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B pabore uccnemyercst KoudINKTHAST CHCTEMa, B KOTOPOI B3a-
UMOJIEHCTBYIOT UTPOKH ABYX MTPUHIIUITHAIBHO PA3HBIX TUTIOB — BJIa-
IeNbIbl pecypca u pazpaborumku. IIpm sTOM BIageIbIBI yCTa-
HABJIMBAIOT IIPaBUJIa Wrpbl (Hasjoru) ays paspaborumkos. IIpo-
BEJIEHO aHAIMTUIECKOE MCC/IEeI0BAHNE TAKUX JBYXYPOBHEBBIX KOH-
(GIUKTHBIX CHCTEM s CAydasi OJHOTO pas3paboTdnKa U MHOTUX
BJIQJIETBIIEB pecypca. Pelierne urpbl HANIEHO aHAJUTUICCKN TSI
dyHKIUil BHIATPHINIA ODIIEr0 BU/A, YAOBJIETBOPSIOMIMX HEKOTO-

PbIM €CTECTBEHHBIM YCJIOBUAM.

Kamouesvie crosa: Teopust UI'P, JIBYXYPOBHEBAs UI'PA, OIITUMAJILHOE YIIPAB-
JIeHWe TPUPOIHBIMU pecypcamu, paBHoBecue 1mo Hsmry, mrpa [llTakemn-
bepra co MHOTHMU JIUJIEPAMU.
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1. BBegeunne

3a 1nocJeiHme J1ecATUIeTUs yPOBEHb TEXHUIECKOI0 OCHAIIEHUS JI00bI-
BalOoiux KOMIIQHUMIT ¢TaJl HACTOJIbKO BbICOKHMM, YTO HA/J MHOI'HMUW BUJAMU
IPUPOJIHBIX PECYPCOB HABUCJA peasibHag yrpo3a ucdepranusd. Heasex-
BaTHBI y4eT 3hHEeKTOB COEePHUIECTBA IPUBOIUT K KATACTPODUICCKIM
IHocCJIeACTBUAM B 9KOHOMHUKE M 3IKOJIOI'MH. HOSTOMy BO3HHUKaeT HOTpe6—
HOCTH B PA3BUTUU MOjeJIeH, MO3BOJISIONIUX HCC/IEJ0BATH HMPOIECC COB-
MECTHOI pa3pabOTKu HPUPO/IHBIX PECYPCOB.

THUNUYHBIM TPUMEPOM 3a/a9i COBMECTHON pa3pabOTKH HMPUPOTHBIX
PeCcypCoB sIBJISIETCSI IPOMBbIIILIEHHbIN JI0B PbiObl. B Kjiaccuyeckoit mocra-
HOBKE 33J/Ia4d HECKOJIbKO HE3aBUCUMbIX Pa3pabOTUUKOB BeJyT J00bIUY
pecypca u3 ob1iero bacceitna. B panuux nybsmkanusix va sty remy (|5,9])
Obl1a IOKa3aHa BaykKHasg OCOOEHHOCTb TAKUX CHUCTEM: MPU OTCYTCTBUU
OrpaHUYeHuil Ha Pa3pabOTKy B HEKOOMEPATHBHOM CJIydae ITPOUCXOIUT
ucYepIaHue pecypea Jio YPpoBHsI, KOTJIA ero pa3padoTKa CTAHOBUTCS IKO-
HOMUYECKHU Herlesiecoodbpasnoit. B aHros3branoit jiureparype 1ot 3gh-
ekt mosryuns naszsanue ,tragedy of commons®.

Ocosnanmne Toro ¢gakra, 9T0 GECKOHTPOIHHAS J00BIYa TPUBOIUT K UC-
YepIaHuio PeCypca, MPUBEIO K CO3MAHUIO PA3TUIHOTO POIA PETYIITOPOB
— OpraHm3aIiii, B COCTAB KOTOPBIX BXOJAT KAK TOCYIAPCTBA-BIAIETBIHI
pecypca, Tak W rocyaapcrba-paspaboruankn. OHE MPU3BAHBI YIPABIATH
MPOIECCOM Pa3pabOTKH MPUPOIHBIX PECYPCOB 3a CYET BBEIEHUS PA3INY-
HOT'O pOaa OFpaHH‘IeHHﬁ N KBOT. KaK MMOKa3bIBaCT IMPaKTHUKa, HE BCE U3
HUX OKAa3BIBAIOTCA 3(PDEKTUBHBIMUI.

KpOMe TOr'0, BO MHOTHUX pETnOHaX 6bI.HI/I BBEICHBI 9KCKJ/JIIO3UBHBIC 9KO-
HOMWYECKNE 30HbI, JI00BIYa PeCypca B KOTOPHIX MOTJIA BECTHCH TOJBKO C
pas3periennst TOCYIapCTBa — BJIAJIE/IBIA IKCKIIO3MBHOTO MPaBa HA Pa3pa-
6oTky ([15]). Brameabipl 3TOr0 mpaBa CTATH JOMYCKATH IPYTHX yUACT-
HIKOB DBIHKA K pa3paboOTKe pecypca, B3UMas ¢ HUX ONpEeIeTeHHbI Ha-
jor. Takoe yCcTpOHCTBO CHUCTEMBI «BJIAJE/TBIBI-PA3PA0OTINKHA Pecypcasy
oTpebOBAIO CO3/IAHMST HOBLIX MarTeMarndeckux mozesneit ([11]).

[Tomapasromiee GOIBIIUHCTBO UCCAEI0OBaHUI B 9TOI ob1acTu Ga3upy-
IOTCS HA YUCTEHHOM MOJETUPOBAHWHU. B 3TOil CBA3M CTOUT YIOMSHYTH
paborsr [12] u [6], B KOTOPBIX paccMOTpeHbI 3a1a9u pa3pabOTKN MPHPO/I-
HBIX DeCypCoOB MPU HEONPEJeJeHHOCTH (B YCJIOBHSIX HEMPEICKa3yeMbIX

KJIMMATHIeCKIX W3MEHEHW), a TakyKe TPH HAJIWIUN Y WTPOKOB ACHM-
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MeTpUYIHOIl nH(MOPMAIIHH.

Koukypennust mexk1y paspadoTdukKaMy 3a4acTyI0 IPUBOJMT K CHHU-
keuuio dpdexkruBHocTH pazpadoTK. OHAKO CUTYAIMS CEPHE3HO OCI0%K-
HeAeTCsd B cJydae, KOI/Ia BIaeIbIbl pecypca TaKyKe SIBJIII0TCI aKTUBHBI-
MU Y9aCTHUKAMH COOBITHIA.

Takas curyarus MozKeT OBITHb OIIMCAHA KaK JIByXypOBHEBas UI'pa, B
KOTOPOI MPUHAMAIOT Y9aCTUEe UT'POKHU JABYX NPUHIHUIHAAIBHO PA3HBIX TH-
110B. Irpoku 11epBoro ypoBHsi (BJIa/Ie/IbIbl PECYPCa) YCTAHABJIUBAIOT IIPa~
BUJIQ UI'PbL JIJ1d UI'POKOB BTOPOI'O YPOBHS (pa3pa60TqI/IKOB). [Ipu srom ur-
POKM 11€PBOI'0 YPOBHS CaMM HaXOJATCH B KOH(MJIUKTHON curyanuu. o-
XOABI BCEX UI'POKOB, KaK MEPBOr0, TAK W BTOPOrO YPOBHHA, 3aBHCAT OT
cTpaTeruii UrPOKOB 0OOUX YPOBHEIl.

[Ipeanonaraercs, 94To UIPOKH LEPBOTO BJAJCIOT COBEPUIEHHO OIHO-
POJIHBIM PECYPCOM, U pa3paboTINKy 6e3pa3IMdHo, y KOrO U3 HUX KYIIUThb
upaBo Ha 100b19y. OJHAKO YCI0BUS PA3padOTKU B PA3JIMYHBIX PErMOHAX
(COOTBETCTBYIOMMX DPA3IMIHBIM UIPOKAM LEPBOIO yPOBHS) Da3JIMYHbI,
a CJIeJ0BATE/ILHO, PA3/IMYHbl M 3aTPAThl Ha J00LIYY €JIMHULBI PECypca.
Kpome TOro, sTm peruoHbl OTJIHYAIOTCA JAPYr OT APyra HAJOTaMHU, KO-
TOPbIE YCTAHABIMBAIOT BIAAEbIBI. OOBIYHO HAJOIH IIPOIOPIHOHAIbHBI
YCUJIHSIM 1O pa3paboTKe (B HPUMEPE € JIOBOM PbIObI — KOJIMYECTBY CY/I0B).
OTU HAJOTH M ABJILAIOTCA CTPATEIusIMU MI'POKOB 1epBoro yposus. Crpa-
TernsgMHU UTPOKOB BTOPOIO YPOBHS SBJIAETCH PACIPEICIeHue UX yCHJINA
0 pa3paboTKe MexK/ly pa3iudHbIMU pernoHamu. Crapasch IpPUB/IEYb K
cebe pa3paboOTUYUKOB, BAAAEAbILI MOIYT CHHXKATH HAJIOTH, TEM CAMBIM
yMeHbIIasi CBOI CyMMapHbIH JI0X0J/, U LIPOBOLMPYS HapalluBaHue J100bI-
M pecypca.

