî÷åê ðàâíîâåñèÿ ïî Íýøó ñ êîìïîíåíòàìè â ÷èñòûõ ñòðà-
òåãèÿõ. Òîãäà, â ñîîòâåòñòâèè ñ èçâåñòíîé êëàññèôèêàöèåé 2× 2-èãð
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(ñì. [1]), â äàííîé áèìàòðè÷íîé èãðå ñóùåñòâóåò åäèíñòâåííàÿ òî÷-
êà ðàâíîâåñèÿ ïî Íýøó â ñìåøàííûõ ñòðàòåãèÿõ; ïðè ýòîì, ñîãëàñíî
[1], íå íàðóøàÿ îáùíîñòè (ïðè íåîáõîäèìîñòè èçìåíÿÿ íóìåðàöèþ
èãðîêîâ), ìîæíî ñ÷èòàòü, ÷òî

b12 > b11, b21 > b22, a11 > a21, a22 > a12. (2.1)

Äàëåå ïðåäïîëàãàåì, ÷òî íåðàâåíñòâà (2.1) èìåþò ìåñòî. Òîãäà, îáî-
çíà÷àÿ ÷åðåç i+j íàèëó÷øèé îòâåò ïåðâîãî èãðîêà â êëàññå ÷èñòûõ
ñòðàòåãèé ýòîãî èãðîêà íà ÷èñòóþ ñòðàòåãèþ j âòîðîãî èãðîêà è ÷å-
ðåç j+

i íàèëó÷øèé îòâåò âòîðîãî èãðîêà â êëàññå ÷èñòûõ ñòðàòåãèé
ýòîãî èãðîêà íà ÷èñòóþ ñòðàòåãèþ i ïåðâîãî èãðîêà, èìååì

i+1 = 1, i+2 = 2 j+
1 = 2, j+

2 = 1. (2.2)

Çàôèêñèðóåì êàêóþ-ëèáî ïàðó (i0, j0) ÷èñòûõ ñòðàòåãèé èãðîêîâ.
Ïîä ïîâòîðÿþùåéñÿ èãðîé íàèëó÷øèõ îòâåòîâ äëèíû n ïîíè-

ìàåì ïðîöåññ ïîâòîðåíèÿ áèìàòðè÷íîé èãðû, ñîñòîÿùèé èç ðàóíäîâ
0, 1, . . . , n, òàêîé, ÷òî â êàæäîì ïîñëåäóþùåì ðàóíäå k+1 êàæäûé èã-
ðîê âûáèðàåò ÷èñòóþ ñòðàòåãèþ íàèëó÷øåãî îòâåòà íà ÷èñòóþ ñòðà-
òåãèþ ïàðòíåðà, ðåàëèçîâàííóþ â ðàóíäå k; àïðèîðíî çàäàííàÿ ïàðà
(i0, j0) ÷èñòûõ ñòðàòåãèé ðåàëèçóåòñÿ â ðàóíäå 0. Ïî îêîí÷àíèè êàæ-
äîãî ðàóíäà èãðîêè ïîëó÷àþò î÷êè ñîãëàñíî ñâîèì ìàòðèöàì âû-
èãðûøåé. Äàííûé ïðîöåññ ïðåäñòàâëÿåò ñîáîé ìîäåëü ¾áëèçîðóêî-
ãî¿ ïîâåäåíèÿ íåîäíîêðàòíî âçàèìîäåéñòâóþùèõ èãðîêîâ, â êîòîðîì
êàæäûé èç íèõ ñòðåìèòñÿ ìàêñèìèçèðîâàòü ñâîé âûèãðûø â êàæäîì
ïîñëåäóþùåì âçàèìîäåéñòâèè, èñõîäÿ èç ãèïîòåçû î òîì, ÷òî â ýòîì
âçàèìîäåéñòâèè ïàðòíåð ïîâòîðèò ñâîé ïðåäøåñòâóþùèé âûáîð. Ïî-
âòîðÿþùàÿñÿ èãðà íàèëó÷øèõ îòâåòîâ îïèñûâàåòñÿ äèñêðåòíîé äè-
íàìè÷åñêîé ñèñòåìîé âèäà

(ik+1, jk+1) = (i+jk
, j+

ik
) (k = 0, . . . , n− 1) (2.3)

â ïðîèçâåäåíèè
X = {1, 2} × {1, 2} (2.4)

ìíîæåñòâ ÷èñòûõ ñòðàòåãèé ïåðâîãî è âòîðîãî èãðîêîâ. Äëÿ ñðåä-
íèõ âûèãðûøåé ïåðâîãî è âòîðîãî èãðîêîâ â ïîâòîðÿþùåéñÿ èãðå
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íàèëó÷øèõ îòâåòîâ (íóëåâîé ðàóíä èç ïîäñ÷åòà èñêëþ÷àåì) èìååì,
ñîîòâåòñòâåííî, âûðàæåíèÿ

ān =
1

n

n∑

k=1

aik,jk
, b̄n =

1

n

n∑

k=1

bik,jk
. (2.5)

Ââåäåì â ðàññìîòðåíèå ïðîöåññ, àíàëîãè÷íûé ïîâòîðÿþùåéñÿ èã-
ðå íàèëó÷øèõ îòâåòîâ, â êîòîðîì, îäíàêî, èãðîêè íàçíà÷àþò ñâîè
äåéñòâèÿ íà ïîñëåäóþùèõ ðàóíäàõ íå äåòåðìèíèðîâàííûì îáðàçîì,
îòäàâàÿ âåðîÿòíîñòíûå ïðåäïî÷òåíèÿ ñâîèì ÷èñòûì ñòðàòåãèÿì íàè-
ëó÷øåãî îòâåòà. Â ýòîì ïðîöåññå äëÿ êàæäîãî èãðîêà èíñòðóìåíòîì
ãåíåðèðîâàíèÿ ðåøåíèé âûñòóïàåò òà èëè èíàÿ ôóíêöèÿ ε-íàèëó÷øå-
ãî îòâåòà. Ïðèâåäåì ñîîòâåòñòâóþùåå îïðåäåëåíèå.

Ôèêñèðóåì ε ∈ [0, 1/2). Ôóíêöèåé ε-íàèëó÷øåãî îòâåòà ïåðâîãî
èãðîêà íàçîâåì ëþáóþ ïàðó (α1, α2) ñìåøàííûõ ñòðàòåãèé ïåðâîãî
èãðîêà òàêóþ, ÷òî

1 ≥ α1 ≥ 1− ε, 0 ≤ α2 ≤ ε. (2.6)

Ââèäó (2.2) äàííîå îïðåäåëåíèå ïîäðàçóìåâàåò, ÷òî ïåðâûé èãðîê,
âûáèðàÿ ñìåøàííóþ ñòðàòåãèþ αj â îòâåò íà ðåàëèçàöèþ âòîðûì
èãðîêîì åãî ÷èñòîé ñòðàòåãèè (j = 1, 2) çàäàåò áîëüøóþ âåðîÿòíîñòü
ñâîåé ÷èñòîé ñòðàòåãèè íàèëó÷øåãî îòâåòà íà ýòó ÷èñòóþ ñòðàòåãèþ
âòîðîãî èãðîêà. Àíàëîãè÷íî, ôóíêöèåé ε-íàèëó÷øåãî îòâåòà âòîðî-
ãî èãðîêà íàçîâåì ëþáóþ ïàðó (β1, β2) ñìåøàííûõ ñòðàòåãèé âòîðãî
èãðîêà òàêóþ, ÷òî

0 ≤ β1 ≤ ε, 1 ≥ β2 ≥ 1− ε. (2.7)

Çàìåòèì, ÷òî ïðè ε = 0 äëÿ óêàçàííûõ âûøå ñìåøàííûõ ñòðàòåãèé
èãðîêîâ èìååì α1 = 1, α2 = 0, β1 = 0, β2 = 1; òàêèì îáðàçîì, 0-
íàèëó÷øèå ñòðàòåãèè ïåðâîãî è âòîðîãî èãðîêîâ ïðåäïèñûâàþò êàæ-
äîìó èç íèõ, ïðè ðåàëèçàöèè òîé èëè èíîé ÷èñòîé ñòðàòåãèè ïàðòíå-
ðà, ñ âåðîÿòíîñòüþ 1 ïðèìåíÿòü ñîîòâåòñòâóþùóþ ÷èñòóþ ñòðàòåãèþ
íàèëó÷øåãî îòâåòà.

Êàæäóþ ïàðó
S = ((α1, α2), (β1, β2)), (2.8)

ãäå (α1, α2) � ôóíêöèÿ ε-íàèëó÷øåãî îòâåòà ïåðâîãî èãðîêà è (β1, β2)

� ôóíêöèÿ ε-íàèëó÷øåãî îòâåòà âòîðîãî èãðîêà, áóäåì íàçûâàòü ïà-
ðîé ôóíêöèé ε-íàèëó÷øèõ îòâåòîâ èãðîêîâ.
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Äëÿ ïðîèçâîëüíîé ïàðû S (2.8) ôóíêöèé ε-íàèëó÷øèõ îòâåòîâ
èãðîêîâ ðàññìîòðèì ñëó÷àéíûé ïðîöåññ, êîòîðûé íàçîâåì ïîâòîðÿ-
þùåéñÿ èãðîé ε-íàèëó÷øèõ îòâåòîâ äëèíû n, ñîîòâåòñòâóþùåé S.
Ïðîöåññ ñîñòîèò èç ðàóíäîâ 0, 1, . . . , n, â êàæäîì èç êîòîðûõ èãðîêè
ðàçûãðûâàþò áèìàòðè÷íóþ èãðó. Ïðîöåññ ðàçâèâàåòñÿ ïî ñëåäóþ-
ùåé ñõåìå. Â ðàóíäå 0 ðåàëèçóåòñÿ íà÷àëüíàÿ ïàðà (i0, j0) ÷èñòûõ
ñòðàòåãèé èãðîêîâ. Åñëè â ðàóíäå k ðåàëèçóåòñÿ ïàðà (ik, jk) ÷èñòûõ
ñòðàòåãèé èãðîêîâ, òî ïåðâûé èãðîê äëÿ âûáîðà ñâîåé ÷èñòîé ñòðà-
òåãèè ik+1 â ðàóíäå k + 1 ïðîèçâîäèò ñòàòèñòè÷åñêèé ýêñïåðèìåíò
íà ìíîæåñòâå ñâîèõ ÷èñòûõ ñòðàòåãèé, ïðèìåíÿÿ ñìåøàííóþ ñòðàòå-
ãèþ αjk

; àíàëîãè÷íî, âòîðîé èãðîê äëÿ âûáîðà ñâîåé ÷èñòîé ñòðàòå-
ãèè jk+1 â ðàóíäå k + 1 ïðîèçâîäèò ñòàòèñòè÷åñêèé ýêñïåðèìåíò íà
ìíîæåñòâå ñâîèõ ÷èñòûõ ñòðàòåãèé, ïðèìåíÿÿ ñìåøàííóþ ñòðàòåãèþ
βik . Ïî îêîí÷àíèè êàæäîãî ðàóíäà èãðîêè ïîëó÷àþò î÷êè ñîãëàñ-
íî ñâîèì ìàòðèöàì âûèãðûøåé. Äàííûé ïðîöåññ ïðåäñòàâëÿåò ñîáîé
ìîäåëü ¾áëèçîðóêîãî¿ ïîâåäåíèÿ âçàèìîäåéñòâóþùèõ èãðîêîâ, êîòî-
ðàÿ, îäíàêî, â ñëó÷àå ε > 0, äîïóñêàåò áîëüøóþ ãèáêîñòü â âûáîðå
äåéñòâèé ïî ñðàâíåíèþ ñ ïîâòîðÿþùåéñÿ èãðîé íàèëó÷øèõ îòâåòîâ:
â êàæäîì ïîñëåäóþùåì ðàóíäå êàæäûé èãðîê âûáèðàåò ñâîþ áóäó-
ùóþ ÷èñòóþ ñòðàòåãèþ èç óñëîâèÿ âåðîÿòíîñòíîãî ïðåäïî÷òåíèÿ ñâî-
åé ÷èñòîé ñòðàòåãèè íàèëó÷øåãî îòâåòà íà ðåàëèçóþùóþñÿ ÷èñòóþ
ñòðàòåãèþ ïðîòèâíèêà. Ïðè ε = 0 ïîâòîðÿþùàÿñÿ èãðà ε-íàèëó÷øèõ
îòâåòîâ, î÷åâèäíî, ïåðåõîäèò â (äåòåðìèíèðîâàííóþ) ïîâòîðÿþùóþ-
ñÿ èãðó íàèëó÷øèõ îòâåòîâ.

Äàëåå ñ÷èòàåì ε > 0. Óòî÷íèì îïðåäåëåíèå îáîçíà÷åííîãî âûøå
ñëó÷àéíîãî ïðîöåññà. Ïðîñòðàíñòâîì åãî ñîñòîÿíèé ñëóæèò ïðîèç-
âåäåíèå X (2.4) ìíîæåñòâ ÷èñòûõ ñòðàòåãèé ïåðâîãî è âòîðîãî èã-
ðîêîâ, åãî âðåìåííîé øêàëîé � èíäåñû 0, 1, . . . , n ðàóíäîâ ïîâòîðÿþ-
ùåéñÿ èãðû. Ïðîñòðàíñòâî X ïîíèìàåì êàê èçìåðèìîå ïðîñòðàíñòâî,
ñíàáæåííîå àëãåáðîé âñåõ åãî ïîäìíîæåñòâ. Äëÿ êàæäîãî ìîìåíòà
k = 0, 1, . . . , n− 1 ôóíêöèÿ íà X âèäà

pS(·|(ik, jk)) = αjk
× βik = (αjk

, 1− αjk
)× (βik , 1− βik)

(ñì. (2.8)) çàäàåò ïåðåõîäíóþ âåðîÿòíîñòü ìåæäó äâóìÿ ýêçåìïëÿðà-
ìè èçìåðèìîãî ïðîñòðàíñòâà X, îòâå÷àþùèì ìîìåíòàì âðåìåíè k è
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k + 1. Î÷åâèäíî,

pS((ik, jk)|(ik−1, jk−1))=





αjk−1
βik−1

, åñëè (ik, jk)=(1, 1);
(1−αjk−1

)βik−1
, åñëè (ik, jk)=(2, 1);

αjk−1
(1−βik−1

), åñëè (ik, jk)=(1, 2);
(1−αjk−1

)(1−βik−1
), åñëè (ik, jk)=(2, 2).

(2.9)

Â ñîîòâåòñòâèè ñî ñòàíäàðòíûì îïðåäåëåíèåì ñëó÷àéíîãî ïðîöåñ-
ñà (ñì., íàïðèìåð, òåîðåìó Èîíåñêó-Òóë÷à [2]), óêàçàííûå ïåðåõîä-
íûå âåðîÿòíîñòè è íà÷àëüíîå ñîñòîÿíèå (i0, j0) îïðåäåëÿþò ñëó÷àé-
íûé ïðîöåññ, òðàåêòîðèÿìè êîòîðîãî âûñòóïàþò ïîñëåäîâàòåëüíîñòè

t = ((i1, j1), . . . , (in, jn)) ∈ Xn. (2.10)

Ìíîæåñòâî Xn+1 âñåõ òðàåêòîðèé äàííîãî ñëó÷àéíîãî ïðîöåññà èìå-
åò ñòðóêòóðó âåðîÿòíîñòíîãî ïðîñòðàíñòâà ñ âåðîÿòíîñòüþ pS, îïðå-
äåëåííîé íà ìíîæåñòâå âñåõ ïîäìíîæåñòâ Xn+1. Ïîñëåäíÿÿ âåðîÿò-
íîñòü õàðàêòåðèçóåòñÿ ñâîèìè çíà÷åíèÿìè íà âñåõ îäíîýëåìåíòíûõ
ïîäìíîæåñòâàõ Xn+1, êîòîðûå ìû äàëåå îòîæäåñòâëÿåì ñ òðàåêòî-
ðèÿìè. Èìåííî, äëÿ âñÿêîé òðàåêòîðèè t (2.10)

pn,S(t) = pS((in, jn)|(in−1, jn−1)) . . . pS((i1, j1)|(i0, j0)). (2.11)

Òàê îïðåäåëåííûé ñëó÷àéíûé ïðîöåññ áóäåì ðàññìàòðèâàòü êàê ôîð-
ìàëüíóþ ìîäåëü ïîâòîðÿþùåéñÿ èãðû ε-íàèëó÷øèõ îòâåòîâ äëèíû
n, ñîîòâåòñòâóþùåé ïàðå S (2.8) ôóíêöèé ε-íàèëó÷øåãî îòâåòà èãðî-
êîâ.

