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� @�45���`$&%&w¡%(+«:8��+"1�9"+"0��¬w�2"1�/���/� 8w�+"0��¢,�2;%(� Γ = (Z, L) *e,Yw�1 Z −!#+"�&�.1�45��/���/�1�2�-p "+u,�2;%(��%�*Ú¿ L − ����9"1�9"+"�	¼G!#+"�&�.1�45��/�1�+"+"��1>�(����t�2;%��.1½¼

+" "1(*h$&%&w¡%(+"+"��1c+;%�!#+"�&�.1�45��/�1 Z Å L (z) ⊂ Z, z ∈ Z.
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/� 8w�+"0��},�2;%(�­4�+;%&9;%�z
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;
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G (z) = 〈N, X1, . . . , Xn, K1, . . . , Kn〉 ,

,Yw�1

• N = {1, . . . , n} − !#+"�&�.1�45��/��� ",�2"��:8��/"*~��w� "+;%(:8��/���1Ow;z;)�/�4�1K6}/�1�29¼-p "+ z ∈ Z ²
• Xj =

{

xz
j

∣

∣ xz
j = k , k = 1 , mj

}

− !#+"�&�.1�45��/���9" "45��0O6u45��2;%���1�,� "�
 ",�2"��:{% j ∈ N *;��w� "+;%(:8��/���1�w;z;)�/�4�1K6�/�1�2�-p "+ z ∈ Z ²
• mj − 9" "4Kz
��9" "45��0O6�45��2;%���1�,� "�F ",�2"��:{% j ∈ N /}!#+"�&�.1�45��/�1 Xj ²
• xz

j − 9" "45��%�)�45��2;%���1�,� �)F ",�2"��:{% j ∈ N /}/�1�2�-p "+"1 z ∈ Z ²
• µz

j =
{

µ
j
k

}

k=1,mj
∈ Σj − 4�!#15-.%(+"+;%�)�45��2;%���1�,� �)F ",�2"��:{% j ∈ N /

/�1�2�-p "+"1 z ∈ Z *³,Yw�1 µ
j
k − /�1�2"�&)���+"��45����/�0�t���2;% j ¼G!­ ",�2"��:8��! k ¼G�

9" "45������45��2;%���1�,� " ãÅ µ
j
k ≥ 0 , j = 1 , n , k = 1 , mj ,

mj
∑

k=1

µ
j
k = 1 ²



´}µ ¦"gh¶3g�¨8n"·hg�¸¢m¬¥�¦"j{¹�n;¥�¦"ghªhl{¥�§hg�¹�§�j
n�ºSgh·hghj
rhrh».¹�ghi(fhn�¹ Ë£:

• Σj − !#+"�&�.1�45��/���/�4�1K6�4�!#15-.%(+"+"0O6�45��2;%���1�,� "� j ¼G,��} ",�2"��:{% ²
• +;%(t���2�9" "45��0O6�45��2;%���1�,� "� xz = (xz

1, . . . , x
z
n) ∈ X , xz

j ∈ Xj, j =

1, n *"+;%�$70�/~%(15��4�) �5�;�.¼~�(�;�

5�F�
���
� G (z) /}/�1�2�-p "+"1 z ∈ Z ²
• X =

∏

i=1, n

Xi −
!#+"�&�.1�45��/��A4� ��(@~%('" "��*���w� "+;%(:8��/���1Ow;z;)�/�4�1K6>/�1�29¼

-p "+ z ∈ Z ²
• +;%(t���2½4�!#15-.%(+"+"0O6¾45��2;%���1�,� "� µz = (µz

1, . . . , µ
z
n) ∈ Σ , µz

j ∈

Σj, j = 1, n *e+;%�$70�/~%(15��4�) �5�;�.¼~�(�;�
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���
� G (z)
�®�Y¯<
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�5���8�(�}
����{À{� /}/�1�2�-p "+"1 z ∈ Z ²
• Σ =

∏

j=1, n

Σj − !#+"�&�.1�45��/��}4� ��(@~%('" "��/.4�!#15-.%(+"+"0O6�45��2;%���1�,� �){6¡*
��w� "+;%(:8��/���1�w;z;)�/�4�1K6�/�1�2�-p "+ z ∈ Z ²

• Kj (xz) , xz ∈ X, − �3@{+":"'" �)�/�0� ",�2"0Q-.% j ¼G,��� ",�2"��:{%�*
��w�+;%� ���%�.1�w;z;)|/�4�1K6|/�1�2�-p "+ z ∈ Z ² �"2"1�w��"��z�%(,K%(15��4�)�*Q9���� Kj (xz) ≥ 0

∀ xz ∈ X  ∀ j ∈ N.
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Σz = {S1, . . . , Sl} , l ≤ n , Si ∩ Sj = ∅ , ∀ i 6= j ,

l
⋃

i=1

Si = N ,

� ; 1 ; !#+"�&�.1�45��/��` ",�2"��:8��/ N 2;%�$Kw�1Kz
1�+"�u+;% l :8�~%�z
 "'" "��*�:{%��.w¡%�)� �$�:8�	¼����2"0O6Fw�1��"45��/(@�15�©:{%(:®��w� "+` ",�2"��: ;�4 �~%�z
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;
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Y¯<
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G (z)

G (z , Σz) =
〈

N, X̃z
S1

, . . . , X̃z
Sl

, Hz
S1

, . . . , Hz
Sl

〉

,

,Yw�1

• X̃z
Si

=
∏

j∈Si

Xj − !#+"�&�.1�45��/���45��2;%���1�,� "� x̃z
Si

:8�~%�z
 "'" " Si, i = 1, l,

,Yw�1 �5���8�(�}
����{À x̃z
Si

∈ X̃z
Si

� ���7�
�;�;�;� Si − ?5���u+;%(t���2«45��2;%���1�,� "�
 ",�2"��:8��/� �$�:8�~%�z
 "'" " Si

*"� ; 1 ; x̃z
Si

=
{

xz
j ∈ Xj

∣

∣ j ∈ Si

} ²
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• +;%(t���2«45��2;%���1�,� "� x̃z =
(

x̃z
S1

, . . . , x̃z
Sl

)

∈ X̃z, x̃z
Si

∈ X̃z
Si

, i =

1, l, +;%�$70�/~%(15��4�) �5�;�.¼~�(�;�

5�®���
����
 G (z , Σz) ²
• X̃z =

∏

i=1, l

X̃z
Si

− !#+"�&�.1�45��/��®4� ��(@~%('" "�«/F��w�+"��/�2"1�!#1�+"+"���� ",�2"1

G (z , Σz) ²
• µ̃z

i − 4�!#15-.%(+"+;%�)u45��2;%���1�,� �)y:8�~%�z
 "'" " Si , i = 1, l *³/�/�1�2�-p "+"1
z ∈ Z ²
• Σ̃z

i − !#+"�&�.1�45��/���4�!#15-.%(+"+"0O6�45��2;%���1�,� "�©:8�~%�z
 "'" " Si , i = 1, l */}/�1�2�-p "+"1 z ∈ Z ²
• +;%(t���2½4�!#15-.%(+"+"0O6¾45��2;%���1�,� "� µ̃z = (µ̃z

1, . . . , µ̃
z
l ) ∈ Σ̃z , µ̃z

i ∈

Σ̃z
i , i = 1, l, +;%�$70�/~%(15��4�) �5�;�.¼~�(�;�

5�½�
���
� G (z)

�¬�Y¯<
5¿.�(�;�;�h�
�5���8�(�}
����{À{� /}/�1�2�-p "+"1 z ∈ Z ²
• Σ̃z =

∏

i=1, l

Σ̃z
i − !#+"�&�.1�45��/���4� ��(@~%('" "�©/�4�!#15-.%(+"+"0O6�45��2;%���1�,� �){6

/}/�1�2�-p "+"1 z ∈ Z ²
• �3@{+":"'" �)�/�0� ",�2"0Q-.%©:8�~%�z
 "'" " Si

���"2"1�w�1Kz;)"15��4�)«:{%(:y45@{!#!�%F/�0p¼
 ",�2"0Q-p1��F ",�2"��:8��/� �$�:8�~%�z
 "'" " Si

*�� ; 1 ;

Hz
Si

(x̃z) =
∑

j∈Si

Kj (x) , i = 1, l ,

,Yw�1 xz = (xz
1, . . . , x

z
n)  x̃z =

(

x̃z
S1

, . . . , x̃z
Sl

)

− ��w�+;%¬ |��%y�.1
4� ��(@~%('" �)¾/� ",�2;%�6 G (z)  G (z , Σz)

*O��%(:{%�)�*�9����yw;z;)­:{%��.w����
:8��!#�"��+"1�+���0 xz

j , j = 1, n *e �$�4� ��(@~%('" " xz 4Kz
1�w
@�15��*D9����®?5��%F�.1
:8��!#�"��+"1�+���% xz, j ∈ Si

*&/�6~��w� ���/�4���45��%(/�45��2;%���1�,� " x̃z
Si

 �$O4� ��(@~%('" " 
x̃z

;

� 2" "!#1�!�1�w� "+"��13��t��($7+;%&9"1�+" "1 xz w;z;)�4� ��(@~%('" " �/p ",�2;%�6 G (z)  G (z, Σz)
;

Æ $�?5����,�����w�+;%(:8��+"1<4Kz
1�w
@�15��*¡9���� µz = µ̃z
;

2 %�z
1�1(*
w;z;)`:{%��.w����©/�1�2�-p "+"0 z ∈ Z ,�2;%(��% Γ (z0)
���"2"1�w�1Kz
1�+"0Ç/�1½¼