B obmem ciydae B urpe ygacrsyior N BaajgenbieB pecypca u M
pazpaboTunkoB. Mrpa pa3pIrpeiBaeTcs B JIBa dTama. PemenneM Urpbl Ha
BTOPOM YPOBHE $IBJIsieTCsl paBHOBecue 1o Harmy mMex 1y paspaboTynkamMu,
mapaMeTPUIecKn 3aBUCSIIEe OT CTPATETH HTPOKOB MEPBOTO YPOBHST — Ha-
JIOTOB. 3Hasl 9Ty 3aBUCUMOCTH, UTPOKH TIEPBOTO YPOBHS TaKKe MPUXOSIT
K paBHOBecuio 110 Hamury. B pa6ote [13] mposeieHo aHanTuueckoe uccie-
JoBaHme UTPHl 1 X 2, B KOTOPOil y4acTBYIOT JBa pa3pabOTUYNKa W OJUH
Baagesen (urpa Illtakensbepra ¢ OJHUM JIMAEPOM ¥ JIBYMsl MOCJI€I0Ba-
tessivn). B Hactosmeidi pabore usydarorcs 3¢bderTh, 00yCIOBIeHHBIE
KOHKYPEHIHel MeKIy BJIaJIeIbIIaMi PECypCca, MOITOMY PacCMaTPUBAET-
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Csl cIydaii 0JfHOro pa3paboTuYnKa U MHOIHX Biaebies (urpa [ltakenb-
Gepra co MHOIHMHE JIHJEPAMU U OHUM HOCJIE0OBATENIEM ).

Bce paccyxaenuns B HacTodiieil padbore MpoBOAATCA i (DYyHKIIHT
BBIUTPBIIIT 0011ero Buia. OHU J0JIZKHBI YJIOBJIETBOPITH HEKOTOPBIM BIIOJIHE
€CTEeCTBEHHBIM YCJIOBUSIM, KOTOPbIE 110J1y4YaIOTCsd, UCXO/IH U3 CJIeLYIOIIUX
coobpazkenuit. XapaKTepHOil 0COOEHHOCTBHIO pacCMaTPUBAEMBIX 33,144 sB-
JII€TCS 3aBHCHUMOCTD YJIEJIbHBIX 3aTpaT Ha J0OBIYY pecypca OT KOoJude-
cTBa OCTaBIIerocsi pecypca. MHTeHCcuBHOCTD J1I00bIYN B KazK/JIOM PErUOHE
IIPOLIOPIMOHAJIbHA KOJIMYECTBY OCTaBilerocsi pecypca R(t), a Takke mpu-
noxenubiM yemmusam E([7]).

dR(t)

dt
rae ¢ = const > 0 — K03dPUIMEHT TPOMOPIUOHAJIHLHOCTH, OMPEIesTio-

= —qER(t), (1.1)

it 3HeKTUBHOCTD JOOBIYHN B KayKJI0M pPErHoHe.

[Tpeanonozkum, aTo BpeMs 106ban pecypca pasuo 1. Ilycrs R(0) =
Ry. Torma, ¢ yaerom (1.1), moxom w paspaboTduKa OT MPOJAKH pecypcea
B 3aBUCUMOCTHU OT NPUJIOZKEHHBIX YCI/IJII/Iﬁ €CTh pa3HHUIla MEXKIYy KOoJn4e-
CTBOM pecypca Ha HAJaJI0 U KOHEIl ce30Ha (IPeNoIaraeTest, 9To MeHa Ha
pecype He M3MEHSeTCsl B TeUeHUe BCETO Ce30HA).

w(E) = Ry(1 — e 1TF), (1.2)

Beiurpsimn pa3padoTdanka CKIaIbIBACTCI U3 T0X0I0B OT MPOIAZKHI pe-
cypca, JTOOBITONO B PAa3JIMIHBIX PETHMOHAX, 338 BBIUETOM HAJTOTOBBIX BBI-
[T, & TaK:Ke H3eprKeK JTOOBIUH.

B paszgene 3 paccmorpena mnpocteiiniias urpa, B KOTOPOil ydacTByeT
0 OJTHOMY UTPOKY Ha KakJIOM ypoBHe. B pa3ziesne 4 paccMoTpena urpa,
B KOTOPO# YYaCTBYIOT JIBa BAaJieTbIla pecypca. Y Ke B TaKoO#l TpPOCTOi
KOH(MDUTYpAIIUT TPOABISIOTCSI HUHTEPECHbIe 0COOEHHOCTH pacCMaTpHUBae-
MBIX CHCTEM, HAIpUMep, HeeJINHCTBEHHOCTh paBHOBecus 1o Hamry B ur-
pe Ha nepBoM ypoBHe. B paszjene 5 paccMOTpeHa CHMMMETpUYHAST UTPA
C TIPOU3BOJIBHBIM YUCJIOM HUTPOKOB HEPBOIO yPOBHS, U3YYEHO BJIUSHUE
KOHKYDPEHIINH (KOJTMYECTBA UTPOKOB) HA PEIIEHUe UIPBL.

[TogoOHbIe ABYXYypOBHEBBIE UI'PHI MOT'YT BO3HHKATL B 3aJadax pas-
paboOTKM Pa3JIMIHBIX OMOJIOTHYECKUX PECYPCOB, BOJIHBIX PECYyPCOB (Ha—
IpUMep, apTe3naHCKUX BOJ), JIECHBIX PECYPCOB, B CEJIHCKOM XO3SHCTBe,
a TaK2Ke B JIpyrux 3ajjavax.
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2. IlocTanoBKa 3amadn

Msr dopmanuzyem 3agady urpoit G ={N, X;, Y, u;,v;i=1,..., N},
ryie N — MHOYKECTBO MI'POKOB 11€PBOI'O YPOBH, X; — MHOZKECTBA UX CTpa-
reruit, Y — MHOXKECTBO CTpaTeruii Urpoka BTOPOTO YPOBHS, U; U ¥ — (DYHK-
IIMHA BBIUTPHINIA UIPOKOB IIEPBOrO YPOBHA W UI'POKA BTOPOI'O YPOBHH, CO-
OTBETCTBEHHO.

BekTop x € X; X ... X Xy HHTepupeTupyercs Kak BEKTOD HAJOTOB,
a BeKTOp y € Y omnpejessier pacrpejesienne yCUanii Urpoka BTOPOTO
YPOBHSI TI0 pa3pabOTKe pecypca MeyKIy Pas3JudHbIMEA peruonavu. [Ipe-

N

nosaraetcs, uto y; = 0, i = 1,..., N u > y; < yo. llocaennee ycionue
i=1

BbIpazkaer TOT (PakT, 9TO pa3paboTUUK OrPAHUYEH B CBOMX BO3MOXKHO-

crx (HapUMep, UMeeT OrpaHuYdeHHbI GUIoT).

Dynkuus BHIUIPbIIIA pa3paborduka v(X,y) B caydae N BIaIebIeB
pecypca uMeeT CJIeLyIOmuii BUT;

v, y) =D _wily) = (e + 2y (2.1)

rie w;(y;) OTparkarT J0XOJ OT pa3paboTKH pecypca B i-OM DervoHe, ¢;
— KOHCTAHTBI, XapaKTepHU3YIOIIe eCTeCTBeHHbIE 3aTPAaThl Ha pa3pabOTKy
pecypca B 1-OM PeTruoHe, a x;1; — HAJOTOBBIE BBIILIATH. BymeM cunTaTh,
910 (DYHKINN w;(Y) YIOBIETBOPSIOT CJAEIYIONINM BIOJTHE €CTECTBEHHBIM

YCJIOBUSAM
wZ(O) = O,
wi(y) = wi(y) >0, (2.2)
wi(y) = wi(y) <0

Yenaosug (2.2) 03HAYAIOT, YTO JIOXOJ OT Pa3pabOTKU B KAXKJIOM pe-
IHOHEe MOHOTOHHO BO3PACTAET ¢ POCTOM 3aTPAYEHHBIX YCHIUIL, OJTHAKO
3bPeKTUBHOCTH Pa3pabOTKN TadaeT ¢ yBeJUUeHNeM ee WHTeHCHBHOCTH.
D10 00YCIOBICHO UCUEPTIAHUEM Pecypca.

Kpowme toro, mogunanm dyHKnuo ¢ #a orpeske [0, yo] ycaosuio

21 (W)? > o))" (y), ¢"(y) = 0. (2.3)
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TunuaabiM npumepom byHKIUN w;(y) gBagercsa 3aBucuMocThb (1.2),
PacCMOTpPEeHHAs BO BBeICHHNU. JIerKO yOeauThCsa B TOM, UTO OHA YIOBJIC-
TBOpsAeT ycaoBuamu (2.2) u (2.3).

