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îáà�å7à�é�ÞzÛ%é7Û&ä�â§ß�â§ü�à ã�èÆÞ�àtâ�ã ã�ä7à�å7ÞÝî	Û%é§â�à1ßÝÛ%è§â=õ å�î�æ	õ=æÆÚ�ÞÝî�é�à�î�ù¯õ èÆÞÝé=ñ
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îÝä:Û&å7à�ä�ø�÷�à�îvÚ�à ã�æÆÚ�ã+Û=ý��¢à���à�é§â�à�â§ô Ú§ù é7Û%ï=å7à�é�Þ�Û%é7Û&ä�â§ß�â§ü�à ã�è§â±å§ä�ç
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 "!�#"$&%�'(%&)�$£Ô+*�,.-�/0-0$&#","1&!�,�2�'(%&)�$32:Ô
#"4� "%&5�2�6�7"1&#"!8-04&$32.,	Á
6�!�1&%&!94&$&%&$&#�*�1&:�5�%;$&!�<=-0$&<
2.5�%£Ô8$32.,"1&#","!�<�%&!>4&#@?BA=CD-=Ô8%&)�$32@EF �2.GH!+6�7	Á
I !�$&)+2J<�#K5�1&#")�%&5�%96�%H*�!�$32.5�% 9
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� i�z�u�t.��tH�r�rt
� 2�4&#"<+6�!�*�1&%&!R*�!�<�'� "%06�!= "%�'J-0$&#","!�1&7� "!+/�1&%&�&!�<�GH#")�#(#"<�132���!�1&%�'D*�# I :tÁ

,�2.����%0/KGH#"5�432.1&%&�J<= �2�6>132.<= "#�6�7"GH#(,":�<�#"G&%&5�Ô��� "#�132`*>5�1&#")�%&5�%J,"%H*�2.5�%
4&$&%&$&#�*�1&:�/�$&!�<=-0$&<�#",y132.,"%&<+6�2@$&!
2�6�7"132�'�-0)�$&#.�`2�%&<��&!�$&432.1&%�' 9 ?B!
2`*�!�G7Á
,�2� "1&:��J-0�&!= �A�����!�G� "#",(<�#"4&!�$&1&%&�&!�<= ",�2�4&$&%&,"#�*�%� DGJG02� �2.<= "$&#"��%&�&!�<�G&%&5
4&#"<+6�!�*�<= ","%�'&5�,�A�GH#"1&#"5�%&GH!�%�A�GH#�6�#")�%&% 9�� #"A= "#"58-T,"#.�
1&%&G02.!= ;4&#. "$&! I Á
1&#"<= "7�,�$32��
,"%� "%&%�5�#�*�!+6�!��£Ô�4&#.�
,"#�63'&����%0/�%&<�<+6�!�*�#",�2� "7�4&$&#"�&!�<�<�<�#",	Á
5�!�<= "1&#"��$32��
$32 I #. "G&%�4&$&%&$&#�*�1&:�/p$&!�<=-0$&<�#", 9
� %&4&%&�&1&:�5�4&$&%&5�!�$&#"5F�`2`*�2`�&%T<�#","5�!�<= "1&#"�T$32��
$32 I #. "G&%�4&$&%&$&#�*�1&:�/

$&!�<=-0$&<�#",J'&,�63'&!= "<�'�4&$&#"5�:�C(6�!�1&1&:���6�#",K$&: I : 9�� G06�2.<�<�%&�&!�<�GH#"��4&#"<= �2áÁ
1&#","GH!��`2`*�2`�&%�1&!�<�GH#�6�7"GH#;1&!=�`2.,"%&<�%&5�:�/�$32��
$32 I #. "�&%&GH#",;,"!�*�-H  *�# I :���-
$&!�<=-0$&<
2�%���# I ��!�)�# I 2.<�<�!��&132 9.� $32.1&1&%0/D4�- I 6�%&G02.�&%�'0/D132�A= .-( "!�58-9¡]¢ 4 Ô 8�£¥¤
I :�6�2¦4&#"G02��`2.132T,�2�§¨132�'©#"<�# I !�1&1&#"<= "7� �2.G&%0/ª<�%&<= "!�5�È�4&$&%ª#. "<=-H "<= ","%&%
#")�$32.1&%&�&!�1&%&�«132;$32��
$32 I #. "G�-�,�1&!�GH#"#"4&!�$32� "%&,"1&#"5¬<+63-0�32.!y4&$&#"%&<P/�#�*�%� 
%&<��&!�$&432.1&%&!($&!�<=-0$&<
2D*�#�-0$&#","1�'£Ô�GH#")]*�2K!�)�#V$32��
$32 I #. "G02V<= �2.1&#","%� "<�'�A�GH#	Á
1&#"5�%&�&!�<�G&%T1&!��&!+6�!�<�#"# I $32��
1&#"� 9R� 2.1&)P6�#`'��
:��&1&#"�;6�%� "!�$32� .-0$&!�A= "#. yA���Á
��!�G� ¨4&#�63-0�&%06@132��
,�2.1&%&!

”
Ø Ì ÃÆÕ=À�:Ñ Ë.® Ó Ë Â¬Â Ë"¯ Ò “ 9

° <�#.�
132.1&%&!R "#")�#��(2.G� �2:Ô��� "# I !�<�GH#"1� "$&#�6�7"132�'�*�# I :��32�4&$&%&,"#�*�%� BGD%&<+Á
�&!�$&432.1&%&��$&!�<=-0$&<
2:ÔH4&$&%&,"!+6�#�GK<�#.�+*�2.1&%&��$32��=6�%&�&1&#")�#�$&#�*�2B$&!�)=-`63'� "#"$&#",
± #"$&)+2.1&%��`2.�&%&�£Ô²,><�#"<= �2.,9GH#. "#"$&:�/@,�/�#�*�'� ³G02.G@)�#"<=-
*�2.$&<= ",�2áÁ´,�6�2`*�!+6�7"�&:
$&!�<=-0$&<
2:Ôw �2.G %y)�#"<=-
*�2.$&<= ",�2áÁ´$32��
$32 I #. "�&%&G&% 9 ° 1&%y4&$&%��
,�2.1&:�-04&$32.,�63'� "7
4&$&#"�&!�<�<�#"5;$32��
$32 I #. "G&%94&$&%&$&#�*�1&:�/9$&!�<=-0$&<�#",��`2D<��&!= V,","!�*�!�1&%�'9$32��=6�%&�7Á
1&#")�#p$&#�*�2³#")�$32.1&%&�&!�1&%&� %yG&,"#. 9�2 2.G�4&#"G02��
:�,�2.!= �4&$32.G� "%&G02:Ôw1&!K,"<�!J%��
1&%0/p#"G02��
:�,�2.�� "<�'�A�����!�G� "%&,"1&:�5�% 9

2 $&#"5�!� "#")�#�Ô.,"#B5�1&#")�%0/V$&!�)�%&#"132�/ I :�6�%V,","!�*�!�1&:�A�GH<�G06����
%&,"1&:�!�A�GH#	Á
1&#"5�%&�&!�<�G&%&!(�
#"1&: Ô0*�# I :��32K$&!�<=-0$&<
2J,JGH#. "#"$&:�/p5�#")P6�2K,"!�<= "%&<�7J "#�6�7"GH#¨<
$32��
$&!=C�!�1&%�'³)�#"<=-
*�2.$&<= ",�2 ± ,�6�2`*�!+6�7"�32DA�GH<�G06����
%&,"1&#")�#K4&$32.,�2D132D$32��
$32áÁI #. "G�-T¡]¢ 6á4�£¥¤+9²� 6�2`*�!+6�7"�&:µA= "#")�#p4&$32.,�29<= �2�6�%@*�#"4�-"<�G02� "79*�$�-0)�%0/�-0�32.<= 	Á
1&%&GH#",�$&:�1&G02pG $32��
$32 I #. "GH!J$&!�<=-0$&<
2:Ôr,.�
%&5�2�'y<J1&%0/y#"4&$&!�*�!+6�!�1&1&:���132áÁ
6�#") 9�� 2.GH#"!p-"<= "$&#"�&<= ","#�<�%&<= "!�5�:·¶�,�6�2`*�!+6�7"�&:tÁ´$32��
$32 I #. "�&%&G&%�$&!�<=-0$&<
2�¸
4&#. "$&! I #",�2�6�#J<�#.�+*�2.1&%�'p1&#",":�/³5�2� "!�5�2� "%&�&!�<�G&%0/�5�#�*�!+6�!���¡]¢ 6=6�£¥¤+9
� #�*�2.,�63'&����!�! I #�6�7.C�%&1&<= ","#¨%&<�<+6�!�*�#",�2.1&%&�@,JA= "#"��# I 6�2.<= "% I 2��
%&$�-§Á

�� "<�'¦132y�&%&<+6�!�1&1&#"5m5�#�*�!+6�%&$&#",�2.1&%&% 9R� A= "#"�T<�,.'��
%T<= "#"%� �-04&#"58'&1�-H "7
$32 I #. ":¹¢ 6á@�£ %@¢ g�£ ÔH,�GH#. "#"$&:�/>$32.<�<�5�#. "$&!�1&:��`2`*�2`�&%>$32��
$32 I #. "G&%94&$&%&$&#�*ÖÁ
1&:�/©$&!�<=-0$&<�#",T4&$&%©1&!�#"4&$&!�*�!+6�!�1&1&#"<= "%�¡º,;-"<+6�#","%�'0/©1&!�4&$&!�*�<�G02���-"!�5�:�/
G06�%&5�2� "%&�&!�<�G&%0/�%��
5�!�1&!�1&%&� ¤ Ô�2y �2.G�§V!�4&$&%¦132�6�%&�&%&%¦-�%&)�$&#"GH#",�2.<�%&5�Á
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5�!= "$&%&�&1&#"��%&1&��#"$&5�2.�&%&% 9
2 #"1&G�-0$&!�1&�&%�';5�!=§V*�-�$32��
$32 I #. "�&%&G02.5�%��`2`�32.<= .-0�Ä4&$&%&,"#�*�%� yG�<�1&%7Á

§V!�1&%&�;A�����!�G� "%&,"1&#"<= "%D$32��
$32 I #. "G&% 9 ° *�132.GH#Å<�%� .-�2.�&%�'D<�!�$&7"!=�
1&#�#"<+6�#`§±Á
1�'&!= "<�'³,�<+63-0�32.!ÆÔ&GH#")]*�2�,�6�2`*�!+6�7"�&:�$&!�<=-0$&<
2D �2.G�§V!�'&,�63'&�� "<�'p2.G� "%&,"1&:tÁ
5�%³-0�32.<= "1&%&G02.5�%�<�# I :� "%&� 9
� 2.G02�' <�%� .-�2.�&%�'�5�#`§V!= I :� "7�#"4&%&<
2.132�G02.G�*�,.-�/0-0$&#","1&!�,�2�'�%&)�$32:Ôb,

GH#. "#"$&#"�94&$&%&1&%&5�2.�� D-0�32.<= "%&!B%&)�$&#"G&%K*�,.-�/¨4&$&%&1&�&%&4&%32�6�7"1&#�$32��
1&:�/¨ "%7Á
4&#", 9�Æ )�$&#"G&%(4&!�$&,"#")�#�-0$&#","1�'>¡º,�6�2`*�!+6�7"�&:�$&!�<=-0$&<
2 ¤ -"<= �2.132.,�6�%&,�2.�� B4&$32áÁ
,"%06�2Å%&)�$&:�*363'(%&)�$&#"GH#",�,. "#"$&#")�#Å-0$&#","1�'>¡º$32��
$32 I #. "�&%&GH#", ¤+9�� $&%(A= "#"5�%&)+Á
$&#"G&%�4&!�$&,"#")�#p-0$&#","1�' <
2.5�% 132�/�#�*�'� "<�'�,�GH#"1&��6�%&G� "1&#"��<�%� .-�2.�&%&% 9ò0 #	Á
/�#�*�:Ç,"<�!+/T%&)�$&#"GH#",�Ô�G02.G¦4&!�$&,"#")�#�Ô� �2.G�%¦,. "#"$&#")�#�-0$&#","1�'£Ô��`2.,"%&<�'� �#. 
<= "$32� "!�)�%&�@%&)�$&#"GH#",J# I #"%0/>-0$&#","1&!�� 9
� $&!�*�4&#�6�2.)+2.!= "<�'£Ô��� "#�%&)�$&#"G&%T4&!�$&,"#")�# ,�6�2`*�!��� �<�#","!�$�C�!�1&1&#�#�*�1&#	Á

$&#�*�1&:�5�$&!�<=-0$&<�#"5�ÔH%K$32��
$32 I #. "�&%&G�- I !=�
$32��=6�%&�&1&#�Ô�-�GH#")�#(%���1&%0/KG�-04&%� "7
4&$32.,"#V132�*�# I :���- 9 ° *�132.GH#�-"<+6�#","%�'³$32��
$32 I #. "G&%³,�$32��=6�%&�&1&:�/³$&!�)�%&#"132�/
¡º<�#"#. ","!= "<= ",.-0����%0/ª$32��=6�%&�&1&:�5È%&)�$&#"G02.5È4&!�$&,"#")�#;-0$&#","1�' ¤ $32��=6�%&�&1&: Ô
2�<+6�!�*�#",�2� "!+6�7"1&#�Ô8$32��=6�%&�&1&:É% �`2� "$32� ":�1329*�# I :���- !�*�%&1&%&�&:�$&!�<=-0$&<
2 92 $&#"5�!� "#")�#�Ô�A= "%�$&!�)�%&#"1&:Ç#. 
6�%&�32.�� "<�'T*�$�-0)@#. �*�$�-0)+2�132�6�#")+2.5�%£Ô�GH#	Á
 "#"$&:�!�-"<= �2.132.,�6�%&,�2.�� p,�6�2`*�!+6�7"�&: 9 ° I :��&1&#>132�6�#")�%@4&$&#"4&#"$&�&%&#"132�6�7"1&:
-"<�%06�%�'&5�4&#�$32��
$32 I #. "GH!B¡º,�4&$&%&5�!�$&!�<�6�#","#"5�$&: I : ± GH#�6�%&�&!�<= ",.-�<=-
*�#", ¤+9Ê  "%@132�6�#")�%�%�'&,�63'&�� "<�'@<= "$32� "!�)�%�'&5�%�%&)�$&#"GH#",>4&!�$&,"#")�#¨-0$&#","1�' 9²Ë  "$32áÁ
 "!�)�%�'&5�% %&)�$&#"GH#",9,. "#"$&#")�#9-0$&#","1�'@'&,�63'&!= "<�'�$32.<�4&$&!�*�!+6�!�1&%&!J%0/�-"<�%06�%&�
4&#³$32��
$32 I #. "GH!K5�!=§V*�-�$32��=6�%&�&1&:�5�% $&!�)�%&#"132.5�% 9rË  �2.$32�'&<�7p4&$&%&,�6�!��&7³G
<�! I !@$32��
$32 I #. "�&%&GH#",�Ô�,�6�2`*�!+6�7"�&:Ç5�#")=-H ;<�1&%�§K2� "7�132�6�#")�%£Ô� "!�5É<
2.5�:�5
-05�!�1&7.CV2�' <�,"#"��<=-05�5�2.$&1&:��@*�#
/�#�*;%�4&$&#","#"�&%&$�-.'y132.$32���%&,�2.1&%&!�*�# I :tÁ
�&%p$&!�<=-0$&<
2 9
� # I ��!�5�<+63-0�32.!y,�%&)�$&!�-0�32.<= ",.-0�� N ,�6�2`*�!+6�7"�&!�,�$&!�<=-0$&<
2�% M$32��
$32 I #. "�&%&GH#", 9�Æ )�$32K$32��
:�)�$&:�,�2.!= "<�'�,�*�,�2VA= �2.432 9�Ì !=C�!�1&%&!�5�%&)�$&:©132