Äëÿ êàæäîé òðàåêòîðèè t (2.10) ââåäåì çíà÷åíèÿ ñðåäíèõ âûèã-
ðûøåé, ñîîòâåòñòâåííî, ïåðâîãî è âòîðîãî èãðîêîâ, ðåàëèçóåìûõ íà
äàííîé òðàåêòîðèè:

an(t) =
1

n

n∑

k=1

aik,jk
, b(t) =

1

n

n∑

k=1

bik,jk
. (2.12)

Äëÿ êàæäîé ïàðû S ôóíêöèé ε-íàèëó÷øèõ îòâåòîâ èãðîêîâ ôóíêöèè
an(·) è bn(·) ïðåäñòàâëÿþò ñîáîé ñëó÷àéíûå âåëè÷èíû íà âåðîÿòíîñò-
íîì ïðîñòðàíñòâå (Xn+1, pS). Ìàòåìàòè÷åñêèå îæèäàíèÿ ñëó÷àéíûõ
âåëè÷èí (2.12), çàäàâàåìûå âûðàæåíèÿìè

an[S] =

∫

Xn

an(t)pn,S(dt), bn[S] =

∫

Xn

bn(t)pn,S(dt), (2.13)
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íàçîâåì îæèäàåìûìè ñðåäíèìè âûèãðûøàìè, ñîîòâåòñòâåííî, ïåð-
âîãî è âòîðîãî èãðîêîâ â ïîâòîðÿþùåéñÿ èãðå ε-íàèëó÷øåãî îòâåòà
äëèíû n, ñîîòâåòñòâóþùåé ïàðå S ôóíêöèé ε-íàèëó÷øèõ îòâåòîâ èã-
ðîêîâ.

Ïàðó S∗ = ((α∗1, α
∗
2), (β

∗
1 , β

∗
2)) ôóíêöèé ε-íàèëó÷øèõ îòâåòîâ èãðî-

êîâ íàçîâåì ðàâíîâåñíîé (ïî Íýøó) â ïîâòîðÿþùåéñÿ èãðå ε-íàèëó÷-
øèõ îòâåòîâ äëèíû n, åñëè äëÿ ëþáîãî ε-íàèëó÷øåãî îòâåòà (α1, α2)

ïåðâîãî èãðîêà âåðíî an[S∗1 ] ≤ an[S∗], ãäå S∗1 = ((α1, α2), (β
∗
1 , β

∗
2)), è

äëÿ ëþáîãî ε-íàèëó÷øåãî îòâåòà (β1, β2) âòîðîãî èãðîêà âåðíî bn[S∗2 ] ≤
bn[S∗], ãäå S∗2 = ((α∗1, α

∗
2), (β1, β2)). Ïàðy (an[S∗], bn[S∗]) îæèäàåìûõ

ñðåäíèõ âûèãðûøåé ïåðâîãî è âòîðîãî èãðîêîâ, ñîîòâåòñòâóþùóþ
ïàðå S∗ ôóíêöèé ε-íàèëó÷øèõ îòâåòîâ èãðîêîâ â ïîâòîðÿþùåéñÿ èã-
ðå ε-íàèëó÷øåãî îòâåòà äëèíû n, áóäåì íàçûâàòü ðàâíîâåñíîé â äàí-
íîé ïîâòîðÿþùåéñÿ èãðå.

Âîçíèêàåò âîïðîñ î ñóùåñòâîâàíèè ðàâíîâåñíîé ïàðû ôóíêöèé
ε-íàèëó÷øèõ îòâåòîâ èãðîêîâ. Ïðè óñëîâèè ñóùåñòâîâàíèÿ òàêîé ïà-
ðû ïðåäñòàâëÿåò èíòåðåñ âûÿñíåíèå åå ñòðóêòóðû è ñðàâíåíèå ðàâ-
íîâåñíîé ïàðû îæèäàåìûõ ñðåäíèõ âûèãðûøåé â (ñòîõàñòè÷åñêîé)
ïîâòîðÿþùåéñÿ èãðå ε-íàèëó÷øèõ îòâåòîâ ñ ïàðîé (ān, b̄n) (2.5), (2.3)
ñðåäíèõ âûèãðûøåé â äåòåðìèíèðîâàííîé ïîâòîðÿþùåéñÿ èãðå íàè-
ëó÷øèõ îòâåòîâ. Öåëü äàííîé ðàáîòû � äàòü îòâåòû íà óêàçàííûå
âîïðîñû äëÿ ïðîñòåéøåãî ñëó÷àÿ äâóõøàãîâîé ïîâòîðÿþùåéñÿ èã-
ðû, ò.å. äëÿ ñëó÷àÿ n = 2, ïðè äîñòàòî÷íî ìàëîì ε. Îòìåòèì, ÷òî
ñëó÷àé n = 1 òðèâèàëåí: â ýòîì ñëó÷àå ðàâíîâåñíàÿ ïàðà ôóíêöèé
ε-íàèëó÷øèõ îòâåòîâ èãðîêîâ ñ î÷åâèäíîñòüþ ñîñòîèò èç äåòåðìè-
íèðîâàííûõ ôóíêöèé íàèëó÷øåãî îòâåòà (ñì. (2.2)), ò.å èìååò âèä
((1, 0)(0, 1)).

3. Ôîðìóëèðîâêè ðåçóëüòàòîâ

Íèæå n = 2.
Äâå ïðèâîäèìûå íèæå ëåììû ñîñòàâëÿþò îñíîâó èññëåäîâàíèÿ.

Èõ ñîäåðæàòåëüíûé ñìûñë ñîñòîèò â ñëåäóþùåì. Â äâóõøàãîâîé
ïîâòîðÿþùåéñÿ èãðå ε-íàèëó÷øèõ îòâåòîâ ïðè äîñòàòî÷íî ìàëîì ε

êàæäûé èãðîê èìååò îïòèìàëüíóþ ôóíêöèþ ε-íàèëó÷øåãî îòâåòà,
êîòîðàÿ ìàêñèìèçèðóåò åãî îæèäàåìûé ñðåäíèé âûèãðûø âíå çàâè-
ñèìîñòè îò âûáîðà ïàðòíåðîì ñâîåé ôóíêöèè ε-íàèëó÷øåãî îòâåòà.
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Ñòðóêòóðà îïòèìàëüíîé ôóíêöèè ε-íàèëó÷øåãî îòâåòà èãðîêà çàâè-
ñèò îò íåêîòîðûõ ñîîòíîøåíèé ìåæäó ýëåìåíòàìè ìàòðèöû âûèã-
ðûøåé ýòîãî èãðîêà è íå çàâèñèò îò ìàòðèöû âûèãðûøåé åãî ïàðò-
íåðà. Â ðÿäå ñëó÷àåâ îïòèìàëüíàÿ ôóíêöèÿ (α∗1, α

∗
2) ε-íàèëó÷øåãî

îòâåòà ïåðâîãî èãðîêà èìååò âèä (1, 0), ò.å. îïðåäåëÿåò äåòåðìèíèðî-
âàííóþ ðåàêöèþ íàèëó÷øåãî îòâåòà ïåðâîãî èãðîêà íà âûáîð ÷èñòîé
ñòðàòåãèè âòîðîãî èãðîêà; â ýòèõ ñëó÷àÿõ äëÿ ïåðâîãî èãðîêà ìàëàÿ
ðàíäîìèçàöèÿ åãî îòâåòíîãî âûáîðà íåöåëåñîîáðàçíà. Â îñòàëüíûõ
òèïè÷íûõ ñëó÷àÿõ ïàðà (α∗1, α

∗
2) èìååò âèä (1 − ε, 0) ëèáî (1, ε), ò.å.

îäíà èç åå êîìïîíåíò îñòàåòñÿ ÷èñòîé ñòðàòåãèåé íàèëó÷øåãî îòâå-
òà, äðóãàÿ æå ìàêñèìàëüíî ðàíäîìèçèðóåòñÿ. Â ýòèõ ñëó÷àÿõ äëÿ
ïåðâîãî èãðîêà ìàëàÿ ðàíäîìèçàöèÿ åãî îòâåòíîãî âûáîðà ÿâëÿåòñÿ
öåëåñîîáðàçíîé. Àíàëîãè÷íûå íàáëþäåíèÿ ñïðàâåäëèâû â îòíîøåíèè
îïòèìàëüíîé ôóíêöèè (β∗1 , β

∗
2) ε-íàèëó÷øåãî îòâåòà âòîðîãî èãðîêà.

×åðåç U(ε) è V (ε) áóäåì îáîçíà÷àòü ìíîæåñòâà âñåõ ôóíêöèé ε-
íàèëó÷øåãî îòâåòà ïåðâîãî è âòîðîãî èãðîêîâ, ñîîòâåòñòâåííî; òàêæå
ââåäåì ìíîæåñòâà

U1(ε)={(α1, α2)∈U(ε) : α1 <1}, U2(ε)={(α1, α2)∈U(ε) : α2 >0}, (3.1)

V 1(ε)={(β1, β2)∈V (ε) : β1 >0}, V 2(ε)={(β1, β2)∈V (ε) : β2 <1}. (3.2)
Ïîëîæèì

Ui0,j0(ε) =





U(ε) ïðè (i0, j0) ∈ {(1, 2), (2, 1)},
U1(ε) ïðè (i0, j0) = (1, 1),

U2(ε) ïðè (i0, j0) = (2, 2),

(3.3)

Vi0,j0(ε) =





V (ε) ïðè (i0, j0) ∈ {(1, 1), (2, 2)},
V 1(ε) ïðè (i0, j0) = (1, 2),

V 2(ε) ïðè (i0, j0) = (2, 1).

(3.4)

Ëåììà 3.1. Cóùåñòâóåò ε1 ∈ (0, 1/2) òàêîå, ÷òî ïðè ε ≤ ε1 ñïðà-
âåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

1) Ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ (α∗1, α
∗
2) ε-íàèëó÷øåãî îò-

âåòà ïåðâîãî èãðîêà òàêàÿ, ÷òî
(i) äëÿ âñÿêèõ (α1, α2) ∈ U(ε) \ {(α∗1, α∗2)} è (β1, β2) ∈ Vi0,j0(ε) âû-

ïîëíÿåòñÿ

a2[((α
∗
1, α

∗
2), (β1, β2))] > a2[((α1, α2), (β1, β2))], (3.5)
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(ii) â ñëó÷àå (i0, j0) = (1, 2) ïðè âñÿêîì (β1, β2) ∈ V (ε) \ Vi0,j0(ε)

äëÿ ëþáîãî (α1, α2) ∈ U(ε) òàêîãî, ÷òî α2 6= α∗2, âûïîëíÿåòñÿ (3.5),
à äëÿ ëþáîãî (α1, α2) ∈ U(ε) òàêîãî, ÷òî α2 = α∗2, âûïîëíÿåòñÿ

a2[((α
∗
1, α

∗
2), (β1, β2))] = a2[((α1, α2), (β1, β2))], (3.6)

(iii) â ñëó÷àå (i0, j0) = (2, 1) ïðè âñÿêîì (β1, β2) ∈ V (ε) \ Vi0,j0(ε)

äëÿ ëþáîãî (α1, α2) ∈ U(ε) òàêîãî, ÷òî α1 6= α∗1, âûïîëíÿåòñÿ (3.5), à
äëÿ ëþáîãî (α1, α2) ∈ U(ε) òàêîãî, ÷òî α1 = α∗1, âûïîëíÿåòñÿ (3.6).

2) Çíà÷åíèÿ α∗1 è α∗2 çàäàþòñÿ ñëåäóþùåé òàáë. 1.

Òàáëèöà 1.
ñëó÷àé (i0, j0) óñëîâèå (α∗1, α

∗
2)

1.1 (1, 1) a12 > a21 (1, 0)

1.2 (1, 1) a12 < a21 (1− ε, 0)

1.3 (2, 2) a12 > a21 (1, ε)

1.4 (2, 2) a12 < a21 (1, 0)

1.5 (1, 2) a12 > a21 (1, ε)

1.6 (1, 2) a12 < a21, a21 < (a11 + a12)/2 (1, ε)

1.7 (1, 2) a12 < a21, a21 > (a11 + a12)/2 (1, 0)

1.8 (2, 1) a12 < a21 (1− ε, 0)

1.9 (2, 1) a12 > a21, a12 < (a22 + a21)/2 (1− ε, 0)

1.10 (2, 1) a12 > a21, a12 > (a22 + a21)/2 (1, 0)

Ëåììà 3.2. Cóùåñòâóåò ε2 ∈ (0, 1/2) òàêîå, ÷òî ïðè ε ≤ ε2 ñïðà-
âåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

1) Ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ (β∗1 , β
∗
2) ε-íàèëó÷øåãî îò-

âåòà âòîðîãî èãðîêà òàêàÿ, ÷òî
(i) äëÿ âñÿêèõ (β1, β2) ∈ V (ε) \ {(β∗1 , β∗2)} è (α1, α2) ∈ Ui0,j0(ε) âû-

ïîëíÿåòñÿ

b2[((α1, α2), (β
∗
1 , β

∗
2))] > b2[((α1, α2), (β1, β2))], (3.7)

(ii) â ñëó÷àå (i0, j0) = (1, 1) ïðè âñÿêîì (α1, α2) ∈ U(ε) \ Ui0,j0(ε)

äëÿ ëþáîãî (β1, β2) ∈ V (ε) òàêîãî, ÷òî β1 6= β∗1 , âûïîëíÿåòñÿ (3.7),
à äëÿ ëþáîãî (β1, β2) ∈ V (ε) òàêîãî, ÷òî β1 = β∗1 , âûïîëíÿåòñÿ

b2[((α1, α2), (β
∗
1 , β

∗
2))] = b2[((α1, α2), (β1, β2))], (3.8)
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(iii) â ñëó÷àå (i0, j0) = (2, 2) ïðè âñÿêîì (α1, α2) ∈ U(ε) \ Ui0,j0(ε)

äëÿ ëþáîãî (β1, β2) ∈ V (ε) òàêîãî, ÷òî β2 6= β∗2 , âûïîëíÿåòñÿ (3.7), à
äëÿ ëþáîãî (β1, β2) ∈ V (ε) òàêîãî, ÷òî β2 = β∗2 , âûïîëíÿåòñÿ (3.8).

2) Çíà÷åíèÿ β∗1 è β∗2 çàäàþòñÿ ñëåäóþùåé òàáë. 2.

Òàáëèöà 2.
ñëó÷àé (i0, j0) óñëîâèå (β∗1 , β

∗
2)

2.1 (1, 2) b11 > b22 (ε, 1)

2.2 (1, 2) b11 < b22 (0, 1)

2.3 (2, 1) b11 > b22 (0, 1)

2.4 (2, 1) b11 < b22 (0, 1− ε)

2.5 (1, 1) b11 > b22 (ε, 1)

2.6 (1, 1) b11 < b22, b22 < (b11 + b21)/2 (ε, 1)

2.7 (1, 1) b11 < b22, b22 > (b11 + b21)/2 (0, 1)

2.8 (2, 2) b11 < b22 (0, 1− ε)

2.9 (2, 2) b11 > b22, b11 < (b12 + b22)/2 (0, 1− ε)

2.10 (2, 2) b11 > b22, b11 > (b12 + b22)/2 (0, 1)

Èç ëåìì 3.1 è 3.2 ñ î÷åâèäíîñòüþ âûòåêàåò óòâåðæäåíèå î ñó-
ùåñòâîâàíèè è ñòðóêòóðå ðàâíîâåñíîé ïàðû ôóíêöèé ε-íàèëó÷øåãî
îòâåòà.