MHOZKeCTBO CTpaTeruii Mrpoka BTOPOrO YPOBHSI — MHOKECTBO BEKTO-
N

poBy € R": y; > 0,> y; < yo. MHO)KecTBa cTpaTeruii HrpOKOB MEPBOTO
i=1

ypoBua X; — ayun x; = 0.
Briurpsimmm UrpoKoB MEepBOTO YPOBHS — HAJIOTOBBIE BBHITLIATHI, MPO-

HOPIIMOHAMBbHBIE YCUIUIM IO JT00BIYE Pecypca:

wi(x) = xyg:(x), i=1,...,N. (2.4)

PacematpuBaemas urpa — urpa Illtakenpbepra, B KOTOpOil UTpOKH
MEPBOTO YPOBHS SBISIOTCS JIAJAepaMH, a pa3pabOTUYUK — MOCTIeI0BATE-
sgeM. Ilpu (pukcHpoBaHHBIX HAJIOTAX OH peIlaeT CJAeAYIONIYI0 OMTHMHI3a-
IIMOHHYIO 3aJa9y:

v(x,y(x)) = maxv(x,y). (2.5)

3Hasg ONMMaJbHBINH OTKJIHK HIPOKA BTOPOTO YPOBHS Y (X), KarKblii
UTPOK MEPBOTO YPOBHS ONTUMHU3UPYET CBOIl BhIUTPHIT. OUTHMAILHBIM
HabopoMm cTpaTeruii B Takoil cuTyanuu OOBIYHO CUMTAIOT PABHOBECHE IO
Hsmy:

ui(x0) = maxus(x7a), =1, N, (2.6)

riae x°|z; o6o3HaYaeT BEKTOP XY, B KOTOPOM i-sI CTpATernst 3aMeHeHa Ha
Z;.

3. Urpa 1 x1

PacemorpuMm mpocTeiimuii coydail, Koria Ha KaxKJI0M YPOBHE HAXO-
JUTCST O oHOMY UTPOKY (T.e. N = 1). B 310M cityuae B urpe yqacTByIoT
OJMH JINJEP W OIWH MOCIEI0BATEb.

Mrpok BTOpOro ypoBHS MaKCUMHU3UPYET CBOIO (DYHKIHIO BLIUTPLIIIA
v(x,y) npn Kaxk10M DUKCHPOBAHHOM I, 3a/1aBast GYHKIMIO §(x) — onTH-
MaJIbHBIH OTKJIMK HA CTPATErHIO NTPOKA TIePBOTO yPOBHs. 3Hast y(x), Bia-
JleJiel] pecypca MaKCHMU3UpyeT ¢Bot (byHKIMIO BhUrphima u(x, §(z)).
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OnruMasbHble CTpATernd UTPOKOB ABJISIOTCA PeIIeHreM CJeIyIoleil 3a-
JAdm:

v(z,§(z)) = max v(z,y),

3.1
( opt’ Q( opt)) — I?S(})(U(wa Q(LE)) ( )

Haiisem g(x). dust 9roro Hano makcumusuposarh v(x,y) TO y HA OT-
peske [0,yo]. Joast yaoberBa mbl GyleM nckaTh He Makcumym v(x,y), a
MUHIMYM —0 (2, y).

Banmrmem wHeobxoauMbie yeaoBust skcTpemyma (yeaosust Kyna-Takkepa):

(

ov
__+:ul_:u2:()7

y
1y — yo) =0, (3.2)
pi2y =0,
L H1 > 07 H2 2 0
Tak kak 88( —v) — —¢'(y) > 0, dyaknuss —v(z,y) CTPOro BBHIMYKIA MO

1 HA OTPe3Ke [0, Yo, ¥ HEOOXOIMMBIE YCIIOBHSI SKCTPEMYMA TTPEBPAIIAIOTCS
B JIOCTATOYHbBIE YCJIOBHUS TJ100aibHOrO MakcumyMma dbyrkmun v #a [0, yo,
OpHYeM TOYKA MAKCAMYMa €IUHCTBEHHA.

Kak BugHO u3 cucteMbl (3.2), JOCTATOYHBIM YCIOBUEM JOCTHKEHUS
MAaKCHMyMa Ha TPAHUIE SBJIAETCH HOI0KUTEILHOCTE COOTBETCTBYIOIIETO
MHOKuTeNs Jlarpanzka. Pemag cucremy (3.2) mpu 1 > 0, o = 0, y = 4o
napn p; = 0, uy > 0, y = 0, moaydaemM J0CTATOYHBIE YCJIOBUS TOCTH-
JKeHNsl MaKCHMyMma Ha rpanuie. Bo BHyTpeHHumX Toukax (mpw p; = 0)
cuCTeMa CBOAMTCSA K OJHOMY YPAaBHEHHUIO. TaKuM 0Opa3oM, peIIeHHe CH-
crembl (3.2) Ha orpeske [0, yo] ecth dbyHKIHS

Yo, ecmn © < ¢(Yo) —
ia) = § et a), ecm w(yo)—0<x<s0(0)—c, (3.3)
0, ectn x > p(0) —

JII0GOIBITHO 3aMeTHTD, 9TO TP & < ¢(Yy) — ¢ ONTHMAJBHAST CTPaTe-
rust pazpaborunka §(x) He W3MEHSIeTCsST HeCMOTDsI Ha yBeJWdeHHe HAJIora,
x. IIpw srom coorBercTByOmMiT MHOKHUTENH Jlarpanxka . = ¢(yo) —
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08 / ]

0.6 / 4

Pucynok 1. Ourumasibupiit otkjink  Pucynok 2. OyHKIus BIUTIPHIIIA

WTPOKa BTOPOTrO YpoBHS () WrpoKa MmepBoro yposHs u(x, J(z))

(¢ 4+ x) ymenwimaercs u npu & = ©(Yp) — ¢ CTAHOBUTCSI PABHBIM HYJIIO.
9T0 HAO0IeHNEe MTO3BOJsIeT HHTEPIPETHPOBATh MHOXKHUTe N Jlarpan:xa
B cucteMe (3.2) Kak ,,BUPTYyasbHbIe HATOTH". OHU OKA3BIBAIOT TAKOE 7KE
BJWSTHIE HA CTPATErWIO0 MIPOKA BTOPOIO YPOBHS, KaK M PeabHbIe HAJIO-
I'U, XOTSI U He BHIPAYKAIOTCS B BBHITLJIATAX UTPOKY MEPBOTO YPOBHsA. B 3T0ii
CBSI3U €CTECTBEHHO OXKMJIATh, UTO HIPOK IEPBOrO YPOBHA OyIeT cTpe-
MHUTbCSI BRIOMPATH CBOIO CTPATETrHIO0 TAKHM 00OPa30M, YTOOBI MHOXKUTEIh
Jlarpauzxa juq B cucreme (3.2) GbL1 paBeH Hy0. [Ipu 5TOM OrpaHudeHue

y < Yo pakTudecku nepecraer paborarh. B 3ToM Jierko yoeanThesi, Tak

dx

BRINTPHITTIA u(z, §(x)) OpeacTaBien Ha puc. 2.
Haitem x°' — onTuMaJIbHYIO CTPATErHi0 UIPOKA HEPBOI0 yPOBH.

KaK =1y > 0npu z < p(yo) — ¢. Tunnunoit Bug GyHKINIH

Mg aroro HykHO Haiitn MakcumyMm dbyurunn u(z, g(x)). Tak kax npu
x < ¢(yo) — ¢ byukmusa u(z,y(z)) = u(zr,yo) = TYo BO3PACTAET, a PN
x > ¢(0) — ¢ 3navenne u(z,y(x)) = 0, ZOCTATOTHO PACCMOTPETH 3aaTy
makcnvnsamun u(z, §(x)) na orpeske [p(yo) — ¢, p(0) — ¢f:

u(x? §(z°")) = max u(x,y(x)). 3.4
EGE) = e i) (4
Haiinem mpomssomyio 2450 — (4,1 (c 4 1)) w sammmen Heo6-

xoanmbie yeaoBus Kyna-Takepa:
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du(z,9(2)) _ v, x
e ) 3

—¢ (c+x) (p,(gp_l(chx))—)\l—ir)\Q:O,

Mz = (e(yo) —¢)) =0, (3.6)

Aoz = (0(0) = ¢)) = 0,

(A1 =20, XA2=20

2(—u
dC§I2 ) ma orpeske [p(yo) — ¢, 0(0) — d:

Banuriem BhIpayKeHUe JJIsT

d2(_u> - —1 / 2 "
dr? - (<p/<y))3<2[90 (y)] - (90(3/) - C)SO

(y)) ’yztp—l(chx)- (37)

d?(—u)
dx

TEeJILHO, CTPOTYIO BRIYKIOCTE —u(x, () Ha oTpeske [p(yo)—c, p(0)—c|.