,. "#"$&#"5@-0$&#","1&!�'&,�63'&!= "<�'V$32.,"1&#","!�<�%&!�4&#B?BA=CD-D5�!=§V*�-D$32��
$32 I #. "�&%&G02.5�%£Ô
432.$32.5�!= "$&%&�&!�<�G&%D�`2.,"%&<�'���!�!R#. Å<= "$32� "!�)�%&��%&)�$&#"GH#",Å4&!�$&,"#")�#�-0$&#","1�' ± 132áÁ
6�#")�#", 9 � 132�'KA= .-K�`2.,"%&<�%&5�#"<= "7�ÔH%&)�$&#"G&%J4&!�$&,"#")�#(-0$&#","1�'V �2.G�§V!�4&$&%0/�#�*�'� 
GJ$32.,"1&#","!�<�%&��4&#(?BA=CD- 90� $32 I #. "!(¢ 6�<�£ 4&$&#","!�*�!�1&#�2.132�6�%� "%&�&!�<�GH#"!�%&<�<+6�!+Á
*�#",�2.1&%&!¨%&)�$&: 1 × 2 Ôw,pGH#. "#"$&#"� -0�32.<= ",.-0�� �*�,�2p$32��
$32 I #. "�&%&G02�% #�*�%&1,�6�2`*�!+6�!���¡º%&)�$32pEF �2.GH!+6�7 I !�$&)+2�<K#�*�1&%&5�6�%H*�!�$&#"5©%�*�,.-058'y4&#"<+6�!�*�#",�2áÁ
 "!+63'&5�% ¤+9�� 132.<= "#`'���!��«$32 I #. "!y%���-0�32.�� "<�'«A�����!�G� ": Ô�# I -"<+6�#",�6�!�1&1&:�!
GH#"1&G�-0$&!�1&�&%&!��y5�!=§V*�-p,�6�2`*�!+6�7"�32.5�%@$&!�<=-0$&<
2:Ô�4&#"A= "#"58-�$32.<�<�5�2� "$&%&,�2.!= 	Á
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<�'¨<+63-0�32.�>#�*�1&#")�#D$32��
$32 I #. "�&%&G02D%¨5�1&#")�%0/J,�6�2`*�!+6�7"�&!�,9¡º%&)�$32DEF �2.GH!+6�7	Á
I !�$&)+2J<�#K5�1&#")�%&5�%96�%H*�!�$32.5�%�%p#�*�1&%&5T4&#"<+6�!�*�#",�2� "!+6�!�5 ¤+9
� <�!�$32.<�<=-H§V*�!�1&%�'�,�132.<= "#`'���!���$32 I #. "!�4&$&#","#�*�'� "<�'T*363'¦�B-01&G&�&%&�

,":�%&)�$&:�CV2�# I ��!�)�#Å,"%H*�2 9 ° 1&%�*�#�63§¨1&:@-
*�#",�6�!= ","#"$�'� "7�1&!�GH#. "#"$&:�5�,"4&#�6�1&!
!�<= "!�<= ","!�1&1&:�5�-"<+6�#","%�'&5�Ô�GH#. "#"$&:�!D4&#�63-0�32.�� "<�'£Ô�%&<P/�#�*�'@%��D<+6�!�*�-0����%0/
<�#"# I $32�§V!�1&%&� 9
Í 2.$32.G� "!�$&1&#"�(#"<�# I !�1&1&#"<= "7"��$32.<�<�5�2� "$&%&,�2.!�5�:�/��`2`*�2`��'&,	Á
63'&!= "<�'��`2.,"%&<�%&5�#"<= "7�-
*�!+6�7"1&:�/y�`2� "$32� �132>*�# I :���-y$&!�<=-0$&<
2�#. �GH#�6�%&�&!+Á
<= ",�2¨#"<= �2.,.C�!�)�#"<�'@$&!�<=-0$&<
2 9�Æ 1� "!�1&<�%&,"1&#"<= "7J*�# I :��&%�,¨G02�§V*�#"5T$&!�)�%&#"1&!
4&$&#"4&#"$&�&%&#"132�6�7"132BGH#�6�%&�&!�<= ",.-V#"<= �2.,.C�!�)�#"<�'J$&!�<=-0$&<
2 R(t) Ô"2� �2.G�§V!�4&$&%7Á6�#`§V!�1&1&:�5T-"<�%06�%�'&5 E ¡]¢ Ã�£¥¤+9

dR(t)

dt
= −qER(t), ¡ 6=9B6�¤

)]*�! q = const > 0 ± GH#"A�����%&�&%&!�1� @4&$&#"4&#"$&�&%&#"132�6�7"1&#"<= "%£Ôr#"4&$&!�*�!+63'&��Á
��%&��A�����!�G� "%&,"1&#"<= "7V*�# I :��&%p,JG02�§V*�#"5�$&!�)�%&#"1&! 9
� $&!�*�4&#�6�#`§¨%&5�Ô&�� "#¨,"$&!�58'¨*�# I :��&%p$&!�<=-0$&<
2J$32.,"1&# T 93� -"<= "7 R(0) =

R0
9&� #")]*�2:Ô&<�-0�&!= "#"5ª¡ 6=9B6�¤ ÔH*�#
/�#�* ω $32��
$32 I #. "�&%&G02K#. J4&$&#�*�2�§¨%³$&!�<=-0$&<
2,J�`2.,"%&<�%&5�#"<= "%@#. ¨4&$&%06�#`§V!�1&1&:�/�-"<�%06�%&�@!�<= "79$32��
1&%&�32J5�!=§V*�-pGH#�6�%&�&!+Á

<= ","#"5 $&!�<=-0$&<
2(132�132`�32�6�#�%JGH#"1&!��J<�!=�
#"132¨¡º4&$&!�*�4&#�6�2.)+2.!= "<�'£Ô0�� "#(�&!�132�132
$&!�<=-0$&<D1&!�%��
5�!�1�'&!= "<�'�,V "!��&!�1&%&!D,"<�!�)�#J<�!=�
#"132 ¤+9

ω(E) = R0(1 − e−qTE). ¡ 6=9 @"¤
� :�%&)�$&:�Cm$32��
$32 I #. "�&%&G02�<�G06�2`*�:�,�2.!= "<�'³%��Å*�#
/�#�*�#",V#. �4&$&#�*�2�§¨%¨$&!+Á

<=-0$&<
2:Ôb*�# I :� "#")�#y,y$32��=6�%&�&1&:�/�$&!�)�%&#"132�/¢Ô��`2�,":��&!= "#"5�132�6�#")�#",":�/;,":tÁ
406�2� áÔ�2� �2.G�§V!�%��+*�!�$�§V!�G³*�# I :��&% 9
� $32��+*�!+6�! < $32.<�<�5�#. "$&!�132@4&$&#"<= "!���CV2�'�%&)�$32:Ôb,�GH#. "#"$&#"��-0�32.<= ",.-"!= 

4&#J#�*�1&#"58->%&)�$&#"G�-³132VG02�§V*�#"5;-0$&#","1&! 9�� $32��+*�!+6�!(ÎK$32.<�<�5�#. "$&!�132J%&)�$32:Ô
,�GH#. "#"$&#"��-0�32.<= ",.-0�� �*�,�2@,�6�2`*�!+6�7"�32@$&!�<=-0$&<
2 9�/ §V!9,@ �2.GH#"�T4&$&#"<= "#"�
GH#"1&��%&)=-0$32.�&%&%T4&$&#`'&,�63'&�� "<�'T%&1� "!�$&!�<�1&:�!�#"<�# I !�1&1&#"<= "%�$32.<�<�5�2� "$&%&,�2.!+Á
5�:�/�<�%&<= "!�5�Ô~132.4&$&%&5�!�$£Ô²1&!�!�*�%&1&<= ","!�1&1&#"<= "7�$32.,"1&#","!�<�%�'@4&#p?BA=CD-�,9%&)+Á
$&!³132@4&!�$&,"#"5¹-0$&#","1&! 9�� $32��+*�!+6�! 4 $32.<�<�5�#. "$&!�132y<�%&5�5�!= "$&%&�&132�'T%&)�$32
<@4&$&#"%��
,"#�6�7"1&:�5É�&%&<+6�#"5É%&)�$&#"GH#",;4&!�$&,"#")�#�-0$&#","1�'£Ô�%���-0�&!�1&#�,�6�%�'&1&%&!
GH#"1&G�-0$&!�1&�&%&%;¡ºGH#�6�%&�&!�<= ",�2J%&)�$&#"GH#", ¤ 132K$&!=C�!�1&%&!(%&)�$&: 9
� #�*�# I 1&:�!9*�,.-�/0-0$&#","1&!�,":�!@%&)�$&:Ä5�#")=-H �,"#.�
1&%&G02� "7�, �`2`*�2`�32�/T$32��&Á

$32 I #. "G&%�$32��=6�%&�&1&:�/ I %&#�6�#")�%&�&!�<�G&%0/�$&!�<=-0$&<�#",�Ô�,"#�*�1&:�/�$&!�<=-0$&<�#",©¡º132áÁ
4&$&%&5�!�$£Ôb2.$� "!=�
%32.1&<�G&%0/�,"#�* ¤ Ô�6�!�<�1&:�/�$&!�<=-0$&<�#",�Ôw,p<�!+6�7"<�GH#"5©/�#.��'&�&<= ","!ÆÔ
2V �2.G�§V!�,D*�$�-0)�%0/p�`2`*�2`�32�/ 9



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ @Æ8

Ï i�xpo�Á"ÀHÐ&�ro�u�¾²Ð@ÑHÐH��ÐHÒr�
Ó :¦��#"$&5�2�6�%���-"!�5��`2`*�2`��-J%&)�$&#"� GN×1 ={N,Xi, Y, ui, v; i=1, . . . , N} Ô)]*�! N ± 5�1&#`§V!�<= ","#�%&)�$&#"GH#",�4&!�$&,"#")�#(-0$&#","1�'£Ô Xi

± 5�1&#`§V!�<= ",�2D%0/¨<= "$32áÁ
 "!�)�%&�£Ô Y ± 5�1&#`§V!�<= ","#�<= "$32� "!�)�%&�V%&)�$&#"G02Å,. "#"$&#")�#Å-0$&#","1�'£Ô ui

% v ± �B-01&G7Á�&%&%³,":�%&)�$&:�CV2K%&)�$&#"GH#",K4&!�$&,"#")�#�-0$&#","1�'³%9%&)�$&#"G02V,. "#"$&#")�#�-0$&#","1�'£Ô&<�#	Á
#. ","!= "<= ","!�1&1&# 9
� !�G� "#"$�Ô ∈ X1 × . . .×XN

%&1� "!�$&4&$&!= "%&$�-"!= "<�'�G02.G�,"!�G� "#"$�132�6�#")�#",�Ô
2�,"!�G� "#"$�Õ ∈ Y #"4&$&!�*�!+63'&!= �$32.<�4&$&!�*�!+6�!�1&%&!y-"<�%06�%&��%&)�$&#"G02�,. "#"$&#")�#
-0$&#","1�'p4&#J$32��
$32 I #. "GH!($&!�<=-0$&<
2J5�!=§V*�-9$32��=6�%&�&1&:�5�%�$&!�)�%&#"132.5�% 9�� $&!�*ÖÁ
4&#�6�2.)+2.!= "<�'£Ôw�� "# yi > 0 Ô i = 1, . . . , N % N

∑

i=1

yi 6 y0
9~� #"<+6�!�*�1&!�!V-"<+6�#","%&!

,":�$32�§K2.!= p "#. ��(2.G� áÔw�� "#�$32��
$32 I #. "�&%&G�#")�$32.1&%&�&!�1 ,�<�,"#"%0/y,"#.�
5�#`§¨1&#	Á
<= `'0/�¡º132.4&$&%&5�!�$£Ô3%&5�!�!= ¨#")�$32.1&%&�&!�1&1&:�����6�#. ¤+9
Ö -01&G&�&%�'�,":�%&)�$&:�CV2J$32��
$32 I #. "�&%&G02 v( Ô , Õ ) ,K<+63-0�32.! N ,�6�2`*�!+6�7"�&!�,

$&!�<=-0$&<
2¨%&5�!�!= ¨<+6�!�*�-0����%&��,"%H*�È

v( Ô , Õ ) =
N

∑

i=1

ωi(yi) − (ci + xi)yi,
¡ @79B6�¤

)]*�! ωi(yi)
#. "$32�§K2.�� ³*�#
/�#�*�#. �$32��
$32 I #. "G&% $&!�<=-0$&<
2�, i Á´#"5©$&!�)�%&#"1&!ÆÔ ci± GH#"1&<= �2.1� ": Ô0/H2.$32.G� "!�$&%���-0����%&!(!�<= "!�<= ","!�1&1&:�!��`2� "$32� ":�132($32��
$32 I #. "G�-

$&!�<=-0$&<
29, i Á´#"5¦$&!�)�%&#"1&!ÆÔ²2 xiyi
± 132�6�#")�#",":�!�,":�406�2� ": 9£> -
*�!�5�<��&%� �2� "7�Ô

�� "#9�B-01&G&�&%&% ωi(y)
-
*�#",�6�!= ","#"$�'&�� ³<+6�!�*�-0����%&5�,"4&#�6�1&!D!�<= "!�<= ","!�1&1&:�5

-"<+6�#","%�'&5

ωi(0) = 0,

ϕi(y) = ω′

i(y) > 0,

ϕ′

i(y) = ω′′

i (y) < 0.