2"�&)���+"��45�� ��"1�2"1K6~��w¡% p (z, y ; xz) /p4Kz
1�w
@{���p "1</�1�2�-p "+"0 y ∈ L (z) ,�2;%º¼��% Γ (z0)
*�:8�(����2"0�1.$&%(/� "4�)����(��4� ��(@~%('" " xz *�2"17%�z
 �$7��/~%(/(-p1��"4�)`/� ",�2"1

G (z , Σz)
4<�< ":84� "2"��/~%(+"+"0�!¢/�+"1���:8�~%�z
 "'" "��+"+"0�!|2;%�$7t� "1�+" "1�!�Å

p (z, y ; xz) ≥ 0 ,
∑

y∈L(z)

p (z, y ; xz) = 1 .
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Γ̃ (z0) È ¼~Â�
Y¯É�;��Ê������(�.°��
���
¼¢�;� � �&�

5�{�
��¯ÉÂ���
��(�����;Â��
��¯Ë���8� ± 

Γ (z0)

���;�(�{�7�
°~�
�&�®�(
G�
¿.�;�
�&�
z0 Ì

Γ̃ (z0) =
〈

N, Γ (z0) , {G (z, Σz)}z∈Z , {p (z, y ; xz)}z∈Z,y∈L(z), xz∈XZ , kΓ̃

〉

,

��Â�


• N = {1, . . . , n} −
¯3�
�7Íx
��5�}�(�¬�
����� � ���&Î>�&Â��;�;� � ���(��
`Â5��Àv�(��
��

�(
G�
¿.�;�
z ∈ Z Ï

• Γ (z0) −
Â���
��(�����;Â��;�#�`���8� ± ���;�(�{�7�
°~�
�&�®�(
G�
¿.�;�
�&�

z0 Ï
• {G (z, Σz)} z∈Z −

�&Â��
������
Y¯<
5�;�;��
 � ���7�
�;�;�
�&�;�;��
¬�
���
� l
�
�;�Ð�

�
�M�8¯3�7�
°~�
�&� ± �M�8¯<
�Î�Ê��(Â��(�;�;��
�� � ��Í¾Â��&���(
G�
¿.�;�

 z ∈ Z
���8� ± �

Γ (z0) Ï
• {p (z, y; xz)}z∈Z , y∈L(z) , xz∈XZ −

�(
G���5À;�.�
���5�.�|��
Y�7�
��Ê��(�;�;� � ���(�
�
�;�;�
�&�;�
�&�¾�
���
�

G (y , Σy)
�¬�(
G�
¿.�;�



y ∈ L (z) Ñ �
�¾¼8���������;��Î�{�}�>�;� Ñ ��
5Â��#Â�¼~Ò}
Y¯Ó¿.���K
.���&Â��
������
Y¯<
5�;�
�&�u�
����
 G (z , Σz)
��
Y�(�

�
��Ê(�����7�
���5°��5�;�.¼~�(�;�{À
xz Ï

• kΓ̃ −
�{�
������¿.���K�������5�}�5�;���5�.�;��
�� � �&�.�
����
 Γ̃ (z0)

Î � �&�

5�{�
��
D� ± � � �
�5�(�������(�;�
��
 Ï ¿.��� k

���(
G�
¿.�;�


zk ∈ Z

� Ñ ��
5Â�
���À

5�}��À���Ê�¼8���������{À
zk ∈ (L (z0))

k Î ��ÔÕ
7ÔD�(
G�
¿.�;�;�
zk

Â����5�.�
����
5�}��À¬��Ê��(
G�
¿.�;�;�
z0
Ê��

k
¿.���K����Ô

Ö ��45���&)"+" �)"!# �/Aw¡%(+"+"�����"�($7 "'" "��+"+"����45���768%(45�� "9"1�4�:8���® ",�2"1 Γ̃ )"/�z;)9¼����4�)F/�1�2�-p "+"0�,�2;%(��% z ∈ Z 43$&%&w¡%(+"+"0�!# �/�+" {6�:8�~%�z
 "'" "��+"+"0�!# F2;%�$&¼
t� "1�+" �)"!# Σz

*&� ; 1 ; �;%(2;%�/� 8w¡% (z , Σz)
;(Æ ,�2;% Γ̃ )"/�z;)"15��4�).45���768%(45�� "9"1�4�:8����*��%(:F:{%(:��"1�2"1K6~��w` �$A4���45���&)"+" �) (z , Σz)
/�4���45���&)"+" "1 (y , Σy)

* y ∈ L (z) *���"2"1�w�1Kz;)"15��4�)F$&%&w¡%(+"+"����/�1�2"�&)���+"��45�������"1�2"1K6~��w¡% p (z, y ; xz)
;

Æ ,�2;%F�"2"�� "4M6~��w� ��y4Kz
1�w
@{���p "!Ð��t�2;%�$7��! ;eÆ ,�2;% Γ̃ (z0)
+;%&9" "+;%(15��4�)¢/

/�1�2�-p "+"1 z0
*�,Yw�1}2"17%�z
 �$�@�15��4�)y ",�2;% G (z0 , Σz0)

4.+"1�:8�(����2"0�!x:8�~%�z
 "'" 9¼
��+"+"0�!`2;%�$7t� "1�+" "1�! Σz0

;�Æ ,�2"��:" }/�0�t� "2;%(���<4�/��� .45��2;%���1�,� " �*8��t�2;%�$�@�15��4�)
4� ��(@~%('" �)� ",�2"0 xz0

;;× %���1�!«4�$&%&w¡%(+"+"0�!# �/�1�2"�&)���+"��45�&)"!# p (z0, z1 ; xz0)/�$&%(/� "4� "!#��45�� `�(��4� ��(@~%('" " xz0 ��45@8�p1�45��/�z;)"15��4�)y�"1�2"1K6~��w� �$�/�1�2�-p "+"0
z0
+;%®w�2"1�/���/� 8w�+"��!Ç,�2;%(�<1 Γ (z0)

/y ",�2"0 G (z1 , Σz1) , z1 ∈ L (z0)
;Os
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 ",�2"1 G (z1 , Σz1)
 ",�2"��:" |4�+"��/~%`/�0�t� "2;%(���y4�/��� ¢45��2;%���1�,� " �*Q��t�2;%�$�@�15�	¼

4�)½4� ��(@~%('" �)­ ",�2"0 xz1
;�× %���1�!Ø �$®/�1�2�-p "+"0 z1 ∈ L (z0)

w�1Kz�%(15��4�)­�"1½¼
2"1K6~��wv+;%�,�2;%(�<1®/�/�1�2�-p "+�@ z2 ∈ (L (z0))

2 *�4�+"��/~%¬��t�2;%�$�@�15��4�)x4� ��(@~%º¼
'" �)© ",�2"0 xz2 *¡ F��%(:�w��c��1K6©�"��2�*¡�"��:{%c+"1pt(@7w
@8�>w���45�� ",�+�@8��0Ç/�1�2�-p "+"0
zkΓ̃

∈ (L (z0))
kΓ̃ , L

(

zkΓ̃

)

= ∅
;

Ù t��($7+;%&9" "!Ø9"1�2"15$ Γ̃ (z) �"��w�0�,�2�@½ ",�2"0 Γ̃ (z0)
*Qt�1�2�@8�A@{�Ú+;%&9;%�z
��/

/�1�2�-p "+"1 z ∈ Z ,�2;%(��% Γ (z0)
*Q� ; 1 ; 4®:8�~%�z
 "'" "��+"+"���­ ",�2"0 G (z , Σz)

;
� ��w�0�,�2;% Γ̃ (z) ��9"1�/� 8w�+"�}��%(:��.1<)"/�z;)"15��4�)�45���768%(45�� "9"1�4�:8���® ",�2"��� ;
s /�1�w�1�!¢��t��($7+;%&9"1�+" �)ãÅ

• uz
j (·) − 45��2;%���1�,� �)| ",�2"��:{% j, j = 1, n , /`�"��w�0�,�2"1 Γ̃ (z) *#:8�(���	¼2;%�)�:{%��.w����c/�1�2�-p "+"1 y ∈ Z 45��%(/� ���/.4����(��/�15��45��/� "1�45��2;%���1�,� "� x

y
j ",�2"��:{% j /}��w�+"��/�2"1�!#1�+"+"���� ",�2"1 G (y, Σy)

�"2" y ∈ Γ (z) *"� ; 1 ;

uz
j (y) =

{

x
y
j

∣

∣ y ∈ Γ (z)
}

;

• uz
Si

(·) − 45��2;%���1�,� �)¬:8�~%�z
 "'" " Si
/��"��w�0�,�2"1 Γ̃ (z) *³:8�(����2;%�)`1�45���+;%(t���2�45��2;%���1�,� "� uz

j (·) , j ∈ Si ²
• uz (·) = (uz

1 (·) , . . . , uz
n (·)) =

(

uz
S1

(·) , . . . , uz
Sn

(·)
)

− 4� ��(@~%('" �)
/}�"��w�0�,�2"1 Γ̃ (z)

;

=315��2�@7w�+"�u�"��:{%�$&%����"*�9����`/�0� ",�2"0Q- Ez
j (uz (·))  ",�2"��:{% j, j = 1, n,/�z
��t����¬�"��w�0�,�2"1 Γ̃ (z) ���"2"1�w�1Kz;)"15��4�)¢:{%(:¬!�%���1�!�%��� "9"1�4�:8��1��&�> 8w¡%(+" "1/�0� ",�2"0Q-.%> ",�2"��:{% j �"��4Kz
1�w
@{���p1��F�<��2"!e@&z
1>ÛY� B�� *"4 ;Ú8º6Â=~Ü Å