YeaoBust (2.3) rapaHTHpPYIOT MOJIOKHTEIBHOCTD u, CJIeI0Ba-

Makcumym Ha JieBOit rpanuiie OTpe3Ka jocruraercs upu A; > 0, Ay =
0. B sTom ciryuae x%' = p(yo) — ¢. Boipaxkast A\; U3 1€pBOro ypaBHeHUs
cucrembl (3.6) n yaursiBas 3HaK ¢’ (), MOJydaeM JOCTATOYHbBIE YCIOBHSI
MAKCHMYyMa, Ha JIEBOH TpaHHIe

©(Yo) + Yo' (yo) > c. (3-8)

Ananorununsle paccyKaeHns 1ad caydada Ao > 0, A} = 0 IOKa3LIBAIOT,
aro ipu ¢(0) < ¢ §(z) = 0 u 2" — mo6oe. B ocTATbHBIX CIyUAAX HYZKHO
peINnTh MepBoe ypaBHeHue cucteMbl (3.6) mpu A\ = Ay = 0 u yuectsb TOT
daxr, uro p(y) = x + ¢. Torma ais x°" nonyuaem ypasHeHus

* + * (% =c,

w%) yf@) (3.9)
' =p(y") —c

Taxkum o6paszom, 7" = ¢(yy) — ¢, ecim BuIMONHEHO yeaoBue (3.8).

Ecin ¢(yo) < ¢, 1o 2" = 0. B ocranpubix ciayudasx " HaxomuTcs

u3 ypasuennit (3.9). Haiigennoe 3nauenne x%"

MO3BOJISIET BBIYUCIATH
OTKJIMK WIPOKa BTOpOro ypoBH#A §(x°'), a Taxxke 3Havenns dyHKumii
Beiurpeima ut = u(x%, §(xt)) n vt = vz, §(z°")).

st momesbroit dynkmun (1.2) nepsoe ypaBuenue cucremsr (3.9) Bbi-
TJISIIAT OCOOEHHO TPOCTO:
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e t(1—-¢) =¢ (3.10)
rie { = qy u ¢ =c/(qR).
4. Urpa 2 x 1

Tenepnb paccMoTpuM UTpy, B KOTOPOil yIaCTBYIOT /B HI'POKA MIEPBOTO
YPOBHS U OJMH UT'POK BTOPOrO YPOBHHA. B 3aBUCHMOCTH OT yCTaHOBJIEH-
HBIX HAJIOT'OB Pa3pabOTINK MOYKET YBEJIUYUTb UHTEHCHBHOCTD pa3padoT-
KU B TOM WJII MHOM PEruoHe, TeM CaMbIM liepepaclipe/iesisisi HaJlorOBble
BblILIATHI. TakuM 00pa30M, UI'DOKH 1€PBOI'O YPOBHS HAUYMHAIOT BJIMUATH

JpyT Ha Jipyra depe3 ONTUMAJbHbII OTK/JIUK UI'POKA BTOPOI'O YPOBHSI.

4.1. OnTuMaJbHBI OTKJINK UTPOKAa BTOPOTO YPOBHSA

OurumasbHblil OTKIMK pa3zpaborauka ¥(xy,xs) = (1 (21,22), Ya(T1,22))
ABJIAETCA pemeHI/IeM CJIeLI;yIOH];eI'?I OHTI/IMI/I3&HI/IOHHOﬁ 3a/1a491 B TpeyFOﬂb—
noit obactn Y = {y1,y2: y1 = 0,42 = 0,91 + 42 < o}

,U(xbx%gl(xl7x2)7g2(xl7x2)) = ax U(xlax27ylay2)' (4]‘)
(y1,92)€Y

Kak u pamee, 6yJeM pemaTh ONTUMA3AUOHHYIO 3aa4y (4.1) mMeTo-
nom Kyna-Takepa. 3anuiem HeoOXOIUMBIE YCIOBHAST SKCTPEMYMa,

( —p1(y)+ea+x— A+ X =0,
— pa(y2) + 2 + T2 — Ay + Ao = 0,
Ayr =0,

A2ya =0,

Ao(y1 +y2 —vo) = 0,

A=>0, 1=0,1,2.

Herpyano mpoBepuTh, 4T0 MaTpuIia BTOPHIX MPOU3BOIHBIX (DYHKIIMH

(4.2)

\

—v(21, 9, y1,Y2) (Mpu DUKCUPOBAHHBIX T W T3) MOJOKHUTEIHHO OIpe-
JeTeHa, IS TIOOBIX Y1, Ys. 1109TOMY HEOOXOIUMBIE YCIOBUS SKCTPEMYMA,
SABJISIIOTCS U JTOCTATOYHBIMU YCIOBUSIMU MaKCHMyMa v(x1, T2, Y1, Y2)-
PaccMoTpuM Bee BO3MOZKHBIE KOMOMHAIINY HEHYJICBBIX U HYJIEBLIX KO-
s durmenton Jlarpanxka \;, i = 0, 1, 2. Henynesoe 3navenune ko3hduin-
enta Jlarpanrka 0O3Ha9aeT JOCTHKEHUE MAKCUMyMa Ha COOTBETCTBYIOIIEt
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Pucynok 3. O6snactb u3menenusi y; Pucynok 4. Pazbuenue mjockoctu
U Yo W XapaKTEPHBIE YIACTKU ee (21, 22) m 06IACTH BIAMSTHUS
TPAHUTIBI UTPOKOB TTEPBOTO YPOBHS

JacTu rpaHuns obactu Y. Ha puc. 3 mokasana obacTb Y u 3aHyMepo-
BaHBI XapaKTepPHbIE YIACTKU TPAHUIIHI.

[Tpu \g = 0 orpanuvenue y; + ys < Yo HEAKTUBHO (OHO BBIMOJHSI-
eTCsl CO 3HAKOM «<»), Y1 U Yo BBIOUPAIOTCS HE3ABUCUMO U MOTYT OBIThH
Haiiiersl 10 hopmyIam pasjena 3.

Buavenne \g # 0 COOTBETCTBYeT CJIydalo, KOTJIa UIPOKH «YIIHPAIOT-
csl» B OrpaHmuenne y; + ys = yo (y9acrku rpasuns 1,2,3 wa puc. 3).
MakcuMyM MOKET JOCTUTAThCS KaK BO BHYTPEHHMX TOYKaX oTpeska 1-3,
TaK U B KpallHUX TOYKAaX. PacCMOTPUM 3TH CIy9al OTIAETLHO.

Ecau ogro 3 \;, manpumep, Ay # 0, o y; = 0, yo = yo (T0uKa 1).
HeoGxoauMbIM 1 JOCTATOYHBIM YCAOBHEM JJIA JOCTUKEHUS MAaKCHMyMa

B Touke (0,yo) ABIIETCS MOTOKUTENLHOCTh Kodddurmentos Jlarpamxa

)\11/I>\0

Ao = ¥2(Yo) — (ca + x2) > 0, (43)
)\1:>\0—Q01(0)+(01—|—[B1)>0. '

Ecam ke A\ = Ay = 0 (MakcuMy™m BO BHYTDEHHHX TOYKAX OTPE3Ka),
TO
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)\0 = gpl(yl) — (Cl -+ 5131) > 0,
Ao = @a(y2) — (c2 + x2) > 0, (4.4)
Y1+ Y2 = Yo.

J17151 HAXOK IeHUST ONTUMATBHOTO OTKJIHKA (U1, §2) HY?KHO PEITUTh OT-
HOCUTEJIbHO Y CJlejiyIoliee ypaBHeHne

@1(Yo —y) —c1 — x1 — pa(y) + 2 + 19 = 0, (4.5)

e Yy — ONTUMAJIbHBIN OTKJIUK . 3aMETUM, UYTO PEIIeHHe Y 3aBUCUT
TOJIBKO OT PA3HOCTHU Ty — X1

y =1(z2 —11). (4.6)

Paccmorpennbie BbIlie JOCTATOYHBIE YCJIOBUS MAKCUMyMa HA I'DaHU-
e obnactu Y 3aBUCAT OT X1 U To. [Ipu pa3ImvIHBIX 3HAYEHUIX X1 U To
MaKCAMYM JIOCTUTAETCS B PA3TUIHBIX TOUYKAX TPEYTOJbHON oOmactu Y.
Bnavyenns MHOKHATEei Jlarpan:ka TakyKe 3aBUCAT OT T W To. Ilosa-
rast paBHBIMU HYJTIO TIOOYEPEIHO BCE MHOXKHUTEIN Jlarpanrka, Mbl Hallem
HEKOTOPOe paz0meHue MI0CKOCTH (T, T3). B KaxK0i U3 1101y YuBIIMXCS
obmacreii (i, Jo) UMEIOT pa3IHIHbe AHATHTHUCCKHE BBIPAZKEHH. DTO
pasbuenue nmokazano Ha puc. 4. Kpome Toro, Ha 3T0M prucyHKe MOKa3aHbI
«0Opa3bly XapaKTEePHBIX YYaCTKOB I'PAHUIBI 001acTH Y .