¡ @79 @"¤

/ <+6�#","%�'«¡ @79 @"¤ #.�
132`�32.�� áÔR�� "#@*�#
/�#�*�#.  $32��
$32 I #. "G&%T,yG02�§V*�#"5�$&!+Á
)�%&#"1&!@5�#"1&#. "#"1&1&#�,"#.�
$32.<= �2.!= �<@$&#"<= "#"5m�`2� "$32`�&!�1&1&:�/�-"<�%06�%&�£Ô�#�*�132.GH#
A�����!�G� "%&,"1&#"<= "7³$32��
$32 I #. "G&%@432`*�2.!= ><(-0,"!+6�%&�&!�1&%&!�5�!�!D%&1� "!�1&<�%&,"1&#"<= "% 9
Ê  "#¨# I -"<+6�#",�6�!�1&#J%&<��&!�$&432.1&%&!�5�$&!�<=-0$&<
2 9

2 $&#"5�!� "#")�#�Ô�4&#�*��&%&1&%&5T�B-01&G&�&%&� ϕ 132K#. "$&!=�
GH! [0, y0]
-"<+6�#","%&�

2[ϕ′(y)]2 > ϕ(y)ϕ′′(y), ϕ′′(y) > 0. ¡ @79 <�¤



<"× hjilkmi8npo�qro3sbtHuwv�xyilz>i8{�o3sr|~}��ro�u

� %&4&%&�&1&:�5©4&$&%&5�!�$&#"5«�B-01&G&�&%&% ωi(y)
'&,�63'&!= "<�'y�`2.,"%&<�%&5�#"<= "7�¡ 6=9 @"¤ Ô

$32.<�<�5�#. "$&!�1&132�'@,"#¨,","!�*�!�1&%&% 9�Ø !�)�GH#¨- I !�*�%� "7"<�'�,J "#"5�Ô��� "#>#"132K-
*�#",�6�!+Á
 ","#"$�'&!= ¨-"<+6�#","%�'&5�%�¡ @79 @"¤ %�¡ @79 <�¤+9
Ó 1&#`§V!�<= ","#¨<= "$32� "!�)�%&��%&)�$&#"G02J,. "#"$&#")�#K-0$&#","1�' ± 5�1&#`§V!�<= ","#¨,"!�G� "#	Á

$&#",KÕ ∈ R
n : yi > 0,

N
∑

i=1

yi 6 y0
9�Ó 1&#`§V!�<= ",�2K<= "$32� "!�)�%&�@%&)�$&#"GH#",J4&!�$&,"#")�#

-0$&#","1�' Xi
± 63-0�&% xi > 0

9
� :�%&)�$&:�C�%�%&)�$&#"GH#", 4&!�$&,"#")�# -0$&#","1�' ± 132�6�#")�#",":�!p,":�406�2� ": Ô�4&$&#	Á

4&#"$&�&%&#"132�6�7"1&:�!�-"<�%06�%�'&5¦4&#D*�# I :��&!($&!�<=-0$&<
2:È

ui(
Ô ) = xiỹi(

Ô ), i = 1, . . . , N. ¡ @79 Î ¤
Ì 2.<�<�5�2� "$&%&,�2.!�5�2�'�%&)�$32 ± %&)�$32;EF �2.GH!+6�7 I !�$&)+2:Ô�,�GH#. "#"$&#"��%&)�$&#"G&%

4&!�$&,"#")�#�-0$&#","1�'T'&,�63'&�� "<�'T6�%H*�!�$32.5�%£Ô�2 $32��
$32 I #. "�&%&G ± 4&#"<+6�!�*�#",�2� "!+Á
6�!�5 9²� $&%@��%&GH<�%&$&#",�2.1&1&:�/@132�6�#")+2�/�#"1@$&!=CV2.!= ³<+6�!�*�-0���D-0�Ù#"4� "%&5�%��`2áÁ
�&%&#"1&1�-0�¹�`2`*�2`��-"È

v( Ô , ˜Õ ( Ô )) = maxÚ
∈Y

v( Ô , Õ ). ¡ @79 4"¤
� 132�'�#"4&%&5�2�6�7"1&:��¦#. "G06�%&G¦%&)�$&#"G02 ,. "#"$&#")�#y-0$&#","1�' ˜Õ ( Ô ) Ô�G02�§V*�:��%&)�$&#"G¦4&!�$&,"#")�# -0$&#","1�'T#"4� "%&5�%��
%&$�-"!= �<�,"#"�¦,":�%&)�$&:�C 9 ° 4� "%&5�2�6�7"1&:�5

132 I #"$&#"5¦<= "$32� "!�)�%&��,¨ �2.GH#"��<�%� .-�2.�&%&%�# I :��&1&#¨<��&%� �2.�� ³$32.,"1&#","!�<�%&!D4&#
?BA=CD-"È

ui(
Ô eq) = max

xi>0
ui(
Ô eq|xi), i = 1, . . . , N, ¡ @79 g�¤

)]*�!ÅÔ eq|xi
# I #.�
132`�32.!= D,"!�G� "#"$KÔ eq Ô�,(GH#. "#"$&#"5 i ÁÛ'K<= "$32� "!�)�%�'>�`2.5�!�1&!�132�132

xi

9
Ü i�ÝpÞ.qrÐ

1 × 1

Ì 2.<�<�5�#. "$&%&5�4&$&#"<= "!���C�%&�¦<+63-0�32.�£Ô�GH#")]*�2�132�G02�§V*�#"5¹-0$&#","1&!9132�/�#	Á
*�%� "<�'¨4&#�#�*�1&#"58-V%&)�$&#"G�-p¡¥ 9 ! 9 N = 1

¤+9H� A= "#"5 <+63-0�32.!Å,�%&)�$&!Å-0�32.<= ",.-0�� 
#�*�%&196�%H*�!�$�%p#�*�%&1p4&#"<+6�!�*�#",�2� "!+6�7 9
Æ )�$&#"G�,. "#"$&#")�#9-0$&#","1�'y5�2.GH<�%&5�%��
%&$�-"!= �<�,"#"�m�B-01&G&�&%&�É,":�%&)�$&:�CV2

v(x, y) 4&$&%>G02�§V*�#"5���%&GH<�%&$&#",�2.1&1&#"5 x ÔH�`2`*�2.,�2�'¨�B-01&G&�&%&� ỹ(x) ± #"4� "%7Á5�2�6�7"1&:��D#. "G06�%&G�132�<= "$32� "!�)�%&�¦%&)�$&#"G02�4&!�$&,"#")�#�-0$&#","1�' 9 � 132�' ỹ(x) Ô�,�6�2áÁ*�!+6�!���$&!�<=-0$&<
2�5�2.GH<�%&5�%��
%&$�-"!= �<�,"#"���B-01&G&�&%&�ß,":�%&)�$&:�CV2 u(x, ỹ(x)) 9
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° 4� "%&5�2�6�7"1&:�!�<= "$32� "!�)�%&%p%&)�$&#"GH#",V'&,�63'&�� "<�'9$&!=C�!�1&%&!�5T<+6�!�*�-0����!��p�`2áÁ
*�2`�&%£È







v(x, ỹ(x)) = max
06y6y0

v(x, y),

u(xopt, ỹ(xopt)) = max
x>0

u(x, ỹ(x)).

¡ <:9B6�¤

?�2.�H*�!�5 ỹ(x) 9�0 63'9A= "#")�#K132`*�#V5�2.GH<�%&5�%��
%&$&#",�2� "7 v(x, y) 4&# y 132�#. 	Á$&!=�
GH! [0, y0]
9�0 63'�-
*�# I <= ",�2�5�: I -
*�!�5�%&<�G02� "7y1&!³5�2.GH<�%&58-05 v(x, y) Ô�25�%&1&%&58-05 −v(x, y)

9
� 2.4&%�C�!�5;1&!�# I /�#�*�%&5�:�!�-"<+6�#","%�'>A�GH<= "$&!�58-05�2p¡¥-"<+6�#","%�' 2 -0132áÁ � 2.G&GH!�$32 ¤ È































−
∂v

∂y
+ µ1 − µ2 = 0,

µ1(y − y0) = 0,

µ2y = 0,

µ1 > 0, µ2 > 0.

¡ <:9 @"¤

� 2.G¨G02.G ∂2(−v)
∂y2 = −ϕ′(y) > 0 ÔH�B-01&G&�&%�' −v(x, y) <= "$&#")�#V,":�4�-0G06�2�4&#

y 132Å#. "$&!=�
GH! [0, y0]
Ô`%(1&!�# I /�#�*�%&5�:�!R-"<+6�#","%�'DA�GH<= "$&!�58-05�2�4&$&!�,"$32��V2.�� "<�'

,�*�#"<= �2� "#"�&1&:�!D-"<+6�#","%�'�)P6�# I 2�6�7"1&#")�#¨5�2.GH<�%&58-05�2J�B-01&G&�&%&% v 132 [0, y0]
Ô

4&$&%&�&!�5T "#"�&G02K5�2.GH<�%&58-05�2J!�*�%&1&<= ","!�1&132 92 2.Gy,"%H*�1&#�%��¨<�%&<= "!�5�:�¡ <:9 @"¤ Ô�*�#"<= �2� "#"�&1&:�5ª-"<+6�#","%&!�5�*�#"<= "%�§V!�1&%�'
5�2.GH<�%&58-05�2D132�)�$32.1&%&�&!Å'&,�63'&!= "<�'>4&#�6�#`§¨%� "!+6�7"1&#"<= "7D<�#"#. ","!= "<= ",.-0����!�)�#
5�1&#`§¨%� "!+63' Ø 2.)�$32.1�§K2 9"Ì !=CV2�'K<�%&<= "!�58-�¡ <:9 @"¤ 4&$&% µ1 > 0 Ô µ2 = 0 Ô y = y0% 4&$&% µ1 = 0 Ô µ2 > 0 Ô y = 0 Ô~4&#�63-0�32.!�5�*�#"<= �2� "#"�&1&:�!¨-"<+6�#","%�'�*�#"<= "%7Á§V!�1&%�'�5�2.GH<�%&58-05�2�132@)�$32.1&%&�&! 9R� #�,"1�-H "$&!�1&1&%0/� "#"�&G02�/«¡º4&$&% µi = 0

¤
<�%&<= "!�5�29<�,"#�*�%� "<�'�G@#�*�1&#"58-p-0$32.,"1&!�1&%&� 9�� 2.G&%&5�# I $32��
#"5�Ô�$&!=C�!�1&%&!V<�%7Á
<= "!�5�:É¡ <:9 @"¤ 132V#. "$&!=�
GH! [0, y0]

!�<= "7¨�B-01&G&�&%�'

ỹ(x) =















y0,
!�<+6�% x 6 ϕ(y0) − c Ô

ϕ−1(c+ x), !�<+6�% ϕ(y0) − c < x < ϕ(0) − c Ô
0, !�<+6�% x > ϕ(0) − c

9
¡ <:9 <�¤

Ø � I #"4&:� "1&#V�`2.5�!= "%� "7�Ô3�� "#J4&$&% x < ϕ(y0)− c #"4� "%&5�2�6�7"132�'³<= "$32� "!+Á)�%�'>$32��
$32 I #. "�&%&G02 ỹ(x) 1&!�%��
5�!�1�'&!= "<�'³1&!�<�5�#. "$�'>132�-0,"!+6�%&�&!�1&%&!�132�6�#")+2
x
9�� $&%TA= "#"5m<�#"#. ","!= "<= ",.-0����%&��5�1&#`§¨%� "!+6�7 Ø 2.)�$32.1�§K2 µ1 = ϕ(y0) −
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Ì %&<=-01&#"G 6=9 ° 4� "%&5�2�6�7"1&:���#. "G06�%&G
%&)�$&#"G02K,. "#"$&#")�#K-0$&#","1�' ỹ(x)
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0
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Ì %&<=-01&#"G @79�Ö -01&G&�&%�'�,":�%&)�$&:�CV2
%&)�$&#"G02K4&!�$&,"#")�#K-0$&#","1�' u(x, ỹ(x))

(c + x) -05�!�1&7.CV2.!= "<�'�%�4&$&% x = ϕ(y0) − c <= �2.1&#","%� "<�';$32.,"1&:�5¹1�-`6�� 9
Ê  "#9132 I 6��R*�!�1&%&!�4&#.�
,"#�63'&!= 9%&1� "!�$&4&$&!= "%&$&#",�2� "7p5�1&#`§¨%� "!+6�% Ø 2.)�$32.1�§K2
,J<�%&<= "!�5�!³¡ <:9 @"¤ G02.G

”
,"%&$� .-�2�6�7"1&:�!�132�6�#")�% “ 9 ° 1&%�#"G02��
:�,�2.�� J �2.GH#"!(§V!