Ez
j (uz (·)) = Kj (xz) +

∑

y∈L(z)

[

p (z, y ; xz) E
y
j (uy (·))

]

. Û B9;D8�Ü

s 0� ",�2"0Q- Hz
Si

(xz) :8�~%�z
 "'" " Si ∈ Σz, i = 1, l , /.:{%��.w�����:8�~%�z
 "'" 9¼��+"+"���} ",�2"1 G (z , Σz)
 ",�2"0 Γ̃ (z0)

/3/�1�2�-p "+"1 z ∈ Z /3:{%��.w����}4� ��(@~%('" " 
xz ���"2"1�w�1Kz;)"15��4�)F:{%(:�45@{!#!�%}/�0� ",�2"0Q-p1��F ",�2"��:8��/� �$�:8�~%�z
 "'" " Si

Å

Hz
Si

(xz) =
∑

j∈Si

Kj (xz) . Û B9; B�Ü
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s 0� ",�2"0Q-Ç:8�~%�z
 "'" " Hz
Si

(uz (·)) , Si ∈ Σz, i = 1, l , /A�"��w�0�,�2"1 Γ̃ (z) ",�2"0 Γ̃ (z0)
/y/�1�2�-p "+"1 z ∈ Z ���"2"1�w�1Kz;)"15��4�)­:{%(:|45@{!#!�%y/�0� ",�2"0Q-p1��

 ",�2"��:8��/� �$�:8�~%�z
 "'" " Si
/}�"��w�0�,�2"1 Γ̃ (z) /}/�1�2�-p "+"1 z ∈ Z Å

Hz
Si

(uz (·)) =
∑

j∈Si

Ez
j (uz (·)) =

=
∑

j∈Si







Kj (xz) +
∑

y∈L(z)

[

p (z, y ; xz) E
y
j (uy (·))

]







. Û B9; >~Ü

Ù 9"1�/� 8w�+"�"*{9����./<z
��t����c/�1�2�-p "+"1 z ∈ Z �"2" �:8�~%�z
 "'" "��+"+"��!¬2;%�$7t� "1½¼
+" " Σz

 ",�2;% Γ̃ (z) 4Q/�0� ",�2"0Q-.%(!# Ez
j
 ",�2"��:8��/ j = 1, n *(���"2"1�w�1Kz
1�+"+"0�!# �<��2"!e@&z
����Û B9;D8�Ü *�)"/�z;)"15��4�)}t�1�4�:8�~%�z
 "'" "��+"+"���} ",�2"���.!#15�.w
@A:8�~%�z
 "'" �)"!# 

Si ∈ Σz
43/�0� ",�2"0Q-.%(!# �:8�~%�z
 "'" "� Hz

Si
(uz (·)) *����"2"1�w�1Kz
1�+"+"0�!# F�<��2"!e@£¼z
���`Û B9; >~Ü½;?2 z;)c:8��+"1�9"+"0O6�t�1�4�:8�~%�z
 "'" "��+"+"0O6� ",�2�45@8�p1�45��/���/~%(+" "1<4� ��(@~%º¼

'" " �2;%(/�+"��/�1�4� �)�/}4�!#15-.%(+"+"0O6�45��2;%���1�,� �){6�w���:{%�$&%(+"��� > *;4 ;Ú8�>£Ì���;
=<%(�"��!#+" "!�*�9����A4� ��(@~%('" "1��c2;%(/�+"��/�1�4� �)��"��=3?5-A@�ÛÞÝë¿ÂÇMß>à#á Ï ÁÄÃÄÁãâ Î Á Ï ¾�*

Ý�à Ü +;%�$70�/~%(15��4�)F4� ��(@~%('" �) ūz (·) Å

Hz
Si

(ūz (·)) ≥ Hz
Si

(

ūz (·) || uz
Si

(·)
)

∀ uz
Si

(·) ∈ U z
Si

, ∀ Si ∈ Σz, i = 1, l ,

,Yw�1 U z
Si

− !#+"�&�.1�45��/��¬45��2;%���1�,� "� uz
Si

(·) :8�~%�z
 "'" " Si ∈ Σz, i = 1, l *%�$&%(�" "4�� (

ūz (·) || uz
Si

(·)
) �($7+;%&9;%(15��*e9����®:8�~%�z
 "'" �) Si

�(��:{z
��+�)"15��4�)«�(�
4� ��(@~%('" " ūz (·) *¡/�0�t� "2;%�)©45��2;%���1�,� "� uz

Si
(·) /�!#1�45����45��2;%���1�,� " ūz

Si
(·) ∈

ūz (·)
;
� ��4�:8��z
��:�@./�0� ",�2"0Q-p c ",�2"��:8��/ j, j = 1, n , +"1 /�0Dw�1Kz
1�+"0� �$�:8�~%�z
 9¼'" "��+"+"��,��A/�0� ",�2"0Q-.%A/<�"��w�0�,�2"1 Γ̃ (z) *����A+;%<4Kz
1�w
@{���p1�!¬-.%(,�1�/��"��w�0�,½¼2"1 Γ̃ (y) , y ∈ L (z) , �"2" >w�2�@{,���!¢:8�~%�z
 "'" "��+"+"��!«2;%�$7t� "1�+" " �/./�1�2�-p "+"1

y *h/�0�t���2y ",�2"��:{% j !#�&�.15�©��:{%�$&%�����4�)¬+"15��2" "/� ;%�z
��+"0�!� y�(�7z
 "9"+"0�!��(�4����(��/�15��45��/(@{���p1�,��./�0�t���2;%�*(/�6~��w
)��p1�,���/32;%(/�+"��/�1�4�+�@{�½45��2;%���1�,� "� ūz
j (·)/��"��w�0�,�2"1 Γ̃ (z)

;
Á %(:" "!���t�2;%�$7��!�*S2"15-p ����®:8�~%�z
 "'" "��+"+�@{�Ä45���768%(45�� "9"1�4�:�@{�ä�"��w�0�,�2�@

Γ̃ (z) �($7+;%&9;%(15� Ñ ���5�����&�;�.° 4� ��(@~%('" "�¾2;%(/�+"��/�1�4� �) ūz (·) /��"��w�0�,�2"1 Γ̃ (z)4<@{9"15����!½+;%�z
 "9" �)�:8�~%�z
 "'" "��+"+"0O6�45��2�@{:��(@{2®/>�"��w�0�,�2;%�6¡*�/�:{z
��9"1�+"+"0O6
/>�"��w�0�,�2�@ Γ̃ (z) *;/>9;%(45��+"��45�� �*���@8��1�!½/�0�9" "4Kz
1�+" �)©BDCFE£¼G/�1�:�����2;%�/�0� ",½¼2"0Q-p1��F ",�2"��:8��/�/��}/�4�1K6��"��w�0�,�2;%�6¡*
/�:{z
��9"1�+"+"0O6�/}�"��w�0�,�2�@ Γ̃ (z)

;
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� ��45��%(/� "!�4Kz
1�w
@{���A@{�å$&%&w¡%&9�@"ÅS�"��45��2"�� ����©2"15-p1�+" "1�:8�~%�z
 "'" "��+"+"���
45���768%(45�� "9"1�4�:8���� ",�2"0 Γ̃ (z0)

*��"��45��2"�� "/�4� ��(@~%('" "�|2;%(/�+"��/�1�4� �) ūz (·) /� ",½¼2"1 Γ̃ (z0)
*� "4��"��z
�($�@()�/<:{%&9"1�45��/�1������� "!�%�z
��+"��,���2"15-p1�+" �)�:8�~%�z
 "'" "��+"+"0O6

 ",�2���t���t(�p1�+"+"0���BDCFE£¼G/�1�:�����2�*
4�! ; � Ë(��;

æ _�¤�j�¥�¦"fhj
l8rhghl.fhl8ç`l8rhg�¸®m�¶3rhj
i(j
ç`n"i(j
m
j
èy¥�¦"j{¹�n;¥�¦"ghªhl{¥�§�j
è©ghi(fhl

� 2"1�w;z
�&�> "!½4��"��4���t��"��45��2"��1�+" �)`2"15-p1�+" �)®!#+"��,��(-.%(,���/����®45���768%(45�� 9¼
9"1�4�:8���. ",�2"0 Γ̃ (z) 4�/���1�,���2"��w¡%�!#15����w���!©��t�2;%���+"���p "+8w
@{:"'" " �*�� ; 1 ; w�/� ",K%º¼)"4��3�(�<��:8��+"9;%���1Kz
��+"���}�"�($7 "'" " }:}+;%&9;%�z
��+"���}%(+;%�z
��,� "9"+"�34M6~1�!#1��"��45��2"�	¼
1�+" �)�%(t�4���z
����+"��,��}2;%(/�+"��/�1�4� �)��"��=3?5-A@�/.�"�($7 "'" "��+"+"���� ",�2"1<43�"��z
+"���
 "+"�<��2"!�%('" "1���� B * >���;�s :{%&9"1�45��/�1������� "!�%�z
��+"��,���2"15-p1�+" �)p:8�~%�z
 "'" "��+"+"0O6
 ",�2�t(@7w�1�!« "4��"��z
�($7��/~%����>��t���t(�p1�+"+"0���BDCFE£¼G/�1�:�����2¬ÛY� Ë * Ê��éÜ½;
=<%(�"��!#+" "!|%�z
,���2" ���!��"��45��2"��1�+" �)F��t���t(�p1�+"+"��,��cBDCFE£¼G/�1�:�����2;%>/�:8�	¼

%�z
 "'" "��+"+"���| ",�2"1 ;Qs 0�9" "4Kz
 "!�w;z;)|/�4�1K6¢:8�~%�z
 "'" "� Si ∈ Σz, i = 1, l ,:8�~%�z
 "'" "��+"+"���y ",�2"0 G (z , Σz)
$7+;%&9"1�+" �)y/�0� ",�2"0Q-.% Hz

Si
(xz) �"���<��29¼!e@&z
1>Û B9; B�Ü Å

Hz
Si

(xz) =
∑

j∈Si

Kj (xz) .