Ha xpuBoit BD kosddunuent Jlarpanxka Ay, paBHbIi

Ao = @a(Y(x2 — 1)) — (2 + 72), (4.7)

LpUHUMaeT HyJieBoe 3Hadenue. OTcioga MOXKHO HARTH ypaBHEeHUe KPUBOM
BD. OnHako ero MOXKHO HAATH U MPOIIe, €CIU 3aMeTHTDb, YTO Ha KPUBOM
BD ontumasibHble OTKINKH, TOCYATAHHBIE 110 (hopmyaam obaactu BC'D,
COCTABJISIIOT B CyMMe ¥y (OrpaHndenne HadmHaeT padborarh). Torma s
KpuBoit BD MOXKHO 3anmmcaTh ypaBHEHUE

o1 (e 4 x1) + 03 (c2 + 2) = Y. (4.8)

s mopenbubix (hyuknuii (1.2) 310 ypaBHeHHe 3a1aeT runepOory

Cc1+ T Co + o /e

vis 2R

T (4.9)
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O6parumcs K yeaosusiv (4.4). I'panuna obsacreit 1 u 3, B KOTOPBIX
MakcuMmyM gocruraerca B Toukax (0,yo) uin (Yo, 0), cOOTBETCTBYET CJIy-
qaio A; = 0 mwim Ay = 0, coorBeTcTBEHO, a A9 > 0. Hanpuwmep,

Ao = p2(yo) — (ca + 12) > 0,

(4.10)
A1 =X — ¢1(0) + (e1 +71) = 0.

Takum obOpasom, rpanunaMu 3Tux obJiacTeil sIBISIOTCS PsSIMble

AB:  x9=1x1+ v2(0) — p1(v0) + &1 — ¢,

(4.11)
ED: x9=2z14 p2(y0) — ¢1(0) + 1 — ca.

CxkaxkeM erre mapy CJIOB 0 pas3buenun Ha puc. 4.

Bamevanue 4.1. lpn x; > ¢;(0) — ¢; paspaborka B i-OM permone He
BeJIeTCs, TOITOMY MOXKHO OTPAHUYNTL MHOYXKECTBA CTpATeruil MIPOKOB
nepBoro yposHst 710 kBajpata [0, p1(0) — 1] X [0, ¢2(0) — ¢

Sameuanue 4.2. Orpanndenue yo aKTUBHO TOJBKO 101 Kpuboit BD. Han
3TOW KPWUBOI ONTUMAaJIbHBIE OTKJUKW MMEIOT TAKOW K€ BUJ, KaK U B UT-
pe 1 x1 (T.e. MHTEHCUBHOCTL Pa3pabOTKHA B KaxKIOM PErHOHe 3aBHCHUT
TOJIBKO OT HAJIOTa, YCTAHOBJEHHOTO B JJAHHOM peI‘I/IOHe). [TosTomy urpokn
MEPBOT'O YPOBHSI OKa3bIBAIOT BJIAMSHUE APYT Ha APyra TOJHKO B 00JIACTH,
JIevKaleil nuzke Kpupoit BD.

4.2. PaBHoBecue mo Hanry Mexk 1y mrpokaMm ImepBOrO yPOBHS

Teneps, Korja HaiileH ONTUMAIBLHBIH OTKIUK UTPOKA BTOPOTO yPOB-
HsI, MOYKHO HOCTPOUTL (PYHKIIMH BBIMIPHINA UTPOKOB IEPBOTO YPOBHS
uy(zy, x2) = x191(21, 2) M ug(21, x2) = x2Ya(x1,x2). OHM TOKA3AHBI HA
puc. 11. Hcenenyem ux Ha BBITYKJIOCTH. IMeeT MecTo cieyiomasi Teo-
peMa.

Teopema 4.1. ITycmo 6 uzpe G ¢ dynxyuamu evuzpviwa (2.4) u (2.1)
sunoanenv, ycarosus (2.2) u (2.3). Tozda dynrkyuu evuepviua

uy (21, 22) = T191(21,22) U up(w1,T2) = T2Ya(T1,22) 6vnyKABL 66€PT 6
obaracmu OABCDE no x1 u Ty, COOMBEMCMBEEHHO.

Jlokasameavemso. TIposeneM 10oKa3aTe beTBO Iist YHKINH Us (1, o).
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Pacemorpum cuagana obsnacte OABDE. 3anuineM BhIpaKeHHEe st

IPOU3BO/THOM g—gz BauyTpu OABDE. B 310ii 061acTH OrpaHuYeHne ¥, aK-

THUBHO, ONTHUMAJIbHBIA OTKJIUK HAXOAUTCSI W3 yCJIOBI/Iﬁ (44)
3u2
8:1;2

rie ¢ — pemenne (4.5).

= P(wg — 11) + 229 (19 — 11), (4.12)

Haiimem %2;‘22 BuyTpu obsactu OABDE.
2

Puy [ 05() — @iy — ¥)
02~V 2T e — 0) + b))

Tak kax ¢'(x) < 0, TpebyeTcs TPOBEPUTH BHINOJHEHHE HEPABEHCTBA

(4.13)

2(¢ (Yo — 1) + @5 (1))? — xa (L (1) — @ (yo — 1)) > 0. (4.14)

HepasenctBo (4.14) cmemyer u3 yenosmii (2.3) u (4.4) u ypaBHeHuii
(4.5), B 9TOM HECTIOKHO yOEIUTHCS, IePErPYIMUPOBAB caraembie B (4.14).
Mur nmokazanun, aro B obnactu OABDE npousBogHas g—g; < 0Om
us (21, 22) crporo BeiyKaa BBepX. CTpOrast BBIYKJIOCTh BBEPX (DYyHK-
u us (21, To) B ob6mactu BC'D nokasana B pasiene 3 (B 910l obracTu
oHa coBmagaer ¢ dbyHKuueil BuMrphima urpsl 1 X 1). Jamee, Hemocpe-

CTBEHHOIT TTPOBEPKOHl MOYKHO YOEIUThCS B TOM, UTO

Ous Ous
8— a— . (4.15)
22 1BD-0 L2 1BD+0
13 Becero BBITIECKA3aHHOTO CJEYeT, 9TO Uz (xq, T2) BHITYKJIa BBEPX B
obsractu OABCDE. Teopema moka3ana. O

[Tpucrynum k noucky pasuoBecusi 1o Hamry. TTokaxkem, 4To TOUKa
paBHOBecHus He MOxKeT JexkaTh BHe obnactu OABCDE. To, uto ona He
MOKeT Je:kaTh BHe KBajgpata [0, ¢1(0) — ¢1] X [0, p2(0) — 3], crenyer u3
zameuanus 4.2. Ocraercd MoOKa3aTh, YTO PABHOBECHBIX TOUYEK HET HUKE
npsmoit £'D u Beime ipsimoit AB.

[eiicTBuTe1bHO, TIyCTh HUXKe Tpsimoit £ D ecth paBHoBecue o Hamry
(7, x%). Torma TOMKHO BBITTOTHATEHCS

uy (2}, 5) > ui (2, wy) Vg, (4.16)
> u '

ug (2, xh) o], x2) Vao.
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Ho B 3T0il 00/1acTH ONTHMAILHBIA OTKIUK pa3pa0OTYNKa paBeH
U2(x1, T2) = Yo, U MPOU3BOJHASI

Oug (1, x9)

=1y >0 4.17
(9.732 Yo ’ ( )

970 MPOTHBOPeYHT yeaosusam (4.16).

Wrak, MBI TIOKa3aJH, 9TO €U paBHOBecue 1Mo Hamry cymecTByer, TO
ono Haxoaurcs B obsiactu OABCDE. Boliyk/ocrb 310l 00jacTtu ove-
BUJIHA, BBIYKJIOCTb BBepX (byHKIUil u1(x1, T2) U us(xy, T2) ecTh yTBEp-
xaeane Teopembl 4.1. ITo Teopeme Hsmra paBHoBecme B urpe G cyie-
CTBYET.

[Tpu pa3audHBIX 3HAYEHWSAX TAPAMeTPOB 3aJa4u paBHOBecue 1m0 Ha-
Iy MOXKeT JiexkaTh Kak BHyTpu objactu OABDE, Tak u Ha ee rpaHu-
nax, jnoo B obsactu BCD. Ilepsoiit cydait mokazan Ha puc. 5. Touka
(zP", xP") apasgeTcsa pelTeHneM CIeIyiome CHCTeMbI:

d )
—8U1 =yo — Y(xy — x1) + 219 (22 — 1) = 0,
T
o (4.18)
Do - U(wy — 1) + 22 (19 — 21) = 0.
T2

Yos| & % 1

" ol 02 03 04 [ [ 07 08 0% o 0.5 1 75 2 28
Ist players payoff

Pucynoxk 5. PaBnoBecue mo Hamry ~ Pucynok 6. PaBuoBecue mo Hamry
BHYTpPU O0JIACTH BJIUSTHUSA, BHYTPH O0JIACTH BIUSHUS,
IIPOCTPAHCTBO CTpaTerui IIPOCTPAHCTBO BBIUTPLIIIET
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Pucynox 7. Pasnosecne mo Hamy — Pucynox 8. Pasnosecne mo Hamry
Ha TpaHune o01acTH BIUSHUSI, Ha rpanuie o01acTh BIUAHNUSA,
IPOCTPAHCTBO CTpATErnit HPOCTPAHCTBO BBIUTPHITITETt