,�6�%�'&1&%&!D132J<= "$32� "!�)�%&�µ%&)�$&#"G02¨,. "#"$&#")�#J-0$&#","1�'£Ô�G02.G�%�$&!
2�6�7"1&:�!D132�6�#	Á
)�%£Ô"/�#. `'>%¨1&!�,":�$32�§K2.�� "<�'¨,(,":�406�2� �2�/¨%&)�$&#"G�-J4&!�$&,"#")�#(-0$&#","1�' 90� A= "#"�
<�,.'��
%�!�<= "!�<= ","!�1&1&#¦#`§¨%H*�2� "7�Ô��� "#�%&)�$&#"G�4&!�$&,"#")�#�-0$&#","1�' I -
*�!= �<= "$&!+Á
5�%� "7"<�'�,": I %&$32� "79<�,"#"��<= "$32� "!�)�%&�m �2.G&%&5�# I $32��
#"5�Ô��� "# I :¹5�1&#`§¨%� "!+6�7
Ø 2.)�$32.1�§K2 µ1

,V<�%&<= "!�5�!¨¡ <:9 @"¤ I :�6�$32.,"!�191�-`6�� 93� $&%9A= "#"5�#")�$32.1&%&�&!�1&%&!
y 6 y0

�(2.G� "%&�&!�<�G&%�4&!�$&!�<= �2.!= p$32 I #. �2� "7 9²� A= "#"5¦6�!�)�GH#>- I !�*�%� "7"<�'£Ô� �2.G
G02.G du(x,ỹ(x))

dx
= y0 > 0 4&$&% x < ϕ(y0) − c

9R� %&4&%&�&1&#"�¦,"%H*��B-01&G&�&%&%
,":�%&)�$&:�CV2 u(x, ỹ(x)) 4&$&!�*�<= �2.,�6�!�1�132V$&%&< 9¢@79?�2.�H*�!�5 xopt ± #"4� "%&5�2�6�7"1�-0�à<= "$32� "!�)�%&�·%&)�$&#"G02T4&!�$&,"#")�#�-0$&#","1�' 90 63'yA= "#")�#�1�-H§¨1&#³132.�� "% 5�2.GH<�%&58-05«�B-01&G&�&%&% u(x, ỹ(x)) 9~� 2.G�G02.G 4&$&%
x < ϕ(y0) − c �B-01&G&�&%�' u(x, ỹ(x)) = u(x, y0) = xy0

,"#.�
$32.<= �2.!= áÔ82³4&$&%
x > ϕ(0) − c �
132`�&!�1&%&! u(x, ỹ(x)) ≡ 0 Ô0*�#"<= �2� "#"�&1&#>$32.<�<�5�#. "$&!= "7>�`2`*�2`��-5�2.GH<�%&5�%��`2.�&%&% u(x, ỹ(x)) 132V#. "$&!=�
GH! [ϕ(y0) − c, ϕ(0) − c] È

u(xopt, ỹ(xopt)) = max
ϕ(y0)−c6x6ϕ(0)−c

u(x, ỹ(x)). ¡ <:9 Î ¤

?�2.�H*�!�5¦4&$&#"%��
,"#�*�1�-0� du(x,ỹ(x))
dx

= d
dx

(xϕ−1(c + x)) %p�`2.4&%�C�!�5�1&!�# I Á/�#�*�%&5�:�!(-"<+6�#","%�' 2 -0132áÁ � 2.GH!�$32:È
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du(x, ỹ(x))

dx
= ϕ−1(c+ x) +

x

ϕ′(ϕ−1(c+ x))
, ¡ <:9 4"¤



























− ϕ−1(c+ x) −
x

ϕ′(ϕ−1(c+ x))
− λ1 + λ2 = 0,

λ1(x− (ϕ(y0) − c)) = 0,

λ2(x− (ϕ(0) − c)) = 0,

λ1 > 0, λ2 > 0.

¡ <:9 g�¤

� 2.4&%�C�!�5T,":�$32�§V!�1&%&!�*363' d2(−u)
dx2

132V#. "$&!=�
GH! [ϕ(y0) − c, ϕ(0) − c] È

d2(−u)

dx2
=

−1

(ϕ′(y))3
(2[ϕ′(y)]2 − (ϕ(y) − c)ϕ′′(y))

∣

∣

y=ϕ−1(c+x).
¡ <:9áÃ"¤

/ <+6�#","%�'É¡ @79 <�¤ )+2.$32.1� "%&$�-0�� ©4&#�6�#`§¨%� "!+6�7"1&#"<= "7 d2(−u)
dx2

%£Ô�<+6�!�*�#",�2áÁ
 "!+6�7"1&#�Ô�<= "$&#")=-0�T,":�4�-0G06�#"<= "7 −u(x, ỹ(x)) 132�#. "$&!=�
GH! [ϕ(y0)−c, ϕ(0)−c]

9
Ó 2.GH<�%&58-05�132�6�!�,"#"�J)�$32.1&%&�&!�#. "$&!=�
G02B*�#"<= "%&)+2.!= "<�'94&$&% λ1 > 0 Ô λ2 =

0
9�� A= "#"5¦<+63-0�32.! xopt = ϕ(y0) − c

9�� :�$32�§K2�' λ1
%��D4&!�$&,"#")�#K-0$32.,"1&!�1&%�'

<�%&<= "!�5�:Ù¡ <:9 g�¤ %¨-0�&%� ":�,�2�'9�
132.G ϕ′(y) Ô04&#�63-0�32.!�5 *�#"<= �2� "#"�&1&:�!B-"<+6�#","%�'5�2.GH<�%&58-05�2J132D6�!�,"#"�p)�$32.1&%&�&!

ϕ(y0) + y0ϕ
′(y0) > c. ¡ <:9 ;�¤

â 132�6�#")�%&�&1&:�!�$32.<�<=-H§V*�!�1&%�'�*363'�<+63-0�32�' λ2 > 0 Ô λ1 = 0 4&#"G02��
:�,�2.�� áÔ�� "#(4&$&% ϕ(0) < c ỹ(x) ≡ 0 % xopt ± 6�� I #"! 9�� #"<= �2�6�7"1&:�/J<+63-0�32�'0/K1�-H§¨1&#
$&!=C�%� "7J4&!�$&,"#"!�-0$32.,"1&!�1&%&!B<�%&<= "!�5�:m¡ <:9 g�¤ 4&$&% λ1 = λ2 = 0 %>-0�&!�<= "7V "#. �(2.G� áÔ3�� "# ϕ(y) = x+ c

93� #")]*�2(*363' xopt 4&#�63-0�32.!�5�-0$32.,"1&!�1&%�'
{

ϕ(y∗) + y∗ϕ′(y∗) = c,

xopt = ϕ(y∗) − c.

¡ <:9 8�¤
� 2.G&%&5�# I $32��
#"5�Ô xopt = ϕ(y0) − c Ô�!�<+6�%T,":�4&#�6�1&!�1&#y-"<+6�#","%&!�¡ <:9 ;�¤+9ã <+6�% ϕ(y0) 6 c Ô� "# xopt = 0

9�� #"<= �2�6�7"1&:�/�<+63-0�32�'0/ xopt 132�/�#�*�%� "<�'
%��y-0$32.,"1&!�1&%&�Ù¡ <:9 8�¤+9 ?�2.�H*�!�1&1&#"!��
132`�&!�1&%&! xopt 4&#.�
,"#�63'&!= ¦,":��&%&<+6�%� "7
#. "G06�%&G©%&)�$&#"G02�,. "#"$&#")�#;-0$&#","1�' ỹ(xopt) Ô�2� �2.G�§V!@�
132`�&!�1&%�'��B-01&G&�&%&�,":�%&)�$&:�CV2 uopt = u(xopt, ỹ(xopt)) % vopt = v(xopt, ỹ(xopt))

9
0 63'V5�#�*�!+6�7"1&#"�V�B-01&G&�&%&%�¡ 6=9 @"¤ 4&!�$&,"#"!�-0$32.,"1&!�1&%&!Å<�%&<= "!�5�:ª¡ <:9 8�¤ ,":tÁ

)P63'H*�%� >#"<�# I !�1&1&#K4&$&#"<= "#�È
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e−ξ(1 − ξ) = c̃, ¡ <:9B6`×�¤
)]*�! ξ = qy % c̃ = c/(qR)

9
ä i�ÝpÞ.qrÐ

2 × 1
� !�4&!�$&7�$32.<�<�5�#. "$&%&5y%&)�$�-=Ô",BGH#. "#"$&#"��-0�32.<= ",.-0�� �*�,�2�%&)�$&#"G02�4&!�$&,"#")�#

-0$&#","1�'@%@#�*�%&1�%&)�$&#"G@,. "#"$&#")�#>-0$&#","1�' 9~� �`2.,"%&<�%&5�#"<= "%y#. >-"<= �2.1&#",�6�!�17Á
1&:�/>132�6�#")�#",D$32��
$32 I #. "�&%&G95�#`§V!= D-0,"!+6�%&�&%� "7K%&1� "!�1&<�%&,"1&#"<= "7K$32��
$32 I #. 	Á
G&%y,9 "#"5©%06�% %&1&#"5�$&!�)�%&#"1&!ÆÔ~ "!�5«<
2.5�:�5©4&!�$&!�$32.<�4&$&!�*�!+63'�'�132�6�#")�#",":�!
,":�406�2� ": 98� 2.G&%&5«# I $32��
#"5�Ôw%&)�$&#"G&%�4&!�$&,"#")�#�-0$&#","1�'�132`�&%&132.�� @,�6�%�'� "7
*�$�-0)(132(*�$�-0)+2J�&!�$&!=�D#"4� "%&5�2�6�7"1&:���#. "G06�%&G�%&)�$&#"G02K,. "#"$&#")�#K-0$&#","1�' 9
ä i � iRåKærÀ&�rÂBÐ�sbç��r½Kè�o�À&¾wsb�r¾¦�rÞ.qro�¾²Ð u�À&o�qro�Þ.oy|~qro�u��wé
° 4� "%&5�2�6�7"1&:��¨#. "G06�%&GJ$32��
$32 I #. "�&%&G02 ˜Õ (x1,x2)=(ỹ1(x1,x2), ỹ2(x1,x2))'&,�63'&!= "<�'³$&!=C�!�1&%&!�5T<+6�!�*�-0����!���#"4� "%&5�%��`2.�&%&#"1&1&#"�9�`2`*�2`�&%9,� "$&!=-0)�#�6�7	Á

1&#"�p# I 6�2.<= "% Y = {y1, y2 : y1 > 0, y2 > 0, y1 + y2 6 y0}
È

v(x1, x2, ỹ1(x1, x2), ỹ2(x1, x2)) = max
(y1,y2)∈Y

v(x1, x2, y1, y2).
¡ºÎ 9B6�¤

2 2.G�%�$32.1&!�!ÆÔ I -
*�!�5�$&!=CV2� "7�#"4� "%&5�%��`2.�&%&#"1&1�-0�Ù�`2`*�2`��-�¡ºÎ 9B6�¤ 5�!= "#	Á
*�#"5 2 -0132áÁ � 2.GH!�$32 9 � 2.4&%�C�!�5T1&!�# I /�#�*�%&5�:�!(-"<+6�#","%�'pA�GH<= "$&!�58-05�2











































− ϕ1(y1) + c1 + x1 − λ1 + λ0 = 0,

− ϕ2(y2) + c2 + x2 − λ2 + λ0 = 0,

λ1y1 = 0,

λ2y2 = 0,

λ0(y1 + y2 − y0) = 0,

λi > 0, i = 0, 1, 2.

¡ºÎ 9 @"¤

?B!= "$�-
*�1&#J4&$&#","!�$&%� "7�Ô3�� "#K5�2� "$&%&�32K,. "#"$&:�/³4&$&#"%��
,"#�*�1&:�/p�B-01&G&�&%&%
−v(x1, x2, y1, y2)

¡º4&$&%T��%&GH<�%&$&#",�2.1&1&:�/ x1
% x2

¤ 4&#�6�#`§¨%� "!+6�7"1&#�#"4&$&!+Á
*�!+6�!�132J*363'p6�� I :�/ y1, y2

9�� #"A= "#"58-�1&!�# I /�#�*�%&5�:�!�-"<+6�#","%�'@A�GH<= "$&!�58-05�2
'&,�63'&�� "<�'�%>*�#"<= �2� "#"�&1&:�5�%�-"<+6�#","%�'&5�%p5�2.GH<�%&58-05�2 v(x1, x2, y1, y2)

9
Ì 2.<�<�5�#. "$&%&5�,"<�!�,"#.�
5�#`§¨1&:�!ÅGH#"5 I %&132.�&%&%¨1&!�1�-`6�!�,":�/¨%¨1�-`6�!�,":�/JGH#	Á

A�����%&�&%&!�1� "#", Ø 2.)�$32.1�§K2 λi
Ô i = 0, 1, 2

9 ?B!�1�-`6�!�,"#"!��
132`�&!�1&%&!�GH#"A�����%&�&%7Á
!�1� �2 Ø 2.)�$32.1�§K2�#.�
132`�32.!= �*�#"<= "%�§V!�1&%&!�5�2.GH<�%&58-05�2�132�<�#"#. ","!= "<= ",.-0����!��
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Ì %&<=-01&#"G <:9 ° I 6�2.<= "7V%��
5�!�1&!�1&%�' y1% y2
%9/H2.$32.G� "!�$&1&:�!D-0�32.<= "G&%�!�!

)�$32.1&%&�&:

Ì %&<=-01&#"G�Î 93Ì 2�� I %&!�1&%&!D406�#"<�GH#"<= "%
(x1, x2)

%p# I 6�2.<= "7J,�6�%�'&1&%�'
%&)�$&#"GH#",J4&!�$&,"#")�#K-0$&#","1�'

�32.<= "%9)�$32.1&%&�&:�# I 6�2.<= "% Y 9 ?�2($&%&< 9:< 4&#"G02��`2.132(# I 6�2.<= "7 Y %¨�`2.1�-05�!�$&#	Á
,�2.1&:�/H2.$32.G� "!�$&1&:�!D-0�32.<= "G&%�)�$32.1&%&�&: 9
� $&% λ0 = 0 #")�$32.1&%&�&!�1&%&! y1 + y2 6 y0

1&!
2.G� "%&,"1&#¦¡º#"1&#�,":�4&#�6�1�'7Á
!= "<�'�<�#��
132.GH#"5Ù¶ < ¸ ¤ Ô y1

% y2
,": I %&$32.�� "<�'�1&!=�`2.,"%&<�%&5�#@% 5�#")=-H I :� "7

132.�H*�!�1&:«4&#J��#"$&58-`6�2.5�$32��+*�!+6�2 <:9
� 132`�&!�1&%&! λ0 6= 0 <�#"#. ","!= "<= ",.-"!= y<+63-0�32.��ÔwGH#")]*�2�%&)�$&#"G&%�¶�-04&%&$32.�� 	Á

<�'²¸ ,y#")�$32.1&%&�&!�1&%&! y1 + y2 = y0
¡¥-0�32.<= "G&%¦)�$32.1&%&�&: 6 Ô @ Ô < 132�$&%&< 9t<�¤+9

Ó 2.GH<�%&58-05�5�#`§V!= B*�#"<= "%&)+2� "7"<�'9G02.GJ,"#(,"1�-H "$&!�1&1&%0/¨ "#"�&G02�/J#. "$&!=�
G02 6 Á < Ô
 �2.G�%p,KG&$32.�&1&%0/³ "#"�&G02�/ 9�Ì 2.<�<�5�#. "$&%&5¦A= "%�<+63-0�32.%�#. �*�!+6�7"1&# 9
ã <+6�% #�*�1&#p%�� λi

Ô~132.4&$&%&5�!�$£Ô λ1 6= 0 Ô² "# y1 = 0 Ô y2 = y0
¡¥ "#"�&G02 6�¤+9

?B!�# I /�#�*�%&5�:�5«%�*�#"<= �2� "#"�&1&:�5«-"<+6�#","%&!�5�*363'�*�#"<= "%�§V!�1&%�'y5�2.GH<�%&58-05�2
,K "#"�&GH! (0, y0)

'&,�63'&!= "<�'�4&#�6�#`§¨%� "!+6�7"1&#"<= "7¨GH#"A�����%&�&%&!�1� "#", Ø 2.)�$32.1�§K2
λ1
% λ0

{

λ0 = ϕ2(y0) − (c2 + x2) > 0,

λ1 = λ0 − ϕ1(0) + (c1 + x1) > 0.