� 2"1�w��"��z�%(,K%�)y2;%('" "��+;%�z
��+"��45����/��"��/�1�w�1�+" " y ",�2"��:8��/"*�/� ",�2"1 G (z, Σz)+;%(�8w�1�!½4� ��(@~%('" "�ØÝ�à x̄z =
(

x̄z
S1

, . . . , x̄z
Sl

)  {z
 µ̄z =
(

µ̄z
S1

, . . . , µ̄z
Sl

) ; Ö  9¼
�(@~%('" "��Ý�à®/� ",�2"1Q!#�&�.15�3t�0Q���3!#+"��,��.� 6�� *�����,Yw¡%�2"15-p1�+" "1�:8�~%�z
 "'" "��+"+"���
 ",�2"0x���"2"1�w�1Kz;)"15��4�)F+"1���w�+"�($7+;%&9"+"� ;
Ù ��!#15�� "!�*�9�����/c4Kz;@{9;%(1 l = 1 $&%&w¡%&9;%c�"�� "4�:{%c4� ��(@~%('" " ®2;%(/�+"��/�1�4� �))"/�z;)"15��4�)«$&%&w¡%&9"1��¢!�%(:84� "!# �$&%('" " |45@{!#!�%(2"+"��,��u/�0� ",�2"0Q-.%` ",�2"��:8��/u �$

:8�~%�z
 "'" " S1
*�/�4Kz;@{9;%(1 l = 2 − $&%&w¡%&9"1��`�"�� "4�:{%�4� ��(@~%('" " u2;%(/�+"��/�1�4� �)

/`t� "!�%���2" "9"+"���¢ ",�2"1(*�/��®/�4�1K6«��45��%�z
��+"0O6¢4Kz;@{9;%�){6 − $&%&w¡%&9"1��«�"�� "4�:{%
4� ��(@~%('" " F2;%(/�+"��/�1�4� �)�/}t�1�4�:8�~%�z
 "'" "��+"+"���� ",�2"1 ;
s 0� ",�2"0Q-ê:{%��.w����F:8�~%�z
 "'" " ©/�4� ��(@~%('" " `2;%(/�+"��/�1�4� �) Hz

Si
(µ̄z) 2;%�$&¼w�1Kz
 "!¢/}4����(��/�15��45��/� " F43/�1�:�����2"��!|ë�1��{z
 u� Ì�� Sh(Si) = (Sh(Si : 1), . . . ,

Sh(Si : s)) Å

Sh (Si : j) =
∑

S′
⊂Si

S′
3j

(s′−1) ! (s−s′) !

s !
[v (S ′) − v (S ′\ {j})] ∀ j = 1, s ,
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,Yw�1 s = |Si| (s′ = |S ′|) − :8��z
 "9"1�45��/��F?Kz
1�!#1�+�����/�!#+"�&�.1�45��/ Si (S ′) *�%
v (S ′) − !�%(:84� "!�%�z
��+"0��c,K%(2;%(+��� "2"��/~%(+"+"0��c/�0� ",�2"0Q-Ð:8�~%�z
 "'" " S ′ ⊂ SiÛY� B�� *;4 ;"698�Ü½;;� 2" �?5����!

v (Si) =
s

∑

j=1

Sh (Si : j) .

Á ��,Yw¡%<BDCFE£¼G/�1�:�����2�/<4� ��(@~%('" " cÝ�àu/<4�!#15-.%(+"+"0O6�45��2;%���1�,� �){6>/< ",�2"1
G (z , Σz)

���"2"1�w�1Kz;)"15��4�)F:{%(:

PMS (µ̄z) = (PMS1 (µ̄z) , . . . , PMSn (µ̄z)) ,

,Yw�1
PMSj (µ̄z) = Sh (Si : j) , j ∈ Si, i = 1, l.

@ ��z
1�1��"��w�2"��t�+"�}��t}?5����!|4�! ; � Ë(��;
ì �&¯<
5�{�(�;�

R><;D88Ô =<%(���� |4� ��(@~%('" "�íÝ�à − �(��w�1Kz
��+;%�)|4Kz
�&�>+;%�)«$&%&w¡%&9;%�*
����,Yw¡%>/�0�9" "4Kz
1�+" "1pBDCFE£¼G/�1�:�����2;%�*
4����(��/�15��45��/�1�+"+"�"*���1K6�+" "9"1�4�:" ©$&%���2�@7w�¼
+"1�+"� ;³s ?5����!­4Kz;@{9;%(1./c:{%&9"1�45��/�1}2"15-p1�+" �)`:8�~%�z
 "'" "��+"+"���© ",�2"0�!#�&�>+"�
�"2"1�w;z
�&�> ����A "4��"��z
�($7��/~%����<z
��t���1Ow�2�@{,���1pî������� "!�%�z
��+"��1(ïA2"15-p1�+" "1(*{+;%º¼
�"2" "!#1�2�*{������ "!�%�z
��+"��45���A�"� � %(2"15���� {z
 c%(2"t� ���2;%��>+�@{�­4M6~1�!e@>=3?5-.%�� 8���;
� 1�2"1��8w�1�!|+"1��"��4�2"1�w�45��/�1�+"+"�c:��"��45��2"��1�+" "��2"15-p1�+" �)�/� ",�2"1 Γ̃ (z0)

;
ðñn"i o _es 0�9" "4Kz
 "!�w;z;)®/�4�1K6©:8�~%�z
 "'" "� Si ∈ Σz, i = 1, l , :{%��.w����:8�~%�z
 "'" "��+"+"���� ",�2"0 G (z , Σz)

* L (z) = ∅, BDCFE£¼G/�1�:�����2�/.4� ��(@~%('" " FÝ�à/�4�!#15-.%(+"+"0O6�45��2;%���1�,� �){6�Å

PMS (z) = (PMS1 (z) , . . . , PMSn (z)) ,

,Yw�1 PMS (z) := PMS (µ̄z)  PMSj (z) := PMSj (µ̄z) − BDCFE£¼G/�1�:�����2« 
BDCFE£¼G:8��!#�"��+"1�+���0�4����(��/�15��45��/�1�+"+"��/c��w�+"�(-.%(,���/����F:8�~%�z
 "'" "��+"+"���F ",�2"1
G (z , Σz)

* L (z) = ∅
;

ðñn"i £ _3� @�45���| ",�2"��:" ½w�1��"45��/(@{����+"1®����z
��:8�¢+;%��"��4Kz
1�w�+"1�!Ã-.%º¼
,�1� ",�2"0 Γ̃ (z0)

������ "!�%�z
��+"�"*#%�+;%F�"2"�(�&)��.1�+" " �/�4�1��¬ ",�2"0 ;eÁ ��,Yw¡%F2;%(4½¼
4�!#�(��2" "!Ð4�:8��+"';%® ",�2"0 Γ̃ (z0)

/�4�1>w�/(@~6{-.%(,���/�0�1��"��w�0�,�2"0 Γ̃ (z) , y ∈

L (z) , L (y) = ∅ , 4</�0� ",�2"0Q-.%(!# �:8�~%�z
 "'" "�



6ÂÊ ^`_bac_ed�fhghi(j
fhk
l8m
n

Hz
Si

(uz (·)) =
∑

j∈Si







Kj (xz) +
∑

y∈L(z)

[p (z, y ; xz) PMSj (y)]







Û ><;D8�Ü

∀ Si ∈ Σz, i = 1, l . =<%(�8w�1�!�4� ��(@~%('" "�ØÝ�à x̄z  {z
 µ̄z  ©4����(��/�15��45��/�1�+9¼
+"� ūz (·) /©�"��w�0�,�2"1 Γ̃ (z) 4�/�0� ",�2"0Q-.%(!# �*����"2"1�w�1Kz
1�+"+"0�!# ¢�<��2"!e@&z
���Û ><;D8�Ü½;Q× %(!#15�� "!�*D9����y�"��z;@{9"1�+"+;%�)|$Kw�1�4��¬4� ��(@~%('" �) x̄z /y��t(�p1�!Ç4Kz;@{9;%(1
+"1�)"/�z;)"15��4�)�Ý�ày/p��w�+"��/�2"1�!#1�+"+"���c ",�2"1 G (z , Σz)

;�s 0�9" "4Kz
 "!uw;z;)>/�4�1K6
:8�~%�z
 "'" "� Si ∈ Σz, i = 1, l , BDCFE£¼G/�1�:�����2�/}4� ��(@~%('" " ©Ý�à ūz (·) Å

PMS (z) =
(

PMS1 (z) , . . . , PMSn (z)
)