Òåîðåìà 3.1. Ïóñòü ε1, ε2 > 0 îïðåäåëåíû ñîãëàñíî ëåììàì 3.1 è
3.2, ε ≤ min{ε1, ε2}, ôóíêöèè (α∗1, α

∗
2) è (β∗1 , β

∗
2) ε-íàèëó÷øåãî îòâå-

òà, ñîîòâåòñòâåííî, ïåðâîãî è âòîðîãî èãðîêîâ çàäàíû òàáë. 1 è 2,
è S∗ = ((α∗1, α

∗
2), (β

∗
1 , β

∗
2)). Òîãäà

1) S∗ åñòü ðàâíîâåñíàÿ ïàðà ôóíêöèé ε-íàèëó÷øåãî îòâåòà â
äâóõøàãîâîé ïîâòîðÿþùåéñÿ èãðå ε-íàèëó÷øèõ îòâåòîâ.

2) Ðàâíîâåñíàÿ ïàðà S∗ åäèíñòâåííà âî âñåõ ñëó÷àÿõ êðîìå 1.1 è
1.4 èç òàáë. 1 è 2.2 è 2.3 èç òàáë. 2.

3) Â ñëó÷àå 1.1 èç òàáë. 1 ðàâíîâåñíîé ÿâëÿåòñÿ âñÿêàÿ ïàðà S∗ =

((α∗1, α
∗
2), (β

∗
1 , β

∗
2)), ãäå β∗2 ∈ [1 − ε, 1], à α∗1, α∗2 è β∗1 çàäàíû òàáë. 1 è

2.
4) Â ñëó÷àå 1.4 èç òàáë. 1 ðàâíîâåñíîé ÿâëÿåòñÿ âñÿêàÿ ïàðà S∗ =

((α∗1, α
∗
2), (β

∗
1 , β

∗
2)), ãäå β∗1 ∈ [0, ε], à α∗1, α∗2 è β∗2 çàäàíû òàáë. 1 è 2.

5) Â ñëó÷àå 2.2 èç òàáë. 2 ðàâíîâåñíîé ÿâëÿåòñÿ âñÿêàÿ ïàðà S∗ =

((α∗1, α
∗
2), (β

∗
1 , β

∗
2)), ãäå α∗1 ∈ [1 − ε, 1], à α∗2, β∗1 è β∗2 çàäàíû òàáë. 1 è

2.
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6) Â ñëó÷àå 2.3 èç òàáë. 2 ðàâíîâåñíîé ÿâëÿåòñÿ âñÿêàÿ ïàðà S∗ =

((α∗1, α
∗
2), (β

∗
1 , β

∗
2)), ãäå α∗2 ∈ [0, ε], α∗1, à β∗1 è β∗2 çàäàíû òàáë. 1 è 2.

Ñëåäóþùàÿ òåîðåìà óòâåðæäàåò, ÷òî, â óñëîâèÿõ òåîðåìû 3.1, â
òåõ ñëó÷àÿõ, êîãäà îïòèìàëüíàÿ ôóíêöèÿ ε-íàèëó÷øåãî îòâåòà èãðî-
êà (ñì. òàáë. 1 è 2) èìååò êîìïîíåíòó, íå ÿâëÿþùóþñÿ ÷èñòîé ñòðà-
òåãèåé, îæèäàåìûé ðàâíîâåñíûé âûèãðûø ýòîãî èãðîêà â äâóõøàãî-
âîé èãðå ε-íàèëó÷øèõ îòâåòîâ ñòðîãî áîëüøå åãî ñðåäíåãî âûèãðû-
øà â (äåòåðìèíèðîâàííîé) èãðå íàèëó÷øèõ îòâåòîâ. Òàêèì îáðàçîì,
â ýòèõ ñëó÷àÿõ äëÿ ðàññìàòðèâàåìîãî èãðîêà ìàëàÿ ðàíäîìèçàöèÿ
ïðè âûáîðå ñòðàòåãèè âûãîäíà ñ òî÷êè çðåíèÿ åãî îæèäàåìîãî ñðåä-
íåãî âûèãðûøà.

Òåîðåìà 3.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.1.
1) Â ñëó÷àÿõ 1.2, 1.3, 1.5, 1.6, 1.8, 1.9 èç òàáë. 1 îæèäàåìûé ðàâ-

íîâåñíûé âûèãðûø ïåðâîãî èãðîêà â äâóõøàãîâîé èãðå ε-íàèëó÷øèõ
îòâåòîâ ñòðîãî áîëüøå åãî ñðåäíåãî âûèãðûøà â (äåòåðìèíèðîâàí-
íîé) äâóõøàãîâîé èãðå íàèëó÷øèõ îòâåòîâ: a2[S

∗] > ā2 (ñì. (2.13),
(2.5)).

2) Â ñëó÷àÿõ 2.1, 2.4, 2.5, 2.6, 2.8, 2.9 èç òàáë. 2 îæèäàåìûé ðàâ-
íîâåñíûé âûèãðûø âòîðîãî èãðîêà â äâóõøàãîâîé èãðå ε-íàèëó÷øèõ
îòâåòîâ ñòðîãî áîëüøå åãî ñðåäíåãî âûèãðûøà â (äåòåðìèíèðîâàí-
íîé) äâóõøàãîâîé èãðå íàèëó÷øèõ îòâåòîâ: b2[S

∗] > b̄2 (ñì. (2.13),
(2.5)).

Òåîðåìà 3.2 ñ î÷åâèäíîñòüþ ñëåäóåò èç ëåìì 3.1 è 3.2 è òåîðåìû
3.1.

Ñëåäñòâèå 3.1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.1. Åñëè îäíî-
âðåìåííî èìåþò ìåñòî êàêîé-ëèáî èç ñëó÷àåâ 1.2, 1.3, 1.5, 1.6, 1.8,
1.9 èç òàáë. 1 è êàêîé-ëèáî èç ñëó÷àåâ 2.1, 2.4, 2.5, 2.6, 2.8, 2.9 èç
òàáë. 2, òî äëÿ êàæäîãî èç èãðîêîâ åãî îæèäàåìûé ðàâíîâåñíûé
âûèãðûø â äâóõøàãîâîé èãðå ε-íàèëó÷øèõ îòâåòîâ ñòðîãî áîëü-
øå åãî ñðåäíåãî âûèãðûøà â (äåòåðìèíèðîâàííîé) äâóõøàãîâîé èãðå
íàèëó÷øèõ îòâåòîâ, ò.å. èìåþò ìåñòî íåðàâåíñòâà a2[S

∗] > ā2 è
b2[S

∗] > b̄2.
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4. Äîêàçàòåëüñòâà ëåìì
Äîêàçàòåëüñòâî ëåììû 3.1.

Ïóñòü S � ïðîèçâîëüíàÿ ïàðà ôóíêöèé ε-íàèëó÷øèõ îòâåòîâ
èãðîêîâ âèäà (2.8). Ñîãëàñíî (2.11) äëÿ ëþáîé òðàåêòîðèè t =

((i1, j1), (i2, j2)) ∈X2 äâóõøàãîâîé èãðû ε-íàèëó÷øèõ îòâåòîâ, ñîîò-
âåòñòâóþùèõ ïàðå S, èìååì

p2,S(t) = pS((i2, j2)|(i1, j1))pS((i1, j1)|(i0, j0)).

Äëÿ îæèäàåìîãî ñðåäíåãî âûèãðûøà ïåðâîãî èãðîêà, â ñîîòâåòñòâèè
ñ (2.12), (2.13), èìååì

a2[S] =

∫

X2

a2(t)p2,S(dt) =

=
1

2

∫

X2

(ai1,j1 + ai2,j2)p2,S(d((i1, j1), (i2, j2))) =

=
1

2

∫

X

ai1,j1pS(d(i1, j1)|(i0, j0)) +

1

2

∫

X

pS(d(i1, j1)|(i0, j0))

∫

X

ai2,j2pS(d(i2, j2)|(i1, j1)).

Îáîçíà÷àÿ

a1,0(i∗, j∗)=

∫

X

ai,jpS(d(i, j)|(i∗, j∗)), a2,0(i∗, j∗)=

∫

X

a1(i, j)pS(d(i, j)|(i∗, j∗)),

ïîëó÷àåì

a2[S] = a2[S](i0, j0) =
a1,0(i0, j0) + a2,0(i0, j0)

2
. (4.1)

Â ñèëó (2.9)

a1,0(i0, j0) = (a11 − a12)αj0βi0 +

(a21 − a22)(1− αj0)βi0 + αj0a12 + (1− αj0)a22, (4.2)
a2,0(i0, j0) = [a1,0(1, 1)− a1,0(1, 2))]αj0βi0 +

[a1,0(2, 1)− a1,0(2, 2))](1− αj0)βi0 +

αj0a1,0(1, 2) + (1− αj0)a1,0(2, 2). (4.3)
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Èç (4.2) èìååì

a1,0(1, 1)− a1,0(1, 2) = [(a11 − a12)− (a21 − a22)](α1 − α2)β1 +

(α1 − α2)(a12 − a22),

a1,0(2, 1)− a1,0(2, 2) = [(a11 − a12)− (a21 − a22)](α1 − α2)β2 +

(α1 − α2)(a12 − a22),

a1,0(1, 2) = (a11 − a12)α2β1 + (a21 − a22)(1− α2)β1 +

α2a12 + (1− α2)a22,

a1,0(2, 2) = (a11 − a12)α2β2 + (a21 − a22)(1− α2)β2 +

α2a12 + (1− α2)a22.

Ïîäñòàâëÿÿ â (4.3) è ïåðåãðóïïèðîâûâàÿ ñëàãàåìûå, ïîëó÷àåì:

a2,0(i0, j0) = ci0
1 α1αj0 + ci0

2 α2αj0 + c3αj0 + ci0
4 α1 + ci0

5 α2 + c6, (4.4)

ãäå

ci0
1 = (a11 − a12 − a21 + a22)(β1 − β2)βi0 , (4.5)

ci0
2 = (a11 − a12 − a21 + a22)(β1 − β2)(1− βi0), (4.6)
c3 = (a21 − a22)(β1 − β2), (4.7)
ci0
4 = [(a11 − a12 − a21 + a22)β2 + a12 − a22]βi0 , (4.8)

ci0
5 = [(a11 − a12 − a21 + a22)β2 + a12 − a22](1− βi0), (4.9)
c6 = (a21 − a22)β2 + a22. (4.10)

Ïðèäàâàÿ íà÷àëüíîé ïàðå (i0, j0) âñå âîçìîæíûå çíà÷åíèÿ â ïðå-
äåëàõ ìíîæåñòâà X è ïðèìåíÿÿ (4.2), çàïèøåì:

a1,0(1, 1)= α1β1a11+α1(1− β1)a12+(1− α1)β1a21+(1− α1)(1− β1)a22,

a1,0(1, 2)= α2β1a11+α2(1− β1)a12+(1− α2)β1a21+(1− α2)(1− β1)a22,

a1,0(2, 1)= α1β2a11+α1(1− β2)a12+(1− α1)β2a21+(1− α1)(1− β2)a22,

a1,0(2, 2)= α2β2a11+α2(1− β2)a12+(1− α2)β2a21+(1− α2)(1− β2)a22.

Ðàñôèêñèðóåì ïàðó S (2.8) è ðàññìîòðèì óêàçàííûå âûøå çíà÷å-
íèÿ êàê ôóíêöèè îò ïåðåìåííûõ α1, α2, β1, β2, ìåíÿþùèõñÿ â ïðåäå-
ëàõ îãðàíè÷åíèé (2.6), (2.7); äëÿ êðàòêîñòè îáîçíà÷åíèÿ àðãóìåíòîâ
áóäåì îïóñêàòü. Èìååì:
∂

∂α1

a1,0(1, 1)=β1a11+(1−β1)a12−β1a21−(1−β1)a22,
∂

∂α2

a1,0(1, 1)=0,
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∂

∂α1

a1,0(1, 2)=0,
∂

∂α2

a1,0(1, 2)=β1a11+(1−β1)a12−β1a21−(1−β1)a22,

∂

∂α1

a1,0(2, 1)=β2a11+(1−β2)a12−β2a21−(1−β2)a22,
∂

∂α2

a1,0(2, 1)=0,

∂

∂α1

a1,0(2, 2)=0,
∂

∂α2

a1,0(2, 2)=β2a11+(1−β2)a12−β2a21−(1−β2)a22.

Äëÿ çíà÷åíèé β1 = 0, β2 = 1, îòâå÷àþùèõ ÷èñòûì ñòðàòåãèÿì íàè-
ëó÷øåãî îòâåòà âòîðîãî èãðîêà, ñ ó÷åòîì (2.1) ïîëó÷àåì:

∂

∂α1

a1,0(1, 1) = a12 − a22 < 0,
∂

∂α2

a1,0(1, 1) = 0, (4.11)

∂

∂α1

a1,0(1, 2) = 0,
∂

∂α2

a1,0(1, 2) = a12 − a22 < 0, (4.12)

∂

∂α1

a1,0(2, 1) = a11 − a21 > 0,
∂

∂α2

a1,0(2, 1) = 0, (4.13)

∂

∂α1

a1,0(2, 2) = 0,
∂

∂α2

a1,0(2, 2) = a11 − a21 > 0. (4.14)

Äàëåå, èç (4.4)

a2,0(i0, 1) = c
ik−2

1 α2
1 + c

ik−2

2 α2α1 + (c3 + c
ik−2

4 )α1 + c
ik−2

5 α2 + c6,

a2,0(i0, 2) = c
ik−2

1 α1α2 + c
ik−2

2 α2
2 + c

ik−2

4 α1 + (c3 + c
ik−2

5 )α2 + c6.

Ðàññìàòðèâàÿ óêàçàííûå âûøå çíà÷åíèÿ êàê ôóíêöèè îò ïåðåìåí-
íûõ α1, α2, β1, β2, ìåíÿþùèõñÿ â ïðåäåëàõ îãðàíè÷åíèé (2.6), (2.7) è
îïóñêàÿ äëÿ êðàòêîñòè îáîçíà÷åíèÿ àðãóìåíòîâ, èìååì:
∂

∂α1

a2,0(i0, 1)=c
ik−2

1 α1+c
ik−2

2 α2+c3+c
ik−2

4 ,
∂

∂α2

a2,0(i0, 1)=c
ik−2

2 α1+c
ik−2

5 ,

∂

∂α1

a2,0(i0, 2)=c
ik−2

1 α2+c
ik−2

4 ,
∂

∂α2

a2,0(i0, 2)=c
ik−2

1 α1+c
ik−2

2 α2+c3+c
ik−2

5 .

Ïîäñòàíîâëÿÿ â ýòè âûðàæåíèÿ è â (4.5)�(4.10) çíà÷åíèÿ

α1 = 1, α2 = 0, β1 = 0, β2 = 1, (4.15)

îòâå÷àþùèõ ÷èñòûì ñòðàòåãèÿì íàèëó÷øåãî îòâåòà ïåðâîãî è âòîðî-
ãî èãðîêîâ, ïîëó÷àåì:
∂

∂α1

a2,0(1, 1)=a22−a21 =(a12−a22)+(a21−a22),
∂

∂α2

a2,0(1, 1)=a12−a22,
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∂

∂α1

a2,0(1, 2) = 0,
∂

∂α2

a2,0(1, 2) = a11 − 2a21 + a22,

∂

∂α1

a2,0(2, 1) = a12 − a21,
∂

∂α2

a2,0(2, 1) = 0,

∂

∂α1

a2,0(2, 2) = a11 − a21,
∂

∂α2

a2,0(2, 2) = a12 − a11.