¡ºÎ 9 <�¤

ã <+6�%@§V! λ1 = λ2 = 0 ¡º5�2.GH<�%&58-05�,"#9,"1�-H "$&!�1&1&%0/� "#"�&G02�/�#. "$&!=�
G02 ¤ Ô "#
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λ0 = ϕ1(y1) − (c1 + x1) > 0,

λ0 = ϕ2(y2) − (c2 + x2) > 0,

y1 + y2 = y0.

¡ºÎ 9 Î ¤

0 63'V132�/�#`§V*�!�1&%�'K#"4� "%&5�2�6�7"1&#")�#�#. "G06�%&G02 (ỹ1, ỹ2)
1�-H§¨1&#B$&!=C�%� "7(#. 	Á

1&#"<�%� "!+6�7"1&# y <+6�!�*�-0����!�!(-0$32.,"1&!�1&%&!

ϕ1(y0 − y) − c1 − x1 − ϕ2(y) + c2 + x2 = 0, ¡ºÎ 9 4"¤
)]*�! y ± #"4� "%&5�2�6�7"1&:��©#. "G06�%&G ỹ2

9 � 2.5�!= "%&5�Ô��� "#�$&!=C�!�1&%&! y �`2.,"%&<�%�  "#�6�7"GH#¨#. J$32��
1&#"<= "% x2 − x1

y = ψ(x2 − x1).
¡ºÎ 9 g�¤

Ì 2.<�<�5�#. "$&!�1&1&:�!K,":�C�!B*�#"<= �2� "#"�&1&:�!V-"<+6�#","%�'�5�2.GH<�%&58-05�2>132J)�$32.1&%7Á
�&!V# I 6�2.<= "% Y �`2.,"%&<�'� p#. x1

% x2
9²� $&%�$32��=6�%&�&1&:�/��
132`�&!�1&%�'0/ x1

% x25�2.GH<�%&58-05�*�#"<= "%&)+2.!= "<�'�,³$32��=6�%&�&1&:�/y "#"�&G02�/� "$&!=-0)�#�6�7"1&#"� # I 6�2.<= "% Y 9
� 132`�&!�1&%�'�5�1&#`§¨%� "!+6�!�� Ø 2.)�$32.1�§K2  �2.G�§V!@�`2.,"%&<�'� �#. x1

% x2
9�� #�6�2áÁ

)+2�'¨$32.,"1&:�5�%>1�-`6���4&#"#"�&!�$&!�*�1&#�,"<�!�5�1&#`§¨%� "!+6�% Ø 2.)�$32.1�§K2:Ô�5�:�132.�H*�!�5
1&!�GH#. "#"$&#"!K$32�� I %&!�1&%&!K406�#"<�GH#"<= "% (x1, x2)

9~� G02�§V*�#"�@%��K4&#�63-0�&%&,.C�%0/�<�'
# I 6�2.<= "!�� (ỹ1, ỹ2)

%&5�!��� �$32��=6�%&�&1&:�!�2.132�6�%� "%&�&!�<�G&%&!�,":�$32�§V!�1&%�' 9 Ê  "#
$32�� I %&!�1&%&!�4&#"G02��`2.1&#D132($&%&< 9 Î 9�2 $&#"5�!Å "#")�#�ÔH132(A= "#"5�$&%&<=-01&GH!�4&#"G02��`2.1&:
¶�# I $32��
:B¸V/H2.$32.G� "!�$&1&:�/�-0�32.<= "GH#",¨)�$32.1&%&�&:«# I 6�2.<= "% Y 9
?�2VG&$&%&,"#"� BD GH#"A�����%&�&%&!�1� Ø 2.)�$32.1�§K2 λ0

Ô&$32.,"1&:��

λ0 = ϕ2(ψ(x2 − x1)) − (c2 + x2),
¡ºÎ 9áÃ"¤

4&$&%&1&%&5�2.!= �1�-`6�!�,"#"!R�
132`�&!�1&%&! 9 °  "<��R*�2�5�#`§¨1&#�132.�� "%�-0$32.,"1&!�1&%&!�G&$&%&,"#"�
BD

9 ° *�132.GH#(!�)�#(5�#`§¨1&#�132.�� "%¨%J4&$&#.��!ÆÔ�!�<+6�%J�`2.5�!= "%� "7�Ô0�� "#(132�G&$&%&,"#"�
BD #"4� "%&5�2�6�7"1&:�!�#. "G06�%&G&%£Ô"4&#"<��&%� �2.1&1&:�!�4&#���#"$&58-`6�2.5@# I 6�2.<= "% BCD Ô
<�#"<= �2.,�63'&�� �,9<=-05�5�! y0

¡º#")�$32.1&%&�&!�1&%&!K132`�&%&132.!= p$32 I #. �2� "7 ¤+9²� #")]*�2K*363'
G&$&%&,"#"� BD 5�#`§¨1&#V�`2.4&%&<
2� "7J-0$32.,"1&!�1&%&!

ϕ−1
1 (c1 + x1) + ϕ−1

2 (c2 + x2) = y0.
¡ºÎ 9 ;�¤

0 63'³5�#�*�!+6�7"1&:�/p�B-01&G&�&%&��¡ 6=9 @"¤ A= "#K-0$32.,"1&!�1&%&!��`2`*�2.!= ¨)�%&4&!�$ I #�63-
c1 + x1

q1R1

(

c2 + x2

q2R2

)q1/q2

= e−q1y0 . ¡ºÎ 9 8�¤



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ <�Ã

° I $32� "%&5�<�'yG@-"<+6�#","%�'&5m¡ºÎ 9 Î ¤+9~ê $32.1&%&�329# I 6�2.<= "!�� 6 % < Ô²,9GH#. "#"$&:�/
5�2.GH<�%&58-05;*�#"<= "%&)+2.!= "<�'�,V "#"�&G02�/ (0, y0)

%06�% (y0, 0) Ô&<�#"#. ","!= "<= ",.-"!= 9<+63-§Á�32.� λ1 = 0 %06�% λ2 = 0 Ô3<�#"#. ","!= "<= ","!�1&#�Ô�2 λ0 > 0
9 ?�2.4&$&%&5�!�$£Ô

{

λ0 = ϕ2(y0) − (c2 + x2) > 0,

λ1 = λ0 − ϕ1(0) + (c1 + x1) = 0.

¡ºÎ 9B6`×�¤
� 2.G&%&5�# I $32��
#"5�Ô&)�$32.1&%&�32.5�%pA= "%0/�# I 6�2.<= "!��³'&,�63'&�� "<�'�4&$�'&5�:�!

AB : x2 = x1 + ϕ2(0) − ϕ1(y0) + c1 − c2,

ED : x2 = x1 + ϕ2(y0) − ϕ1(0) + c1 − c2.

¡ºÎ 9B6=6�¤
Ë G02�§V!�5T!=��!(432.$�-9<+6�#",K#J$32�� I %&!�1&%&%p132K$&%&< 9 Î 9

ë �`ì��=�0�.í3î�� Î 9B6Hï�� $&% xi > ϕi(0) − ci
$32��
$32 I #. "G02T, i Á´#"5È$&!�)�%&#"1&! 1&!

,"!�*�!= "<�'£ÔÅ4&#"A= "#"58-�5�#`§¨1&#�#")�$32.1&%&�&%� "7�5�1&#`§V!�<= ",�2;<= "$32� "!�)�%&�«%&)�$&#"GH#",
4&!�$&,"#")�#K-0$&#","1�'>*�#KG&,�2`*�$32� �2 [0, ϕ1(0) − c1] × [0, ϕ2(0) − c2]

9
ë �`ì��=�0�.í3î�� Î 9 @&ï ° )�$32.1&%&�&!�1&%&! y0

2.G� "%&,"1&#( "#�6�7"GH#D4&#�*9G&$&%&,"#"� BD 9 ?�2`*
A= "#"�@G&$&%&,"#"��#"4� "%&5�2�6�7"1&:�!�#. "G06�%&G&%�%&5�!��� > �2.GH#"��§V!(,"%H*�Ô�G02.G�%�,¨%&)+Á
$&! 1 × 1 ¡¥ 9 ! 9 %&1� "!�1&<�%&,"1&#"<= "7�$32��
$32 I #. "G&%�,@G02�§V*�#"5F$&!�)�%&#"1&!9�`2.,"%&<�%�  "#�6�7"GH#�#. �132�6�#")+2:Ô�-"<= �2.1&#",�6�!�1&1&#")�#B,�*�2.1&1&#"5@$&!�)�%&#"1&! ¤+9.� #"A= "#"58-(%&)�$&#"G&%
4&!�$&,"#")�#J-0$&#","1�'p#"G02��
:�,�2.�� ¨,�6�%�'&1&%&!�*�$�-0)(132D*�$�-0)+2K "#�6�7"GH#¨,K# I 6�2.<= "%£Ô
6�!=§K2���!���1&%�§V!�G&$&%&,"#"� BD 9

ä i Ï i8ð�Ð&u��ro�u�t0Á"�rt�æro�ñpò�ó�|;ÂBt�ôy�8|��rÞ.qro�¾²Ð&ÂB��ærtHqru�o�Þ.o |~qro�u��wé
� !�4&!�$&7�Ô�GH#")]*�2>132.�H*�!�1@#"4� "%&5�2�6�7"1&:��@#. "G06�%&G@%&)�$&#"G02>,. "#"$&#")�#>-0$&#",	Á

1�'£Ô�5�#`§¨1&#�4&#"<= "$&#"%� "7��B-01&G&�&%&%�,":�%&)�$&:�CV2;%&)�$&#"GH#",;4&!�$&,"#")�#�-0$&#","1�'
u1(x1, x2) = x1ỹ1(x1, x2)

% u2(x1, x2) = x2ỹ2(x1, x2)
9 ° 1&%y4&#"G02��`2.1&:µ132

$&%&< 916=6=9~Æ <�<+6�!�*�-"!�5ª%0/�132³,":�4�-0G06�#"<= "7 9bÆ 5�!�!= �5�!�<= "#p<+6�!�*�-0���V2�'  "!�#	Á
$&!�5�2 9
õ�tHo�qrtHÂBÐ ä i � i�ö(÷H�=øVù9�Kî�úüû��

G
�(ý�÷�í3þ�ÿ3î��0ìBî�����î�úüû����V�����0ï �
	Kî����0ï��	

���������í��=í3�¦÷H�������î������0ï���	Kî����0ï���	"ï��3��ú����>ý�÷�í3þ�ÿ3î3î@����î�úüû����V�
u1(x1, x2) = x1ỹ1(x1,x2)

î
u2(x1, x2) = x2ỹ2(x1,x2)

�����3÷�þ���É�.�.�´û��©�
������"�=øVî

OABCDE
���

x1
î
x2 �

�����`øK�.�=øK�=øK�.�=í3í���ï

�³�`þ��! ��.øK���ùH�=øK�.��ï�� $&#","!�*�!�5�*�#"G02��`2� "!+6�7"<= ","#K*363'p�B-01&G&�&%&% u2(x1, x2)
9



<=; hjilkmi8npo�qro3sbtHuwv�xyilz>i8{�o3sr|~}��ro�u

Ì 2.<�<�5�#. "$&%&5©<�132`�32�6�29# I 6�2.<= "7 OABDE 9 � 2.4&%�C�!�5©,":�$32�§V!�1&%&!(*363'
4&$&#"%��
,"#�*�1&#"� ∂u2

∂x2

,"1�-H "$&% OABDE 9H� A= "#"�¨# I 6�2.<= "%>#")�$32.1&%&�&!�1&%&! y0
2.G7Á

 "%&,"1&#�Ô�#"4� "%&5�2�6�7"1&:���#. "G06�%&Gp132�/�#�*�%� "<�'�%���-"<+6�#","%&��¡ºÎ 9 Î ¤ È
∂u2

∂x2
= ψ(x2 − x1) + x2ψ

′(x2 − x1),
¡ºÎ 9B6á@"¤

)]*�! ψ ± $&!=C�!�1&%&!>¡ºÎ 9 4"¤+9?�2.�H*�!�5 ∂2u2

∂x2

2

,"1�-H "$&%�# I 6�2.<= "% OABDE 9
∂2u2

∂x2
2

= ψ′

[

2 − x2
ϕ′′

2(ψ) − ϕ′′

1(y0 − ψ)

(ϕ′

1(y0 − ψ) + ϕ′

2(ψ))2

]

. ¡ºÎ 9B6�<�¤
� 2.G9G02.G ψ′(x) < 0 Ô& "$&! I -"!= "<�'�4&$&#","!�$&%� "7¨,":�4&#�6�1&!�1&%&!(1&!�$32.,"!�1&<= ",�2

2(ϕ′

1(y0 − ψ) + ϕ′

2(ψ))2 − x2(ϕ
′′

2(ψ) − ϕ′′

1(y0 − ψ)) > 0. ¡ºÎ 9B6 Î ¤
?B!�$32.,"!�1&<= ","#�¡ºÎ 9B6 Î ¤ <+6�!�*�-"!= y%��¨-"<+6�#","%&��¡ @79 <�¤ %�¡ºÎ 9 Î ¤ % -0$32.,"1&!�1&%&�

¡ºÎ 9 4"¤ Ô
,�A= "#"5�1&!�<+6�#`§¨1&#�- I !�*�%� "7"<�'£Ô`4&!�$&!�)�$�-04&4&%&$&#",�2.,�<+6�2.)+2.!�5�:�!�,D¡ºÎ 9B6 Î ¤+9
Ó : 4&#"G02��`2�6�%£Ô��� "#�,�# I 6�2.<= "% OABDE 4&$&#"%��
,"#�*�132�' ∂u2

∂x2

< 0 %
u2(x1, x2)

<= "$&#")�#�,":�4�-0G06�2;,","!�$"/ 9�Ë  "$&#")+2�'�,":�4�-0G06�#"<= "7�,","!�$"/��B-01&G7Á
�&%&% u2(x1, x2)