,

,Yw�1 PMS (z) := PMS (ūz (·))  PMSj (z) := PMSj (ūz (·)) − BDCFE£¼G/�1�:�����2
 �BDCFE£¼G:8��!#�"��+"1�+���0�4����(��/�15��45��/�1�+"+"� ;
ðñn"i

k
_
ò %(4�4�!#�(��2" "!���1��"1�2"�p4�:8��+"';%A/�4�1 k ¼ó-.%(,���/�0�1��"��w�0�,�2"0 Γ̃(z) *

y ∈ [L(z)]k−1 , L(y) = ∅
;O� @�45���¬@8�.1��"��45��2"��1�+"��Ý�à ūz′(·)  |+;%(�8w�1�+BDCFE£¼G/�1�:�����2 PMS(z′) /��©/�4�1K6 (k − 1) ¼ó-.%(,���/�0O6y�"��w�0�,�2;%�6 Γ̃(z′) , z′ ∈

L(z)
;
s 0�9" "4Kz
 "!|/�0� ",�2"0Q-p F:8�~%�z
 "'" "�

Hz
Si

(uz (·)) =
∑

j∈Si







Kj (xz) +
∑

z′∈L(z)

[

p (z, z′ ; xz) PMSj (z′)
]







Û ><; B�Ü

∀ Si ∈ Σz, i = 1, l . =<%(�8w�1�!y4� ��(@~%('" "�vÝ�à x̄z  {z
 µ̄z  >4����(��/�15��45��/�1�+"+"�
ūz (·) /3�"��w�0�,�2"1 Γ̃ (z) 4�/�0� ",�2"0Q-.%(!# �*~���"2"1�w�1Kz
1�+"+"0�!# >�<��2"!e@&z
����Û ><; B�Ü½;
s /�1�w�1�! � Ñ 
G�8�(�}�M� PMS⊕ *�:8�(����2"0��y:{%��.w���!e@©:8�~%�z
 "'" "��+"+"��!e@®2;%�$&¼t� "1�+" "� Σz

 >+;%(t���2�@�/�0� ",�2"0Q-p1�� Hz
Si

(uz (·)) :8�~%�z
 "'" "�c �$�?5����,��p2;%�$7t� 9¼1�+" �)F45��%(/� ��c/>4����(��/�15��45��/� "1p:8��!#�"��+"1�+���0�BDCFE£¼G/�1�:�����2;%>4����(��/�15��45��/(@{�n¼
�p1���:8�~%�z
 "'" "��+"+"���� ",�2"0 G (z, Σz)

Å

PMSj(z)=PMS⊕
∑

j∈Si







Kj (xz)+
∑

z′∈L(z)

[

p (z, z′ ; xz) PMSj (z′)
]







Û ><; >~Ü

,Yw�1 PMSj (z ) := PMSj (ūz (·)) * PMSj (z′ ) := PMSj

(

ūz′ (·)
)

, j = 1 , n
;

2 1��"45��/� "1O���"1�2;%�����2;% PMS⊕ 4�/���w� ���4�)p:A/�0�9" "4Kz
1�+" "�|Ý�à x̄z  {z
 µ̄z  
4����(��/�15��45��/�1�+"+"� ūz (·) /}�"��w�0�,�2"1 Γ̃ (z) 4</�0� ",�2"0Q-.%(!# �:8�~%�z
 "'" "��*;���"2"1½¼w�1Kz
1�+"+"0�!# ¢�<��2"!e@&z
���­Û ><; B�Ü *e%�$&%���1�!�:�/�0�9" "4Kz
1�+" "�êBDCFE£¼G:8��!#�"��+"1�+��
:8�~%�z
 "'" " Si ∈ Σz, i = 1, l, /�4� ��(@~%('" " ūz (·)

;



´}µ ¦"gh¶3g�¨8n"·hg�¸¢m¬¥�¦"j{¹�n;¥�¦"ghªhl{¥�§hg�¹�§�j
n�ºSgh·hghj
rhrh».¹�ghi(fhn�¹ 6?Ì

Á %(:" "!���t�2;%�$7��!�*�w;z;)�z
��t���,�� k = 3, kΓ̃
�"2" "!#1�+"1�+" "1D���"1�2;%�����2;% PMS⊕:��"2;%(/����c9;%(45�� ��<��2"!e@&z
0�Û ><; B�Ü *~� ; 1 ; �<��2"!e@&z�%�Û Ë�;D8�Ü *8���"2"1�w�1Kz;)"15�}2"1�:�@{29¼

2"1�+���+"��1�/�0�9" "4Kz
1�+" "1�BDCFE£¼G/�1�:�����2;%©+;%�:{%��.w���!��"��4Kz
1�w
@{���p1�!�-.%(,�1 k ",�2"0 Γ̃ (z0)
/.$&%(/� "4� "!#��45�� ��(���"2"1�w�0Dw
@8�p1�,�� k − 1

;

ô _#ap»}ghi(fh»}çõghi(fhj
§�n`rhn`§�n�ö`q#j
¶Øç`n"i(l�mu§�j
n�ºSgh·hghj
rhrhj
è¾¥�¦"j{¹�n{÷
¥�¦"ghªhl{¥�§�j
è|ghi(fhl
� @�45���p+;%(�8w�1�+"�p2"15-p1�+" "1�/A!#+"��,��(-.%(,���/����c45���768%(45�� "9"1�4�:8����:8�~%�z
 "'" 9¼

��+"+"���p ",�2"1 Γ̃ (z0)
;�Æ ,�2"��:" p+;%&9" "+;%(���3 ",�2�@A/�/�1�2�-p "+"1 z0

/�4����(��/�15��45��/� " 
4>?5�� "!v2"15-p1�+" "1�! ;#s ���"2"��4ÂÅh:{%(:u���"2"1�w�1Kz
 ����"*e:{%(:8���y/�0� ",�2"0Q-ø��+" y�"�	¼
z;@{9;%��>+;%}:{%��.w���!�-.%(,�1< ",�2"0�ù
Æ ,�2"��:" j = 1, n +;%F:{%��.w���!x-.%(,�1c ",�2"0 Γ̃ (z0)

/©:{%&9"1�45��/�1�:8��!#�"�	¼
+"1�+���w�1Kz
15�}%�/�0� ",�2"0Q-.%�4����(��/�15��45��/(@{���p1��«:8�~%�z
 "'" " ut(@7w
@8���"��z;@{9;%����
/�1Kz
 "9" "+�@ wj

*¡2;%(/�+�@{��$7+;%&9"1�+" "�Ç2;%�$7+"��45�� `!#15�.w
@�/�0� ",�2"0Q-p1�!¾ ",�2"��:{%
j = 1, n /��"��w�0�,�2"1 Γ̃ (z)  u!�%���1�!�%��� "9"1�4�:" "!��&�> 8w¡%(+" "1�!�/�0� ",�2"0Q-p1�� ",�2"��:{% j = 1, n /}�"��w�0�,�2;%�6 Γ̃ (y) +;%}4Kz
1�w
@{���p1�!|-.%(,�1ÂÅ

wj (x̄z) = PMSj(z) −
∑

y∈L(z)

[p(z, y ; x̄z) PMSj(y)] , Û Ë�;D8�Ü

,Yw�1 x̄z ∈ ūz(·).

ú _#¤�fhgh¶3l8fh»
û��
�{¯<
G�¾ü~Ôéý~ÔD� @�45���u/` ",�2"1�@{9;%(45��/(@{���y��2" ¢ ",�2"��:{%�*#@�:{%��.w���,��` �$

:8�(����2"0O6`�"��w�/�1.45��2;%���1�,� " �*h%>��%(:��.1}���"2"1�w�1Kz
1�+"0�/�0� ",�2"0Q-p u:{%��.w���,��
 ",�2"��:{%�/��}/�4�1K6�4� ��(@~%('" �){6� ",�2"03*
4�! ; ��%(t�z ;Ú8?;
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Ö ��2;%���1�,� " s 0� ",�2"0Q-p s 0� ",�2"0Q-p 
 ",�2"��:8��/  ",�2"��:8��/ :8�~%�z
 "'" "�
� ��� ����� � ��� ����� Û � * ���YÜ Û � * ��� * �����YÜ
8 8 8 Ë B 8 Ê Ì
8 8 B 8 B B > 6
8 B 8 > 8 6 Ë :
8 B B 6 8 > Ê :
B 8 8 6 > 8 = :
B 8 B 8 B B > 6
B B 8 Å Ë > Ë Ì
B B B Å Ë B Ë Ê

8?;7ò 15-p "!F:8�~%�z
 "'" "��+"+�@{�� ",�2�@ G (Σ1)
* Σ1 ={S ={I, II} , N\S ={III}} */�0�9" "4Kz
 "/cBDCFE£¼G/�1�:�����2¬ÛY� Ë(�éÜ 4Kz
1�w
@{���p "!���t�2;%�$7��! ;

8?;D8?; =<%(�8w�1�!|Ý�à¢/}4�!#15-.%(+"+"0O6�45��2;%���1�,� �){6�/� ",�2"1ÂÅ

η = 3/7 1 − η = 4/7

0

0

ξ = 1/3

1 − ξ = 2/3

1 2

(1, 1) [6, 1] [3, 2]

(2, 2) [4, 3] [4, 2]

(1, 2) [4, 5] [6, 3]

(2, 1) [8, 1] [3, 2] .
Ù 9"1�/� 8w�+"�"*�9������"1�2"/~%�)`45��2"��:{%�w���!# "+" "2�@�15��4�)¬�"��4Kz
1�w�+"1���*S%�/(����2;%�)

¼O��2"15����1�� ;³Æ 4��"��z
�($�@()���1���2"1�!e@��c/��"��z
+"1�4�!#15-.%(+"+"��!½2;%(/�+"��/�1�4� " ¬� > *�� ;
8�>£6�� *"�"��z;@{9" "!