Îáúåäèíÿÿ ñ (4.11)�(4.14), ïðè âñåõ çíà÷åíèÿõ íà÷àëüíîé ïàðû (i0, j0)

÷èñòûõ ñòðàòåãèé äëÿ óäâîåííûõ ÷àñòíûõ ïðîèçâîäíûõ îæèäàåìîãî
ñðåäíåãî âûèãðûøà (4.1) êàê ôóíêöèè îò α1, α2, β1, β2, âû÷èñëåí-
íûõ â òî÷êå (4.15), ïîëó÷àåì ñëåäóþùèå âûðàæåíèÿ (îáîçíà÷åíèÿ
àðãóìåíòîâ äëÿ êðàòêîñòè îïóñêàåì):

2
∂

∂α1

a2[S](1, 1) = a12 − a21, 2
∂

∂α2

a2[S](1, 1) = a12 − a22 < 0, (4.16)

2
∂

∂α1

a2[S](1, 2) = 0, 2
∂

∂α2

a2[S](1, 2) = (a11−a21)+(a12−a21), (4.17)

2
∂

∂α1

a2[S](2, 1) = (a12−a21)+(a12−a22), 2
∂

∂α2

a2[S](2, 1) = 0, (4.18)

2
∂

∂α1

a2[S](2, 2) = a11 − a21 > 0, 2
∂

∂α2

a2[S](2, 2) = a12 − a21. (4.19)

Ïóñòü (i0, j0) = (1, 1). Ïîñêîëüêó â òî÷êå (4.15) èìååò ìåñòî (4.16),
òî â îêðåñòíîñòè òî÷êè (4.15) îæèäàåìûé ñðåäíèé âûèãðûø a2[S](1, 1)

(à) âîçðàñòàåò ïî α1 ïðè a12 > a21, (á) óáûâàåò ïî α1 ïðè a12 < a21, (â)
óáûâàåò ïî α2. Ïîýòîìó ïðè äîñòàòî÷íî ìàëîì ε îæèäàåìûé ñðåäíèé
âûèãðûø a2[S](1, 1) êàê ôóíêöèÿ îò (α1, α2), íåçàâèñèìî îò âûáîðà
ïàðû (β1, β2), óäîâëåòâîðÿþùåé (2.7), äîñòèãàåò â ïðåäåëàõ îãðàíè-
÷åíèé (2.6) ìàêñèìóìà â åäèíñòâåííîé òî÷êå (α∗1, α

∗
2) = (1, 0) ïðè

a12 > a21 è â åäèíñòâåííîé òî÷êå (α∗1, α
∗
2) = (1 − ε, 0) ïðè a12 < a21.

Ýòèì çàêîí÷åíî äîêàçàòåëüñòâî óòâåðæäåíèÿ 1 ëåììû äëÿ ñëó÷àÿ
(i0, j0) = (1, 1) (ñì. ïóíêò (i) è ñëó÷àè 1.1 è 1.2 èç òàáë. 1).

Ïóñòü (i0, j0) = (1, 2). Ïîñêîëüêó â òî÷êå (4.15) èìååò ìåñòî (4.17),
òî â îêðåñòíîñòè òî÷êè (4.15) îæèäàåìûé ñðåäíèé âûèãðûø a2[S](1, 2)

(à) âîçðàñòàåò ïî α2 ïðè a12 > a21 è ïðè îäíîâðåìåííîì âûïîëíåíèè
a12 < a21 è 2a21 < a11 + a12, (á) óáûâàåò ïî α2 ïðè îäíîâðåìåííîì
âûïîëíåíèè a12 < a21 è 2a21 > a11 + a12.

Ðàññìîòðèì çàâèñèìîñòü a2[S](1, 2) îò α1 ïðè îãðàíè÷åíèÿõ (2.6),
(2.7) (â ñîîòâåòñòâèè ñ (4.17) â òî÷êå (4.15) ∂a2[S](1, 2)/∂α1 = 0).
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Ñîãëàñíî (4.4) (4.7), (4.9), (2.1) è (2.7) äëÿ ïðîèçâîëüíûõ α1, α2, β1, β2,
óäîâëåòâîðÿþùèõ (2.6), (2.7), èìååì

2
∂a2[S](1, 2)

∂α1

= [r1(β1 − β2)α2 + (r1β2 − r2)]β1, (4.20)

ãäå
r1 = a11 − a12 − a21 + a22 > 0, r2 = a22 − a12 > 0,

ïðè ýòîì ôóíêöèÿ a2[S](1, 2), î÷åâèäíî, ëèíåéíà ïî α1. Â ñèëó (2.1)
è (2.7) r2/r1 < 1. Ïóñòü ε < ε∗, ãäå ε∗ > 0 òàêîâî, ÷òî

r2

r1

< 1− ε∗, r1ε∗ < (1− ε∗)r1 − r2.

Òîãäà äëÿ ïðîèçâîëüíûõ α1, α2, β1, β2, óäîâëåòâîðÿþùèõ (2.6), (2.7),
âûïîëíÿåòñÿ

r1(β1 − β2)α2 + (r1β2 − r2) > −r1ε + (1− ε)r1 − r2 > 0.

Ñëåäîâàòåëüíî, â ñîîòâåòñòâèè ñ (4.20), â îáëàñòè (2.6), (2.7) ôóíêöèÿ
a2[S](1, 2) ñòðîãî âîçðàñòàåò ïî α1 ïðè β1 > 0 è ïîñòîÿííà ïî α1 ïðè
β1 = 0.

Ïðèíèìàÿ âî âíèìàíèå óñòàíîâëåííûå âûøå ñâîéñòâà ìîíîòîí-
íîñòè ôóíêöèè a2[S](1, 2) ïî ïåðåìåííûì α1 è α2, çàêëþ÷àåì, ÷òî,
ïðè äîñòàòî÷íî ìàëîì ε, íåçàâèñèìî îò âûáîðà ïàðû (β1, β2), óäîâëå-
òâîðÿþùåé (2.7), a2[S](1, 2) äîñòèãàåò, â ïðåäåëàõ îãðàíè÷åíèé (2.6),
ìàêñèìóìà â ñëåäóþùèõ òî÷êàõ: (à) â ñëó÷àå β1 > 0 � â åäèíñòâåí-
íîé òî÷êå (α∗1, α

∗
2) = (1, ε) ïðè a12 > a21 è ïðè îäíîâðåìåííîì âû-

ïîëíåíèè íåðàâåíñòâ a12 < a21 è 2a21 < a11 + a12 è â åäèíñòâåííîé
òî÷êå (α∗1, α

∗
2) = (1, 0) ïðè îäíîâðåìåííîì âûïîëíåíèè íåðàâåíñòâ

a12 < a21 è 2a21 > a11 + a12; (á) â ñëó÷àå β1 = 0 � âî âñåõ òî÷êàõ âèäà
(α∗1, α

∗
2) = (α∗1, ε), ãäå α∗1 ∈ [1 − ε, 1], ïðè a12 > a21 è ïðè îäíîâðåìåí-

íîì âûïîëíåíèè a12 < a21 è 2a21 < a11 + a12 è âî âñåõ òî÷êàõ âèäà
(α∗1, α

∗
2) = (α∗1, 0), ãäå α∗1 ∈ [1 − ε, 1], ïðè îäíîâðåìåííîì âûïîëíåíèè

íåðàâåíñòâ a12 < a21 è 2a21 > a11 +a12. Ýòèì çàêîí÷åíî ðàññìîòðåíèå
ñëó÷àåâ 1.5, 1.6 è 1.7 èç òàáë. 1.

Ïóñòü (i0, j0) = (2, 1). Ïîñêîëüêó â òî÷êå (4.15) èìååò ìåñòî (4.18),
òî â îêðåñòíîñòè òî÷êè (4.15) îæèäàåìûé ñðåäíèé âûèãðûø a2[S](2, 1)

(à) óáûâàåò ïî α1 ïðè a12 < a21 è ïðè îäíîâðåìåííîì âûïîëíåíèè



Ñòîõàñòè÷åñêàÿ äâóõøàãîâàÿ èãðà ε-íàèëó÷øèõ îòâåòîâ 101

a12 > a21 è 2a12 < a22 + a21, (á) âîçðàñòàåò ïî α1 ïðè îäíîâðåìåííîì
âûïîëíåíèè a12 > a21 è 2a12 > a22 + a21.

Ðàññìîòðèì çàâèñèìîñòü a2[S](2, 1) îò α2 ïðè îãðàíè÷åíèÿõ (2.6),
(2.7) (â ñîîòâåòñòâèè ñ (4.18) â òî÷êå (4.15) ∂a2[S](2, 1)/∂α2 = 0). Ñî-
ãëàñíî (4.4) (4.7), (4.10), (2.1) è (2.7) äëÿ ïðîèçâîëüíûõ α1, α2, β1, β2,
óäîâëåòâîðÿþùèõ (2.6), (2.7), èìååì

2
∂a2[S](2, 1)

∂α2

= [r1(β1 − β2)α1 + (r1β2 − r2)](1− β2), (4.21)

ãäå
r1 = a11 − a12 − a21 + a22 > 0, r2 = a22 − a12 > 0,

ïðè ýòîì ôóíêöèÿ a2[S](2, 1), î÷åâèäíî, ëèíåéíà ïî α2. Â ñèëó (2.1)
è (2.7) r2/r1 > 0. Ïóñòü ε < ε∗, ãäå ε∗ > 0 òàêîâî, ÷òî

r2

r1

> ε∗, 3r1ε∗ < r1 + r2.

Òîãäà äëÿ ïðîèçâîëüíûõ α1, α2, β1, β2, óäîâëåòâîðÿþùèõ (2.6), (2.7),
âûïîëíÿåòñÿ

r1(β1 − β2)α1 + (r1β2 − r2) < 3r1ε− r1 − r2 < 0.

Ñëåäîâàòåëüíî, â ñîîòâåòñòâèè ñ (4.21), â îáëàñòè (2.6), (2.7) ôóíêöèÿ
a2[S](2, 1) ñòðîãî óáûâàåò ïî α2 ïðè β2 < 1 è ïîñòîÿííà ïî α2 ïðè
β2 = 1.

Ïðèíèìàÿ âî âíèìàíèå óñòàíîâëåííûå âûøå ñâîéñòâà ìîíîòîí-
íîñòè ôóíêöèè a2[S](2, 1) ïî ïåðåìåííûì α1 è α2, çàêëþ÷àåì, ÷òî,
ïðè äîñòàòî÷íî ìàëîì ε, íåçàâèñèìî îò âûáîðà ïàðû (β1, β2), óäîâëå-
òâîðÿþùåé (2.7), a2[S](2, 1) äîñòèãàåò, â ïðåäåëàõ îãðàíè÷åíèé (2.6),
ìàêñèìóìà â ñëåäóþùèõ òî÷êàõ: (à) â ñëó÷àå β2 < 1 � â åäèíñòâåííîé
òî÷êå (α∗1, α

∗
2) = (1−ε, 0) ïðè a12 < a21 è ïðè îäíîâðåìåííîì âûïîëíå-

íèè a12 > a21 è 2a12 < a22+a21 è â åäèíñòâåííîé òî÷êå (α∗1, α
∗
2) = (1, 0)

ïðè îäíîâðåìåííîì âûïîëíåíèè a12 > a21 è 2a12 > a22 +a21, (á) â ñëó-
÷àå β2 = 1 � âî âñåõ òî÷êàõ âèäà (α∗1, α

∗
2) = (1− ε, α∗2), ãäå α∗2 ∈ [0, ε],

ïðè a12 < a21 è ïðè îäíîâðåìåííîì âûïîëíåíèè a12 > a21 è 2a12 <

a22 + a21 è âî âñåõ òî÷êàõ âèäà (α∗1, α
∗
2) = (1, α∗2), ãäå α∗2 ∈ [0, ε], ïðè

îäíîâðåìåííîì âûïîëíåíèè íåðàâåíñòâ a12 > a21 è 2a12 > a22 + a21.
Ýòèì çàêîí÷åíî ðàññìîòðåíèå ñëó÷àåâ 1.8, 1.9 è 1.10 èç òàáë. 1.
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Ïóñòü (i0, j0) = (2, 2). Ïîñêîëüêó â òî÷êå (4.15) èìååò ìåñòî (4.19),
òî â îêðåñòíîñòè òî÷êè (4.15) îæèäàåìûé ñðåäíèé âûèãðûø a2[S](2, 2)

(à) âîçðàñòàåò ïî α1, (á) óáûâàåò ïî α2 ïðè a12 > a21, (â) âîçðàñòàåò
ïî α2 ïðè a12 < a21. Ïîýòîìó ïðè äîñòàòî÷íî ìàëîì ε îæèäàåìûé
ñðåäíèé âûèãðûø a2[S](2, 2) êàê ôóíêöèÿ îò (α1, α2), íåçàâèñèìî îò
âûáîðà ïàðû (β1, β2), óäîâëåòâîðÿþùåé (2.7), äîñòèãàåò â ïðåäåëàõ
îãðàíè÷åíèé (2.6) ìàêñèìóìà â åäèíñòâåííîé òî÷êå (α∗1, α

∗
2) = (1, 0)

ïðè a12 > a21 è â åäèíñòâåííîé òî÷êå (α∗1, α
∗
2) = (1, ε) ïðè a12 < a21.

Ýòèì çàêîí÷åíî ðàññìîòðåíèå ñëó÷àåâ 1.3 è 1.4 èç òàáë. 1.
Ëåììà 3.1 äîêàçàíà.

Äîêàçàòåëüñòâî ëåììû 3.2.
Ïðîâåäåì ïðåîáðàçîâàíèå èãðû. Èìåÿ èñõîäíûå ìàòðèöû âûèã-

ðûøåé

A =

(
a11 a12

a21 a22

)
, B =

(
b11 b12

b21 b22

)
,

ââåäåì íîâûå ìàòðèöû Ā è B̄, ïîìåíÿâ èãðîêîâ ìåñòàìè è ïåðåíóìå-
ðîâàâ ýëåìåíòû ìàòðèö ñëåäóþùèì îáðàçîì:

(i, j) → (̄i, j̄) : (2, 1) → (1, 1), (1, 1) → (1, 2),

(2, 2) → (2, 1), (1, 2) → (2, 2). (4.22)

Ïîëó÷àåì

Ā=

(
ā11 ā12

ā21 ā22

)
=

(
b21 b11

b22 b12

)
, B̄=

(
b̄11 b̄12

b̄21 b̄22

)
=

(
a21 a11

a22 a12

)
. (4.23)

Èñïîëüçóÿ ñîîòíîøåíèÿ (2.1) ìåæäó ýëåìåíòàìè èñõîäíûõ ìàòðèö
A è B, ïðèõîäèì ê ñëåäóþùèì ñîîòíîøåíèÿì ìåæäó ýëåìåíòàìè
ìàòðèö Ā è B̄:

b̄12 > b̄11, b̄21 > b̄22, ā11 > ā21, ā22 > ā12.