[Tepexo/isi K HOBBIM MEPEMEHHBIM £ = Iy + To, 1) = XLy — X1, TMOCTE
HECJIOKHBIX MPeobpa30BaHuil MOIydaeM CUCTEMY

Moy Yo
¢(77)+§¢(77)— 5
Yo
g_w’(n)'

t t
Pemnrenne cucremsr (4.18) (27", 3"

(4.19)

) meiicTBUTEIBHO Oy/IeT paBHOBE-
cueM 1o H»amry, ecnm 3Ta TOYKa ABAIETCSd BHYTPEHHEH TOUYKONW 00J1a-

ctu OABDE. Takoe pacnonozkenne paBHOBECHs IIPOMLTIOCTPUPOBAHO Ha,
puc. 5. Ilpn momornn mpeobpasopanust (1, xs) — (uq(z1, x2), uz(x1,x2))
MOZKHO TepeiTH B MPOCTPAHCTBO BBIMTPHITIEH, KaK MOKa3aHO HA puc. 6.
Haubo.stee nuTepecHBIM 9BIIETCS Caydaii, Koraa paBHOBecHBIe o H3-
Iy TOYKYW HAXOTcs Ha KpuBoit BD. B 3ToM ciiy4dae paBHOBECHBIM SIBJIsI-

eTcst IeJIblit 0Tpe30K KpuBoit BD. B npocTpancTBe BHIUTPHITIEH OH TTPe/I-

cTaBJIsieT cOOOW yIaCTOK TAPETOBCKON IPAHUIIPI MHOYKECTBA BO3MOYKHBIX
HCXOJIOB. DTO MOKA3aHO HA pHC. 7 U puc. 8.

[Mpanuier 3T0TO OTpPE3Ka MOXKHO HaiiTh cieayomumM oopaszom. Touka
(21, z2) KpuBoit BD siBsieTcss paBHOBECHEM TOTJIAa W TOJBKO TOT/IA, KOTIa

JIEBBIE TTPOU3BO/IHBbIE (DYHKIIHIT BHIUTPHITIA B ITON TOUKE TMOJTOKHUTETHHBI,
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Pucynok 9. PaBnoBecue mo Hamry  Pucynox 10. PaBaoBecue mo Hamry
BHe 00JIACTH BJIUSTHUSI, BHE 00JIaCTH BIUSIHULA,
MPOCTPAHCTBO CTPATETHit MPOCTPAHCTBO BBIUTPHITIEt

a IIpaBbl€ OTpUIlATETbHEI.

.
_ T
Fl(l’l):(p 1(01+(E1)+ — — >0,
' Ph(er (er +21)) 4+ @h(05 (2 +22)) [y m(an)
_ T
Fy(z) =1 (e + 1)+ ——— <0,
' P (o1 (ert21))
Fy(x1) =y (co+m2)+ T >0
P (o1 (ert21)) + 95 (03 (2 +22)) [y—n (an)
_ x
Fy(x1)= @3 " (ca + 22) + ——— <0,
902(902 (CQ + x2)) ro=x2(z1)
L o1 (e1 +21) 4+ 905 (¢ + 22) = Yo
(4.20)
Ob6osnaunm tq,...,t, kopun ypapaenuii f7 =0,..., Fy = 0, coorBer-
creenno. [lokakem, uTo Kaxkaast u3 pyukunii Fy, ..., F, nmeer He DoJiee

OTHOTO KODHS Ha oTpeske [¢1(yo) — c1,¢1(0) — ¢1], coorBeTcTBYIOMEM
JacTu KpuBOit B D, 3aK/JII0UeHHON MeXKIy Toukamu B u D.

Pacemorpum, nanpumep, dynknno Fs(z1). C yuerom (2.3) n pasen-
crBa ¢ + o1 = ©1(Y1), MOKHO TTOKA3aTh, YTO MPOU3BOIHAS
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dry < 0. (4.21)
d$1
AHaJIOTUIHBI PE3YITAT MOYKET OBITH Oy IeH /ISt OCTATbHBIX (DYHK-
nuii. 113 3HaKOIOCTOSHCTBA IIPOU3BOIHOI CJIe/yeT eIUHCTBEHHOCTb KOp-
Hsl KaKJ10ro u3 ypasuenuii Fy = 0,..., Fy = 0 (OHE MOTYT U He JieXKaTh
mex 1y Toukamu [p1(yo) — 1 u v1(0) — ¢1]).
Touka ty Bceria pacnosioXkeHa Jeree TOUKH t1, a TOUKA t3 — JieBee TOU-
ku ty. Takum ob6pa3oM, OTPe30K, MEJTUKOM COCTOSIINIT W3 PaBHOBECHIT 110
Hsrmry (MBI 3amuiemM BhIpasKeHus TOJBKO sl KOOPAUHAT Z1), ABISETCS

nepecedenueM CaedYIONUX TpeX MHOXKECTB:

[z}, 2] = [01(vo) — 1, 01(0) — c1] N [ta, t1] N [ts, t4]. (4.22)

Paccmorpum, nakonerr, obacts BC'D. B Heit urpoku nmepBoro ypoBHsI
HE OKa3bIBAIOT BJIUAHUA APYT Ha JAPpYyra, 1 paBHOBECHbIE CTpaTEeruu HaxXo-
agrest u3 yparaennii Tuna (3.9). Ecan seinosneno yeiosue yi 4 yi < yo,
TO HaiimenHast mapa (z7,x}) JAefCTBUTEIHHO SIBJSIETCS PABHOBECHEM U
pacmosioxkena BHyTpHu obaactu BC'D. D1or ciydait moka3an Ha puc. 9
u puc. 10.

[IponaatocTpupyeM 3aBUCHMOCTH paBHOBecHs 10 Hamry ot mapamer-
poB 3ajaun. B ciydae, Korja TOUYKHM paBHOBecHs: 1o H3Imy 3amosHSIOT
HEKOTOPBIH OTPE30K, MBI Oy/1eM N300pazkKaTh BECh 3TOT OTPE30K. 3aBUCH-
MOCTb PABHOBECHSI OT HAYAJBLHOTO KOJIMYECTBA pecypca (B CHMMETpHY-
HOM CJIydae) MoKasaHa Ha puc. 12.

Samevarue 4.3. B caydae, KOria MHOXKECTBO paBHOBecuil mo Hamry — oT-
bl

pe30K, I/IFpOKI/I JOJIZKHBI 1O HavdaJla I/IprI ,H‘OFOBOpI/ITbCH, KaKO€ UMEHHO

paBHOBecue oHU BHIOEpyT. PaccmarpuBaemblit 0Tpe30K SIBJISIETCS B JdaH-

HOM CJIyYae «IMepPeroBOPHBIM MHOXKECTBOM».

4.3. Koomnepaliusg UTpokKOB NEPBOTO YPOBHSA

B ciaydae croBopa HTPOKOB MEPBOrO YPOBHS (B KOOMEPATHBHOM CJTy-
Yae) Mbl yKe WMeeM JIeJI0 He ¢ JIByMsl He3aBHCUMBIMU MIPOKAMHU TIep-
BOT'O YPOBHSI, & C OJTHAM HWT'POKOM, CTpaTerneit KOToOporo siBjsieTcsl mapa
(21, 22). Ero BBIMIDHINT CKIaJABIBAETCS W3 BRIUTPHITIEH 1-ro n 2-ro urpo-

koB. OH perraer CJeyonly0 ONTHMI3AMNOHHYIO 33/1a9Y:
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Pucynoxk 12. 3aBucumocTtb
Pucynok 11. OyHKIIMN BBIUTPHITIA
paBHOBecus mo Hamry ot
UT'POKOB MEPBOTO YPOBHS
KOJINYEeCTBa pecypca

coop coop)

u(x*", x5 = max u(x1,rs) = max (uy(x1, xe)+us(x1,x2)). (4.23)

z1,7220 x1,2220

Bamernm, 90 MakcuMyM B (4.23) He MOXKET JOCTUTAThCST HUZKE KPH-
Boit BD, T.K. HTPOKW MOTYT CMeCTHTh CBOW CTPATErnu BIOTh JUHUI
T1 — T9 = const 1o nuaun BD, yBemuuuBasa cBoit BHIATPHII. [Ipu Takom
COTJIACOBAHHOM YBETUYEHUN HAJOTOB OTKJIUK PAa3pabOTINKA U3MEHIThCS
He OyIeT, XOTs ero J0XOAbI OYIyT MaaaTh. SHAUNT, MAKCUMYM TOCTHTA-
ercs B obsractu BC'D.

Crporast BRITIYKJIOCTH BBepX (byHKInu u B objgactu BC'D ciuemxyer
u3 ycaosus (2.3) (em. paszzen 3). Iokaxewm, uro obsacrs BC'D Takxke
BuimykJ1a. Ha kpuBoii BD 3aBuCHMOCTD Ty = 7y(x1) 3aaeTCs ypaBHEHTEM
(4.8). TTokazkem, uTo KpuBag BD JIeKUT BBIIIE KACATETbHOI K Heil:

@ (05 ! (catm2)

oty Ph(er ! (crtan)) + (o (ertan) R

0r% (@1 (1" (crta1)))?