ȳ =
(

3/7 , 4/7
)

, x̄ =
(

0 , 0 , 1/3 , 2/3
)

.

ò 17%�z
 �$&%('" �)F/�0� ",�2"0Q-p1��F:8�~%�z
 "'" "� S  N\S />4�!#15-.%(+"+"0O6F45��2;%���1½¼,� �){6� "!#1�15�>!#1�45���>4��}4Kz
1�w
@{���p "!# F/�1�2"�&)���+"��45�&)"!# ãÅ
η1 η2

ξ1 0 0

ξ2 0 0

ξ3
1/7

4/21
ξ4

2/7
8/21
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rhrh».¹�ghi(fhn�¹ 6Â:

s 0�9" "4Kz
 "!y!�%���1�!�%��� "9"1�4�:8��13�&�> 8w¡%(+" "1 /�0� ",�2"0Q-p1��c/AÝ�ày/�4�!#15-.%(+9¼
+"0O6�45��2;%���1�,� �){6�Å

E (x̄, ȳ) =
1

7
[4, 5]+

2

7
[8, 1]+

4

21
[6, 3]+

8

21
[3, 2] =

[

36

7
,

7

3

]

=

[

5
1

7
, 2

1

3

]

.

8?; B9; =<%(�8w�1�!u,K%(2;%(+��� "2"��/~%(+"+"0�1�/�0� ",�2"0Q-p v {I}  v {II}  ",�2"��:8��/ �  ��� *{4�! ; ��%(t�z ;�B9;Â2 z;)>?5����,��p$&%(�< ":84� "2�@�1�!«4�!#15-.%(+"+�@{�x45��2;%���1�,� "�v ",�2"��:{%
�����

ȳ =
(

3/7 , 4/7
)

.
Á ��,Yw¡% !�%���1�!�%��� "9"1�4�:8��1O�&�> 8w¡%(+" "1�/�0� ",�2"0Q-p1��p ",�2"��:8��/�:8�~%�z
 "'" " S �"2" �< ":84� "2"��/~%(+"+"����45��2;%���1�,� " F:8�~%�z
 "'" " N\S  "!#1�15�>/� 8w�Å

ES(1, 1) (ȳ) =
(

3
7
· 4 + 4

7
· 1 , 3

7
· 2 + 4

7
· 2

)

=
(

22
7
, 2

)

;

ES(1, 2) (ȳ) =
(

3
7
· 3 + 4

7
· 5 , 3

7
· 1 + 4

7
· 1

)

=
(

41
7
, 1

)

;

ES(2, 1) (ȳ) =
(

3
7
· 5 + 4

7
· 1 , 3

7
· 3 + 4

7
· 2

)

=
(

25
7
, 23

7

)

;

ES(2,2) (ȳ) =
(

3
7
· 0 + 4

7
· 0 , 3

7
· 4 + 4

7
· 4

)

= (0, 4) .
Ö z
1�w���/~%���1Kz
��+"�"*�,K%(2;%(+��� "2"��/~%(+"+"0�1`/�0� ",�2"0Q-p ­/�0�9" "4Kz;)"����4�)¾4Kz
1�w
@{�n¼
�p "!|��t�2;%�$7��!�Å

min H1 (x1 = 1, x2, ȳ) = min
{

22
7
; 41

7

}

=22
7
;

min H1 (x1 = 2, x2, ȳ) = min
{

25
7
; 0

}

= 0;

∣

∣

∣

∣

v {I}=max
{

22
7
; 0

}

=22
7
;

min H2 (x1, x2 = 1, ȳ) = min
{

2; 23
7

}

= 2 ;

min H2 (x1, x2 = 2, ȳ) = min {1; 4} = 1;

∣

∣

∣

∣

v {II} = max {2; 1} = 2.

Á %(:" "!���t�2;%�$7��!�*�,K%(2;%(+��� "2"��/~%(+"+"0�1D/�0� ",�2"0Q-p �2;%(/�+"0tÅ v {I} = 22
7
* v {II} =

2
;

8?; ><;;ò %�$Kw�1Kz
 "!|/�0� ",�2"0Q- E1 (x̄, ȳ) = 5 1
7
�"��/�1�:�����2�@�ë�1��{z
 y� Ì�� Å

Sh1 = v {I} + 1
2
(v {I, II} − v {II} − v {I}) = 2 2

7
+ 1

2

(

51
7
− 22

7
− 2

)

= 25
7
;

Sh2 = v {II} + 1
2
(v {I, II} − v {II} − v {I}) = 2 3

7
.

Á %(:" "!«��t�2;%�$7��!�*
BDCFE£¼G/�1�:�����2�2;%(/�1�+ãÅ

PMS1 = 2
5

7
; PMS2 = 2

3

7
; PMS3 = 2

1

3
.

B9;�ò 15-p "!�:8�����"1�2;%��� "/�+�@{�Ð ",�2�@ G (Σ2)
* Σ2 = {N = {I, II, III}} *
4�! ;

��%(t�z ;?><; =<%(�8w�1�!©!�%(:84� "!�%�z
��+"0��./�0� ",�2"0Q- HN
:8�~%�z
 "'" " N  p2;%�$Kw�1Kz
 "!

1�,����"��/�1�:�����2�@�ë�1��{z
 y� Ì�� Å

Sh1 =
1

6
[v {I, II}+v {I, III}−v {II}−v {III}]+

1

3
[v {N}−v {II, III}+v {I}] ;



Ê�Å ^`_bac_ed�fhghi(j
fhk
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n

þOn"ÿ;ºSgh·hn £ _

Sh2 =
1

6
[v {II, I}+v {II, III}−v {I}−v {III}]+

1

3
[v {N}−v {I, III}+v {II}] ;

Sh3 =
1

6
[v {III, I}+v {III, II}−v {I}−v {II}]+

1

3
[v {N}−v {I, II}+v {III}] .

=<%(�8w�1�!«,K%(2;%(+��� "2"��/~%(+"+"0�1A/�0� ",�2"0Q-p ãÅ

v {I, II} = max {4, 3} = 4; v {I, III} = max {3, 2} = 3;

v {II, III} = max {3, 4} = 4 ;

v {I} = max {1, 0} = 1 ; v {II} = max {2, 1} = 2; v {III} = max {1, 2} = 2 .

þOn"ÿ;ºSgh·hn æ _

Ö ��2;%���1�,� " s 0� ",�2"0Q-p s 0� ",�2"0Q- s 1�:�����2
 ",�2"��:8��/  ",�2"��:8��/ :8�~%�z
 "'" " ë�1��{z
 
� ��� ����� � ��� �����

HN(I, II, III) λ1HN λ2HN λ3HN8 8 8 Ë B 8 Ì
8 8 B 8 B B 6
8 B 8 > 8 6 : B9; 6 ><; 6 >
8 B B 6 8 > : B9; 6 ><; 6 >
B 8 8 6 > 8 : B9; 6 ><; 6 >
B 8 B 8 B B 6
B B 8 Å Ë > Ì
B B B Å Ë B Ê
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Á ��,Yw¡%

Sh
(2, 1, 1)
1 =Sh

(1, 2, 2)
1 =Sh

(1, 2, 1)
1 =

1

3
+

1

6
+

1

3
[9 − 4]+

1

3
=

1

3
+

1

6
+

5

3
+

1

3
=2

1

2
,

Sh
(2, 1, 1)
2 =Sh

(1, 2, 2)
2 =Sh

(1, 2, 1)
2 =

1

2
+

1

3
+

1

3
[9 − 3]+

2

3
=

1

2
+

1

3
+

6

3
+

2

3
=3

1

2
,

Sh
(2, 1, 1)
3 =Sh

(1, 2, 2)
3 =Sh

(1, 2, 1)
3 =

1

3
+

1

3
+

1

3
[9 − 4]+

2

3
=

1

3
+

1

3
+

5

3
+

2

3
=3.

><;�ò 15-p "! t�1�4�:8�~%�z
 "'" "��+"+�@{�  ",�2�@ G (Σ3)
* Σ3 = {S1 = {I} , S2 =

{II} , S3 = { III}}.
s 9" "45��0O6�45��2;%���1�,� �){6©Ý�à¢+"1<45@8�p1�45��/(@�15� ;

s ��4��"��z
�($�@�1�!#4�)F/�0�9" "4Kz
1�+"+"0�!# F/}� ;"B ,K%(2;%(+��� "2"��/~%(+"+"0�!# �/�0� ",�2"0p¼
-.%(!# v {I} = 1 ; v {II} = 2; v {III} = 2 . =<%(�8w�1�!|������ "!�%�z
��+"0�1A45��2;%º¼��1�,� " �*�4���,Mz�%(4�+"��%(2"t� ���2;%��>+"���®4M6~1�!#1>=3?5-.%`ÛY� 8��éÜ *�4�! ; ��%(t�z ;ÚË *¡,Yw�1�î − ï�($7+;%&9;%(15��*D9����u45��2;%���1�,� " �+"1������� "!�%�z
��+"0Ã�"� � %(2"15���"*D%¢î + ï − ������ 9¼
!�%�z
��+"0í�"� � %(2"15��� ;�Á ��,Yw¡%¢������ "!�%�z
��+"0�!# �t(@7w�1�!Ä4�9" ���%����½4� ��(@~%('" " 
(1, 1, 2)  (2, 1, 2) *O:8�(����2"0�1�w¡%(������w� "+;%(:8��/�0��½/�0� ",�2"0Q- (1, 2, 2)/���t�1� {6�4� ��(@~%('" �){6 ;
Á %(:" "!«��t�2;%�$7��!�*"�"��z;@{9"1�+�4Kz
1�w
@{���p "1A2"15$�@&z
�&��%���0tÅ