Ýòè ñîîòíîøåíèÿ èìåþò âèä (2.1). Ðàññìîòðèì ïîâòîðÿþùóþñÿ èãðó
ε-íàèëó÷øèõ îòâåòîâ ñ çàìåíîé ìàòðèö âûèãðûøåé A è B íà Ā è B̄,
ñîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç (ᾱ1, ᾱ2) = (β2, β1) è (β̄1, β̄2) = (α2, α1)

ôóíêöèè ε-íàèëó÷øåãî îòâåòà ïåðâîãî è âòîðîãî èãðîêîâ â íîâîé
èãðå. Ïî äîêàçàííîé âûøå ëåììå 3.1 ñóùåñòâóåò ε̄1 ∈ (0, 1/2) òàêîå,
÷òî ïðè ε ≤ ε̄1 ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
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1) Ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ (ᾱ∗1, ᾱ
∗
2) ε-íàèëó÷øåãî îòâå-

òà ïåðâîãî èãðîêà òàêàÿ, ÷òî
(i) äëÿ âñÿêèõ (ᾱ1, ᾱ2) ∈ Ū(ε) \ {(ᾱ∗1, ᾱ∗2)} è (β̄1, β̄2) ∈ V̄i0,j0(ε) âû-

ïîëíÿåòñÿ

ā2[((ᾱ
∗
1, ᾱ

∗
2), (β̄1, β̄2))] > ā2[((ᾱ1, ᾱ2), (β̄1, β̄2))], (4.24)

(ii) â ñëó÷àå (̄i0, j̄0) = (1, 2) ïðè âñÿêîì (β̄1, β̄2) ∈ V̄ (ε) \ V̄ī0,j̄0(ε)

äëÿ ëþáîãî (ᾱ1, ᾱ2) ∈ Ū(ε) òàêîãî, ÷òî ᾱ2 6= ᾱ∗2, âûïîëíÿåòñÿ (4.24),
à äëÿ ëþáîãî (ᾱ1, ᾱ2) ∈ Ū(ε) òàêîãî, ÷òî ᾱ2 = ᾱ∗2, âûïîëíÿåòñÿ

ā2[((ᾱ
∗
1, ᾱ

∗
2), (β̄1, β̄2))] = ā2[((ᾱ1, ᾱ2), (β̄1, β̄2))], (4.25)

(iii) â ñëó÷àå (̄i0, j̄0) = (2, 1) ïðè âñÿêîì (β̄1, β̄2) ∈ V̄ (ε) \ V̄ī0,j̄0(ε)

äëÿ ëþáîãî (ᾱ1, ᾱ2) ∈ Ū(ε) òàêîãî, ÷òî ᾱ1 6= ᾱ∗1, âûïîëíÿåòñÿ (4.24), à
äëÿ ëþáîãî (ᾱ1, ᾱ2) ∈ Ū(ε) òàêîãî, ÷òî ᾱ1 = ᾱ∗1, âûïîëíÿåòñÿ (4.25).

2) Ïðè ýòîì çíà÷åíèÿ ᾱ∗1 è ᾱ∗2 çàäàþòñÿ ñëåäóþùåé òàáë. 3.

Òàáëèöà 3.
(̄i0, j̄0) óñëîâèå (ᾱ∗1, ᾱ

∗
2)

(1, 1) ā12 > ā21 (1, 0)

(1, 1) ā12 < ā21 (1− ε, 0)

(2, 2) ā12 > ā21 (1, ε)

(2, 2) ā12 < ā21 (1, 0)

(1, 2) ā12 > ā21 (1, ε)

(1, 2) ā12 < ā21, ā21 < (ā11 + ā12)/2 (1, ε)

(1, 2) ā12 < ā21, ā21 > (ā11 + ā12)/2 (1, 0)

(2, 1) ā12 < ā21 (1− ε, 0)

(2, 1) ā12 > ā21, ā12 < (ā22 + ā21)/2 (1− ε, 0)

(2, 1) ā12 > ā21, ā12 > (ā22 + ā21)/2 (1, 0)

Ïåðåõîäÿ îáðàòíî ê ñòàðûì îáîçíà÷åíèÿì è èñïîëüçóÿ (4.22), (4.23),
ïîëó÷àåì ñëåäóþùóþ òàáë. 4.
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Òàáëèöà 4.
(i0, j0) óñëîâèå (β∗1 , β

∗
2)

(2, 1) b11 > b22 (0, 1)

(2, 1) b11 < b22 (0, 1− ε)

(1, 2) b11 > b22 (ε, 1)

(1, 2) b11 < b22 (0, 1)

(1, 1) b11 > b22 (ε, 1)

(1, 1) b11 < b22, b22 < (b11 + b21)/2 (ε, 1)

(1, 1) b11 < b22, b22 > (b11 + b21)/2 (0, 1)

(2, 2) b11 < b22 (0, 1− ε)

(2, 2) b11 > b22, b11 < (b12 + b22)/2 (0, 1− ε)

(2, 2) b11 > b22, b11 > (b12 + b22)/2 (0, 1)

Òàáë. 4 ñîâïàäàåò ñ òàáë. 2, ÷òî çàâåðøàåò äîêàçàòåëüñòâî ëåììû
3.2.
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Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü ñâîåìó íàó÷íîìó ðóêîâîäèòå-
ëþ àêàä. À.Â. Êðÿæèìñêîìó çà ïîñòàíîâêó çàäà÷è è ðóêîâîäñòâî â
ïðîöåññå å¼ ðåøåíèÿ.

A 2× 2 ε-BEST RESPONSE STOCHASTIC TWO-STEP
GAME

Anastasia V. Raygorodskaya, Lomonosov Moscow State University,
post-graduate student (asik.vmk@gmail.com).

Abstract : A 2 × 2 ε-best response repeated game, in which each player
in each subsequent round chooses a pure strategy based on the result of
a random test, is analyzed. The random test is generated by the player's
arbitrary mixed strategy prescribing the player to choose his/her best
response to his/her partner's previously chosen pure strategy with a
high probability. The so de�ned decision making patterns (called ε-best
response functions) are interpreted as the players' behavioral strategies.
These strategies de�ne a stochastic game, in which the expected bene�ts
averaged over all the rounds act as the players' bene�ts. The game is
analyzed in the two-step case. A classi�cation of the Nash equilibrium
points is provided, and the equilibrium values are compared with the
average bene�ts gained through the deterministic usage of the players'
best response pure strategies.
Keywords : repeated games, bimatrix games, best response.
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Äàíà òåîðåòèêî-èãðîâàÿ ôîðìàëèçàöèÿ ÿâëåíèÿ êîððóïöèè
â òðåõóðîâíåâûõ ñèñòåìàõ óïðàâëåíèÿ âååðíîé ñòðóêòóðû. Ðàñ-
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ïîâåðõíîñòíûõ âîä. Ïðåäëîæåíà ñòàòè÷åñêàÿ ìîäåëü, â êîòî-
ðîé â êà÷åñòâå óñëîâèé óñòîé÷èâîãî ðàçâèòèÿ ðå÷íûõ ñèñòåì
âçÿòû ïðåäåëüíî äîïóñòèìûå êîíöåíòðàöèè çàãðÿçíÿþùèõ âå-
ùåñòâ â ñòî÷íûõ âîäàõ. Ðåøåíèå ïîñòðîåíî ìåòîäîì èìèòà-
öèîííîãî ìîäåëèðîâàíèÿ. Ïðèâåäåíû õàðàêòåðíûå ïðèìåðû.
Ïðåäëîæåíà ìåòîäèêà ó÷åòà âîçìîæíîñòè êîððóïöèè â èåðàð-
õè÷åñêèõ ñèñòåìàõ.

Êëþ÷åâûå ñëîâà: ñèñòåìà óïðàâëåíèÿ, êîððóïöèÿ, èåðàðõè÷åñêèå èã-
ðû, èíôîðìàöèîííî-ìîäåëèðóþùàÿ ñèñòåìà, ìåòîä ïîáóæäåíèÿ.

1. Ââåäåíèå
Ðàçâèòèå ïðîèçâîäñòâà ïðîäóêòîâ è óñëóã ñîïðîâîæäàåòñÿ ðîñòîì

÷èñëåííîñòè áþðîêðàòè÷åñêîãî àïïàðàòà, óêðåïëåíèåì áàçû è ïðåä-
ïîñûëîê äëÿ îïïîðòóíèñòè÷åñêîãî ïîâåäåíèÿ ðàçëè÷íûõ ñóáúåêòîâ
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óïðàâëåíèÿ. Âîïðîñû óñòàíîâëåíèÿ ïðè÷èí âîçíèêíîâåíèÿ, îáóçäà-
íèÿ è èñêîðåíåíèÿ îïïîðòóíèñòè÷åñêîãî ïîâåäåíèÿ â ýêîíîìè÷åñêîé
è ïîëèòè÷åñêîé ñôåðàõ èìåþò ãîñóäàðñòâåííîå çíà÷åíèå, êîíòðîëè-
ðóþòñÿ îðãàíàìè âëàñòè è óïðàâëåíèÿ. Â ðåçóëüòàòå ìàòåìàòè÷åñêî-
ìó ìîäåëèðîâàíèþ ÿâëåíèÿ êîððóïöèè, êàê ãëàâíîé ðàçíîâèäíîñòè
îïïîðòóíèñòè÷åñêîãî ïîâåäåíèÿ â ñèñòåìàõ óïðàâëåíèÿ ðàçëè÷íîé
ñòðóêòóðû è ïðèðîäû, óäåëÿåòñÿ îïðåäåëåííîå âíèìàíèå. Ïîä êîð-
ðóïöèåé ïîíèìàåòñÿ ïîëó÷åíèå äîëæíîñòíûìè ëèöàìè âçÿòîê â îá-
ìåí íà ïðåäîñòàâëåíèå ðàçëè÷íûõ ïðèâèëåãèé è ëüãîò.

Íåñìîòðÿ íà äîñòàòî÷íîå êîëè÷åñòâî ðàáîò, ïîñâÿùåííûõ èññëå-
äîâàíèþ ÿâëåíèÿ êîððóïöèè, íàïðèìåð [1,2,6,7], äî ñèõ ïîð íå âûðàáî-
òàíà êîìïëåêñíàÿ ìåòîäèêà èññëåäîâàíèÿ ÿâëåíèÿ êîððóïöèè, íå ñôîð-
ìóëèðîâàíû ïðàêòè÷åñêèå ðåêîìåíäàöèè äëÿ îðãàíîâ ãîñóäàðñòâåí-
íîé âëàñòè ðàçëè÷íûõ óðîâíåé, íàïðàâëåííûå íà áîðüáó ñ êîððóïöè-
åé.

Ïðåäëàãàåìàÿ ðàáîòà áëèçêà ê [3], ãäå äàíà ìàòåìàòè÷åñêàÿ ôîð-
ìàëèçàöèÿ ÿâëåíèÿ êîððóïöèè â òðåõóðîâíåâûõ äèíàìè÷åñêèõ ñèñ-
òåìàõ óïðàâëåíèÿ âååðíîé ñòðóêòóðû. Â ýòîé ðàáîòå ðàññìîòðåíèå
ïðîâåäåíî íà ïðèìåðå ñèñòåìû êîíòðîëÿ êà÷åñòâà ïîâåðõíîñòíûõ
âîä, ïîñòðîåíà äèíàìè÷åñêàÿ ìîäåëü ñ ó÷åòîì âîçìîæíîñòè êîððóï-
öèîííûõ îòíîøåíèé. Èñïîëüçîâàíèå ïðåäëàãàåìîé â íåé ìåòîäèêè
êîíòðîëÿ, óïðàâëåíèÿ êîððóïöèåé îðãàíàìè ãîñóäàðñòâåííîé âëà-
ñòè ðàçëè÷íûõ óðîâíåé çàòðóäíåíî íåîáõîäèìîñòüþ ó÷åòà â ïðåäëî-
æåííîé ìàòåìàòè÷åñêîé ìîäåëè ãèäðîäèíàìè÷åñêèõ, ãèäðîõèìè÷å-
ñêèõ äàííûõ, îòíîñÿùèõñÿ ê ðàçëè÷íûì ó÷àñòêàì ðóñëîâîãî ïîòîêà.
Ïðåäëàãàåòñÿ óïðîùåííàÿ ñòàòè÷åñêàÿ ìîäåëü êîððóïöèè, ïîçâîëÿ-
þùàÿ ïðîâîäèòü ìîäåëèðîâàíèå ïîâåäåíèÿ ðåàëüíûõ ñèñòåì óïðàâ-
ëåíèÿ â óñëîâèÿõ êîððóïöèè, äàâàòü ïðàêòè÷åñêèå ðåêîìåíäàöèè îò-
íîñèòåëüíî ïîâåäåíèÿ ðàçëè÷íûõ ñóáúåêòîâ óïðàâëåíèÿ â óñëîâèÿõ
êîððóïöèè äëÿ îðãàíîâ ãîñóäàðñòâåííîé âëàñòè ðàçíûõ óðîâíåé.

2. Ìîäåëü

Òðåõóðîâíåâàÿ ñèñòåìà óïðàâëåíèÿ âååðíîé ñòðóêòóðû ñîñòîèò
èç èñòî÷íèêîâ âîçäåéñòâèÿ âåðõíåãî (ôåäåðàëüíûé öåíòð èëè ÔÖ),
ñðåäíåãî (ìåñòíûé îðãàí óïðàâëåíèÿ èëè ÎÓ), íèæíåãî (ïðîìûø-
ëåííîå ïðåäïðèÿòèå èëè ÏÏ) óðîâíåé è óïðàâëÿåìîé äèíàìè÷åñêîé
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ñèñòåìû (ÓÄÑ èëè âîäîòîê) [3]. Âçàèìîîòíîøåíèÿ ìåæäó ýëåìåíòà-
ìè òàêîé ñèñòåìû óñòðîåíû ñëåäóþùèì îáðàçîì: ÔÖ âîçäåéñòâóåò
íà ÎÓ, ÎÓ � íà ÏÏ, ÏÏ � íà ÓÄÑ. Â ñèñòåìå èìååòñÿ îáðàòíàÿ ñâÿçü
è ïðåäóñìîòðåíà âîçìîæíîñòü íåïîñðåäñòâåííîãî âîçäåéñòâèÿ ÔÖ è
ÎÓ íà ÓÄÑ.

Ïóñòü ÏÏ ñòðåìèòñÿ ê ìàêñèìèçàöèè ïîëó÷àåìîé â ðåçóëüòàòå
ïðîèçâîäñòâà ïðèáûëè. Â ïðîöåññå ïðîèçâîäñòâà â ÓÄÑ ñáðàñûâà-
þòñÿ çàãðÿçíÿþùèå âåùåñòâà (ÇÂ). ÎÓ îïðåäåëÿåò ðàçìåðû ïëàòû
çà ñâåðõëèìèòíûé è ñâåðõíîðìàòèâíûé ñáðîñ çàãðÿçíåíèé â âîäî-
òîê è ñòðåìèòñÿ ê ìàêñèìèçàöèè íàõîäÿùèõñÿ â åãî ðàñïîðÿæåíèè
ñðåäñòâ. ÔÖ îïðåäåëÿåò, êàêàÿ äîëÿ ñðåäñòâ, ïîñòóïàþùèõ îò ÏÏ
â âèäå ïëàòû çà ñáðîñ çàãðÿçíåíèé, îñòàåòñÿ â åãî ðàñïîðÿæåíèè, à
êàêàÿ îòäàåòñÿ ÎÓ. ÔÖ äîëæåí ïîääåðæèâàòü ÓÄÑ â óñòîé÷èâîì ñî-
ñòîÿíèè. Ïóñòü ÓÄÑ íàõîäèòñÿ â óñòîé÷èâîì ñîñòîÿíèè, åñëè âûïîë-
íåíû çàêîíîäàòåëüíî óñòàíîâëåííûå ïðåäåëüíî äîïóñòèìûå êîíöåí-
òðàöèè (ÏÄÊ) çàãðÿçíÿþùèõ âåùåñòâ â ñòî÷íûõ âîäàõ ïðåäïðèÿòèÿ.

Èíòåðåñû ÔÖ è ÎÓ ðàçëè÷íû, ïîðîé ïðîòèâîïîëîæíû, ïîýòîìó
ÎÓ ìîæåò áûòü çàèíòåðåñîâàí â ïîëó÷åíèè âçÿòîê îò ÏÏ, â îáìåí íà
êîòîðûå îíè çàíèæàþò ðàçìåð ïëàòû çà ñáðîñ çàãðÿçíåíèé â âîäîòîê.
Åñëè ÎÓ îòêàçûâàåòñÿ îò âçÿòêè, òî îíà èçûìàåòñÿ ÔÖ, øòðàôó
ïîäâåðãàþòñÿ òîëüêî ÏÏ. Âåëè÷èíà øòðàôà çàâèñèò îò ¾ìàñøòàá-
íûõ¿ êîýôôèöèåíòîâ, â êîòîðûõ ó÷èòûâàåòñÿ âåðîÿòíîñòü îáíàðó-
æåíèÿ âçÿòêè. Ñ ðîñòîì ¾ìàñøòàáíûõ¿ êîýôôèöèåíòîâ âåðîÿòíîñòü
îáíàðóæåíèÿ âçÿòêè óâåëè÷èâàåòñÿ, íî óâåëè÷èâàþòñÿ è çàòðàòû ñî
ñòîðîíû ÔÖ íà êîíòðîëü çà äåÿòåëüíîñòüþ ÎÓ è ÏÏ.
3. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è

Â ïðåäëàãàåìîé ìîäåëè íå ó÷èòûâàþòñÿ ïëàòåæè çà âîäîçàáîð
è âîäîñáðîñ, â ðàññìîòðåíèå ïðèíèìàþòñÿ òîëüêî ïëàòåæè çà ñáðîñ
çàãðÿçíåíèé. Àíàëîãè÷íî [4] íèæå èññëåäóåòñÿ ñëó÷àé îäíîãî âèäà
çàãðÿçíåíèé.