,³# I 6�2.<= "% BCD *�#"G02��`2.1329,9$32��+*�!+6�! < ¡º,³A= "#"��# I 6�2.<= "%
#"1329<�#","432`*�2.!= ³<V�B-01&G&�&%&!�� ,":�%&)�$&:�CV2³%&)�$&: 1 × 1

¤+9�0 2�6�!�!ÆÔ²1&!�4&#"<�$&!�*ÖÁ
<= ","!�1&1&#"��4&$&#","!�$&GH#"��5�#`§¨1&#V- I !�*�%� "7"<�'�,V "#"5�Ô3�� "#

∂u2

∂x2

∣

∣

∣

∣

BD−0

>
∂u2

∂x2

∣

∣

∣

∣

BD+0

. ¡ºÎ 9B6á4"¤
Æ �(,"<�!�)�#¨,":�C�!�<�G02��`2.1&1&#")�#><+6�!�*�-"!= áÔ��� "# u2(x1, x2)

,":�4�-0G06�2J,","!�$"/p,
# I 6�2.<= "% OABCDE 9�� !�#"$&!�5�2D*�#"G02��`2.132 9
� $&%&<= .-04&%&5ÙGT4&#"%&<�G�-�$32.,"1&#","!�<�%�'T4&#�?BA=CD- 9�� #"G02�§V!�5�Ô��� "#y "#"�&G02

$32.,"1&#","!�<�%�'�1&!D5�#`§V!= J6�!=§K2� "7>,"1&!D# I 6�2.<= "% OABCDE 9�� #�Ô3�� "#9#"132J1&!
5�#`§V!= V6�!=§K2� "7K,"1&!BG&,�2`*�$32� �2 [0, ϕ1(0)− c1]× [0, ϕ2(0)− c2]

Ô&<+6�!�*�-"!= >%��
�`2.5�!��32.1&%�'�Î 9 @79 ° <= �2.!= "<�' 4&#"G02��`2� "7�Ô²�� "#³$32.,"1&#","!�<�1&:�/@ "#"�&!�G�1&!= p1&%�§V!
4&$�'&5�#"� ED %³,":�C�!(4&$�'&5�#"� AB 9

0 !��&<= ","%� "!+6�7"1&#�Ô34�-"<= "7K1&%�§V!�4&$�'&5�#"� ED !�<= "7K$32.,"1&#","!�<�%&!�4&#K?BA=CD-
(xn

1 , x
n
2 )

9&� #")]*�2(*�#�63§¨1&#K,":�4&#�6�1�'� "7"<�'
{

u1(x
n
1 , x

n
2 ) > u1(x1, x

n
2 ) ∀x1,

u2(x
n
1 , x

n
2 ) > u2(x

n
1 , x2) ∀x2.

¡ºÎ 9B6`g�¤



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ <=8

?B#Ù,ÉA= "#"��# I 6�2.<= "%�#"4� "%&5�2�6�7"1&:���#. "G06�%&G�$32��
$32 I #. "�&%&G02É$32.,"!�1
ỹ2(x1, x2) = y0

Ô3%³4&$&#"%��
,"#�*�132�'
∂u2(x1, x2)

∂x2
= y0 > 0, ¡ºÎ 9B6�Ã"¤

�� "#¨4&$&#. "%&,"#"$&!��&%� J-"<+6�#","%�'&5¹¡ºÎ 9B6`g�¤+9
Æ  �2.G£Ô�5�:«4&#"G02��`2�6�%£Ô��� "#¨!�<+6�%�$32.,"1&#","!�<�%&!D4&#¨?BA=CD-p<=-H��!�<= ",.-"!= áÔ~ "#

#"1&#�132�/�#�*�%� "<�';,�# I 6�2.<= "% OABCDE 9r� :�4�-0G06�#"<= "7�A= "#"��# I 6�2.<= "%�#"�&!+Á
,"%H*�132:Ô²,":�4�-0G06�#"<= "7�,","!�$"/@�B-01&G&�&%&� u1(x1, x2)

% u2(x1, x2)
!�<= "7³-H ","!�$7Á

§V*�!�1&%&!p "!�#"$&!�5�:ÄÎ 9B6=9�� #y "!�#"$&!�5�!@?BA=CV2y$32.,"1&#","!�<�%&!�,y%&)�$&! G <=-H��!+Á
<= ",.-"!= 9
� $&%�$32��=6�%&�&1&:�/��
132`�&!�1&%�'0/�432.$32.5�!= "$&#",>�`2`*�2`�&%�$32.,"1&#","!�<�%&!�4&#9?BA+Á

CD-y5�#`§V!= p6�!=§K2� "7�G02.G ,"1�-H "$&%�# I 6�2.<= "% OABDE Ô~ �2.G % 132p!�!J)�$32.1&%7Á
�32�/¢Ô�6�% I #9,># I 6�2.<= "% BCD 9²� !�$&,":���<+63-0�32.��4&#"G02��`2.1@132>$&%&< 9�479�� #"�&G02
(xopt

1 , xopt
2 ) '&,�63'&!= "<�'�$&!=C�!�1&%&!�5¦<+6�!�*�-0����!��@<�%&<= "!�5�: È















∂u1

∂x1

= y0 − ψ(x2 − x1) + x1ψ
′(x2 − x1) = 0,

∂u2

∂x2

= ψ(x2 − x1) + x2ψ
′(x2 − x1) = 0.

¡ºÎ 9B6�;�¤

Ì %&<=-01&#"G 4793Ì 2.,"1&#","!�<�%&!(4&#J?BA=CD-
,"1�-H "$&%�# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#¨<= "$32� "!�)�%&�

Ì %&<=-01&#"G g:93Ì 2.,"1&#","!�<�%&!(4&#J?BA=CD-
,"1�-H "$&%�# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#>,":�%&)�$&:�C�!��



Î × hjilkmi8npo�qro3sbtHuwv�xyilz>i8{�o3sr|~}��ro�u

Ì %&<=-01&#"G Ã79�Ì 2.,"1&#","!�<�%&!�4&#¨?BA=CD-
132K)�$32.1&%&�&!(# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#¨<= "$32� "!�)�%&�

Ì %&<=-01&#"G ;:9�Ì 2.,"1&#","!�<�%&!�4&#¨?BA=CD-
132K)�$32.1&%&�&!(# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#>,":�%&)�$&:�C�!��

� !�$&!+/�#�*�'�G;1&#",":�5¹4&!�$&!�5�!�1&1&:�5 ξ = x1 + x2
Ô η = x2 − x1

Ôb4&#"<+6�!
1&!�<+6�#`§¨1&:�/p4&$&!�# I $32��
#",�2.1&%&�p4&#�63-0�32.!�5¦<�%&<= "!�58-











ψ(η) +
η

2
ψ′(η) =

y0

2
,

ξ =
−y0

ψ′(η)
.

¡ºÎ 9B6�8�¤

Ì !=C�!�1&%&!><�%&<= "!�5�:�¡ºÎ 9B6�;�¤ (xopt
1 , xopt

2 ) *�!��&<= ","%� "!+6�7"1&# I -
*�!= �$32.,"1&#","!+Á<�%&!�5�4&#�?BA=CD-=Ô�!�<+6�%FA= �2� "#"�&G02�'&,�63'&!= "<�'F,"1�-H "$&!�1&1&!��� "#"�&GH#"�F# I 6�2áÁ
<= "% OABDE 9�� 2.GH#"!�$32.<�4&#�6�#`§V!�1&%&!�$32.,"1&#","!�<�%�'�4&$&#"%06&6���<= "$&%&$&#",�2.1&#�132
$&%&< 9�479�� $&%�4&#"5�#.��%@4&$&!�# I $32��
#",�2.1&%�' (x1, x2) → (u1(x1, x2), u2(x1, x2))5�#`§¨1&#K4&!�$&!��� "%�,K4&$&#"<= "$32.1&<= ","#>,":�%&)�$&:�C�!��£Ô�G02.Gp4&#"G02��`2.1&#K132K$&%&< 9�g:9
?�2.% I #�6�!�!�%&1� "!�$&!�<�1&:�5�'&,�63'&!= "<�'J<+63-0�32.�£ÔHGH#")]*�2($32.,"1&#","!�<�1&:�!Å4&#D?BA+Á

CD-� "#"�&G&%�132�/�#�*�'� "<�'�132�G&$&%&,"#"� BD 9�� A= "#"5�<+63-0�32.!�$32.,"1&#","!�<�1&:�5�'&,�63'7Á
!= "<�'¨�&!+6�:��¨#. "$&!=�
#"GJG&$&%&,"#"� BD 9�� 4&$&#"<= "$32.1&<= ","!�,":�%&)�$&:�C�!��>#"1K4&$&!�*ÖÁ
<= �2.,�63'&!= J<�# I #"�¨-0�32.<= "#"G9432.$&!= "#","<�GH#"�³)�$32.1&%&�&:�5�1&#`§V!�<= ",�2�,"#.�
5�#`§¨1&:�/
%&<P/�#�*�#", 9 Ê  "#¨4&#"G02��`2.1&#K132K$&%&< 9�Ã %³$&%&< 9";:9
ê $32.1&%&�&:«A= "#")�#¨#. "$&!=�
G02¨5�#`§¨1&#J132.�� "%�<+6�!�*�-0����%&5�# I $32��
#"5 93� #"�&G02

(x1, x2)
G&$&%&,"#"� BD '&,�63'&!= "<�'K$32.,"1&#","!�<�%&!�5@ "#")]*�2B%D "#�6�7"GH#B "#")]*�2:Ô.GH#")]*�2

6�!�,":�!�4&$&#"%��
,"#�*�1&:�!��B-01&G&�&%&�¨,":�%&)�$&:�CV2D,(A= "#"�J "#"�&GH!�4&#�6�#`§¨%� "!+6�7"1&: Ô



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ Î 6

Ì %&<=-01&#"G 8:93Ì 2.,"1&#","!�<�%&!(4&#J?BA=CD-
,"1&!�# I 6�2.<= "%p,�6�%�'&1&%�'£Ô
4&$&#"<= "$32.1&<= ","#¨<= "$32� "!�)�%&�

Ì %&<=-01&#"G 6`×:93Ì 2.,"1&#","!�<�%&!(4&#J?BA=CD-
,"1&!�# I 6�2.<= "%p,�6�%�'&1&%�'£Ô

4&$&#"<= "$32.1&<= ","#>,":�%&)�$&:�C�!��

2K4&$32.,":�!�#. "$&%&�32� "!+6�7"1&: 9



































































F1(x1)= ϕ−1
1 (c1+x1)+

x1

ϕ′

1(ϕ
−1
1 (c1 + x1)) + ϕ′

2(ϕ
−1
2 (c2+x2))

∣

∣

∣

∣

x2=x2(x1)

>0,

F2(x1)=ϕ−1
1 (c1 + x1)+

x1

ϕ′

1(ϕ
−1
1 (c1+x1))

<0,

F3(x1)= ϕ−1
2 (c2+x2)+

x2

ϕ′

1(ϕ
−1
1 (c1+x1)) + ϕ′

2(ϕ
−1
2 (c2+x2))

∣

∣

∣

∣

x2=x2(x1)

>0,

F4(x1)= ϕ−1
2 (c2 + x2)+

x2

ϕ′

2(ϕ
−1
2 (c2 + x2))

∣

∣

∣

∣

x2=x2(x1)

<0,

ϕ−1
1 (c1 + x1) + ϕ−1

2 (c2 + x2) = y0. ¡ºÎ 9 @.×�¤
° I #.�
132`�&%&5 t1, . . . , t4 GH#"$&1&%³-0$32.,"1&!�1&%&� F1 = 0, . . . , F4 = 0 Ô&<�#"#. ","!= 	Á<= ","!�1&1&# 9&� #"G02�§V!�5�Ô0�� "#�G02�§V*�2�'J%����B-01&G&�&%&� F1, . . . , F4

%&5�!�!= V1&! I #�6�!�!
#�*�1&#")�#;GH#"$&1�'�132�#. "$&!=�
GH! [ϕ1(y0) − c1, ϕ1(0) − c1]

Ô�<�#"#. ","!= "<= ",.-0����!�5
�32.<= "%�G&$&%&,"#"� BD Ô��`2.G06����&!�1&1&#"��5�!=§V*�-> "#"�&G02.5�% B % D 9
Ì 2.<�<�5�#. "$&%&5�Ô�132.4&$&%&5�!�$£Ô��B-01&G&�&%&� F3(x1)

9�Ë -0�&!= "#"5F¡ @79 <�¤ %�$32.,"!�17Á
<= ",�2 c1 + x1 = ϕ1(y1)

Ô&5�#`§¨1&#K4&#"G02��`2� "7�Ô3�� "#J4&$&#"%��
,"#�*�132�'



Î @ hjilkmi8npo�qro3sbtHuwv�xyilz>i8{�o3sr|~}��ro�u

dF3

dx1

< 0. ¡ºÎ 9 @76�¤
â 132�6�#")�%&�&1&:��($&!=��-`6�7` �2� �5�#`§V!= I :� "7Å4&#�63-0�&!�1�*363'�#"<= �2�6�7"1&:�/(�B-01&G7Á

�&%&� 9�Æ �D�
132.GH#"4&#"<= "#`'&1&<= ",�2>4&$&#"%��
,"#�*�1&#"�@<+6�!�*�-"!= ³!�*�%&1&<= ","!�1&1&#"<= "7³GH#"$7Á
1�'�G02�§V*�#")�#¨%��(-0$32.,"1&!�1&%&� F1 = 0, . . . , F4 = 0 ¡º#"1&%�5�#")=-H >%�1&!�6�!=§K2� "75�!=§V*�-> "#"�&G02.5�% [ϕ1(y0) − c1

% ϕ1(0) − c1]
¤+9

� #"�&G02 t2 ,"<�!�)]*�2�$32.<�4&#�6�#`§V!�132�6�!�,"!�!� "#"�&G&% t1 Ô.2Å "#"�&G02 t3 ± 6�!�,"!�!� "#"�7ÁG&% t4 9�� 2.G&%&5;# I $32��
#"5�Ô�#. "$&!=�
#"G£Ô3�&!+6�%&GH#"5T<�#"<= "#`'���%&�p%���$32.,"1&#","!�<�%&�³4&#
?BA=CD-�¡º5�:ª�`2.4&%�C�!�5�,":�$32�§V!�1&%�'� "#�6�7"GH#J*363'�GH#"#"$.*�%&132� x1

¤ Ô�'&,�63'&!= "<�'
4&!�$&!�<�!��&!�1&%&!�5�<+6�!�*�-0����%0/p "$&!+/�5�1&#`§V!�<= ",�È

[xl
1, x

r
1] = [ϕ1(y0) − c1, ϕ1(0) − c1] ∩ [t2, t1] ∩ [t3, t4].