•
2 z;) Σ1 ={S={I,II} , N\S ={III}} *7 "!#1�1�!�/�0� ",�2"0Q- ((

25
7
, 23

7

)

, 21
3

) ;

•
2 z;) Σ2 = {N = {I, II, III}} −

(

21
2
, 31

2
, 3

) ;

•
2 z;) Σ3 = {S1 = {I} , S2 = {II} , S3 = { III}} − ������ "!�%�z
��+"0��
/�0� ",�2"0Q- (1, 2, 2) /�4� ��(@~%('" �){6 (1, 1, 2)  (2, 1, 2)

;
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Ö ��2;%���1�,� " s 0� ",�2"0Q-p Ù ���� "!�%�z
��+"��45���>�"� � %(2"15���FÛÞB Ü
 ",�2"��:8��/  ",�2"��:8��/  �%(2"t� ���2;%��>+;%�)�4M6~1�!�%>=3?5-.%
� ��� ����� � ��� ����� � 2"t� ���2;%��>+;%�)�4M6~1�!�%>=3?5-.% B
8 8 8 Ë B 8

(4 − 1) (2 − 2) (1 − 2) < 0 ¼
8 8 B 8 B B

(1 − 1) (2 − 2) (2 − 2) = 0 �8 B 8 > 8 6
(3 − 1) (1 − 2) (5 − 2) < 0 ¼

8 B B 6 8 >
(5 − 1) (1 − 2) (3 − 2) < 0 ¼

B 8 8 6 > 8
(5 − 1) (3 − 2) (1 − 2) < 0 ¼

B 8 B 8 B B
(1 − 1) (2 − 2) (2 − 2) = 0 �B B 8 Å Ë >
(0 − 1) (4 − 2) (3 − 2) < 0 ¼

B B B Å Ë B
(0 − 1) (4 − 2) (2 − 2) < 0 ¼

û��
�{¯<
G�|ü~Ô��{ÔSò %(4�4�!#�(��2" "!�+;%��"2" "!#1�2"1 69;D8 w�/(@~6{-.%(,���/(@{�Ã45���768%(45�� 9¼
9"1�4�:�@{�Ä ",�2�@ Γ̃

(

G(I)∪(II, III)

) *e4�! ; 2" "4 ;A8?; =<%F,�2;%(�<1(*e �$7��t�2;%��.1�+"+"��!v+;%
2" "4 ;�8 *"@{:{%�$&%(+"0�/�1�2"�&)���+"��45�� F�"1�2"1K6~��w¡%> �$A��w�+"������w�+"��/�2"1�!#1�+"+"���� ",�2"0
G />w�2�@{,5@{�Ø��w�+"��/�2"1�!#1�+"+�@{�Ø ",�2�@�*³�"2" `?5����!­��2"���":{% (p1, p2, p3)

���"2"1½¼
w�1Kz;)"15��4�)� �$���%(t�z ;�69; Ù ���� "!�%�z
��+"0�1�/�0� ",�2"0Q-p � ",�2"��:8��/A/A:{%��.w����� ",�2"1
G �"��z;@{9"1�+"0x/}�"2" "!#1�2"1 69;D8 Å

PMSG(I, II)∪(III)
=

(

2
5

7
, 2

3

7
, 2

1

3

)

, PMS �-���	� =

(

2
1

2
, 3

1

2
, 3

)

,

PMS 
 ��
��-����� = (1, 2, 2) .

8?;&s 0��" �-p1�!©/�1�:�����2A/�0� ",�2"0Q-p1��p/� ",�2"1 Γ̃
(

G(I)∪(II, III)

)

, 4�! ; �<��2"!e@&z;@
Û ><; B�Ü Å

EΓ̃(G(I)∪(II, III)) (2, 2, 2) = K (2, 2, 2) +

+p1

(

G(I)∪(II, III)||G 
 ��
��-����� , (2, 2, 2)
)

PMS 
 ��
��-����� +
+p2

(

G(I)∪(II, III)||G(I, II)∪(III), (2, 2, 2)
)

PMSG(I, II)∪(III)
+

+p3

(

G(I)∪(II, III)||G �-���	� , (2, 2, 2)
)

PMS �-���	� .
Æ $3��%(t�z ;�6 4Kz
1�w
@�15��*�9���� K (2, 2, 2) = (0, 4, 2)

;;Á ��,Yw¡%

EΓ̃(G(I)∪(II, III)) (2, 2, 2) = (0, 4, 2) + 0.25 · (1, 2, 2) + 0.5 ·
(

25
7
, 23

7
, 21

3

)

+

+0.25 · (2.5, 3.5, 3) ≈ (2.23, 6.59, 4.42) .
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ò  "45@{+"��: 8?;;Æ 4M6~��w�+;%�)� ",�2;%

ò  "45@{+"��: B9;
ò 15-p1�+"+;%�)� ",�2;%
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� 1�2"1K6~��w�+"0�1
/�1�2"�&)���+"��45�� s 0� ",�2"0Q-p � ",�2"��:8��/

Ö ��2;%���1�,� " s 0� ",�2"0Q-p /} ",�2"0  �:8�~%�z
 "'" "��/} ",�2"1
 ",�2"��:8��/  ",�2"��:8��/ G(I, II)∪(III), Γ̃

(

G(I)∪(II, III)

)

G �-���	� , G 
 ��
��-������ ��� ����� � ��� �����
p1 p2 p3 E1 E2 E3 H(II, III)8 8 8 Ë B 8 Å Å<; 6 Å<; 6 69; Ì?6 Ë�; Ì?6 ><; 6(Å =<; B?6

8 8 B 8 B B Å<; 6 Å Å<; 6 B9; =?Ê Ë�; B98 Ë�;D8ºÌ =<; >?=
8 B 8 > 8 6 Å<; 6 Å<; 6 Å 69; Ê<8 ><; :?Ê Ì9; Ê£Ì 8?8?; Ê?>
8 B B 6 8 > Å<; >?> Å<; >?> Å<; >?> Ì9; Å£6 ><; Ê£B 69; Ë�B :<; ÅÂË
B 8 8 6 > 8 Å Å<; >?> Å<; Ê£Ì Ê<; 6(Å 69; 6(Å ><; >?> =<; =?>
B 8 B 8 B B Å<; >?> Å Å<; Ê£Ì B9; 6?Ì Ë�;D8ÔË Ë�;D8?8 =<; B?6
B B 8 Å Ë > Å<; Ê£Ì Å Å<; >?> B9;D8º6 Ê<; BÂ: 69; B?B 8?8?; 698
B B B Å Ë B Å<; 6 Å<; B?6 Å<; B?6 B9; BÂ> Ê<; 6Â: Ë�; Ë�B 8?8?; Å<8

� +;%�z
��,� "9"+"��/�0�9" "4Kz
 "!F�"���<��2"!e@&z�%(!¬Û ><;D8�Ü ¼5Û ><; B�Ü /�1�:�����2A/�0� ",�2"0Q-p1��
/� ",�2"1 Γ̃

(

G(I)∪(II, III)

) /��}/�4�1K6���45��%�z
��+"0O6�4� ��(@~%('" �){6¡*�4�! ; ��%(t�z ;�69;
B9;7ò 15-p "!F:8�~%�z
 "'" "��+"+�@{�� ",�2�@ Γ̃

(

G(I)∪(II, III)

) 4#/�0� ",�2"0Q-.%(!# H (II, III) E1
*���%(t�z ;�69;

B9;D8?; =<%(�8w�1�!|Ý�à¢/}4�!#15-.%(+"+"0O6�45��2;%���1�,� �){6�/�t� "!�%���2" "9"+"���� ",�2"1ÂÅ

η = 1

+1

1 − η = 0

−2

0 − (1 , 1)

0 − (2 , 2)

ξ = 0 − (1 , 2)

1 − ξ = 1 + (2 , 1)











(8.25 , 5.75) (8.83 , 6.5)

(9.04 , 7.05) (11.01 , 2.23)

(8.38 , 2.86) (8.25 , 2.57)

(11.63 , 5.61) (11.51 , 2.15)











� 1�2"/~%�)�*D/(����2;%�)� ¢��2"15���()½45��2"��:" ¢w���!# "+" "2�@{����4�)­9"15��/�1�2������ ;�s ����2"���
45����z
t�1�'>w���!# "+" "2�@�15��4�)��"1�2"/�0�! ;;× w�1�4��p "!#1�15�}!#1�45���.4� ��(@~%('" �)�2;%(/�+"��/�1½¼
4� �)�/}9" "45��0O6�45��2;%���1�,� �){6�Å µ1 =

(

0, 0, 0, 1
)

; µ2 =
(

1, 0
) ;

B9; B9;�� %(2;%(+��� "2"��/~%(+"+"0�1�/�0� ",�2"0Q-p «4����(��/�15��45��/�1�+"+"�y2;%(/�+"0 v {II} =

4.21 * v {III} = 4.17
;
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B9; ><;8ò %�$Kw�1Kz
 "!¬4�2"1�w�+" "�c/�0� ",�2"0Q-Ð:8�~%�z
 "'" " {II, III} /�4� ��(@~%('" " �Ý�à
E (µ1 , µ2) = 11.63 !#15�.w
@�1�1` ",�2"��:{%(!# ¾/«4����(��/�15��45��/� " x4`/�1�:�����2"��!ë�1��{z
 ãÅ

Sh2 = v {II} +
1

2
[v {II, III} − v {II} − v {III}] = 5.84,

Sh3 = v {III} +
1

2
[v {II, III} − v {II} − v {III}] = 5.8.