ÔÖ ïîìèìî âûïîëíåíèÿ óñëîâèé óñòîé÷èâîãî ðàçâèòèÿ ñèñòåìû
ñòðåìèòñÿ ê ìàêñèìèçàöèè öåëåâîé ôóíêöèè âèäà

JΦ = −CΦ(y) + ν(R(Φ)− V K(Φ)−H(Φ)− V S(W,P )− FN)+

+ G(FN + FP 0 + FS0) + (1− P )W (−h(L) + Lδ(f1(b) + f2(b)))+

+ (1− δ)(b + f3(b)) → max{G,L} ; (3.1)
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y = (1− P )W ;

FN =

{
s(1− P )W, åñëè (1− P )W ≤ W1,

sW1, åñëè (1− P )W > W1;

FP 0 =





0, åñëè (1− P )W ≤ W1,

sKN0((1− P )W −W1), åñëè W1 < (1− P )W ≤ W2,

sKN0(W2 −W1), åñëè W2 < (1− P )W ;

FS0 =

{
0, åñëè (1− P )W ≤ W2,

sKS0((1− P )W −W2), åñëè (1− P )W > W2.

Çäåñü W ((1−P )W ) � êîëè÷åñòâî çàãðÿçíåíèé, ñáðàñûâàåìûõ â ðåêó
äî (ïîñëå) î÷èñòêè ñòî÷íûõ âîä; P � äîëÿ çàãðÿçíåíèé, óäàëÿåìûõ
íà ïðåäïðèÿòèè â ïðîöåññå î÷èñòêè ñòî÷íûõ âîä; FS0, FN, FP 0 �
ôóíêöèè ïëàòåæåé â óñëîâèÿõ êîððóïöèè, êîòîðûå ïëàòèò ÏÏ çà
ñáðîñ çàãðÿçíåíèé â ïðåäåëàõ óñòàíîâëåííîãî íîðìàòèâà, à òàêæå
çà ñâåðõíîðìàòèâíûé è ñâåðõëèìèòíûé ñáðîñû ñîîòâåòñòâåííî, ýòè
ôóíêöèè çàâèñÿò îò îáùåãî êîëè÷åñòâà çàãðÿçíåíèé, ñáðàñûâàåìûõ
â ðåêó ïîñëå î÷èñòêè ñòî÷íûõ âîä è îò âåëè÷èíû ïîëó÷åííîé âçÿòêè;
KN0, KS0 � ðàçìåðû ïëàòû â óñëîâèÿõ êîððóïöèè çà åäèíèöó ñáðî-
øåííûõ çàãðÿçíåíèé íà ÏÏ ïðè ñâåðõíîðìàòèâíîì è ñâåðõëèìèòíîì
ñáðîñàõ; KN0 = max(KN − δa1(b), 0); KS0 = max(KS − δa2(b), 0);
s,KN,KS � ðàçìåðû ïëàòû áåç ó÷åòà êîððóïöèè çà åäèíèöó ñáðî-
øåííûõ çàãðÿçíåíèé íà ÏÏ ïðè ñáðîñå â óñòàíîâëåííûõ ïðåäåëàõ,
ñâåðõíîðìàòèâíîì è ñâåðõëèìèòíîì ñáðîñàõ ñîîòâåòñòâåííî; δ � êî-
ýôôèöèåíòû, ðàâíûå íóëþ, åñëè âçÿòêà íå äàâàëàñü, è åäèíèöå â
ïðîòèâíîì ñëó÷àå; b � ðàçìåð âçÿòêè íà åäèíèöó ñáðîøåííûõ çàãðÿç-
íåíèé, äàâàåìîé ïðåäïðèÿòèåì ÎÓ; a1(z)(a2(z)) � ôóíêöèè ¾ýôôåê-
òèâíîñòè¿ âçÿòîê, õàðàêòåðèçóþùèå, íàñêîëüêî âçÿòêè óìåíüøàþò
ðàçìåð ïëàòû çà ñâåðõíîðìàòèâíûé è ñâåðõëèìèòíûé ñáðîñ çàãðÿçíå-
íèé, ñîîòâåòñòâåííî; W1,W2 � ïîñòîÿííûå âåëè÷èíû, êîòîðûå ïðåä-
ñòàâëÿþò ñîáîé óñòàíîâëåííûå çàêîíîäàòåëüñòâîì íîðìàòèâû ñáðî-
ñà çàãðÿçíåíèé; CΦ(y) � ôóíêöèÿ, â êîòîðîé îòðàæåíû ìàòåðèàëüíûå
ïîòåðè îáùåñòâà èç-çà çàãðÿçíåííîé âîäû; y � îáùåå êîëè÷åñòâî ñáðî-
øåííûõ â ðåêó çàãðÿçíåíèé; ν � ñòàâêà íàëîãà íà ïðèáûëü; R(Φ) � äî-
õîä ÏÏ îò ðåàëèçàöèè ïðîèçâåäåííîé ïðîäóêöèè ïðè âåëè÷èíå ïðî-
èçâîäñòâåííûõ ôîíäîâ Φ; V K(Φ) � âêëþ÷àåìûå â ñåáåñòîèìîñòü èç-
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äåðæêè îñíîâíîãî ïðîèçâîäñòâà; H(Φ) � ñóììàðíàÿ çàðàáîòíàÿ ïëà-
òà îñíîâíîãî è ïðèðîäîîõðàííîãî ïðîèçâîäñòâ; V S(W,P ) � èçäåðæêè
ïðèðîäîîõðàííîé äåÿòåëüíîñòè, çàâèñÿùèå îò îáúåìà ñáðàñûâàåìûõ
çàãðÿçíåíèé è ñòåïåíè î÷èñòêè ñòî÷íûõ âîä; G � äîëÿ ñðåäñòâ, ïî-
ëó÷àåìûõ ñ ÏÏ çà ñáðîñ çàãðÿçíåíèé â óñëîâèÿõ êîððóïöèè, êîòîðàÿ
îñòàåòñÿ ó ÔÖ; f1(z), f2(z) � ôóíêöèè øòðàôà ÎÓ ïðè ïîëó÷åíèè èìè
âçÿòîê è ÏÏ ïðè äà÷è âçÿòêè; f3(z) � ôóíêöèÿ øòðàôà ÏÏ, êîãäà
îíè ïðåäëàãàþò ÎÓ âçÿòêó, ÎÓ åå íå áåðåò è ñîîáùàåò îá ýòîì ÔÖ;
L � ¾ìàñøòàáíûå¿ êîýôôèöèåíòû äëÿ ôóíêöèé øòðàôà çà âçÿòêè;
h(L) � ôóíêöèè çàòðàò ÔÖ íà îïðåäåëåíèå ¾ìàñøòàáíûõ¿ êîýôôè-
öèåíòîâ, îòíåñåííûå ê åäèíèöå ñáðîøåííûõ ÇÂ.

Ôóíêöèè V K è H çàâèñÿò îò âåëè÷èíû ïðîèçâîäñòâåííûõ ôîí-
äîâ; V S(W,P ) îòðàæàåò çàòðàòû ÏÏ íà î÷èñòêó ñòî÷íûõ âîä. Ïðåä-
ïîëàãàåòñÿ, ÷òî âûïîëíåíû ñëåäóþùèå ñîîòíîøåíèÿ:

V K(Φ) + H(Φ) = µR(Φ); µ = const; V S(W,P ) = WCP (P ),

ãäå CP (P ) � ôóíêöèè çàòðàò ÏÏ íà î÷èñòêó åäèíèöû ñáðàñûâàåìûõ
â âîäîòîê çàãðÿçíåíèé.

ÎÓ ñòðåìèòñÿ ê ìàêñèìèçàöèè ñðåäñòâ, ïîñòóïàþùèõ ê íåìó îò
ÏÏ â âèäå âçÿòîê è ïëàòû çà ñáðîñ çàãðÿçíåíèé, çà âû÷åòîì ðàñõîäîâ
íà î÷èñòêó ðå÷íîé âîäû è øòðàôîâ çà âçÿòêè. Åãî öåëåâàÿ ôóíêöèÿ
èìååò âèä

Jy = −Cy(y)+(1−G)(FN+FP 0+FS0)+(1−P )W (−Lδf1(b)+δb) (3.2)

→ max{KN, KS, δ},
ãäå Cy(y) � ôóíêöèÿ çàòðàò ÎÓ íà óëó÷øåíèå êà÷åñòâà ðå÷íîé âîäû.

Öåëü ÏÏ � ìàêñèìèçàöèÿ ñâîåé ïðèáûëè â óñëîâèÿõ êîððóïöèè,
ò.å.

J = (1− ν)(R(Φ)− V K(Φ)−H(Φ)− V S(W,P )−FN)−FP 0−FS0−
(3.3)

−(1− P )W (b + Lδf2(b) + (1− δ)f3(b)) → max{P, b}.
Ïóñòü êîëè÷åñòâî ñáðàñûâàåìûõ çàãðÿçíåíèé (äî î÷èñòêè) çàâèñèò
îò êîëè÷åñòâà ïðîèçâåäåííîé ïðîäóêöèè ëèíåéíî:

W = βR(Φ); β = const, (3.4)



Ðàçâèòèå ñèñòåì óïðàâëåíèÿ â óñëîâèÿõ êîððóïöèè 111

ïðîèçâîäñòâåííàÿ ôóíêöèÿ èìååò âèä

R(Φ) = γΦ0.5; γ, Φ = const. (3.5)

Îïòèìèçàöèîííûå çàäà÷è (3.1)�(3.3) ðåøàþòñÿ ïðè ñëåäóþùèõ îãðà-
íè÷åíèÿõ íà óïðàâëåíèÿ ïðåäïðèÿòèÿ

0 ≤ P ≤ 1− ε; 0 ≤ b ≤ bmax, (3.6)

îðãàíà óïðàâëåíèÿ

0 ≤ KN ≤ KNmax; 0 ≤ KS ≤ KSmax; δ ∈ {0, 1} (3.7)

è ôåäåðàëüíîãî öåíòðà

0 ≤ H ≤ 1; 0 ≤ L ≤ Lmax, (3.8)

à òàêæå íà ðàçìåð ñðåäñòâ íà êîíòðîëü çà ÎÓ è ÏÏ

C0h(L)(1− P )W ≤ Cmax, (3.9)

ãäå âåëè÷èíû C0, KSmax, KNmax, Cmax, bmax, Lmax çàäàíû; 0 < ε < 1 �
ïîñòîÿííàÿ, îïðåäåëÿåìàÿ òåõíîëîãè÷åñêèìè âîçìîæíîñòÿìè î÷èñò-
êè ñòî÷íûõ âîä íà ïðåäïðèÿòèè.

Äëÿ óïðîùåíèÿ ïðåäëàãàåìîé ìîäåëè, âîçìîæíîñòè ðàçðàáîòêè
êîìïëåêñíîé ìåòîäèêè èññëåäîâàíèÿ êîððóïöèè, âûðàáîòêè ïðàêòè-
÷åñêèõ ðåêîìåíäàöèé äëÿ îðãàíîâ ãîñóäàðñòâåííîé âëàñòè â óñëîâèÿõ
êîððóïöèè õàðàêòåðèñòèêè êà÷åñòâà ðå÷íîé âîäû íå ó÷èòûâàþòñÿ â
ìîäåëè. Â ðàñ÷åò ïðèíèìàåòñÿ òîëüêî êà÷åñòâî ñòî÷íûõ âîä.

Òðåáîâàíèÿ óñòîé÷èâîãî ðàçâèòèÿ ñèñòåìû, âêëþ÷àþùåé â ñåáÿ
âîäîòîê, ñîñòîÿò â ðàìêàõ ïðåäëàãàåìîé ìîäåëè â ñîáëþäåíèè ïðå-
äåëüíî äîïóñòèìûõ êîíöåíòðàöèé çàãðÿçíÿþùèõ âåùåñòâ â ñòî÷íûõ
âîäàõ:

W (1− P )

Q
≤ Qmax, (3.10)

ãäå Q � ðàñõîä âîäû íà ÏÏ; âåëè÷èíû Bmax, Qmax � çàäàíû.
Â êà÷åñòâå ìåòîäà èåðàðõè÷åñêîãî óïðàâëåíèÿ â (3.1)�(3.10) ðåà-

ëèçîâàí ìåòîä ïîáóæäåíèÿ [3,4]. Â ýòîì ñëó÷àå âñå ñóáúåêòû óïðàâ-
ëåíèÿ âîçäåéñòâóþò íà öåëåâûå ôóíêöèè íèæåñòîÿùèõ ñóáúåêòîâ.
Îñíîâíîé öåëüþ ÔÖ ÿâëÿåòñÿ âûïîëíåíèå óñëîâèÿ (3.10).
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4. Ìåòîä ïîáóæäåíèÿ â óñëîâèÿõ êîððóïöèè
Ïðè ïîáóæäåíèè ÎÓ íàçíà÷àþò ðàçìåð ïëàòû çà ñâåðõëèìèòíûé

è ñâåðõíîðìàòèâíûé ñáðîñ ÇÂ è ðåøàþò, âûãîäíî ëè èì áðàòü ïðåä-
ëàãàåìûå ÏÏ âçÿòêè.

Àëãîðèòì ïîñòðîåíèÿ ðàâíîâåñèÿ ïîáóæäåíèÿ â óñëîâèÿõ êîððóï-
öèè ñîñòîèò â ñëåäóþùåì:

1) Â ðåçóëüòàòå ìèíèìèçàöèè (3.3) ñ îãðàíè÷åíèÿìè (3.6) îïðå-
äåëÿþòñÿ îïòèìàëüíûå ñòðàòåãèè ÏÏ â çàâèñèìîñòè îò óïðàâëåíèé
ÎÓ:

P ∗ = P ∗(KN, KS, δ); b∗ = b∗(KN,KS, δ).

2) Íàéäåííûå â ïóíêòå 1 àëãîðèòìà ñòðàòåãèè ÏÏ ïîäñòàâëÿþòñÿ
â (3.2). Ïîñëå ýòîãî ïðîâîäèòñÿ ìàêñèìèçàöèÿ (3.2) ñ îãðàíè÷åíèÿìè
(3.7).

Â ðåçóëüòàòå îïðåäåëÿþòñÿ îïòèìàëüíûå óïðàâëåíèÿ ÎÓ â çàâè-
ñèìîñòè îò ñòðàòåãèè ÔÖ

KN∗ = KN∗(G,L); KS∗ = KS∗(G,L); δ∗ = δ∗(G,L).

3) Ðåøàåòñÿ çàäà÷à (3.1), (3.8)�(3.10) ñ ó÷åòîì òîãî, ÷òî

P = P ∗(KN∗, KS∗, δ∗); b = b∗(KN∗, KS∗, δ∗);

KN = KN∗(G,L); KS = KS∗(G,L); δ = δ∗(G,L).

Îïòèìàëüíûìè äëÿ ÔÖ ÿâëÿþòñÿ âåëè÷èíû G∗, L∗, ïðèíîñÿùèå
åìó ìàêñèìàëüíûé äîõîä ïðè âûïîëíåííîì óñëîâèè (3.10).