> 0.

zo=y(z1)
(4.24)
13 Bcero BhITIIECKA3aHHOTO CJIE/IyeT CYIIeCTBOBAaHNE W € IMHCTBEHHOCTh

permenns 3agaan (4.23). Tak xkak u; = 0 nmpu 7 = ©1(0) —¢1, a ug =0
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npn T = po(0) — ¢, MBI MOZKEM YUUTHIBATH TOJBKO OPDAHUYEHUE KPUBOIL
BD n nepedopmyinpoBaTh 3a1a4y:

— 2107 (1 + 1) — 29y *(¢2 + T2) — min, (4.25)
fl@1,m2) = @7 (er + 21) + @1 ' (e2 + 22) < wo.
BaHI/H_HeM H606XOLLI/IMbIe nu ﬂOCTaTO“IHbIe yCJIOBI/Iﬂ MI/IHI/IMyMa:
( \—x
—1 1
o1 (c1 +x1) + — =0,
! @ (1 (e +21))
AN—x
—1 2
Py (C2 + x2) + — =0,
S e ) (4.20
)\f(xl,a:Q) = 0,
\ A= 0.

[Tpu \ # 0 MuHEUMYM JOCTHTAETCSA HA BD 1 HAXOIUTCS U3 CJIETYIOTTHX
YCJIOBUIA:

(o1 (c1 4+ 21) @i (o7 (1 + 1)) + 31 =
= 5 (o + 2) (5 (2 + 2)) + @2,

I (A ! (i~ 0 ’
901(@11<Cl+x1)) 902(@21(02+5U2))
[ 22 = y(21).

Ecan xe cucrema (4.27) Hepaspernmima, To perenuem 3agaqdn (4.23)
oymer mapa perrennii (3.9) urper 1 X 1 111 mepBoro u BTOPOro pernoHoB.
B 31roM ciydae penienue 3a1a491u 0 KOOIEPALMU COBIIAJAET ¢ PABHOBECUEM
no Hamy. OueBniHo, 1pyu TaKuX yCJ0BHAX KOOLUEPALUA HE UIPAET POJIM.

5. Urpa N x 1

PacemorpuMm urpy, B KoTOpoit yaacTtByioT N > 2 UTPOKOB MEepPBOTO
VPOBHSI W OJMH UIPOK BTOPOTO ypoBHS (N JHIEpPOB W OJUH MOC]EI0-
BaTesib). ByjgeM cauTaTh, 9TO MIPOKH TIEPBOTO YPOBHSI CHMMETPUUHBI, I
OTPAHUIUMCS TIOUCKOM CHMMETPUYHOTO PETeHnst UTPhl. 3anurieM (pyHK-

IIMI0 BBIUTPHIIIA pa3pabOTINKA:

N

v(x,y) = > [wly:) = (¢ + z:)yil. (5.1)

i=1
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PaccMoTpum HEOOXOAUMBIE YCIOBHSL SKCTpeMyMa (ABJISIONIHeCs U 10~
CTaTOYHBIMU YCJIOBHSAMH MaKCHUMyMa BCJIEJCTBHE CHJIbHONI BBIITYKJIOCTU
BBepX (hYHKIUH v 1O y) BOJU3M CHMMETPHYHOTO paBHOBecusi o Harry.
[Ipejiii0J102kuM, 4TO BCe UI'POKU BbIOpaJIU CUMMeTPUYHbIE crparerun 9,

a OJIUH OTKJIOHMWJICA OT HEe€ Ha MaJIyIO BEJIMYUHY:
( .
— o) te+a—XN+XA=0, i=1,...,N—1,

—QO(Z/N)—FC—F.%N—)\N—F)\O:O,

)\ZyZ:O, izl,...,N,
(5.2)

N
Ao(z Yi — yo) =0,
i=1

\i>0, i=0,1,...,N.

\

Haiinem ontumaibHblil oTKIHK yP! B 3TOM caydae. PaceMoTpuMm Bee
BO3MOYKHBIE KOMOMHAIINHY HYJIEBBIX U HEeHYJIEBbIX Ko duimenTon Jlarpan-
xa A\;. Ecmm A\g = 0, ToO urpoku He BJHUSIOT JIpyr Ha Jpyra, ¥ HUrpa
pacmagaercd Ha N urp 1 X 1. HeoOGXomuMBbIM U JOCTATOYHBIM YCJIOBHEM
TAKOT'0 PACIOJIOKEHUS MAKCUMYMa sIBJISETCS BBITIOJTHEHHE CJIeIYIONero

HepaBEHCTBA! ”
- 1)y < =2, 5.3

o e+ a) < X0 (53)

Ecmun ke A\g # 0, 1o Bce \; = 0,i = 1,..., N B cuIy CUMMeTpUA

3a/[a49U U MaJIOCTU OTKJIOHeHus1 [N-T0 urpoka. B 3Tom ciydae moJrydaercs
cucreMa ypasHeHUN

X =¢y)—(c+x) >0, i=1,...,N—1,
Ao =@(yn) — (c+an) >0,

N
Z Yi = Yo,
1=1

13 KOTOPO# MOJIydaeTcst Claeayolee ypaBHeHe 1Jist Yy (YIuThIBas CHM-

(5.4)

MeTpHIO moBejieHns mepBbix N — 1 UIPOKOB):
’ (%) — (c+2) — plyn) + (c+an) =0 (5.5)

Ecym Bce urpoku kpome N-ro mpuaepKuBaloTcss paBHOBECHBIX 110 H3-
mry crparernii, 7o GyHKIusg BuMTphimia N-To Urpoka uy(X) = Tyyy
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nMeeT MaKCHMyM 110 Ty B paBHOBeCHOIl Touke. HaiilemM onTuMaJibHYIO
crpareruio N-ro Urpoka IpHu YCJIOBHHU, YTO OCTAJIbHbIE UTDOKU MPHUIEP-
KuBaroTcsd crpareruit . Pasuosecue no Hanry Mbl Haiijgem u3 ycjioBus
B = .

Ecau macumyMm uy (X) gocturaercst B 001aCTH, Te UTDOKH HE BJIHSIOT
JpYT Ha jpyra, To 2% 1 2 naxoxgarca 1o dopmyaaM paszena 3. Ecian
K€ MaKCUMYM AOCTUIACTCAd 1IPpU aKTUBHOM OI'PaAHUY€HUU, TO €I'0 MO2KHO

HallTu u3 CJIeAyIomero ycjaoBud:

duyn dyn TN
— =yYnt+tIn—— =Yy~n t - = 0. (5.6)
day day v (825) + ¢ (yw)
YaureiBag, 9T0 Yy = yﬁo npu x%’t = 2%, nonydaeM ypaBHEHHE
/(Yo
opt — peq _ _onO (N) 5.7
Ny = N1 (5.7)

Ecmm ke mMakcuMyMm jgocTuraercd Ha W3J0Me, TO, KaK MBI BHJETN B
pazzesie 4.2, paBuoBecue 1o Hsmry weeamncrBenHo. B cummMerpuaHOM
clydae 3Ty mpodJieMy JIerKO PeniuTh, BHIOpAB CUMMETPUIHYIO0 TOYKY

x“ = (p (%) —c,...,@(%) —0). (5.8)

Barmmem ypasuenust (5.5) u (5.7) pist mogesnbroit dynknum (1.2):

gRe™ N1 — (c+ 1) = gRe™ N — (c + zy),
xopt — p — QQRyoe_qyO/N (59)
N N—-1

OTrMmeruM caemytonmuii mapajgokc. B ciydae, Korjga paBHOBecHe IO
Hsmy mocturaercs mpu akKTHBHOM OTPAHHYEHHH, ONMTUMATbHBIH OTKINK
pa3paboTynKa He 3aBHCHT OT KOJHWYECTBA pecypca R mpu cuMMeTrpud-
HBIX Hajorax. MoykHo OblIO OBl OXKHIATH, 9TO W paBHOBecue 1Mo Hamry
He 3aBucuT or R. OZHAKO MBI BHIWM, 9TO 9TO He Tak. /les0 B TOM, 9TO
KOJIMIECTBO pecypca BIUsIeT HAa YCTOWUYMBOCTH CHMMETPHUYHOTO HabOpa
crpareruit X = (x,...,x) OTHOCUTEIHLHO MAJIBIX OTKJIOHEHUIT OJTHOTO UT-
POKa, TOCKOJIBKY TPU HECUMMETPUYHBIX HAJOTaX ONMTUMAIbHBIN OTKINK
paspaborunka 3aucut or R. Takum HesBHBIM oOpa3om R okasbiBaeT
BIANsIHUE Ha paBHOBecue 1o Hamry.
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O6cyuM Temnepb BJIHgHAE KOHKYDEHITUN HA BBIUTDBIIIHA UI'POKOB 000-
X ypoBHeil. PaccMOTpuM HeKHil perHoH ¢ KOJIM4ecBOM pecypca Ry u KO-
3 dunuenToM WIOTHOCTU pecypca ¢o. Pazjaenum ero na n dacreit. [1pn
TOM Ha KazKJylo 4actb Oyjer nupuxoaurbes R, = Ry/n pecypca. Uro-
Obl IJIOTHOCTH pecypca ¢, R, ObLIa OTMHAKOBON TPHU JTIOOBIX N, HYXKHO
dopmaIbHO TOJMOKUTL G, = gon. Torma

nly) = "2 (1 — )

¢ (y) = —ngi Roe ™.