BDCFE£¼G/�1�:�����2` ",�2"��:8��/ II  III :8�~%�z
 "'" " {II, III} �"2" "+" "!�%(15��4Kz
1�w
@£¼���p "1<$7+;%&9"1�+" �)ãÅ

PMS1 = 5.61; PMS2 = 5.84; PMS3 = 5.8 .

><; � ��4�:8��z
��:�@½ ",�2;% Γ̃
(

G(I)∪(II, III)

)

− w�/(@~6{-.%(,���/~%�)�*����"*��"2" "!#1�+�)�)
�<��2"!e@&z;@cÛ Ë�;D8�Ü *�+;%��"1�2"/���!F-.%(,�1O ",�2"��:" p�"��z;@{9;%���4Kz
1�w
@{���p "�}/�0� ",�2"0Q-ýÅ

w =
(

3.86, 3.09, 3.3
)

.

4 2"��!#1.����,��"*�/������� "!# �$7 "2"��/~%(+"+"��!x/~%(2" ;%(+���1�2;%(4�4�!#�(��2"1�+"+;%�)®w�/(@~6�¼
-.%(,���/~%�)y45���768%(45�� "9"1�4�:{%�)« ",�2;%� "!#1�15�©/� 8wh*h�(�7z
 "9"+"0��¬�(�F,�2;%(��%�*h�"2"1�w�¼
45��%(/�z
1�+"+"��,��c+;%.2" "4 ;Ú8?;
Æ $7��t�2;%�$7 "!«2"15-p1�+"+�@{�� ",�2�@�+;%}2" "4 ;"B9;

Ö �<Æ Ö�Ù 4�
AÆ3Á���ò��#Á�13ò��

8?;�� 2" ",���2"��1�/~% 45; së;��O� È �;���8��Í¾�;�&À����

Y¯3������¿.�p����
5¿}
5�;�;� È �{¯3�(�.��
�;�{�;�h� � ���7�
�;�;�
�&�;�;�h�}�
��������� 15�>/(@8$7��/�4�:" "�3��1�!�%��� "9"1�4�:" "�p4�t���29¼
+" ":���2�@7w���/ Ö � t ��� Ö 1n;"B(Å�Å?:<;��c8º69; Ö ;"6ÂÊ! <Ê<8?;

B9;�× 1�+":81�/� "9�= ; �y; * � 15��2"��4�)"+ 
¯; �y; *#"3+", 2ý; së; 45;%$��;�;�&¯3�;��
�� � �

��
���
�
�®�{� Ñ �
�8���7Íx
5�;�{À`�.¯<
5�

5Â&Í�¯<
5�;�}
&; Ö %(+":��	¼ � 15��1�2"t(@{2",ÂÅ s 0�45-.%�)ë�:8��z�% � 1�+"1�w
�>!#1�+���% ;�B(Å�Å?:<;

><; � 15��2"��4�)"+ 
¯; �y; * × 1�+":81�/� "9F= ; �y; * Ö 1�!# "+;% ��;'&;
��M�
�{À©�
��� * � ��4�:"/~%<Å
s 0�45-.%�)Fë�:8��z�% ;Ú8�:?:?=<;

Ë�;�(tÎ Á�)�* Î ÁÄ»,+Â¿�- ; *�Câ¿Â¾¯Æ�ÁÄÈ�¿ E ;/.10%243�57680%9#:;0=<�>�6@?BA/57CD6FEHGI0JA/246@57680%9�A/2LK�A/?NMO:
����P *?ÈRQ Î Áãâ Ï Q�Á�*?È�ÇSQT*')£¿Â¾¯»�¿ÂÈLU�¾À¿ÂÈ�¿/)?»%¾¯»%ÈRQ ;!P *?ÃÄÃÄ»WV,Q�»WUX��¿/�"» Î ÇY� Î ÁÄÈRQ�»WU
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*?ÈBQ�ß�»�E9»WVW*?ÈLU � ÈRQ�» Î È�¿%Q�Á�*?È�¿ÂÃ P *?È#Z�» Î »%ÈLV%»}î ( ¿Â¾¯»'[�ß�»W* Î ÉÀ¿ÂÈLU�Câ¿ÂÈ�¿º¼
)?»%¾¯»%ÈRQ7ï½� ( [�C]\ B(Å�Å?=�� *�à^U�Á_Q�»WU|â£Éa`Ú»W*?Èab ; B�»,Q Î *?Ç@c�¿ÂÈ�*QÝöÁÄÆ/*?Ã ¿ÔÉdb ;
e »%È�ÆÂ»,+9Á�V�ß ;
(tÎ ¿/U Ï ¿%Q�»�E�V�ßL*�*?ÃY*/Z#Câ¿ÂÈ�¿/)?»%¾¯»%ÈRQ7*�E��"â
E#f ;"B(Å�Å?:<; B ;Ú8ÔË�ÌJ "8º6Â><;

69; Ýë¿ÂÇMßNg ;�h�0%9;��iO0!0OjkM,C�A/576@l/MmK�A/?NMO:^��� bëÈ�È ; Câ¿%Q�ß�»%¾À¿%Q�Á�V%Ç ;<8�:£698?;%nþ;�6	Ë�;
B ;"BÂ=?Ê! �BÂ:£69;

Ê<; B�»,Q Î *?Ç@c�¿ÂÈo` ; *
Câ¿Â¾¯Æ�ÁÄÈ�¿.E ;�pmq%9�A/?r68isK�A/?NMO:Xt^6@5@u]GI0JA/246@57680%9�A/2�.�57CD3ki5�
573�CTMO:^����� ÈRQ�» Î Ç�»WV,Q�Á�*?È�¿ÂÃ ( ¿Â¾¯»I[�ß�»W* Î Érvn»,+9ÁÄ»,w ;£B(Å�Å?Ê<;xnþ;Â= Û B�Ü½; B ;£BÂ:£6J 
>�Å£Ì9;

Ì9; E{ß�¿/��ÃÄ»&Éy` ; E ;'z|{kA/243kM�<J0%C}9;�8~�M,CT:!0%9�K�A/?NMO:������ ÈãÅ P *?ÈRQ Î Áãâ Ï Q�Á�*?È�Ç
QT*�Q�ß�»r[�ß�»W* Î É�*/Z ( ¿Â¾¯»%Ç&Û�� Ï ß�È�*�� ;��a; ¿ÂÈLU�b ;��a; [ Ï V ÆÂ» Î *�»WU�Ç ; Ü½;
B Î ÁÄÈLV%»,QT*?È}föÈ�Á_+?» Î Ç�Á_Q�É�B Î »%Ç�Ç ;�8�:£6Â><; B ;�>�Å£ÌJ <><8ºÌ9;

�������N���D���������������B���}�����������B�B�}�����D�
�B�N�}���T���D���B�}�����������

 }¡W¢�£¥¤@¦�§�¨®_�©�ª%¤¬«�­�ª%¤¬¢R®L§ *;E<¿ÂÁÄÈRQ-¼�B�»,Q�» Î ÇMâ Ï�Î ßFE�Q ¿%Q�»�föÈ�Á_+?» Î Ç�Á_Q�É�*
E<¿ÂÁÄÈRQ-¼�B�»,Q�» Î ÇMâ Ï�Î )"* P ¿ÂÈLU ; E�V ; Û�Æ�Ç�»%È�ÁDÉ£¿ 8�:?Ê£B	Ë�Ì?Í ¾À¿ÂÁÄÃ ; Î�Ï
Ü½;
zX¯D:,57C�A�i,5 Å � È°Q�ß�»±��¿/�"» Î *?È�»±*/ZBV%Ã ¿ÂÇ�Ç�»%Ç�*/Z¯¾ Ï Ã_Q�ÁÄÇ²Q ¿/)?»iÇ²QT*�V�ß�¿ÂÇ²Q�Á�V±)£¿Â¾¯»%Ç
wnÁ_Q�ß³+Â¿ Î Á�* Ï Ç�VW*£¿ÂÃÄÁ_Q�Á�*?ÈóÇ²Q Î�Ï V,Q Ï�Î »%ÇíÁÄÇ�VW*?È�Ç�Á�U�» Î »WU ;´( ¿Â¾¯» Î »%Ç�»Ô¿ Î V�ß�»WUxß�» Î »
ÁÄÇ5Ç�»,QN*?È±Q�ß�»�Q Î »%»�) Î ¿/�"ß±w ß�» Î »íÁÄÈ »Ô¿/V�ßµ+?» Î Q�»D¶d·�VW*£¿ÂÃÄÁ_Q�Á�*?ÈiÇ²Q Î�Ï V,Q Ï�Î »%ÇN*/Z
��Ã ¿ÔÉ?» Î Ç�*#Z Ï ÈLV,Q�Á�*?È�*/Z�¿H��¿ÔÉ�*/¸�*/Z�VW*£¿ÂÃÄÁ_Q�Á�*?È�Çp¿ÂÈLU�� Î *�â�¿(â�ÁÄÃÄÁ_Q�És*/Z�Q Î ¿ÂÈ�Ç�Á_Q�Á�*?ÈÀÁÄÈ
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