4) Ðàâíîâåñèå ïîáóæäåíèÿ îïðåäåëèì êàê íàáîð âåëè÷èí

{G∗, L∗, KN∗, KS∗, δ∗, P∗, b∗},

ãäå

KN∗ = KN∗(G∗, L∗); KS∗ = KS∗(G∗, L∗); δ∗ = δ∗(G∗, L∗);

P∗ = P ∗(KN∗, KS∗, δ∗); b∗ = b∗(KN∗, KS∗, δ∗).

Ðàâíîâåñèå ïîáóæäåíèÿ ñòðîèòñÿ íà îñíîâå ìåòîäà èìèòàöèîííîãî
ìîäåëèðîâàíèÿ [4].
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5. Èíôîðìàöèîííî-ïðîãðàììíàÿ ïîääåðæêà ñèñòåì óïðàâ-
ëåíèÿ

Â ñîâðåìåííûõ óñëîâèÿõ îðãàíèçàöèÿ ýôôåêòèâíûõ ñèñòåì óï-
ðàâëåíèÿ ðàçëè÷íîé ïðèðîäû íåâîçìîæíà áåç äîëæíîé èíôîðìàöè-
îííîé ïîääåðæêè ïðèíèìàåìûõ ðåøåíèé, êâàëèôèöèðîâàííîé ïîìî-
ùè ñóáúåêòàì óïðàâëåíèÿ ðàçëè÷íûõ óðîâíåé ïðè ïðèíÿòèè óïðàâ-
ëåí÷åñêèõ ðåøåíèé, êîìïëåêñíîãî ïîäõîäà ê ïðîáëåìå, ïðåäïîëàãàþ-
ùåãî ñîçäàíèå èíôîðìàöèîííî-àíàëèòè÷åñêèõ ñèñòåì (ÈÀÑ) óïðàâ-
ëåíèÿ. ÈÀÑ ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì ñèñòåì ïîääåðæêè ïðèíÿòèÿ
ðåøåíèé óïðàâëåíèÿ â ðàçëè÷íûõ îáëàñòÿõ. Îíè ñïîñîáñòâóþò ðå-
øåíèþ îñíîâíûõ çàäà÷ îïåðàòèâíîãî è äîëãîñðî÷íîãî óïðàâëåíèÿ, à
òàêæå óïðàâëåíèÿ â óñëîâèÿõ ÷ðåçâû÷àéíûõ ñèòóàöèé.

ÈÀÑ ÿâëÿþòñÿ ìîùíûì èíñòðóìåíòîì äëÿ âûðàáîòêè àëüòåðíà-
òèâíûõ âàðèàíòîâ äåéñòâèé, àíàëèçà ïîñëåäñòâèé èõ ïðèìåíåíèÿ è
ñîâåðøåíñòâîâàíèÿ íàâûêîâ ðóêîâîäèòåëÿ ïðè ïðèíÿòèè óïðàâëåí-
÷åñêèõ ðåøåíèé. Ïðè óïðàâëåíèè óñòîé÷èâûì ðàçâèòèåì èåðàðõè-
÷åñêèõ ñèñòåì óïðàâëåíèÿ â óñëîâèÿõ êîððóïöèè íåîáõîäèìî èñïîëü-
çîâàòü ÈÀÑ, îáëàäàþùèå ñîîòâåòñòâóþùèì ìàòåìàòè÷åñêèì è ïðî-
ãðàììíûì îáåñïå÷åíèåì.

Òèïîâàÿ ñòðóêòóðà ÈÀÑ ïðåäïîëàãàåò íàëè÷èå òðåõ áëîêîâ [5]:
õðàíèëèùà äàííûõ (ÑÓÁÄ è àíàëèç äàííûõ), áàçû ìîäåëåé (ìîäåëè,
ìåòîäû, ìîäåëèðóåìûå ïðîöåññû) è ýêñïåðòíîé ñèñòåìû.

Õðàíèëèùå äàííûõ ïðåäñòàâëÿåò ñîáîé ñîâîêóïíîñòü áàç äàííûõ,
â êîòîðûõ íàêàïëèâàåòñÿ âñÿ èìåþùàÿñÿ èíôîðìàöèÿ î êàæäîì èç
ýêîëîãè÷åñêèõ îáúåêòîâ â îòäåëüíîñòè è âñåé ñèñòåìå â öåëîì. Êðî-
ìå òîãî, â âèäå áàç äàííûõ èëè ýëåêòðîííûõ òàáëèö çäåñü ñîñðåäî-
òî÷åíû ñïðàâî÷íûå äàííûå, íåîáõîäèìûå äëÿ ðàáîòû äðóãèõ áëîêîâ
ñèñòåìû.

Áàçà ìîäåëåé ñîäåðæèò êàê ìîäåëè îòäåëüíûõ ïîäñèñòåì, òàê è
ìîäåëè, îïèñûâàþùèå ñâîéñòâà ñîâîêóïíîñòè ðàññìàòðèâàåìûõ îá-
úåêòîâ. Çäåñü æå ðàñïîëîæåíû ìîäåëè âîçäåéñòâèÿ è ðÿä äðóãèõ ìî-
äåëåé. Ýòîò áëîê àêòèâíî ñâÿçàí ñ õðàíèëèùåì äàííûõ, ñâåäåíèÿ
èç êîòîðîãî èñïîëüçóþòñÿ áàçîé ìîäåëåé äëÿ èõ âåðèôèêàöèè è ïðè
íåïîñðåäñòâåííîé ðàáîòå ñàìèõ ìîäåëåé.

Ýêñïåðòíàÿ ñèñòåìà ïðåäñòàâëÿåò ñîáîé áàçó çíàíèé ìîäåëåé óï-
ðàâëåíèÿ, êîòîðóþ ìîæíî óñëîâíî ðàçäåëèòü íà äâå ÷àñòè. Â ïåð-
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âîé ïðåäñòàâëåíà èçâåñòíàÿ èíôîðìàöèÿ è çàðàíåå ðàçðàáîòàííûå
ìîäåëè óïðàâëåíèÿ, íàõîäèòñÿ áàçà âñåõ äîêóìåíòîâ, ðåãëàìåíòèðó-
þùèõ èñïîëüçîâàíèå ðåñóðñîâ ýêîñèñòåìû è èìåþùèõ îòíîøåíèå ê
óïðàâëåíèþ ïðèðîäíûìè ðåñóðñàìè ðàçíîãî óðîâíÿ, à òàêæå ìîäåëè
(ñöåíàðèè) óïðàâëåíèÿ, ïðåäïèñàííûå è îïðåäåëåííûå èìåþùèìèñÿ
äîêóìåíòàìè. Ñþäà æå âêëþ÷åíà áàçà ðåçóëüòàòîâ ïðîãíîçà ïîñëåä-
ñòâèé òåõ èëè èíûõ ýêîëîãè÷åñêèõ ñèòóàöèé, ïîëó÷åííûõ ïî çàðàíåå
ðàçðàáîòàííûì ñöåíàðèÿì.

Âòîðàÿ ÷àñòü ýêñïåðòíîãî áëîêà èñïîëüçóåò èíôîðìàöèþ, ìîäåëè
è äàííûå èíîãî ðîäà � ýêñïåðòíûå, îñíîâàííûå íà çíàíèÿõ, îïûòå,
èíòóèöèè ñïåöèàëèñòîâ-ýêñïåðòîâ â îáëàñòè óïðàâëåíèÿ. Îíè íåïðå-
ðûâíî ïîïîëíÿþòñÿ ïî ìåðå èñïîëüçîâàíèÿ ÈÀÑ.

Âñå òðè áëîêà îáúåäèíÿþòñÿ îáùåé ïðîãðàììíîé îáîëî÷êîé (èí-
òåðôåéñ è àâòîðèçàöèÿ), êîòîðàÿ äàåò âîçìîæíîñòü ïîëüçîâàòåëþ
ðàáîòàòü ñ êàæäîé áàçîé äàííûõ è ëþáîé ìîäåëüþ êàê â àâòîíîìíîì
ðåæèìå, òàê è âî âçàèìîäåéñòâèè äðóã ñ äðóãîì. Âñå áàçû äàííûõ è
áàçû çíàíèé ÿâëÿþòñÿ îòêðûòûìè äëÿ ïîïîëíåíèÿ è êîððåêòèðîâêè
èìåþùåéñÿ â íèõ èíôîðìàöèè.

Ïðåäëàãàåìàÿ ñòàòè÷åñêàÿ ìàòåìàòè÷åñêàÿ ìîäåëü êîððóïöèè, íà-
ðÿäó ñ ïðåäëîæåííîé â [3] äèíàìè÷åñêîé ìîäåëüþ, ìîæåò ñëóæèòü îñ-
íîâíîé ìîäåëüþ îïòèìèçèðóþùåé è ïðîãíîçèðóþùåé ïîäñèñòåì àíà-
ëèòè÷åñêîãî áëîêà. Ìîäåëü (3.1)�(3.10) òðåáóåò äëÿ ñâîåé ðåàëèçàöèè
çíàíèÿ ïàðàìåòðîâ òîëüêî îäíîãî îòäåëüíî âçÿòîãî ïðåäïðèÿòèÿ, ÷òî
ÿâëÿåòñÿ åå íåñîìíåííûì äîñòîèíñòâîì ïî ñðàâíåíèþ ñ ìîäåëüþ èç
[3].

6. Ìîäåëüíûå ðàñ÷åòû
Ïðèâåäåì ðÿä ïðèìåðîâ èññëåäîâàíèÿ ìîäåëè (3.1)�(3.10) â ñëó-

÷àå
CP (Y ) = D

Y

1− Y
; CΦ(y) = C1y; Cy(y) = C2y;

fi(z) = αiz; i = 1, 2, 3; h(z) = α4z; a1(z) = α5z; a2(z) = α6z.

Äëÿ ïðåäïðèÿòèÿ ìåòîäîì ìíîæèòåëåé Ëàãðàíæà ïîëó÷åíû çíà÷å-
íèÿ ñòàöèîíàðíûõ òî÷åê (P 0

k , b0
i ; i = 1, 2; k = 1, 2, . . . , 7), îäíà èç êî-

òîðûõ ÿâëÿåòñÿ îïòèìàëüíîé. Ïðè÷åì

b0
1 = 0; b0

2 = bmax; P 0
1 = 0; P 0

2 = 1−ε; P 0
3 = 1−W1

W
; P 0

4 = 1−W2

W
;
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P 0
5 = 1−

√
(1− ν)D

bK + (1− ν)s
; P 0

6 = 1−
√

(1− ν)D

bK + KN0s
;

P 0
7 = 1−

√
(1− ν)D

bK + KS0s
,

ãäå K = 1− Lδα2 − (1− δ)α3.
Òî÷êè P 0

i (i = 3, 4, 5, 6, 7) îòíîñÿòñÿ ê ñòàöèîíàðíûì òîëüêî â òîì
ñëó÷àå, åñëè ïðèíàäëåæàò ìíîæåñòâó äîïóñòèìûõ óïðàâëåíèé, òî
åñòü 0 ≤ P 0

i ≤ 1− ε.

Äàëüíåéøåå èññëåäîâàíèå ïðîâîäèëîñü ïóòåì èìèòàöèîííîãî ìî-
äåëèðîâàíèÿ ñîãëàñíî [3].
Ïðèìåð 6.1. Äëÿ ñëåäóþùåãî íàáîðà âõîäíûõ äàííûõ (ó.å. � ñòîè-
ìîñòü â óñëîâíûõ åäèíèöàõ; ñóò � ñóòêè; ì � ìåòð; ìã � ìèëëèãðàìì;
ë � ëèòð):
C1 = D = 1 (ñóò. ó.å.)/ìã; C0 = 100W (ñóò. ó.å.)/ìã; γ = 0.2 ó.å.; b=0.01
ìã/(ñóò. ó.å.); KNmax = 8; KSmax= 10; Q = 1 ì3/ñóò.; ν = 0.24; ε =
0.01; µ = 0.5; C2= 0.4 (ñóò. ó.å.)/ìã; Φ =5 109ó.å.; W1 = 0.25bγΦ1/2;
W2 = 0.5bγΦ1/2; Qmax = 60; α1 = α2 =1; α3 = 10; α4 = 3 (ñóò. ó.å.)/ìã;
α5 = 6 / bmax; α6 = 5/bmax; s = 25 (ñóò. ó.å.)/ìã; Lmax=1; Cmax = 400W

(ñóò. ó.å.)/ìã; bmax=2 (ñóò. ó.å.)/ìã
ìåòîä ïîáóæäåíèÿ â óñëîâèÿõ êîððóïöèè ðåàëèçóåòñÿ.

Äëÿ ÏÏ âûãîäíî, ÷òîáû îáúåìû ñáðîñà çàãðÿçíåíèé íå ïðåâîñõî-
äèëè âåëè÷èíû W1. Ïðè ýòîì ÏÏ íå ïðåäëàãàåò âçÿòêó ÎÓ (¾ýôôåê-
òèâíîñòü¿ âçÿòêè íåâåëèêà ïî ñðàâíåíèþ ñ âåëè÷èíîé ïëàòû çà ñáðîñ
çàãðÿçíåíèé, çàòðàòàìè íà î÷èñòêó ñòî÷íûõ âîä), ÎÓ åå áðàòü íå
ñîáèðàåòñÿ (íàêàçàíèå åãî çà ïðèíÿòèå âçÿòêè âåëèêî ïî ñðàâíåíèþ
ñ ðàçìåðîì ïðåäïîëàãàåìîé âçÿòêè). Â ýòîì ñëó÷àå

KN∗ = KS∗ = 0.8; P∗ = 0.7921; L∗ = 0.93; b∗ = 0(ñóò. ó.å.)/ìã; G∗ = 1;

δ∗ = 0; JΦ = 2017ó.å.; J1 = 4405ó.å.; Jy = −11ó.å.

Ïðèìåð 6.2. Ïðè èçìåíåíèè (óâåëè÷åíèè èëè óìåíüøåíèè) ïî ñðàâ-
íåíèþ ñ ïðèìåðîì 6.1 çàòðàò íà îïðåäåëåíèå ¾ìàñøòàáíûõ¿ êîýôôè-
öèåíòîâ èëè óâåëè÷åíèè âîçìîæíîãî íàêàçàíèÿ çà äà÷ó è ïðèíÿòèå
âçÿòêè ñòðàòåãèè âñåõ ñóáúåêòîâ óïðàâëåíèÿ íå ìåíÿþòñÿ ïî ñðàâíå-
íèþ ñ ïðèìåðîì 6.1.
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Â ñëó÷àå α4= 0.3 (ñóò. ó.å.)/ìã ïî ñðàâíåíèþ ñ ïðèìåðîì 6.1 èçìå-
íèòñÿ òîëüêî äîõîä ÔÖ, à èìåííî JΦ = 2089 ó.å.; â ñëó÷àå α4= 10
(ñóò. ó.å.)/ìã � JΦ = 1832 ó.å.; â ñëó÷àå âõîäíûõ äàííûõ ïðèìåðà 6.1
è α1 = α2=10 ïîëó÷èì JΦ = 2089 ó.å.
Ïðèìåð 6.3. Ïðè óâåëè÷åíèè ðàñõîäà âîäû íà ÏÏ ïî ñðàâíåíèþ
ñ ïðèìåðîì 6.1 (Q = 2ì3/ñóò.) îïòèìàëüíàÿ ñòðàòåãèÿ ÏÏ ìåíÿåòñÿ.
Äëÿ ÏÏ ñòàíîâèòñÿ âûãîäíûì, ÷òîáû îáúåìû ñáðîñà çàãðÿçíåíèé
íå ïðåâîñõîäèëè âåëè÷èíû W2, íî áûëè áîëüøå âåëè÷èíû W1. Ïðè
ýòîì ÏÏ ïðåäëàãàåò ìàêñèìàëüíî âîçìîæíóþ âçÿòêó, à ÎÓ åå áåðåò.
Â ýòîì ñëó÷àå

KN∗ = KS∗ = 5.6; P∗ = 0.5445; L∗ = 0.33; b∗ = 2(ñóò. ó.å.)/ìã; G∗ = 1;

δ∗ = 1; JΦ = 2283ó.å.; J1 = 4406ó.å.; Jy = 64ó.å.