¡ºÎ 9 @=@"¤
Ì 2.<�<�5�#. "$&%&5�Ô.132.GH#"1&!��£Ô�# I 6�2.<= "7 BCD 9�� 1&!���%&)�$&#"G&%�4&!�$&,"#")�#�-0$&#","1�'

1&!�#"G02��
:�,�2.�� D,�6�%�'&1&%�'V*�$�-0)�132�*�$�-0)+2:Ô0%J$32.,"1&#","!�<�1&:�!�<= "$32� "!�)�%&%9132�/�#	Á
*�'� "<�'p%��B-0$32.,"1&!�1&%&�9 "%&432p¡ <:9 8�¤+9&ã <+6�%³,":�4&#�6�1&!�1&#V-"<+6�#","%&! y∗1 + y∗2 < y0

Ô
 "#�132.�H*�!�1&132�'«432.$32 (x∗1, x

∗

2)
*�!��&<= ","%� "!+6�7"1&#�'&,�63'&!= "<�'ª$32.,"1&#","!�<�%&!�5¬%

$32.<�4&#�6�#`§V!�132@,"1�-H "$&%;# I 6�2.<= "% BCD 9 Ê  "#. �<+63-0�32.�;4&#"G02��`2.1;132�$&%&< 9¯8
%p$&%&< 9ò6`×:9
� $&#"%06&6���<= "$&%&$�-"!�5��`2.,"%&<�%&5�#"<= "79$32.,"1&#","!�<�%�'�4&#>?BA=CD-�#. 9432.$32.5�!= 	Á

$&#",��`2`*�2`�&% 9�� <+63-0�32.!ÆÔ8GH#")]*�2� "#"�&G&%;$32.,"1&#","!�<�%�'�4&#�?BA=CD- �`2.4&#�6�1�'&�� 
1&!�GH#. "#"$&:��9#. "$&!=�
#"G£Ô05�: I -
*�!�5�%��
# I $32�§K2� "7D,"!�<�7DA= "#. �#. "$&!=�
#"G 9 � 2.,"%&<�%7Á
5�#"<= "7�$32.,"1&#","!�<�%�'�#. �132`�32�6�7"1&#")�#�GH#�6�%&�&!�<= ",�2�$&!�<=-0$&<
2�¡º,�<�%&5�5�!= "$&%&�7Á
1&#"5T<+63-0�32.! ¤ 4&#"G02��`2.132V132K$&%&< 9ò6á@79
ë �`ì��=�0�.í3î�� Î 9 <3ï�� <+63-0�32.!ÆÔ�GH#")]*�2�5�1&#`§V!�<= ","#D$32.,"1&#","!�<�%&�K4&#D?BA=CD- ± #. 	Á
$&!=�
#"G£Ôb%&)�$&#"G&%�*�#�63§¨1&:¹*�#�132`�32�6�2�%&)�$&:F*�#")�#","#"$&%� "7"<�'£ÔrG02.GH#"!>%&5�!�1&1&#
$32.,"1&#","!�<�%&!J#"1&%y,": I !�$�-H 9bÌ 2.<�<�5�2� "$&%&,�2.!�5�:���#. "$&!=�
#"Gy'&,�63'&!= "<�'�,>*�2.17Á
1&#"5T<+63-0�32.!>¶�4&!�$&!�)�#","#"$&1&:�5¦5�1&#`§V!�<= ","#"5�¸ 9
ä i Ü i�npo�o�ærtHqrÐ&�r�wé¦�rÞ.qro�¾²o�u�ærtHqru�o�Þ.o�|~qro�u��wé
� <+63-0�32.!V<�)�#","#"$32>%&)�$&#"GH#",94&!�$&,"#")�#>-0$&#","1�'�¡º,9GH#"#"4&!�$32� "%&,"1&#"5�<+63-§Á

�32.! ¤ 5�:È-H§V!�%&5�!�!�5F*�!+6�#�1&!�<9*�,.-058'T1&!=�`2.,"%&<�%&5�:�5�%�%&)�$&#"G02.5�%¦4&!�$7Á
,"#")�#J-0$&#","1�'£Ô�2J<D#�*�1&%&5�%&)�$&#"GH#"5�Ô�<= "$32� "!�)�%&!���GH#. "#"$&#")�#>'&,�63'&!= "<�'�432.$32
(x1, x2)

9�ã )�#¨,":�%&)�$&:�CÈ<�G06�2`*�:�,�2.!= "<�'�%��D,":�%&)�$&:�C�!�� 6 Á´)�#K% @ Á´)�#K%&)�$&#	Á
GH#", 9 ° 1³$&!=CV2.!= ><+6�!�*�-0���D-0��#"4� "%&5�%��`2.�&%&#"1&1�-0�F�`2`*�2`��-"È



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ Î <

Ì %&<=-01&#"G 6=6=9�Ö -01&G&�&%&%�,":�%&)�$&:�CV2
%&)�$&#"GH#",J4&!�$&,"#")�#K-0$&#","1�'

Ì %&<=-01&#"G 6á@79 � 2.,"%&<�%&5�#"<= "7
$32.,"1&#","!�<�%�'p4&#J?BA=CD-³#. 
GH#�6�%&�&!�<= ",�2J$&!�<=-0$&<
2

u(xcoop
1 , xcoop

2 ) = max
x1,x2>0

u(x1, x2) = max
x1,x2>0

(u1(x1, x2)+u2(x1, x2)).
¡ºÎ 9 @Æ<�¤

� 2.5�!= "%&5�Ô&�� "#K5�2.GH<�%&58-05T,�¡ºÎ 9 @Æ<�¤ 1&!B5�#`§V!= D*�#"<= "%&)+2� "7"<�'�1&%�§V!BG&$&%7Á
,"#"� BD Ô� 9 G 9 %&)�$&#"G&%¹5�#")=-H �<�5�!�<= "%� "7©<�,"#"%ª<= "$32� "!�)�%&%�,�*�#�6�7�6�%&1&%&�
x1 − x2 = const *�#D6�%&1&%&% BD ÔH-0,"!+6�%&�&%&,�2�'³<�,"#"�>,":�%&)�$&:�C 9�� $&%> �2.GH#"5
<�#")P6�2.<�#",�2.1&1&#"5 -0,"!+6�%&�&!�1&%&%9132�6�#")�#",(#. "G06�%&G>$32��
$32 I #. "�&%&G02(%��
5�!�1�'� "7"<�'
1&! I -
*�!= áÔ�/�#. `'y!�)�#¨*�#
/�#�*�: I -
*�-H p432`*�2� "7 9 � 132`�&%� áÔ~5�2.GH<�%&58-05�*�#"<= "%&)+2áÁ
!= "<�'�,K# I 6�2.<= "% BCD 9
Ë  "$&#")+2�'�,":�4�-0G06�#"<= "7�,","!�$"/��B-01&G&�&%&% u ,�# I 6�2.<= "% BCD <+6�!�*�-"!= 

%��¨-"<+6�#","%�'�¡ @79 <�¤ ¡º<�5 9 $32��+*�!+6 <�¤+9r� #"G02�§V!�5�Ôw�� "#�# I 6�2.<= "7 BCD  �2.G�§V!
,":�4�-0G06�2 9 ?�2�G&$&%&,"#"� BD �`2.,"%&<�%&5�#"<= "7 x2 = γ(x1)

�`2`*�2.!= "<�'D-0$32.,"1&!�1&%&!�5
¡ºÎ 9 ;�¤+9�� #"G02�§V!�5�Ô&�� "#JG&$&%&,�2�' BD 6�!=§¨%� J,":�C�!(G02.<
2� "!+6�7"1&#"��G³1&!��£È

∂2γ

∂x2
1

=
ϕ′′

2(ϕ
−1
2 (c2+x2)) + ϕ′′

1(ϕ
−1
1 (c1+x1))

ϕ′

2
(ϕ−1

2
(c2+x2))

ϕ′

1
(ϕ−1

1
(c1+x1))

(ϕ′

1(ϕ
−1
1 (c1+x1)))2

∣

∣

∣

∣

∣

∣

x2=γ(x1)

> 0.

¡ºÎ 9 @ Î ¤
Æ ��,"<�!�)�#Å,":�C�!�<�G02��`2.1&1&#")�#�<+6�!�*�-"!= �<=-H��!�<= ","#",�2.1&%&!R%�!�*�%&1&<= ","!�1&1&#"<= "7

$&!=C�!�1&%�'@�`2`*�2`�&%�¡ºÎ 9 @Æ<�¤+9�� 2.G�G02.G u1 = 0 4&$&% x1 = ϕ1(0) − c1
Ô�2 u2 = 0



Î"Î hjilkmi8npo�qro3sbtHuwv�xyilz>i8{�o3sr|~}��ro�u

4&$&% x2 = ϕ2(0)−c2
Ô�5�:;5�#`§V!�5�-0�&%� ":�,�2� "7� "#�6�7"GH#B#")�$32.1&%&�&!�1&%&!�G&$&%&,"#"�

BD %³4&!�$&!���#"$&58-`6�%&$&#",�2� "7J�`2`*�2`��-"È
{

− x1ϕ
−1
1 (c1 + x1) − x2ϕ

−1
2 (c2 + x2) → min,

f(x1, x2) = ϕ−1
1 (c1 + x1) + ϕ−1

1 (c2 + x2) 6 y0.

¡ºÎ 9 @=4"¤
� 2.4&%�C�!�5T1&!�# I /�#�*�%&5�:�!D%¨*�#"<= �2� "#"�&1&:�!D-"<+6�#","%�'p5�%&1&%&58-05�2:È







































ϕ−1
1 (c1 + x1) +

λ− x1

ϕ′

1(ϕ
−1
1 (c1 + x1))

= 0,

ϕ−1
2 (c2 + x2) +

λ− x2

ϕ′

2(ϕ
−1
2 (c2 + x2))

= 0,

λf(x1, x2) = 0,

λ > 0.

¡ºÎ 9 @.g�¤

� $&% λ 6= 0 5�%&1&%&58-05³*�#"<= "%&)+2.!= "<�'�132 BD %(132�/�#�*�%� "<�'�%���<+6�!�*�-0����%0/-"<+6�#","%&�£È






























ϕ−1
1 (c1 + x1)ϕ

′

1(ϕ
−1
1 (c1 + x1)) + x1 =

= ϕ−1
2 (c2 + x2)ϕ

′

2(ϕ
−1
2 (c2 + x2)) + x2,

(

x1

ϕ′

1(ϕ
−1
1 (c1 + x1))

+
x2

ϕ′

2(ϕ
−1
2 (c2 + x2))

)

+ y0 < 0,

x2 = γ(x1).

¡ºÎ 9 @"Ã"¤

ã <+6�%@§V!�<�%&<= "!�5�2 ¡ºÎ 9 @"Ã"¤ 1&!�$32��
$&!=C�%&5�2:Ô² "#³$&!=C�!�1&%&!�5��`2`*�2`�&%T¡ºÎ 9 @Æ<�¤
I -
*�!= V432.$32($&!=C�!�1&%&�y¡ <:9 8�¤ %&)�$&: 1× 1 *363'>4&!�$&,"#")�#�%¨,. "#"$&#")�#�$&!�)�%&#"1&#", 9� A= "#"5y<+63-0�32.!�$&!=C�!�1&%&!��`2`*�2`�&%K#BGH#"#"4&!�$32.�&%&%K<�#","432`*�2.!= B<�$32.,"1&#","!�<�%&!�5
4&#K?BA=CD- 9 ° �&!�,"%H*�1&#�Ô&4&$&%> �2.G&%0/9-"<+6�#","%�'0/³GH#"#"4&!�$32.�&%�'91&!B%&)�$32.!= J$&#�6�% 9
" i�ÝpÞ.qrÐ

N × 1
Ì 2.<�<�5�#. "$&%&5µ%&)�$�-=Ô�,yGH#. "#"$&#"�;-0�32.<= ",.-0�� N > 2 %&)�$&#"GH#",y4&!�$&,"#")�#-0$&#","1�'�%�#�*�%&1�%&)�$&#"G�,. "#"$&#")�#�-0$&#","1�'�¡ N 6�%H*�!�$&#",;%�#�*�%&1�4&#"<+6�!�*�#	Á

,�2� "!+6�7 ¤+9"> -
*�!�5¦<��&%� �2� "7�Ô��� "#¨%&)�$&#"G&%p4&!�$&,"#")�#J-0$&#","1�'p<�%&5�5�!= "$&%&�&1&: Ô�%
#")�$32.1&%&�&%&5�<�'J4&#"%&<�GH#"5�<�%&5�5�!= "$&%&�&1&#")�#D$&!=C�!�1&%�'K%&)�$&: 9 � 2.4&%�C�!�5y�B-01&G7Á
�&%&�¹,":�%&)�$&:�CV2¨$32��
$32 I #. "�&%&G02:È

v( Ô , Õ ) =

N
∑

i=1

[ω(yi) − (c+ xi)yi].
¡ 479B6�¤



»yu3|²¼²|~qro�u��rtHu�½Kt@¾²o��b¿³sb�r¾rÀ&�r½Kt�Á"�bÁ"À&tHÂB½ Î 4

Ì 2.<�<�5�#. "$&%&5�1&!�# I /�#�*�%&5�:�!�-"<+6�#","%�'¨A�GH<= "$&!�58-05�2p¡¥'&,�63'&����%&!�<�'¨%V*�#	Á
<= �2� "#"�&1&:�5�%�-"<+6�#","%�'&5�%�5�2.GH<�%&58-05�2@,"<+6�!�*�<= ","%&!³<�%06�7"1&#"�;,":�4�-0G06�#"<= "%
,","!�$"/��B-01&G&�&%&% v 4&#>Õ ¤ , I 6�%��
%�<�%&5�5�!= "$&%&�&1&#")�#�$32.,"1&#","!�<�%�'�4&#³?BA=CD- 9� $&!�*�4&#�6�#`§¨%&5�ÔH�� "#(,"<�!Å%&)�$&#"G&%¨,": I $32�6�%J<�%&5�5�!= "$&%&�&1&:�!�<= "$32� "!�)�%&% xeq Ô
2K#�*�%&1p#. "G06�#"1&%06�<�'�#. J1&!�!�132K5�2�63-0�¹,"!+6�%&�&%&1�-"È















































− ϕ(yi) + c+ xeq − λi + λ0 = 0, i = 1, . . . , N − 1,

− ϕ(yN) + c+ xN − λN + λ0 = 0,

λiyi = 0, i = 1, . . . , N,

λ0(
N

∑

i=1

yi − y0) = 0,

λi > 0, i = 0, 1, . . . , N.