Ucenemyem 3aBECEMOCTD OT M BBIUTPHITIIA UTPOKA BTOPOTO YPOBHS, a
TaKzKe CYMMapHOTO BBIUTPHITIIA UTPOKOB MEePBOT0 YpoBHA. Ecin paBHOBe-
cue o Hamry mocturaercs mpn nacCuBHOM OTPAHWYIEHUH, TO 3aBUCUMOCTH
OT T HeT, T.K. UTPOKH B ITOM CJIydae He OKA3bIBAIOT BJWSIHWS IPYT HA
apyra. [Tostomy cocpemorounmcest Ha ciiydae, KOrjia paBHoBecue 1o Hamy
JIOCTUTAETCS TP aKTUBHOM OTPAHWYEHUN Y. B 3TOM ciaydae

2 — 0
_ ngyRoyoe™ Y

x“(n 5.11
€CJTM BBHITIOJIHEHO
¢ +2°(n) < p(22) = goRoe™ ™. (5.12)
n
B sTOM ciiydae cyMMapHBIii BRIUTPHIIT Pa3pabOTINKOB PABEH
eq¥0 _ 2p o n op 2 1

U,=nz"—=q;Royge " ——=qsRoyge " [ 1+—— | . 5.13
(U n—1 do'*% n—1 (5.13)

B npegnesie npu n — 00 BRIUTPHINT Pa3pabOTINKOB MMAaIaeT 10 YPOBHS
Uso = g3 Royge 0%, (5.14)

Ha pwuc. 13 nokazana 3aBUCUMOCTh CYMMapPHOTO BBIUTPHITIA UTPOKOB
MePBOTO YPOBHsI OT Hajiora & (HECJOXKHO TIOKa3aTh, 9TO OHA OJWHAKOBASI
st Beex n). Ha rpaduke oTMedeHbl BBIUTPHINIA B TOYKAX PABHOBECHS
mo H»ammy, KoTopble BBIOMPAIOT UTPOKHM B YCJIOBUSAX KOHKYDEHITUU TMPH
pazmunbix n. Ha puc. 14 To e 1mMOKa3aHo I UTPOKA BTOPOT'O YPOBHSI.
Ero BBIMTPHINT ¢ pOCTOM N yBEJIMYUBAETCS JI0 MPEJIEJIHHOTO 3HAYCHUS

Uso = Ro(1 — €7%%) — (c + i Royoe ™% )yo. (5.15)
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1st level players payoff 2nd level players payoff
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BBIUT'DBIIT UTPOKOB HEPBOTO BBIUT'DBIIIT UTPOKA BTOPOI'O YPOBHS

YPOBHSI B TOYKE PABHOBECHS TIO B TOYKe paBHOBecus: o Hamy B
H»smy B 3aBucumoctn ot 3aBUCUMOCTH OT KOJTHIECTBA
KOJIMYECTBA UT'POKOB UTPOKOB

Sameuanue 5.1. 3amernm, 9TO CUTyaIus, KOT1a MPH MAaJEeHbBKUX 7, PaB-
HOBeECHE JOCTUTACTCA TPU MaCCUBHOM OI'paHUYEHUU, a MTPU 60.HBHII/IX n —
IPU AKTUBHOM, HEBO3MOKHA. DTO CIEYET U3 TOTO, 9TO B yeaosue (5.3),
KaK JIETKO MPOBEPUTH, HE BXOIUT 7.

6. 3akJro4dyeHue

B macrosieii pabore ucc/ie0BaHbl JIBYXYPOBHEBbIE KOH(MDJIUKTHDLIE
CUCTEMbl, BOSHHKAIONIUE B 3a/la9aX COBMECTHOII pa3pabOoTKU MPUPOTHBIX
pecypcoB. B aTux cucremax urpoku 1epBoro ypoBHsi yCTaHABJIUBAIOT LIPa-
BUJIA UI'PbI JIJI UT'POKOB BTOPOI'O YPOBHS. B 0iHOIIAIOBOM JIBYXCTYII€H-
9aroii urpe (Urpe BHYTPHU CE30HA) MEK/LYy HECKOJbKHMU BJIAJIETbIIAME Pe-
cypca U pa3pabOTUUKOM pellleHa 3aJa4da pacipejie/ieHus YCUJIni pa3pa-
OOTKH 10 PEruoHAM IIPU IIPOU3BOJILHBIX HAJIOTaX, UCCJIeJI0BAHBI BOIPOCHI
CYILEeCTBOBAHUS U €JIMHCTBEHHOCTU TOYKM paBHoBecus 1o Hamy. [Tokasza-
HO, YTO IIPU OIIPeJIeJIEHHbIX YCJIOBUAX TOYKa paBHoBecus 110 Haiy Oyjer
HEeJIMHCTBEHHA W IOJIYYEHO IMOJHOE ONHUCAHUE MHOXKECTBA TaKUX TOYEK.
[lorydeno anaauTUvIecKoe pelleHne Urpbl JJId caydas 2-X BJIaJIeTbIeB U
Juig N CUMMETPUYHBIX BJIaJIe/IbIEB. Bce paccykieHust mpoBeIeHbI JIst
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¢byHKIU BRIUTPHIIA U3 JTOBOJIBHO 00IIero Kiaacca. Kpome toro, mccie-
JoBaHbl 3(pdEKThI KOOMeparun BIaIeJbleB, a TaKyKe IOBeJIeHne Delle-
HUS [PU YBeJIWYeHHH YNCTIa He3aBUCUMBIX BiajenbleB. [lokazano, dro
yBeJIMYeHNe YHUCJ/Ia BJIaJIe/IbIEB HPUBOJUT K IIepepaclpe/le/IeHUi0 J10X0-
JIOB MEZKJly BJIQJICJIbIIAMU M Pa3paboTIMKOM (B 110Jb3y Pa3paboOTYnKa),
OJIHAKO Ha 00'beMe pPas3spabOTKH 3TO HEe CKA3bIBAaeTCH.

Paccmorpennast 3/1ech 3a/1a4a J101yckaeT psji 00001enuit. Bo-1iepsbix,
OOIBION MHTEPeC MPeJICTABIIAIOT 3319 C TPOU3BOJIBHBIM KOJTUIECTBOM
KaK BJIaJIeJIbIEB, TaK U pa3paboTunkos. [losHOe anamnTuaeckoe uccaemno-
BaHHUE TaKHUX 3ada4 qpeBBquaﬁHO I'pOMO3KO U IPAKTUYECKU HEBO3MOZK-
HO. [Ipu yucjieHHOM MOJIEJIMPOBAHUY CJIE/lyeT CHUTATHCS C TaKON 0COoOeH-
HOCTBIO 33Ja9l, KaK HeeJNHCTBEHHOCTHb paBHOBecus nmo Hamry. /Ipyrum
BaKHBIM 0DODIEHNEM 33/]a49U SBJISIETCS PACCMOTPEHHEe UTPBI B JMHAMHA-
Ke, OCOOEHHO MHTepecHOe I BO30OHOBIISIEMBIX MPUPOIHBIX DPECYPCOB.
L1t pelieHusi TaKUX 3a/1a4, B KOTOPbIX IIPOUCXOJAUT YACTUYHOE BOCCTA-
HOBJIEHUE PECypPCa B MEKCE30Hbe, IIPUMEHETCS MeTOoJl JIMHAMUYECKOI'O
nporpamMmupoBannsd. OTIeIbHBIN HHTEePeC IPeICTaBIdI0T 33a9l HAX0K-
JIeHUs CTAIMOHAPHBIX DEIIeHmuid.
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TWO LEVEL COMPETITIVE STRUCTURES IN
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Abstract: The paper studies effects of owner-developer interaction in
resources development. The resources are supposed to be allocated
between several proprietors and several companies are permitted to
develop them. Perhaps the most interesting example is marine fishery.
We study such game in the context of multinational management of
a transboundary marine fishery. It is well known that unconstrained
harvesting often leads to resource depletion. This effect is often called
"tragedy of commons". The situation becomes more complex when we
take into account competition between the resource proprietors. Such
interaction can be described as a game with players of two different
types: proprietors and developers, called first and second level players,
respectively. The first-level players establish rules (taxes on development
efforts) for the second-level players, who in their turn optimize their
strategies reasoning from these rules. Every developer receives a profit
from resource selling and returns a part of it to the owner as a tax.
The systems described here appear in management problems for energy
resources, mineral resources, biological resources, water resources, etc.

Keywords: optimal resource management, common natural resources,
tragedy of commons, two level games, Nash equilibrium, Stackelberg
game with multiple leaders, mathematical modeling.