Ïðèìåð 6.4. Ïðè óâåëè÷åíèè ðàçìåðà ïëàòû çà ñáðîñ çàãðÿçíå-
íèé ïî ñðàâíåíèþ ñ ïðèìåðîì 6.3 (s = 100 (ñóò. ó.å.)/ìã) èçìåíÿòñÿ
ñòðàòåãèè âñåõ ñóáúåêòîâ óïðàâëåíèÿ. Äëÿ ïðåäïðèÿòèÿ ñòàíîâèòñÿ
âûãîäíûì, ÷òîáû îáúåìû ñáðîñà çàãðÿçíåíèé íå ïðåâîñõîäèëè âåëè-
÷èíû W1. ÏÏ âçÿòêó ïðåäëàãàåò, íî ÎÓ åå íå áåðåò. Äîõîä ÔÖ ðàñòåò,
îñòàëüíûõ ñóáúåêòîâ óïðàâëåíèÿ ïàäàåò.

KN∗ = KS∗ = 0; P∗ = 0.8911; L∗ = 0; b∗ = 0(ñóò. ó.å.)/ìã; G∗ = 1;

δ∗ = 1; JΦ = 2575ó.å.; J1 = 3323ó.å.; Jy = −6ó.å.

Ïðèìåð 6.5. Ïðè óìåíüøåíèè ðàçìåðà ïëàòû çà ñáðîñ çàãðÿçíå-
íèé ïî ñðàâíåíèþ ñ ïðèìåðîì 6.1 (s = 1 (ñóò. ó.å.)/ìã) ÏÏ âçÿòêó
íå ïðåäëàãàþò, õîòÿ ÎÓ ãîòîâû åå âçÿòü. Äëÿ ÏÏ âûãîäíî, ÷òîáû
îáúåìû ñáðîñà çàãðÿçíåíèé íå ïðåâîñõîäèëè âåëè÷èíû W2, íî áûëè
áîëüøå âåëè÷èíû W1.

KN∗ = KS∗ = 6.4; P∗ = 0.6435; L∗ = 0.6; b∗ = 0(ñóò. ó.å.)/ìã; G∗ = 0.8;

δ∗ = 1; JΦ = 1591ó.å.; J1 = 5056ó.å.; Jy = 6ó.å.

Ïðèìåð 6.6. Âàðüèðîâàíèå ñòåïåíè ¾ýôôåêòèâíîñòè¿ âçÿòîê ïî
ñðàâíåíèþ ñ ïðèìåðîì 6.1 íå ïðèâîäèò ê ñóùåñòâåííûì èçìåíåíèÿì
îïòèìàëüíûõ ñòðàòåãèé ñóáúåêòîâ óïðàâëåíèÿ.



Ðàçâèòèå ñèñòåì óïðàâëåíèÿ â óñëîâèÿõ êîððóïöèè 117

Â ñëó÷àå α5 = 18/bmax; α6 = 15/bmax èëè α5 = 2/bmax; α6 = 1/bmax

ïîëó÷èì, ÷òî

KN∗ = KS∗ = 0.8; P∗ = 0.7921; L∗ = 0.8; b∗ = 0(ñóò. ó.å.)/ìã; G∗ = 1;

δ∗ = 0; JΦ = 2026ó.å.; J1 = 4405ó.å.; Jy = −11ó.å.
Ïðèìåð 6.7. Ìåòîä ïîáóæäåíèÿ â óñëîâèÿõ êîððóïöèè ðàáîòàåò íå
âñåãäà. Åñëè âîçìîæíîñòè ÔÖ ïî êîíòðîëþ âçÿòîê è íàêàçàíèþ çà
íèõ íåâåëèêè, òî ìåòîä ìîæåò íå ðåàëèçîâûâàòüñÿ.

Íàïðèìåð, â ñëó÷àå âõîäíûõ äàííûõ ïðèìåðà 6.1 è α1 = α2=0.1
èëè Lmax=0.1 âûïîëíèòü óñëîâèÿ óñòîé÷èâîãî ðàçâèòèÿ ñèñòåìû íå
óäàåòñÿ, ìåòîä ïîáóæäåíèÿ â óñëîâèÿõ êîððóïöèè íå ðàáîòàåò.

Ðåçóëüòàòû âñåõ ïðèâåäåííûõ âûøå ìîäåëüíûõ ïðèìåðîâ îòëè-
÷àþòñÿ îò ðåçóëüòàòîâ, ïîëó÷åííûõ ïî áîëåå ñëîæíîé äèíàìè÷åñêîé
ìîäåëè èç [3] äëÿ àíàëîãè÷íûõ âõîäíûõ äàííûõ. Òåì íå ìåíåå, âñå
îñíîâíûå ñâîéñòâà ìîäåëè ñîõðàíÿþòñÿ, ÷òî ñâèäåòåëüñòâóåò î âîç-
ìîæíîñòè èñïîëüçîâàíèÿ óïðîùåííîé ìîäåëè äëÿ ïðîãíîçà ñîñòîÿ-
íèÿ ýêîëîãî-ýêîíîìè÷åñêèõ ñèñòåì â óñëîâèÿõ êîððóïöèè.

7. Çàêëþ÷åíèå
Íîâèçíà ïðåäëîæåííîé ìàòåìàòè÷åñêîé ìîäåëè ïî ñðàâíåíèþ ñ

[3] ñîñòîèò â îòêàçå îò ðàññìîòðåíèÿ êîíòðîëÿ êà÷åñòâà ðå÷íûõ âîä
è îò íåñòàöèîíàðíîé ïîñòàíîâêè çàäà÷è, ãèïîòåçå êîíòðîëÿ êà÷åñòâà
òîëüêî ñòî÷íûõ âîä íà êàæäîì ïðåäïðèÿòèè, äèôôåðåíöèðîâàííîì
íàêàçàíèè çà âçÿòêè ðàçëè÷íûõ ñóáúåêòîâ óïðàâëåíèÿ. Íåñìîòðÿ íà
ñäåëàííûå óïðîùåíèÿ, ïðåäëîæåííàÿ ìîäåëü óïðàâëåíèÿ óñòîé÷è-
âûì ðàçâèòèåì â óñëîâèÿõ êîððóïöèè ïîçâîëÿåò íàáëþäàòü îñíîâíûå
çàêîíîìåðíîñòè îïïîðòóíèñòè÷åñêîãî ïîâåäåíèÿ ðàçëè÷íûõ ñóáúåê-
òîâ óïðàâëåíèÿ.

Åñëè íàêàçàíèå äàþùåãî âçÿòêó âåëèêî èëè ¾ýôôåêòèâíîñòü¿
âçÿòêè íåâåëèêà, òî âçÿòêà ÏÏ íå ïðåäëàãàåòñÿ. Åñëè ñóáúåêò óïðàâ-
ëåíèÿ âåðõíåãî óðîâíÿ âûäåëÿåò ÷àñòü ïîñòóïàþùèõ ê íåìó ñðåäñòâ
íèæåñòîÿùèì ñóáúåêòàì è íàêàçàíèå áåðóùåãî âçÿòêó ñóáúåêòà âå-
ëèêî, òî èì íåò ñìûñëà áðàòü ïðåäëàãàåìûå âçÿòêè. Â ïðîòèâíîì
ñëó÷àå èíòåðåñû ñóáúåêòîâ óïðàâëåíèÿ ðàçëèíûõ óðîâíåé ïðîòèâî-
ïîëîæíû. Êàê ñëåäñòâèå, ñóáúåêòû óïðàâëåíèÿ ñðåäíèõ óðîâíåé çà-
èíòåðåñîâàíû â ïîëó÷åíèè âçÿòîê.
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Åñëè ¾ýôôåêòèâíîñòü¿ âçÿòêè íåâåëèêà ïî ñðàâíåíèþ ñ âåëè÷è-
íîé øòðàôà çà íåå (ïðèìåðû 6.1, 6.2, 6.5, 6.6), òî ïðåäëàãàòü åå íå
èìååò ñìûñëà, â ïðîòèâíîì ñëó÷àå äëÿ ÏÏ âûãîäíà ìàêñèìàëüíî âîç-
ìîæíàÿ âçÿòêà (ïðèìåðû 6.3, 6.4). Îïðåäåëÿþùèìè ôàêòîðàìè äëÿ
ÎÓ ïðè ðåøåíèè âîïðîñà � áðàòü èëè íåò âçÿòêè � ÿâëÿþòñÿ ¾ìàñ-
øòàáíûå¿ êîýôôèöèåíòû è ðàçìåð ñðåäñòâ, ïîñòóïàþùèõ ê íåìó îò
ÔÖ (ïðèìåðû 6.1�6.5). Ìåòîä ïîáóæäåíèÿ â óñëîâèÿõ êîððóïöèè ðà-
áîòàåò íå âñåãäà (ïðèìåð 6.7).

Ìîäåëü â ñèëó ñâîåé ñòàöèîíàðíîñòè è ó÷åòà òîëüêî êà÷åñòâà
ñòî÷íûõ âîä ëåãêî èäåíòèôèöèðóåìà, ðåàëèçóåìà, èñïîëüçóÿ åå ìîæ-
íî ïðîãíîçèðîâàòü ðàçâèòèå ñèñòåì óïðàâëåíèÿ â óñëîâèÿõ êîððóï-
öèè. Îïðåäåëåíèå íåîáõîäèìûõ äëÿ åå èññëåäîâàíèÿ âõîäíûõ äàííûõ
íå ïðåäñòàâëÿåò áîëüøèõ òðóäíîñòåé. Ïðåäëîæåííàÿ ìîäåëü ìîæåò
ñîñòàâèòü îñíîâó àíàëèòè÷åñêîãî áëîêà ÈÀÑ óïðàâëåíèÿ óñòîé÷è-
âûì ðàçâèòèåì â óñëîâèÿõ êîððóïöèè, èñïîëüçîâàòüñÿ ðóêîâîäèòåëÿ-
ìè ðàçíûõ óðîâíåé äëÿ ïðîãíîçà è íàõîæäåíèÿ îïòèìàëüíûõ ñòðà-
òåãèé ïîâåäåíèÿ â ðàçëè÷íûõ ñèòóàöèÿõ.
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Abstract : The game theoretic formalization of the corruption phenomena
in three-level management systems is given. The consideration is based on
the example of the systems of water quality control. The stationary model
is o�ered. In this model the conditions of the sustainable development of
the river systems are understood as satisfying of the maximum allowable
concentrations of the pollutants in sewage. The solution is constructed
by the method of simulation modeling. Typical examples are given.
The method of the consideration of the possibility to corruptions in
hierarchical system is o�ered.
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ñòðîêó. Íóìåðàöèÿ äâîéíàÿ ïî ðàçäåëàì: (1.1) � â ðàçäåëå 1; (2.1) �
â ðàçäåëå 2, è ò.ä. ∫ 1

0

x dx =
1

2
. (2.1)

Íóìåðàöèÿ òåîðåì, îïðåäåëåíèé, ñëåäñòâèé è ò.ä. � äâîéíàÿ ïî
ðàçäåëàì àðàáñêèìè öèôðàìè.

Òåîðåìà 2.1. Ôîðìóëèðîâêà òåîðåìû.

Äîêàçàòåëüñòâî. Ôîðìóëèðîâêà äîêàçàòåëüñòâà.

a = b . (2.2)

2.1. Îñíîâíûå îïðåäåëåíèÿ
Ïîäðàçäåëû äîëæíû áûòü âûäåëåíû äâîéíîé íóìåðàöèåé.

Îïðåäåëåíèå 2.1. Ôîðìóëèðîâêà îïðåäåëåíèÿ.

Çàìå÷àíèå 2.1. Ôîðìóëèðîâêà çàìå÷àíèÿ.

3. Òàáëèöû
×èñëîâîé ìàòåðèàë ñëåäóåò ïðåäñòàâëÿòü â ôîðìå òàáëèöû. Âñå

òàáëèöû äîëæíû áûòü ïðîíóìåðîâàíû ñêâîçíîé íóìåðàöèåé àðàá-
ñêèìè öèôðàìè. Ïîñëå íîìåðà ìîæåò áûòü óêàçàíî íàçâàíèå òàáëè-
öû.1

Òàáëèöà 1.
1 2 3
4 5 6

4. Ðèñóíêè
Ðèñóíêè äîëæíû áûòü âûïîëíåíû â õîðîøåì êà÷åñòâå, ïðåèìó-

ùåñòâåííî â ôîðìàòå .eps. Íóìåðàöèÿ ðèñóíêîâ ñêâîçíàÿ. Êàæäûé
ðèñóíîê äîëæåí èìåòü ïîäïèñü.

1ñíîñêè èç òåêñòà íóìåðóþòñÿ ïî ïîðÿäêó ñëåäîâàíèÿ



122 È.Î. Ôàìèëèÿ àâòîðà

МТИ П&

Ðèñóíîê 1. Æóðíàë

Ñïèñîê ëèòåðàòóðû îôîðìëÿåòñÿ êàê íóìåðîâàííûé ñïèñîê. Ïåð-
âûìè ïðèâîäÿòñÿ èñòî÷íèêè íà ðóññêîì ÿçûêå, çàòåì íà àíãëèéñêîì.
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ñòðîêó. Íóìåðàöèÿ äâîéíàÿ ïî ðàçäåëàì: (1.1) � â ðàçäåëå 1; (2.1) �
â ðàçäåëå 2, è ò.ä. ∫ 1

0

x dx =
1

2
. (2.1)

Íóìåðàöèÿ òåîðåì, îïðåäåëåíèé, ñëåäñòâèé è ò.ä. � äâîéíàÿ ïî
ðàçäåëàì àðàáñêèìè öèôðàìè.

Òåîðåìà 2.1. Ôîðìóëèðîâêà òåîðåìû.

Äîêàçàòåëüñòâî. Ôîðìóëèðîâêà äîêàçàòåëüñòâà.

a = b . (2.2)

2.1. Îñíîâíûå îïðåäåëåíèÿ
Ïîäðàçäåëû äîëæíû áûòü âûäåëåíû äâîéíîé íóìåðàöèåé.

Îïðåäåëåíèå 2.1. Ôîðìóëèðîâêà îïðåäåëåíèÿ.

Çàìå÷àíèå 2.1. Ôîðìóëèðîâêà çàìå÷àíèÿ.

3. Òàáëèöû
×èñëîâîé ìàòåðèàë ñëåäóåò ïðåäñòàâëÿòü â ôîðìå òàáëèöû. Âñå

òàáëèöû äîëæíû áûòü ïðîíóìåðîâàíû ñêâîçíîé íóìåðàöèåé àðàá-
ñêèìè öèôðàìè. Ïîñëå íîìåðà ìîæåò áûòü óêàçàíî íàçâàíèå òàáëè-
öû.1

Òàáëèöà 1.
1 2 3
4 5 6

4. Ðèñóíêè
Ðèñóíêè äîëæíû áûòü âûïîëíåíû â õîðîøåì êà÷åñòâå, ïðåèìó-

ùåñòâåííî â ôîðìàòå .eps. Íóìåðàöèÿ ðèñóíêîâ ñêâîçíàÿ. Êàæäûé
ðèñóíîê äîëæåí èìåòü ïîäïèñü.

1ñíîñêè èç òåêñòà íóìåðóþòñÿ ïî ïîðÿäêó ñëåäîâàíèÿ
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Ðèñóíîê 1. Æóðíàë

Ñïèñîê ëèòåðàòóðû îôîðìëÿåòñÿ êàê íóìåðîâàííûé ñïèñîê. Ïåð-
âûìè ïðèâîäÿòñÿ èñòî÷íèêè íà ðóññêîì ÿçûêå, çàòåì íà àíãëèéñêîì.
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