¡ 479 @"¤

?�2.�H*�!�5T#"4� "%&5�2�6�7"1&:���#. "G06�%&GpÕ opt ,KA= "#"5¦<+63-0�32.! 9�Ì 2.<�<�5�#. "$&%&5�,"<�!
,"#.�
5�#`§¨1&:�!�GH#"5 I %&132.�&%&%(1�-`6�!�,":�/�%�1&!�1�-`6�!�,":�/�GH#"A�����%&�&%&!�1� "#", Ø 2.)�$32.17Á
§K2 λi

9�ã <+6�% λ0 = 0 Ô� "#T%&)�$&#"G&%«1&!y,�6�%�'&�� �*�$�-0) 132 *�$�-0)+2:Ô�%©%&)�$32$32.<�432`*�2.!= "<�'�132 N %&)�$ 1 × 1
9 ?B!�# I /�#�*�%&5�:�5�%p*�#"<= �2� "#"�&1&:�5�-"<+6�#","%&!�5

 �2.GH#")�#y$32.<�4&#�6�#`§V!�1&%�'�5�2.GH<�%&58-05�2�'&,�63'&!= "<�';,":�4&#�6�1&!�1&%&!³<+6�!�*�-0����!�)�#
1&!�$32.,"!�1&<= ",�2:È

ϕ−1(c + xeq) <
y0

N
. ¡ 479 <�¤

ã <+6�%¦§V! λ0 6= 0 Ô� "#�,"<�! λi = 0, i = 1, . . . , N ,�<�%063-T<�%&5�5�!= "$&%&%
�`2`*�2`�&%K%V5�2�6�#"<= "%V#. "G06�#"1&!�1&%�' N Á´)�#B%&)�$&#"G02 9�� A= "#"5�<+63-0�32.!�4&#�63-0�32.!= "<�'
<�%&<= "!�5�2J-0$32.,"1&!�1&%&�























λ0 = ϕ(yi) − (c+ xeq) > 0, i = 1, . . . , N − 1,

λ0 = ϕ(yN) − (c+ xN ) > 0,

N
∑

i=1

yi = y0,

¡ 479 Î ¤

%���GH#. "#"$&#"�94&#�63-0�32.!= "<�'p<+6�!�*�-0����!�!�-0$32.,"1&!�1&%&!�*363' yN
¡¥-0�&%� ":�,�2�'³<�%&5�Á

5�!= "$&%&��4&#","!�*�!�1&%�'p4&!�$&,":�/ N − 1 %&)�$&#"GH#", ¤ È

ϕ

(

y0 − yN

N − 1

)

− (c+ xeq) − ϕ(yN) + (c+ xN) = 0. ¡ 479 4"¤
ã <+6�%V,"<�!�%&)�$&#"G&%VG&$&#"5�! N Á´)�#B4&$&%H*�!�$�§¨%&,�2.�� "<�'K$32.,"1&#","!�<�1&:�/�4&#�?BA+Á

CD-�<= "$32� "!�)�%&�£Ô� "#;�B-01&G&�&%�'�,":�%&)�$&:�CV2 N Á´)�#;%&)�$&#"G02 uN( Ô ) = xNyN



Î g hjilkmi8npo�qro3sbtHuwv�xyilz>i8{�o3sr|~}��ro�u

%&5�!�!=  5�2.GH<�%&58-05�4&# xN
,@$32.,"1&#","!�<�1&#"�� "#"�&GH! 9 ?�2.�H*�!�5F#"4� "%&5�2�6�7"1�-0�

<= "$32� "!�)�%&� N Á´)�#9%&)�$&#"G02³4&$&%@-"<+6�#","%&%£Ô²�� "#p#"<= �2�6�7"1&:�!K%&)�$&#"G&%�4&$&%H*�!�$7Á
§¨%&,�2.�� "<�'³<= "$32� "!�)�%&� xeq 9&Ì 2.,"1&#","!�<�%&!B4&#K?BA=CD->5�:�132.�H*�!�5�%���-"<+6�#","%�'
xopt

N = xeq 9
ã <+6�%K5�2.<�%&58-05 uN( Ô ) *�#"<= "%&)+2.!= "<�'¨,B# I 6�2.<= "%£Ô.)]*�!�%&)�$&#"G&%K1&!�,�6�%�'&�� *�$�-0)D132�*�$�-0)+2:Ô� "# xopt

N
% xeq 132�/�#�*�'� "<�'@4&#¨��#"$&58-`6�2.5¦$32��+*�!+6�2 <:9�ã <+6�%

§V!D5�2.GH<�%&58-05T*�#"<= "%&)+2.!= "<�'�4&$&%�2.G� "%&,"1&#"5�#")�$32.1&%&�&!�1&%&%£Ô� "#>!�)�#>5�#`§¨1&#
132.�� "%�%��(<+6�!�*�-0����!�)�#¨-"<+6�#","%�'£È

duN

dxN
= yN + xN

dyN

dxN
= yN +

xN

1
N−1

ϕ′(y0−yN

N−1
) + ϕ′(yN)

= 0. ¡ 479 g�¤

/ �&%� ":�,�2�'£Ô3�� "# yN = y0

N
4&$&% xopt

N = xeq Ô&4&#�63-0�32.!�5T-0$32.,"1&!�1&%&!

xopt
N = xeq = −

y0ϕ
′
(

y0

N

)

N − 1
. ¡ 479áÃ"¤

ã <+6�%�§V!>5�2.GH<�%&58-05©*�#"<= "%&)+2.!= "<�'T132�%��=6�#"5�!ÆÔr "#�ÔbG02.G�5�:Ù,"%H*�!+6�%�,
$32��+*�!+6�!�Î 9 @ ÔÅ$32.,"1&#","!�<�%&!�4&#¦?BA=CD-©1&!�!�*�%&1&<= ","!�1&1&# 9B� <�%&5�5�!= "$&%&�&1&#"5
<+63-0�32.!(A= .-³4&$&# I 6�!�58->6�!�)�GH#J$&!=C�%� "7�Ô�,": I $32.,K<�%&5�5�!= "$&%&�&1�-0�F "#"�&G�-

Ô eq = (ϕ
(y0

N

)

− c, . . . , ϕ
(y0

N

)

− c). ¡ 479 ;�¤
� 2.4&%�C�!�5�-0$32.,"1&!�1&%�'�¡ 479 4"¤ %�¡ 479áÃ"¤ *363'p5�#�*�!+6�7"1&#"�p�B-01&G&�&%&%�¡ 6=9 @"¤ È

qRe−q
y0−yN

N−1 − (c+ xeq) = qRe−qyN − (c+ xN),

xopt
N = xeq =

q2Ry0e
−qy0/N

N − 1
.
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°  "5�!= "%&5�<+6�!�*�-0����%&��432.$32`*�#"GH< 9B� <+63-0�32.!ÆÔBGH#")]*�2�$32.,"1&#","!�<�%&!�4&#
?BA=CD-9*�#"<= "%&)+2.!= "<�'�4&$&%@2.G� "%&,"1&#"5�#")�$32.1&%&�&!�1&%&%£Ô�#"4� "%&5�2�6�7"1&:��@#. "G06�%&G
$32��
$32 I #. "�&%&G02y1&!³�`2.,"%&<�%�  #.  GH#�6�%&�&!�<= ",�2y$&!�<=-0$&<
2 R 4&$&%�<�%&5�5�!= "$&%&�7Á
1&:�/�132�6�#")+2�/ 9�Ó #`§¨1&# I :�6�# I :Ù#`§¨%H*�2� "7�Ôr�� "#�%�$32.,"1&#","!�<�%&!94&#@?BA=CD-
1&!(�`2.,"%&<�%� 9#. R 9 ° *�132.GH#¨5�:ª,"%H*�%&5�Ô��� "#>A= "#>1&!( �2.G 9Ö0 !+6�#¨,J "#"5�Ô��� "#
GH#�6�%&�&!�<= ","#�$&!�<=-0$&<
2 ,�6�%�'&!= �132@-"<= "#"�&�&%&,"#"<= "7�<�%&5�5�!= "$&%&�&1&#")�#�132 I #"$32
<= "$32� "!�)�%&��Ô eq = (x, . . . , x) #. "1&#"<�%� "!+6�7"1&#�5�2�6�:�/D#. "G06�#"1&!�1&%&��#�*�1&#")�#�%&)+Á$&#"G02:Ô�4&#"<�GH#�6�7"G�-p4&$&%�1&!�<�%&5�5�!= "$&%&�&1&:�/�132�6�#")+2�/p#"4� "%&5�2�6�7"1&:��@#. "G06�%&G
$32��
$32 I #. "�&%&G02��`2.,"%&<�%� �#. R 9�� 2.G&%&5Ù1&!='&,"1&:�5Ù# I $32��
#"5 R #"G02��
:�,�2.!= 
,�6�%�'&1&%&!(132V$32.,"1&#","!�<�%&!�4&#¨?BA=CD- 9
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° I <=-
*�%&5  "!�4&!�$&7V,�6�%�'&1&%&!�GH#"1&G�-0$&!�1&�&%&%9132(,":�%&)�$&:�C�%9%&)�$&#"GH#",�# I #	Á
%0/¨-0$&#","1&!�� 9�Ì 2.<�<�5�#. "$&%&5�1&!�G&%&�>$&!�)�%&#"19<�GH#�6�%&�&!�<�,"#"5�$&!�<=-0$&<
2 R0

%>GH#	Á
A�����%&�&%&!�1� "#"5©406�#. "1&#"<= "%y$&!�<=-0$&<
2 q0 9²Ì 2��+*�!+6�%&5�!�)�#³132 n �32.<= "!�� 9~� $&%A= "#"5«1329G02�§V*�-0�Ù�32.<= "7 I -
*�!= p4&$&%0/�#�*�%� "7"<�' Rn = R0/n

$&!�<=-0$&<
2 9$#  "#	Á
I :�406�#. "1&#"<= "7�$&!�<=-0$&<
2 qnRn

I :�6�2�#�*�%&132.GH#","#"��4&$&%;6�� I :�/ n Ô�1�-H§¨1&#
��#"$&5�2�6�7"1&#K4&#�6�#`§¨%� "7 qn = q0n

93� #")]*�2
ωn(y) =

R0

n
(1 − e−q0ny),

ϕn(y) = q0R0e
−q0ny,

ϕ′

n(y) = −nq2
0R0e

−q0ny.
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Æ <�<+6�!�*�-"!�5T�`2.,"%&<�%&5�#"<= "7J#. n ,":�%&)�$&:�CV2K%&)�$&#"G02K,. "#"$&#")�#V-0$&#","1�'£Ô32 �2.G�§V!�<=-05�5�2.$&1&#")�#�,":�%&)�$&:�CV2�%&)�$&#"GH#",�4&!�$&,"#")�#�-0$&#","1�' 9�ã <+6�%K$32.,"1&#","!+Á
<�%&!�4&#�?BA=CD-�*�#"<= "%&)+2.!= "<�'K4&$&%D432.<�<�%&,"1&#"5�#")�$32.1&%&�&!�1&%&%£Ô� "#��`2.,"%&<�%&5�#"<= "%
#. n 1&!= áÔb 9 G 9 %&)�$&#"G&%�,@A= "#"5¹<+63-0�32.!91&!>#"G02��
:�,�2.�� @,�6�%�'&1&%�'y*�$�-0)>132*�$�-0)+2 9�� #"A= "#"58-�<�#"<�$&!�*�#. "#"�&%&5�<�'K132�<+63-0�32.!ÆÔ.GH#")]*�2B$32.,"1&#","!�<�%&!�4&#B?BA=CD-
*�#"<= "%&)+2.!= "<�'@4&$&%�2.G� "%&,"1&#"5T#")�$32.1&%&�&!�1&%&% y0

9�� A= "#"5T<+63-0�32.!
xeq(n) =

nq2
0R0y0e

−q0y0

n− 1
, ¡ 479B6=6�¤

!�<+6�%�,":�4&#�6�1&!�1&#

c + xeq(n) < ϕ(
y0

n
) = q0R0e

−q0y0. ¡ 479B6á@"¤
� A= "#"5¦<+63-0�32.!(<=-05�5�2.$&1&:���,":�%&)�$&:�C�$32��
$32 I #. "�&%&GH#",J$32.,"!�1

Un =nxeq y0

n
=q2

0R0y
2
0e

−q0y0
n

n−1
=q2

0R0y
2
0e

−q0y0

(

1+
1

n−1

)

. ¡ 479B6�<�¤
� 4&$&!�*�!+6�!�4&$&% n→ ∞ ,":�%&)�$&:�CÉ$32��
$32 I #. "�&%&GH#",K432`*�2.!= D*�#�-0$&#","1�'

U∞ = q2
0R0y

2
0e

−q0y0 . ¡ 479B6 Î ¤
?�2K$&%&< 9�6�< 4&#"G02��`2.132K�`2.,"%&<�%&5�#"<= "79<=-05�5�2.$&1&#")�#¨,":�%&)�$&:�CV2>%&)�$&#"GH#",

4&!�$&,"#")�#V-0$&#","1�'>#. K132�6�#")+2 x ¡º1&!�<+6�#`§¨1&#V4&#"G02��`2� "7�Ô��� "#K#"132D#�*�%&132.GH#",�2�'*363'�,"<�!+/ n ¤+9 ?�2p)�$32.��%&GH!¨#. "5�!��&!�1&:Ù,":�%&)�$&:�C�%;,p "#"�&G02�/ $32.,"1&#","!�<�%�'4&#¦?BA=CD-=Ô�GH#. "#"$&:�!�,": I %&$32.�� T%&)�$&#"G&%«,�-"<+6�#","%�'0/©GH#"1&G�-0$&!�1&�&%&%ª4&$&%
$32��=6�%&�&1&:�/ n 9 ?�2D$&%&< 9£6 Î� "#�§V!�4&#"G02��`2.1&#D*363'9%&)�$&#"G02V,. "#"$&#")�#�-0$&#","1�' 9ã )�#J,":�%&)�$&:�CÈ<�$&#"<= "#"5 n -0,"!+6�%&�&%&,�2.!= "<�'³*�#K4&$&!�*�!+6�7"1&#")�#J�
132`�&!�1&%�'

v∞ = R0(1 − e−q0y0) − (c+ q2
0R0y0e

−q0y0)y0.
¡ 479B6á4"¤
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